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In this paper, thermal processing of starch slurry in a Couette-Taylor flow (CTF) apparatus was 
investigated. Gelatinized starch dispersion, after treatment in the CTF apparatus, was characterized 
using such parameters like starch granule diameters (or average diameter), starch granule swelling 
degree (quantifying the amount of water absorbed by starch granules) and concentration of dissolved 
starch. These parameters were affected mostly by the process temperature, although the impact of 
the axial flow or rotor rotation on them was also observed. Moreover, the analysis of results showed 
a relatively good correlation between these parameters, as well as, between those parameter and 
apparent viscosity of gelatinized starch dispersion. Meanwhile, the increase in the value of the 
apparent viscosity and in shear-tinning behaviour of dispersion was associated with the progress of 
starch processing in the CTF apparatus. Finally, the CTF apparatuses of different geometries were 
compared using numerical simulation of the process. The results of the simulation indicated that the 
apparatus scaling-up without increasing the width of the gap between cylinders results in higher 
mechanical energy consumption per unit of processed starch slurry. 

Keywords: starch gelatinization, starch granule swelling, rheological properties, Couette-Taylor 
flow 

1. INTRODUCTION 

Starch gelatinization, that occurs when starch slurry is heated, is a complex phase transition, during 
which starch partly dissolves in water (mostly amylose) and its granules (composed mostly of 
amylopectine) swell. One of the problems encountered during starch processing is a significant and 
rapid growth in the apparent viscosity of starch slurry. Additionally, in order to ensure good heat 
transfer conditions and to avoid separation of the starch from the water phase, an agitation of the slurry 
is needed (Sakonidou et al., 2003). In such a context, Couette-Taylor flow (CTF) apparatus was 
proposed for wheat starch processing (Hubacz and Buczyńska, 2011; Hubacz et al., 2013; Masuda et 
al., 2013). This type of apparatus consists of two cylinders with the inner one (rotor) rotating, while the 
fluid flows in the gap between these cylinders. When the angular velocity of the rotor exceeds a certain 
critical value the characteristic secondary fluid flow (Taylor vortices) arises, which intensifies fluid 
mixing and heat transfer conditions. Moreover, in the case of some non-Newtonian (shear-tinning) 
fluids the reduction in their apparent viscosity can be expected when rotor rotation increases. 
Additionally, it is worth pointing out that a CTF apparatus provides good environment for the 
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intensification of various processes, e.g., multiple emulsion preparation (Dłuska and Markowska-
Radomska, 2010), processes involving gas–liquid flows (Dłuska and Hubacz, 2000), mass transfer in 
bioreactors (Ramezani et al., 2015), crystallization (Mayra and Kim, 2015). 

During our previous studies on wheat starch gelatinization in a CTF apparatus (Hubacz and Buczyńska, 
2011, Hubacz et al., 2013) the degree of starch gelatinization (DSG), starch granule swelling degree 
(SGSD) and apparent viscosity of gelatinized starch were measured experimentally. The DSG, which is 
one of gelatinization indicators, was evaluated using the method of amylose-iodine complex formation 
proposed by Baks et al. (2007). Meanwhile, in order to measure the value of SGSD, a sample of 
gelatinized starch dispersion was centrifuged and the supernatant was separated from the swollen starch 
granules. The SGSD was defined as the weight of the granules before freeze-drying to their weight after 
freeze-drying (Hubacz et al., 2013). It can be seen that SGSD quantifies the amount of water absorbed 
by starch granules, and because of that, SGSD can be also related to the size increase of these granules 
during starch slurry thermal treatments. 

The linear relationship between SDSG and DSG was found during starch processing in CTF 
apparatuses (Hubacz et al., 2013). However, the experiments (Hubacz et al., 2013) showed as well that, 
even if the gelatinization was completed (DSG = 1), starch granule swelling degree continued to change 
if the heating in a CTF apparatus was prolonged. This was connected to the starch pasting, which 
follows the gelatinization process (see e.g. Singh et al., 2009). Therefore, it can be said that the 
monitoring of starch granule swelling allows the monitoring of the progress of starch slurry thermal 
processing in a CTF apparatus for a wider range of the values of operating parameters than the 
monitoring of DSG. Nevertheless, the increase in the value of SGSD, which is not directly connected 
with the increase in starch granule diameter, may not be a perfect indicator of starch swelling. 
Moreover, the measurement of SGSD can be affected e.g. by the interstitial water in between starch 
granules, which could be difficult to remove from the sample using a centrifuge (Lagarrigue et al., 
2008). Therefore, in order to estimate starch granule swelling during the heating, a starch granule size 
should be measured directly. Such an approach can be also supported by the fact that starch granule 
size distribution is one of the important parameters which affect the properties of starch dispersion after 
its thermal treatment. For example, the rheological properties of the gelatinized starch dispersion 
depend on that size distribution (Rao et al., 1997). However, gelatinized starch dispersion is a two-
phase system, therefore, its properties depend also on the concentration of dissolved starch in the liquid 
continuous phase in which the starch granules are suspended. It can be said that this dissolved starch is 
mostly in the form of amylose, because this polymer dissolves readily in water during the heating. 
Nevertheless, some shorter or less branched molecules of amylopectine can also be possibly found 
dissolved in the liquid phase after thermal treatment of starch slurry. 

In this work, we studied changes in starch granule diameter distribution after the thermal treatment of 
starch slurry in a CTF apparatus. This was supplemented by the measurement of the concentration of 
starch dissolved in water during the process. This concentration was express by light absorbance (ABS) 
in the liquid phase separated from the gelatinized starch dispersion. Additionally, such properties of 
starch dispersion like SGSD and its apparent viscosity were estimated. 

The first objective of this work was the study how size distribution of starch granules and the values of 
ABS or SGSD are affected by experimental conditions in the CTF apparatus. The second objective was 
to find the relation between different parameters (i.e. average starch granule diameter, ABS, SGSD and 
apparent viscosity) characterizing the properties of gelatinized starch dispersion. The third objective 
was to compare (using computer simulation of the process) the performance of the CTF apparatus used 
for this work with the performance of CTF apparatuses studied in the previous work (Hubacz et al., 
2013). 
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2. MATERIALS AND METHODS 

2.1. Starch origin and its properties 

During the experiments starch from wheat provided by Wako Pure Chemical Industries, Ltd.  
(193-13215) was used (12% of moisture contents and 0.2-0.3% of protein). An average concentration 
of amylose and amylopectine in wheat starch was 25% and 75%, respectively. The starch slurry was 
prepared in such a way that 1 dm3 of the slurry contained 50g of wheat starch. Therefore, when the 
moisture content was taken into account mass percentage of starch and water within the slurry was 
4.4% and 95.6%, respectively. 

The motivations for this work were the problems encountered during cereal malt enzymatic hydrolysis, 
like high apparent viscosity of the fluid. Wheat starch represents just a simplification of such a system. 

2.2. Experimental conditions 

Starch was gelatinized in a Couette-Taylor flow (CTF) apparatus used by Masuda et al. (2013) for 
starch enzymatic hydrolysis (see Fig. 1). The apparatus was equipped with an outer water heat jacket, 
which was divided into two chambers in order to improve the control of temperature (important in the 
case of starch hydrolysis). However, during the present study water of the same temperature was 
pumped into both chambers of the heat jacket. The length of the CTF apparatus used by us was 0.3m, 
while the radii of the inner and outer cylinder were 0.0125 and 0.0175 m, respectively. 

 

Fig. 1. Sketch of Couette-Taylor flow apparatus;  

1-rotor, 2-outer cylinder, 3-heat jacket, 4- isolation 

The conditions of thermal treatment in the CTF apparatus were specified by the rotor angular velocity 
ω (10.04, 20.09 or 30.13 rad/s), the temperature of water in the heat jacket Thj (65, 70, 85 or 90 C) and 
the starch slurry axial velocity u (0.000531 or 0.000743 m/s). The starch slurry axial velocity was 
defined as: 

  2
1

2
2/ RRQu    (1) 

where Q is the volumetric flow rate of the starch slurry measured at the inlet conditions. Each 
experiment, specified by the same experimental conditions, was repeated 3 times. 

The applied values of the temperature of water in the heat jacket roughly correspond to the 
gelatinization (about 56 – 65 C) and pasting temperatures (about 82 C) of wheat starch (see Sigh et al, 
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2009). It is also worth underlining that during our study we were interested in the investigation how 
operating parameters influence starch thermal treatment in a CTF apparatus. Meanwhile, the production 
of gelatinized starch, which may require even higher temperature from the technological point of view, 
was less important for us. Moreover, because Patel and Seetharaman (2006) reported problems during 
the analysis of the pictures of wheat starch granules after their treatment at the temperature above 
70 C, the measurements of starch granule diameter were limited to the experiments carried out at 
Thj  70 C. A similar approach was applied by other researchers (Malumba et al., 2013 or Patel and 
Seetharaman, 2006). 

2.3. Sample handling 

In order to obtain an averaged representation of the starch dispersion after treatment in the CTF 
apparatus a sample of at least a few ml was taken at the outlet of the apparatus. For this purpose an 
aluminium vessel (with a thin wall) was used. The outside of the vessel was covered with a layer of ice 
(1 cm thick), whose temperature was about -5 C (Hubacz and Buczyńska 2011). The sample taking 
procedure was a continuous process, during which starch dispersion gathered in the vessel was gently 
stirred and mixed with a new portion of the dispersion of high temperature. This allowed reduction of 
the temperature of the sample below the temperature of gelatinization, while keeping this temperature 
well above 0 C (around 20 – 25 C). Subsequently, the sample was analysed within a few minutes. 

2.4. Starch granule size measurement 

The sample was examined using a digital microscope (VHX-100, Keyence Co., Ltd.), with which the 
software for image analysis was provided (Particle Analysis Ver. 3.5, Nippon Steel and Sumitomo 
Metal Technology Co., Ltd.). The microscope observation and picture registration was carried out at 
ambient temperature (about 25 C). During the picture analysis, the area occupied by each granule was 
measured and the diameter of each granule was calculated assuming that the images of the granules can 
be approximated by circles. The measurement of the area occupied by granule images and the counting 
of granule numbers were done using a manual mode. This tedious procedure was chosen because some 
problems with a correct recognition of the granule borders were noticed during automatic working 
mode of the software. For each experimental condition, the size of 8500 (about 25 pictures) starch 
granules was measured on average. As a result the granule diameter distribution, mean diameter and 
standard deviation of granule population were calculated for the given experimental condition. 

2.5. Starch solubility and SGSD measurements 

To evaluate how much starch dissolved in water during the starch slurry thermal treatment in the CTF 
apparatus a sample of gelatinized starch was centrifuged at 2000 g for 30 min (to separate solid from 
liquid phase). The supernatant was 20 times diluted and 1.33 ml of it was mixed with 5 ml of aqueous 
solution of 0.20% I and 0.66% KI. Subsequently, distilled water was added up to the volume of 20 ml. 
Finally, the absorbance of the light (wavelength 630 nm) in the sample was measured with a UV-vis 
spectrophotometer (Shimadzu Co. Ltd.). It was assumed that the value of the light absorbance (ABS) 
was proportional to the dissolved starch concentration in the supernatant. Although it was believed that 
dissolved starch was mostly in the form of amylose, some shorter or less branched molecules of 
amylopectine can be also possibly detected using this method. It is worth remembering that this 
procedure should not be confused with procedure of DSG measurement (Baks et al. 2007; Hubacz and 
Buczyńska, 2011), which was also based on the amylose-iodine complex formation. The concentration 
of amylose (or dissolved starch) in the supernatant was the result of amylose leaching from the starch 
granules and the water absorption by the granules (i.e. granule swelling). Meanwhile, the DSG 
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procedure was related only to amylose leaching during gelatinization but did not take into account how 
much water was absorbed by starch granules during gelatinization. 

The value of SGSD was evaluated using the sediment separated from starch dispersion during 
centrifugation. The wet sediment was weighed, dried in a freeze-dryer (using Eyela Freeze Dryer  
FD-1000) and once again weighed. The value of SGSD was defined as the weight of the sediment 
before freeze-drying to its weight after freeze-drying. 

2.6. Measurements of starch paste apparent viscosity 

The rheological properties of gelatinized starch were measured using a concentric cylinder viscometer 
(Haake Viscotester 550, Thermo Fisher Scientific Inc.). The sketch of the viscometer was shown in 
Fig.2. The width of the gaps between cylinders was 350 and 400µm, which was a few times bigger than 
the diameter of starch granules in the dispersion (at least in the cases for which the measurement of 
starch granule diameter was carried out). The measurement of viscosity was conducted at T = 25 C, 
which was approximately the temperature of starch sample after its cooling using the aforementioned 
procedure. The volume of the sample needed for the measurement was 9 ml. During the measurement 
the shear rate was changed from 110 to 1999 1/s and subsequently, from 1999 to 100 1/s, while the 
total duration of the measurement was 406 s. 

According to the manual the viscosity range which can be detected using this viscometer was  
2 - 2000 Pas. The apparent viscosity of starch dispersion examined in the present study was inside this 
range. Moreover, the calculation of the rotational Reynolds number for the lowest measured value of 
apparent viscosity at the highest value of applied sheer rate confirmed that the flow in viscometer was 
laminar without Taylor vortices. However, in the case of gelatinized starch dispersion obtained during 
the experiments carried out at Thj ≤ 70 C the points of the flow curve were rather scattered at low 
values of shear rate (below approximately 1000 1/s), which suggested high experimental uncertainties 
at that range of shear rate. Therefore, in the case of such starch dispersion the parameters of the power-
law model were estimated only based on the measurement obtained at the values of shear rate higher 
than about 1000 1/s. On the contrary, in the case of gelatinized starch dispersion obtained during the 
experiments carried out at Thj ≥ 85 °C the apparent viscosity was high enough, so that a smooth flow 
curve could be obtained for the whole range of the shear rate values. Therefore, in the case of such 
starch dispersion no point forming this flow curve was rejected during the estimation of the parameters 
of the power-law model. 

 

Fig. 2. Sketch of the viscometer geometry; 

r4 = 20.5mm; r3 = 20.1mm; r2 = 17.85mm; r1 = 17.5mm; h = 60mm 
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2.7. CFD Simulation 

CFD simulation was used in order to compare gelatinization in the studied CTF apparatus with the 
other two apparatuses studied by Hubacz et al. (2013). The size of the latter apparatuses was defined by 
the radius of outer cylinder R2 = 0.026m, the radius of rotor R1 = 0.016 m or 0.021 m, and the length 
L = 0.3 m. This comparison can provide interesting information how to scale-up or intensify the process 
by changing the geometry of a CTF apparatus. On the other hand, such a comparison through only 
experimental results could be difficult because numerical simulations provide additional information 
difficult to obtain through experiments like hydrodynamics of the flow in a CTF apparatus or 
mechanical power demand for the process. This information is, however, important for the comparison 
of the apparatus performance. 

The hydrodynamics of the flow during starch gelatinization was calculated using steady state Navier-
Stokes equations adapted for a 2D axisymmetric swirl model (see Hubacz and Buczyńska, 2011).  
The 2D axisymmetric swirl model is based on the assumption that there is no circumferential gradient 
in the flow, although, there may be non-zero circumferential or swirl velocity. In addition to this, 
energy and species transport equations were solved (see Hubacz and Buczyńska, 2011). These 
equations were included into the model in order to calculate rheological properties of starch slurry, 
which was modelled using a power-law equation (see Hubacz et al., 2013): 

   35.00383.0016.0  γDSGμ   (2) 

where,  is the fluid apparent viscosity and γ  is the shear rate. Nevertheless, it should be remember 

that Eq. 2 represents rather a simplified approach to the problem, which enables only rough prediction 
of apparent viscosity of the fluid during the investigated problem. 

During the simulation the degree of starch gelatinization was defined using the following equation: 

 
0s

sg

X

X
DSG   (3) 

where Xsg is the mass fraction of gelatinized starch, and Xs0 is the total mass fraction of starch in the 
slurry. The other fluid properties (density, heat capacity, thermal conductivity, diffusion (dispersion) 
coefficient were assumed to be constant ( = 998.2 kg/m3, Cp = 4.182 J/(kg·K), λ = 0.6 W/(m·K),  
Dj = 10-13 m2/s). Finally, the kinetics of starch gelatinization was modelled using the first order equation 
proposed in Brandam et al. (2003). 

During the simulation it was assumed, that the temperature of the outer cylinder was between 60 °C and 
85 °C, while the inlet temperature of starch slurry was 20 °C. The axial velocity of starch slurry inside 
the apparatus was assumed to be between 0.00033 and 0.00099 m/s. Finally, it was assumed that the 
surface of the rotor was an adiabatic wall (no heat transfer through it) which rotated with the angular 
velocity ω (between 5.78 and 19.27 rad/s). However, because of a possibility of “back flows” at the 
outlet from the apparatus, the calculations were carried out for the length of the apparatus which 
equalled 0.6m. At the location between 0.4 and 0.6 m from the inlet to the apparatus no rotor rotation 
was imposed. The calculations were conducted assuming that the axial gradients of variables at the 
outlet plane are zero. No significant influence of the outlet boundary conditions on the results was 
observed at the distance of 0.3 m from the inlet of the apparatus (it corresponds to the length of the 
experimental apparatus). 

Calculations were carried out using Ansys 14.5 (Fluent) computer code assuming laminar flow due to 
high apparent viscosity of gelatinized starch. The second order upwind scheme was used to discretize 
the equations. The pressure-velocity coupling was performed using the SIMPLE scheme. Grids with a 
cell number 24000 and 96000 were used during the simulations, with no significant deference in the 
obtained results. 
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Because the applied rheological model of the fluid is a rather rough approximation of starch slurry 
properties during its thermal treatments, the model of starch gelatinization described in this chapter 
represents a rather simplistic approximation of the process. Nevertheless, it enabled judgment how the 
non-Newtonian properties of the fluid could influence starch gelatinization (Hubacz et al., 2013). 
Moreover, this model was used for the numerical simulations of starch gelatinization in two concentric 
CTF apparatuses of different gap width between cylinders (Hubacz et al., 2013). Good agreement 
between these simulations and the experimental results was achieved. Therefore, it was assumed that 
this model is good enough for the comparison of CTF apparatuses of different geometries and the 
preliminary flow hydrodynamics prediction inside of such an apparatus during starch gelatinization. 

3. RESULTS 

3.1. Starch granule size distribution after treatment in CTF apparatus 

The granules of native starch are shown in Fig. 3a, while their size distribution can be seen in Fig. 4. 
This size distribution was used to calculate the average granule diameter (D0 = 20.63 m) and standard 
deviation (SD0 = 8.11m) for the native starch granule population. 

 

       

    

Fig. 3. Native starch (the picture is about 2 times bigger scale than the other pictures); starch granules after 

treatment in the following conditions: b) u = 0.000743 m/s, ω = 10.04 rad/s, Thj = 65 °C, c) u = 0.000743 m/s, 

ω = 10.04 rad/s, Thj = 70 °C, d) u = 0.000531 m/s, ω = 20.09 rad/s, Thj = 70 °C (from Hubacz et al. 2016) 

The examples of starch granule appearance after their treatment in the CTF apparatus at different 
conditions are shown in Figs. 3b-d (the scale of these pictures is about 2 times smaller than the scale of 
the picture in Fig. 3a), while the examples of granule size distributions of gelatinized starch are 

a) b) 

c) d) 
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presented in Fig.4. In addition to this, the values of the average granule diameters of gelatinized starch 
(D) and corresponding standard deviations (SD) are given in Table 1. Both the pictures in Fig. 3 and the 
data from Table 1 indicate a significant increase in starch granule diameters after its thermal treatment. 
Similarly, the value of standard deviation of granule population increased after the processing in the 
CTF apparatus. This agreed with other authors’ observation, that gelatinization causes an increase in 
granule diameter and standard deviation (see e.g. Rao et al., 1997). 

 

Fig. 4. Distribution of starch granule diameter after treatment in CTF apparatus (from Hubacz et al. 20016) 

Table 1. Average starch granule diameter (D) and standard deviation of granule size distribution (SD) after 
treatment in CTF apparatus (for ungelatinized starch D0 = 20.63m and SD0 = 8.11m) (from Hubacz 
et al., 2016) 

ω 
rad/s 

u 
m/s 

Thj 

C 
D 
m 

SD 
m 

10.04 0.000743 65.0 32.94 13.08 

20.09 0.000743 65.0 38.86 11.64 

30.13 0.000743 65.0 38.82 13.11 

10.04 0.000743 70.0 42.18 15.32 

20.09 0.000743 70.0 43.57 14.93 

30.13 0.000743 70.0 45.36 14.97 

10.04 0.000531 70.0 42.26 14.77 

20.09 0.000531 70.0 45.61 14.44 

The impact of the operating parameters on D and SD during the treatment in the CTF apparatus is 
illustrated in Table 1. The values of D and SD were significantly affected only by Thj: higher 
gelatinization temperature results in higher values of both parameters. On the other hand, the influence 
of u and ω on D or SD was significantly less pronounced. Therefore, in order to verify whether or not 
the impact of u and ω on starch granule size distribution can be neglected the Kolmodorov-Smirnov 
test was done. This test relies on finding the biggest difference between cumulative distribution 
functions of two compared populations. In this case there are just two populations of starch granule 
diameters (Di) obtained at different experimental conditions. Those populations are characterized by 
cumulative distribution functions (respectively Fn1(Di) and Fn2(Di)) and by the number of granules in 
each population (respectively n1 and n2). The results of the test are shown in Table 2. 



Thermal treatment of starch slurry in Couette-Taylor flow apparatus 

cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe  353 
 

In the last column of Table 2 there are shown values of a parameter which is a product of two other 
parameters defined by the equations: 

 
21

21

nn

nn
n


  (4) 

    inin
D

nn DFDF
i

212,1 sup   (5) 

where, n1,n2 is the biggest difference between the cumulative distribution functions of two compared 
populations of starch granule diameters. In the first five rows of Table 2 there are shown comparisons 
of granule diameter distributions obtained at different values of  but with the same values of other 
operating parameters. Meanwhile, rows 6 and 7 are the comparisons of granule diameter distributions 
obtained at different values of u but with the same values of other operating parameters. When 
assuming the value of statistical significance at the level of 0.05, two population of granules are 
characterized by the same diameter distribution if nn1,n2 < 1.36 (see e.g. Hellwig, 1998). Nevertheless, 
in all the cases presented in Table 2 this condition is not fulfilled. Therefore, it can be stated that the 
impact of the values of  and u on the distribution of starch granule diameter after a treatment in the 
CTF apparatus cannot be neglected: the average diameter of gelatinized starch granules increased when 
the axial velocity decreased and when the rotor angular velocity increased. 

Table 2. The results of Kolmogorov-Smirnov Test 

No. 
Granule population 1 Granule population 2 

nn1,n2 
ω 

rad/s 
u 

m/s 
Thj 

⁰C 
ω 

rad/s 
u 

m/s 
Thj 

⁰C 
1 10.04 0.000743 65.0 20.09 0.000743 65.0 16.31 

2 30.13 0.000743 65.0 20.09 0.000743 65.0 3.06 

3 10.04 0.000743 70.0 20.09 0.000743 70.0 2.23 

4 30.13 0.000743 70.0 20.09 0.000743 70.0 2.61 

5 10.04 0.000531 70.0 20.09 0.000531 70.0 7.92 

6 10.04 0.000743 70.0 10.04 0.000531 70.0 2.53 

7 20.09 0.000743 70.0 20.09 0.000531 70.0 4.8 

The significant increase in D (it can be seen especially in the case of Thj = 65 °C) when the value of ω 
was changed from 10.04 to 20.09 rad/s may suggest that the transition to the Taylor vortex flow in the 
CTF apparatus (in the investigated system) occurs at a value of ω lower than 20.09 rad/s but higher 
than 10.04 rad/s. This hypothesis stems from the fact that the transition to the vortex flow pattern 
denotes the intensification of heat transfer in the apparatus. This statement was verified using computer 
simulations of starch gelatinization in the CTF apparatus, which revealed that the Taylor vortex flow 
pattern had been gradually developed with increasing value of ω. At ω = 10.04 rad/s the computations 
indicated laminar flow without vortices along the whole length of the apparatus. At ω = 12.04 rad/s, 
only a vortex pair occurred close to the apparatus inlet, but in the farther part of the apparatus it 
disappeared due to the increase in the fluid apparent viscosity. At ω = 15 rad/s the vortex pattern could 
be seen along the significant part of the apparatus. However, only when u = 0.000743 m/s and 
Thj = 65 °C the increasing viscosity did not suppress the Taylor vortices up to the distance of about  
0.3 m from the inlet (corresponding to the length of the experimental apparatus). Finally, when the 
calculations were conducted at ω = 17.5 rad/s the vortex flow pattern was developed along the whole 
length of the apparatus independently of the values of u and Thj. To summarize, the results of the 
simulations seem to support the hypothesis that the transition to the Taylor vortex flow could occur for 
the value of ω between 10.04 and 20.09 rad/s. Nevertheless, the results of the computer simulations 
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should be considered with caution, because the model of the process used for the simulations was rather 
simplified. 

3.2. Properties of gelatinized paste 

In Table 3 there are shown the values of starch granule swelling degree of gelatinized starch dispersion 
after treatment in the CTF apparatus. For the same experimental conditions the concentrations of starch 
dissolved in water were also estimated. The starch concentration was expressed by the value of light 
absorbance (ABS – see also Table 3) in a sample prepared using the water separated from the granules 
of the gelatinized starch (procedure described above): a higher value of ABS denoted higher 
concentration of dissolved amylose. 

Table 3. Starch granule swelling degree and light absorbance by the continuous phase of starch dispersion 

u 
m/s 

ω 
rad/s 

Thj 

C 
SGSD ABS 

0.000743 10.04 65 5.27 0.064 

0.000743 20.09 65 5.16 0.082 

0.000743 30.13 65 5.18 0.086 

0.000743 10.04 70 6.00 0.110 

0.000743 20.09 70 6.03 0.127 

0.000743 30.13 70 6.10 0.134 

0.000531 10.04 70 6.13 0.139 

0.000531 20.09 70 6.07 0.156 

0.000531 30.13 70 6.14 0.152 

0.000531 10.04 85 8.02 0.336 

0.000531 20.09 85 8.06 0.339 

0.000531 30.13 85 8.23 0.346 

0.000531 10.04 90 9.04 0.485 

0.000531 20.09 90 9.40 0.529 

0.000531 30.13 90 9.63 0.565 

The value of ABS depended on the values of operating parameters in the same manner like in the case 
of D (Tables 1 and 3). Temperature in the heat jacket affected light absorbance in the most significant 
way: the increase in temperature caused the growth in the value of ABS. The value of ABS also grew 
when angular velocity of rotor increased and axial velocity decreased. This observation suggested that 
the correlation between ABS and D can be found. Moreover, similarly like in the case of D a significant 
increase in the value of ABS was observed when the value of ω was changed from 10.04 to 20.09 rad/s. 
This seems to confirm the suggestion that the transition to the Taylor vortex flow in the CTF apparatus 
(in the investigated system) occurs at a value of ω lower than 20.09 rad/s but higher than 10.04 rad/s. 

On the contrary, a similar impact of operating parameters on SDSG like in the case of ABS and D could 
be seen only for experiments carried out at Thj ≥ 85ºC (see Table 3). When the heat jacket temperature 
was smaller the impact of this temperature on SGSD was still significant, but the changes in  or u 
seemed to have little influence on SGSD (Table 3). One of the possible explanations of those 
observations could be the fact that different phenomena dominate the process at Thj ≤ 70ºC and at 
Thj ≥ 85ºC. When the experiments were carried out at Thj ≤ 70ºC the early stage of starch slurry 
processing probably preponderated during the treatment in the CTF apparatus. Such an early stage of 
starch processing denoted that gelatinization of starch was not completed and water absorption by 
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starch granules was accompanied by e.g. amylose leaching. Therefore, the weight gain of starch 
granules caused by water absorption, which can be measured by SGSD, could be reduced to some 
extend by amylose leaching from the granules. Meanwhile, both amylose leaching and water absorption 
favored the increase in dissolved starch concentration (represented by ABS) in the continuous water 
phase in which starch granules were suspended. On the contrary, at Thj ≥ 85 C gelatinization can be 
completed (DSG = 1) even for higher values of starch slurry axial flow and values of ω lower than 
those investigated here (see Hubacz et al., 2013 and Masuda et al., 2013). When gelatinization is 
completed a pasting process starts and water absorption by starch granules (i.e. granule swelling) 
dominates that process. Under such conditions starch granule swelling, water absorption and the 
increase in the concentration of dissolved starch should be related with each other.  

Nevertheless, in the case of experiments conducted at Thj ≤ 70 ºC D increased when ω increased, while 
the value of SGSD did not seem to depend very significantly on the rotor angular velocity. This 
suggested that starch granule swelling (represented by the changes in D) was independent from water 
absorption by these granules (represented by SGSD) at that range of process temperature. This in turn is 
difficult to understand. Therefore, the weak impact of u and  on SGSD at Thj ≤ 70 ºC could just result 
from the SGSD measurement procedure. For example the impact of the interstitial water in between 
starch granules (which could be difficult to remove from the sample using a centrifuge) on the value of 
SGSD could be more significant when Thj ≤ 70 ºC than when Thj ≥ 85 ºC. This stemmed from the fact 
that the amount of water absorbed by the granules was lower at the lower value of temperature. 

Furthermore, the impact of ω on SGSD seemed to be different than that observed in the case of our 
previous studies (Hubacz et al., 2013). The results from Hubacz et al. (2013) revealed an increase in 
SGSD with increasing ω for ω < 11.56 rad/s and a reversed tendency for ω > 11.56 rad/s. Meanwhile, 
in the present experiments the impact of  on SGSD was difficult to evaluate for Thj ≤ 70ºC, while for 
Thj ≥ 85ºC the increase in SGSD with the increasing ω (without changing the tendency) was observed. 
The reason of this discrepancy cannot be easily found using the available experimental data, because 
the CTF apparatuses used by Hubacz et al. (2013) were bigger than that the one used in our experiment. 
This means that the transitions between flow regimes occur at the higher ω in the case of the apparatus 
used for the present study than in the case of the apparatuses used previously (Hubacz et al., 2013). 
Therefore, a similar impact of ω on granule swelling could be observed if the present experiments were 
carried out for the wider range of ω than it was done so far. 
 

 

Fig. 5. Dependence of 1999 on average starch granule diameter, 1999 apparent viscosity  

of gelatinized starch paste at the maximum shear rate (1999 1/s) 
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The dependences of starch dispersion apparent viscosity measured at the highest value of shear rate 
(1999 1/s) on D, SDSG and ABS are shown in Figs. 5 - 7. The correlations between these parameters 
and µ1999 are relatively good. This agreed with the results presented in Hubacz et al. (2013), in which 
good correlation of gelatinized starch apparent viscosity with SGSD was observed. Moreover, this 
seems to confirm that the values of D, SDSG or ABS convey similar information on the state of 
gelatinized starch paste. Nevertheless, when only experimental results obtained at Thj ≤ 70ºC were 
analysed the correlation between µ1999 and SGSD was a little worse. This (as aforementioned) is 
probably connected with the fact that SGSD did not depend significantly on the rotor angular velocity 
when the experiments were conducted at Thj ≤ 70ºC. 

 

Fig. 6. Dependence of 1999 on ABS -1999 apparent viscosity of gelatinized starch paste  

at the maximum shear rate (1999 1/s) 

  

Fig. 7. Dependence of 1999 on SGSD -1999 apparent viscosity of gelatinized starch paste  

at the maximum shear rate 1999 1/s) 

In Fig. 8 there are shown the examples how apparent viscosity of gelatinized starch dispersion depends 
on the value of shear rate. The results of viscosity measurement suggested that gelatinized starch 
dispersions obtained during our experiments were shear-thinning fluid of thixotropic properties. 
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Fig. 8. Apparent viscosity of gelatinized starch as a function of shear rate: black points denote ascending segment 

of shear cycle, while white points denote descending segment of shear cycle, while lines are the approximation  

of the results using the power law model 

Additionally, the rheological properties of gelatinized starch were approximated using a power law 
equation. The consistency coefficient (k) and flow behaviour index (n) were calculated for the 
ascending and descending segments of shear cycle. A relatively good correlation of these parameters 
with the values of ABS is shown in Figs. 9 and 10. 

It confirms the results from our previous work (Hubacz et al. 2016), where a good correlation of the 
power law parameters with ABS was obtained for starch dispersions after their processing in the CTF 
apparatus at Thj ≥ 85 ºC, but at the different than now values of u and . The data in Fig.  10 also 
confirmed the literature observation (Rao et al., 1997) that the shear-tinning properties of starch 
dispersion increase with the progress of starch thermal processing. 
 

 

Fig. 9. Consistency coefficient as a function of ABS: black points denote ascending segment of shear cycle,  

while white points denote descending segment of shear cycle 
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Fig. 10. Flow behaviour index as a function of ABS: black points denote ascending segment of shear cycle, while 

white points denote descending segment of shear cycle 

3.3. Comparison of CTF apparatuses of different geometries 

The reason for the computer simulation of starch gelatinization in the CTF apparatus investigated in 
this work (apparatus I) was the comparison with other two CTF apparatuses (apparatus II and apparatus 
III) investigated by Hubacz et al. (2013). Because, the volumes of apparatuses II and III were bigger 
than the volume of apparatus I this comparison should provide interesting information concerning 
scaling-up of the process. 

In Table 4, there are shown the values of degree of starch gelatinization (DSG) calculated during 
numerical simulation of the process in CTF apparatuses at different values of operating parameters. 
Additionally, the amount of the mechanical energy connected with the rotor rotation was provided in 
Table 4. In order to compare the results obtained for three different geometries of the apparatus this 
energy was calculated using the following equation (Hubacz et al., 2013): 

  2
1

2
2

1

RRu

dAR
E

r


 



 
 (6) 

where E denotes the amount of the mechanical energy (connected with the rotor rotation) needed for 
the production of a volume unit of the gelatinized starch, rθ is the angular component of shear stress 
tensor at the rotor surface calculated from the numerical simulations, dA is the differential surface of 
the rotor. In order to correctly understand the obtained results it should be also mentioned that the 
applied model of the process predicted Taylor vortex flow for  ≤ 11.56 rad/s in the case of apparatus 
II and III (Hubacz et al., 2013). Meanwhile, in the cases of apparatus I the model predicted Taylor 
vortex flow only for  = 19.27 rad/s. This arises from the fact that the CTF apparatus used in this work 
was the smallest one (see Table 4). According to the results in Table 4 the degree of starch 
gelatinization obtained in the case of apparatus I and apparatus II were similar. However, the energy 
needed for the process was significantly bigger in apparatus II. This means that the increase in the 
apparatus size while keeping the same value of gap width is not really profitable. On the contrary, the 
significant reduction in the value of E was obtained when apparatus III with the bigger gap width was 
used. Although most of the values of DSG was smallest in the case of apparatus III, the additional 
profit of this apparatus could be the occurrence of Taylor vortices at the lower value of  than in the 
case of apparatus I (see the value of DSG for  = 11.56 rad/s, u = 0.00099m/s and Thj = 65ºC in  
Table 4). 
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Table 4. Results of computer simulation of starch gelatinization in a CTF apparatus 

 
rad/s 

u  
m/s 

Thj  
ºC 

Apparatus I 
R1 = 0.0125m; d = 0.005m

Apparatus II* 
R1 = 0.021m; d = 0.005m

Apparatus III* 
R1 = 0.016m; d = 0.01m

DSG E [J/m3] DSG E [J/m3] DSG E [J/m3] 

5.78 0.00099 65 0.55 1373.48 0.55 3007.5 0.19 640.98 

11.56 0.00099 65 0.56 4330.62 0.76 11543.54 0.65 3135.3 

19.27 0.00099 65 0.70 13615.52 0.72 42446.3 0.66 9483.98 

19.27 0.00099 60 0.40 13154.69 0.46 40834.57 0.35 9028.39 

5.78 0.00099 85 0.99 1556.66 0.99 3392.72 0.44 675.36 

11.56 0.00099 85 0.99 4904.24 1 11611.91 0.99 3397.07 

19.27 0.00099 85 1.00 14226.22 1 44845.26 0.99 10143.86 
* results from Hubacz et al. (2013) 

4. CONCLUSIONS 

The granule size distribution in gelatinized starch dispersion was more strongly influenced by the 
processing temperature than by other operating parameters. An increase in the heat jacket temperature 
caused an increase in the values of D and SD. However, the average granule diameter of gelatinized 
starch also increased when the axial flow was reduced or the rotor rotation velocity increased. The 
concentration of dissolved starch and starch granule swelling degree depended on the operating 
parameters in a similar way. However, the changes in  or u seemed to have little influence on SGSD 
when the starch processing was conducted at Thj ≤ 70ºC. This was attributed to different phenomena, 
which may dominate the process at the lower and at the higher temperature. Nevertheless, the problems 
with the separation of water, which was not absorbed by starch granules during the processing, from 
these granule could also affect the value of SGSD especially in the case of the low value of the 
processing temperature. This can be the second reason why the changes in  or u did not affect the 
value of SGSD significantly at Thj ≤ 70ºC. 

The significant increase in the value of D and ABS when  was changed from 10.04 to 20.09 could be 
related to the transition from laminar to Taylor vortex flow pattern inside the apparatus. This 
conclusion was also supported by numerical simulation of the process. 

The gelatinized starch dispersion obtained after treatment in the CTF apparatus consisted of shear-
tinning fluids of thixotropic properties. Moreover, a good correlation of starch dispersion apparent 
viscosity with ABS, SGSD or D was observed. Meanwhile, the increase in the value of the apparent 
viscosity and in shear-tinning behaviour of dispersion was associated with the progress of starch 
processing in the CTF apparatus. 

Finally, simulation results of starch processing in CTF apparatuses indicated that the apparatus scaling-
up without increasing the width of the gap between cylinders results in higher mechanical energy 
consumption per unit of processed starch slurry. 

SYMBOLS 

ABS light absorbance 
Cp specific heat capacity, J/(kg·K) 
D average starch granule diameter, µm 
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Di starch granule diameter associated with i-range of this diameter values, µm 
Dj diffusion (dispersion) coefficient of species j, m2/s 
DSG degree of starch gelatinization 
Fnk(Di) cumulative distribution function of granule number in kth granule population 
h height of the zone in viscometer where a sample was sheared, mm 
k consistency coefficient, Pasn 
n flow behavior index 
nk number of starch granules in kth granule population, respectively 
Q volumetric flow rate of the starch slurry measured at the inlet conditions, m3/s 
r1,r2,r3,r4 radii of viscometer cylinders, mm 
R1, R2 radii of rotor and outer cylinder, respectively, m 
SD standard deviation of granule size distribution, µm 
SGSD starch grain swelling degree 
T temperature, °C 
u superficial velocity of starch slurry inside the apparatus, m/s 
X mass fraction 
Xs0 the total mass fraction of starch in the slurry 
Xsg the mass fraction of gelatinized starch 

Greek symbols 
n1,n2 the biggest difference between the cumulative distribution functions of two compared 

populations of starch granule diameters 
 the fluid apparent viscosity, Pas 
ω rotor angular velocity, rad/s 

Subscripts 
hj heat jacket 
i range of granule diameter values 
j species 
k population of starch granules 
sg starch gelatinized 
s0 or 0 starch before gelatinization 
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PYROLYSIS OF WASTE TYRES – THE EFFECT OF REACTION 

KINETICS ON THE RESULTS OF THERMOGRAVIMETRIC ANALYSIS 
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This paper presents a systematic thermogravimetric (TG) study on the kinetics of end-of-life tyre 
(ELT) pyrolysis. In the experimental part of this work, TG results are compared for tyre samples of 
different mass and size. This shows that the conduction resistance in the milligram scale (up to  
~100 mg) tyre sample can be neglected. A comparison of experimental results demonstrates that the 
characteristic maxima on the DTG curve (the first derivative of TG signal) shift towards higher 
temperatures for higher heating rates. This phenomenon is explained to have kinetic origin and it is 
not caused by the internal heat transfer resistance. In the modelling part of this work, the kinetic 
parameters of the Three-Component Simulation Model (TCSM) are calculated and compared to the 
literature values. Testing of the kinetic model is carried out using experiments with a varying 
heating rate. This shows the limitation of the simplified kinetic approach and the appropriate 
selection method of the kinetic parameters. 

Keywords: TGA, pyrolysis, end-of-life tyres, kinetics, TCSM 

1. INTRODUCTION 

Approximately 3.6 million tonnes of used tyres were generated in Europe in 2013 (ETRMA, 2015). In 
general, used tyres can be divided into two groups: part-worn tyres and end-of-life tyres (ELTs). While 
part-worn tyres can be reused after retreading, end-of-life tyres can not be used on vehicles any more. 

ELTs are classified as non-hazardous waste (Council Directive 91/156/EEC). However, potential 
hazards were identified for ELTs when landfilled. They mainly include landfill fires with emissions of 
toxic gases and leaching into water. Therefore, the direct disposal of ELTs in landfills is banned in 
Europe (Council Directive 1999/31/EC). Instead, the two following recovery routes of ELTs exist: 
material recovery and energy recovery. 

Since ELTs have a similar calorific value as a high quality coal, they are used as a substitute to fossil 
fuels. The cement sector is the main application for energy recovery where ELTs are co-incinerated in 
cement kilns. Concerning material recovery ELTs are used in different civil engineering applications 
(e.g.: a foundation for roads and railways, coastal protection, insulation) and product applications  
(e.g.: children’s playgrounds, sport fields, artificial turf).Tyre pyrolysis is an alternative to the above 
mentioned methods but for some technical and economic reasons it is applied at a limited scale in 
Europe. Pyrolysis is the thermal degradation of organic compounds which is carried out in the absence 
of oxygen. Therefore, the emissions of NOx and SOx are lower for pyrolysis of tyres when compared 
to incineration. Three fractions of the product are obtained from pyrolysis: solid (char), liquid (oil) and 
gaseous (gas). Typical yield of the char is in the range of 38 - 40 wt.% (Williams, 2013). Selling prices 
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of such a primary product are rather low and subsequent physical or chemical activation of the char is 
needed to obtain the secondary product of relatively high market value. The non-condensable gas and 
pyrolysis oil can be directly used to heat the pyrolysis reactor. On the other hand, improvement of the 
economics is possible when you consider separation of the oil into valuable chemical compounds. It 
follows from different analyses that pyrolysis oil contains significant concentrations of chemical 
compounds such as benzene, toluene, xylenes, styrene and limonene. Separation of these species can 
give the secondary products of relatively high market value (Williams, 2013). 

Thermogravimetric analysis (TGA) is a well established method of thermal analysis. The measuring 
principle is based on an accurate measurement of sample weight as a function of temperature or time in 
a strictly defined and controlled environment. Analysis results are usually presented as a TG curve 
representing the relative sample mass and a DTG curve (the corresponding first derivative of the TG 
signal) representing the process rate. TGA is widely used in research of all types of organic and 
inorganic solids and liquids, especially to determine their thermal stability, thermal degradation kinetics 
or catalysts activity. 

TGA is also used to investigate the kinetics of ELT pyrolysis. Frequently, kinetic modeling relies on 
deconvolution of the DTG curve and determination of kinetic parameters for individual components. 
This approach was applied in two different kinetic models proposed by Leung and Wang (Leung and 
Wang, 1999): Three-Component Simulation Model (TCSM) and Three-Elastomer Simulation Model 
(TESM). The TCSM assumes that the kinetics of ELT pyrolysis can be modeled using three major 
components which decompose independently. Such compounds as oil, plasticizer, moisture and other 
specific additives are treated as the first component. The other two components are natural rubber (NR) 
and styrene-butadiene rubber (SBR) or polybutadiene rubber (BR) depending on the mixture used for 
the tyre production. The TESM assumes that the kinetics of ELTs pyrolysis can be modeled using the 
three elastomers NR, SBR and BR together with their respective oil components (six components in 
total). Many researchers (Al-Salem et al., 2009; Galvagno et al., 2007; González et al., 2001; Lah et al., 
2013; Mui et al., 2010; Seidelt et al., 2006; Quek and Balasubramanian, 2009) have dealt with the 
kinetic modeling of ELTs pyrolysis after Leung and Wang (1999). The details can be found in an 
excellent review by Quek and Balasubramanian (2012). 

A lot of effort has been taken to better understand the complex reaction mechanism for ELTs pyrolysis 
(Al-Salem et al., 2009; Chen et al., 2001; Islam et al., 2009). However, most of the papers have been 
devoted to simplified kinetic models (Quek and Balasubramanian, 2012). Indeed, they are frequently 
used for practical reasons. For instance, the CFD modelling of pyrolysis reactors requires reliable and 
computationally cheap kinetic models (Rudniak and Machniewski, 2016). This gap can be filled by 
simplified approaches which assume tree, four or five major components. Mui et al. performed 
calculations for three, four and five components showing the best fit for the five-component model 
(Mui et al., 2008). More recently, Lah et al. developed a model acknowledging reaction kinetics and the 
internal heat transfer resistance during ELTs pyrolysis (Lah et al., 2013). The model was based on the 
individual consideration of four major compounds: volatiles, NR, BR and SBR. Moreover, influence of 
three different fabrics and wire on the reaction kinetics was considered. 

This paper presents a systematic TGA study on the kinetics of ELTs pyrolysis. The original 
contribution of this work is that it explains the origin of the observed phenomenon of shifting the local 
maxima on DTG curves in the direction of higher temperatures for higher heating rates. The 
phenomenon is explained on the basis of reaction kinetics rather than the internal heat transfer 
resistance. Moreover, the kinetic model is verified with experiments of varying heating rates. The 
testing shows the limitation of the simplified kinetic approach and the appropriate selection method of 
the kinetic parameters. 

 



Pyrolysis of waste tyres – The effect of reaction kinetics on the results of thermogravimetric analysis 

cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe  365 
 

2. EXPERIMENTAL 

All experiments were performed in a thermobalance TG 209 F1 Libra (Netzsch, Germany) equipped 
with a micro furnace and a precise ultra-microbalance. The micro furnace is made of high-performance 
ceramics. Its maximum temperature is 1100 K and heating rates are in the range of 0.001 - 200 K/min. 
The ultra-microbalance under thermostatic control provides resolution of 0.1 μg. 

The conditions of all performed measurements are shown in Table 1. 

Table 1. Conditions of the performed measurements 

No. 
m 

(mg) 
Stage 

T0 
(K) 

 
(K/min) 

Tf 
(K) 

tisotherm. 
(min) 

 
(ml/min) 

1 24.17 I 

300 

50 

1073 20 40 

2 92.66 I 50 

3 35.15 I 20 

4 25.89 I 10 

5 86.84 I 10 

6 23.45 I 1 

7 25.47 I 1 

8 50.91 
I 300 12.7 672 - 

40 
II 672 3.33 773 4 

9 14.9 
I 300 21.24 659 - 

40 
II 659 5.63 873 4 

10 18.75 
I 300 200 573 - 

40 
II 573 50 653 60 

The samples for measurements No. 1-7 were cut from the same piece of car tyre tread with a size of 
5 cm  3 cm using a punch having an internal diameter of 2.5 mm for smaller samples (measurements 
No. 1, 3-4, 6-7) or 5.0 mm for larger samples (measurements No. 2 and 5). Such standardization 
provided similar masses and sizes of the samples within each of the two groups. Minor differences 
between the samples followed from the deformation of the rubber at the moment of cutting. The 
samples for the measurements No. 8-10 were not standardized and had an irregular shape. 

The measurements No. 1-7 were carried out at a constant heating rate  up to the final temperature 
Tf = 1073 K at which the samples were held for 20 minutes. In the measurements No. 8-10 heating of 
the samples was conducted in two stages at two different heating rates. At the end of the measurements 
the samples were held at a constant temperature for a specified time (for details see Table 1). The 
measurements No. 8-10 were used for validation of the kinetic model. 

Figure 1 shows a typical course of ELT pyrolysis in a form of the TG and DTG curves. While the TG 
curve represents the relative sample mass during pyrolysis, the DTG curve (the corresponding first 
derivative of the TG curve) displays the pyrolysis rate. There are two measurements shown in Fig. 1 
(No. 6 and 7). They were carried out at the same heating rate,  = 1 K/min. A comparison of the DTG 
curves demonstrates very high accuracy and repeatability of the measurements. From the modeling 
point of view, there are also three characteristic maxima indicated on the DTG curves. They correspond 
to three stages of the process. 
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Fig. 1. Comparison of the measurements for heating rate  = 1 K/min: TG - relative sample mass,  

DTG - rate of relative mass loss 

 

Fig. 2. Comparison of the measurements for heating rate  = 10 K/min: TG – relative sample mass,  

DTG - rate of relative mass loss, Temp. – temperature 



Pyrolysis of waste tyres – The effect of reaction kinetics on the results of thermogravimetric analysis 

cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe  367 
 

The results of two samples with different mass and size (No. 4 and 5) are presented in Fig. 2. The 
measurements were carried out at the same constant heating rate,  = 10 K/min. A comparison of the 
DTG curves reveals that the differences in the thermal decomposition rates are quite small and consist 
in a slight shift of maxima on the curves. For the larger of the tested samples (No. 5), the first 
maximum appears 30 seconds before the corresponding maximum for the smaller sample (No. 4)  
(34.5 min. / 644.8 K compared to 35.0 min. / 648.9 K). On the other hand, the second maximum 
appears 30 seconds later than the corresponding maximum for the smaller sample (43.6 min. / 735.5 K 
compared to 43.1 min./729.8 K). These shifts have the opposite direction, which is probably related to 
small differences in compositions of the tested samples. This is reflected in the final masses of these 
samples at the end of pyrolysis (30.86 % compared to 30.37 %). 

Similar conclusions can be drawn from a comparison of the DTG curves obtained at the higher heating 
rate  = 50 K/min (Fig. 3). Although both of the compared samples differ significantly in mass and size 
(No. 1 and 2), the maxima appear at almost identical temperatures. Finally, based on the results shown 
in Figs. 2 and 3, it can be stated that the conduction resistance did not play a significant role in the 
milligram scale pyrolysis and it may be omitted from further analysis. Leung and Wang concluded the 
same on the basis of their experimental results with a granular scrap tyre in four sizes: 1.18 - 2.36  
(8 - 16 mesh), 1.0 - 1.18 (16 mesh), 0.5 - 0.6 (30 mesh) and 0.355 - 0.425 mm (40 mesh) (Leung and 
Wang, 1999). Note that their biggest tyre samples had similar dimensions to our samples from 
measurements No. 1, 3 - 4, 6 - 7. Similarly, Gonzalez et al. demonstrated that the pyrolysis rate was not 
affected by the intraparticle and interparticle heat transfer resistances for the particle sizes up to 1.6 mm 
and the tyre sample masses in the range of 10 - 100 mg, respectively (González et al., 2001). In 
contradiction with the above findings Lah et al. stated that the internal heat transfer resistance was 
significant in the tested rubber samples with masses of 7 - 21 mg (Lah et al., 2013). This was deduced 
from the dynamic TG and DSC runs which present the characteristic shift of the mass loss rate and the 
generated heat of reaction towards higher temperatures for higher heating rates. Also, Olazar et al. 
(2005) stated that the heat and mass transfer limitations were significant for tyre particle size between 
1.0 and 4.0 mm. This was deduced from the comparison of the kinetic parameters calculated for two 
particle size ranges (between 0.1 and 0.8 mm and between 0.8 and 4.0 mm) in the range of 
temperatures between 450 and 600 °C. The kinetic parameters were determined by fitting a first-order 
rate equation to the experimental results which were obtained from experiments in the conical spouted 
bed reactor. As follows from the above quoted findings they are clearly contradictory. However, 
supporting our results, it can be noted that the first two conclusions were drawn directly from the TG 
measurements with varying sample masses and dimensions while the other findings were deduced 
indirectly. 

Figure 4 shows a comparison of the results obtained for heating rates, , in the range of  
 = 1 – 50 K/min. It can be observed from the DTG curves that the process is more rapid when the 
heating rate increases. Moreover, it is clearly visible that the characteristic maxima of thermal 
degradation shift towards higher temperatures. This phenomenon has kinetic origin taking into account 
that the internal heat transfer resistance can be neglected. This aspect will be discussed in the further 
part of this work. 
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Fig. 3. Comparison of the measurements for heating rate  = 50 K/min: TG – relative sample mass,  

DTG - rate of relative mass loss, Temp. – temperature 

 

Fig. 4. Comparison of the measurements for different heating rates: TG – relative sample mass,  

DTG - rate of relative mass loss 
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3. CALCULATIONS 

In kinetic modeling of ELT pyrolysis the TCSM was used (Galvagno et al., 2007; Leung and Wang, 
1999). This model is based on two key assumptions: (1) car tyres consist of three major components, 
(2) thermal decomposition of each component takes place independently. Kinetics of the thermal 
decomposition of the major components is usually modeled as a first- or n-order reaction. In this work 
first-order kinetics was assumed. Therefore, the rate of reaction can be described by the following set of 
equations: 

 
3

1

i
i

i

dd
z

dt dt




  (1) 

and 

  1iE RTi
i i

d
Ae

dt

    (2) 

where the conversion of the tyre sample,   is calculated as follows 

 
 
 

0

0

m m

m m








 (3) 

Because the heating rate was constant in the performed experiments,  = dT / dt = const., e.q. (1) can be 
transformed into an equivalent form (4) 

 
3 3

1 1

1 i i
i i

i i

d dd
z z

dT dt dT

 
  

    (4) 

Firstly, to calculate the kinetic parameters the composite function, d / dT was deconvoluted into three 
individual thermal decomposition functions describing each of the modeled compounds (Fig. 5). This 
calculation step was necessary to determine the temperature ranges for the conversions of the three 
major components. In general, many different peak functions can be used, i.e.: various versions of 
Gaussian, asymmetric double sigmoidal or log-normal. In this work each thermal decomposition step 
was modeled using the particular case of extreme function (the Gumbel probability density function 
distribution) shown below (Galvagno et al., 2007). 

    
3

1

exp exp 1i i i
i

d

dT

   


      (5) 

where i = (T – Tc,i) / c,i (since the function offset is 0 for the considered case, it is ruled out from this 
equation). 

The Levenberg-Marquardt algorithm was used to compute the following 9 parameters (i = 1, 2, 3):  
i, Tc,i and c,i. The calculations consisted in minimizing the sum of squared deviations between the 
experimental and calculated reaction rates (with Eq. 5), d / dT. Figure 5 shows a comparison of the 
calculated curve to the experimental one. There are also the thermal decomposition curves for the three 
major components shown in Figure 5. 

The values of zi, denoting the contribution of the i-th reaction to the total mass loss, were obtained after 
integration of the individual decomposition rates giving: z1 = 0.0528, z2 = 0.294 and z3 = 0.653  
(see Fig. 6). 

Finally, the pre-exponential factor, Ai, and the activation energy, Ei, were calculated for each major 
component. The calculations were carried out using the Levenberg-Marquardt algorithm. The aim of 
the calculations was to minimize the sum of squared deviations between the individual decomposition 



R. Cherbański, K. Wróblewski, E. Molga, Chem. Process Eng., 2017, 38 (3), 363-377 

370  cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe 
 

rates obtained from deconvolution of the composite function and that calculated from the kinetic model 
(see Fig. 7). 

 

Fig. 5. Comparison of the pyrolysis rate curves: calculated from Eq. (5) and experimental (measurement No. 4), 

and the decomposition rate curves for three major components (oil etc., NR, SBR) 

 

Fig. 6. The integral curves of the decomposition rates for the three major components (oil etc., NR, SBR) 
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Fig. 7. Comparison of the individual decomposition rates obtained from deconvolution of the composite function 

and the calculated from the kinetic model 

The values of the calculated kinetic parameters are shown in Table 2. 

Table 2. Comparison of calculated and literature values of the kinetic parameters 

Component 
Heating rate Kinetic parameters 

Ref. 
 (K/min) A (1/min) E (kJ/mol) 

1. Oil etc. 

10 

3.8102 33.1 This work 

2.0104 52.5 (Leung and Wang, 1999) 

5.0102 50.3 (Mui et al., 2010) 

9.34102 38.7 (Kim et al., 1995) 

1.00105 66.8 (González et al., 2001) 

2. NR 

3.1109 124.1 This work 

6.31013 164.5 (Leung and Wang, 1999) 

1.9107 102.8 (Mui et al., 2010) 

3.781016 209.0 (Kim et al., 1995) 

3.00x104 44.8 (González et al., 2001) 

3. SBR/BR 

1.61011 161.6 This work 

2.3109 136.1 (Leung and Wang, 1999) 

1.131017 237.1 (Mui et al., 2010) 

8.75108 127.3 (Kim et al., 1995) 

7.56102 32.9 (González et al., 2001) 
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Note that there is no relationship between the parameters of the auxiliary model presented in Eq. (5) 
and the kinetic parameters presented in Table 2. As noted earlier, the auxiliary model (5) was only 
needed to deconvolute the composite function d / dT obtained from TGA.Significant differences in 
the values of kinetic parameters can be seen in Table 2. This possibly results from different 
composition of the tyres used in these individual experiments. To some extent, this effect was also 
visible in our measurements. This is indicated by the residual mass after pyrolysis which varies in 
successive experiments (see Fig. 4). Although the reported differences are not very pronounced, one 
should note that the samples for the analysis were taken from the same piece of tyre with a size of 
5 cm  3 cm. In the case of different brands and/or pieces of tyres this effect can be naturally enhanced. 
The kinetic parameters calculated in this work for NR and SBR/BR are in the range of reported values 
by other authors. On the other hand, the parameters obtained for the first component (oil etc.) are 
beyond the range. However, given that this modeling component comprises not only the processing oil 
but also plasticizer, moisture and other specific additives, the values of its kinetic parameters depend on 
the composition of the tyre and the initial moisture content, which can vary for different tyre samples. 

The conversion vs. temperature curve was obtained by integration of the kinetic model. Figure 8 shows 
a comparison of the calculated and experimental profiles for measurement no. 4. A quite accurate 
prediction is observed. This is because the kinetic parameters were determined from the same 
measurement. More validation cases are presented in Figs. 10 - 13. 

 

Fig. 8. Comparison of the conversion curves: calculated form the kinetic model and experimental  

(measurement No. 4) 

Figure 9 shows the results of integration of the kinetic model for different heating rates in the range of 
1 - 50 K/min. The temperatures corresponding to the conversion of 0.5 are also indicated in Figure 9 for 
each of the calculated curves. 

300 400 500 600 700 800 900 1000 1100
0

0.2

0.4

0.6

0.8

1

T [K]



 

 

Measurement No. 4

Kinetic model



Pyrolysis of waste tyres – The effect of reaction kinetics on the results of thermogravimetric analysis 

cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe  373 
 

 

Fig. 9. Effect of heating rate, ,  on the conversion curves, , as predicted by the kinetic model 

The most remarkable result to emerge from the data is that the calculated results explain the 
phenomenon of shifting the characteristic maxima on the DTG curve in the direction of higher 
temperatures for higher heating rates. The phenomenon is observed in this work (see Fig. 4) and many 
previous publications (Galvano et al., 2007; González et al., 2001; Lah et al., 2013; Leung and Wang, 
1999; Mui et al., 2010; Seidelt et al., 2006). Intuitively, this can be related to the internal heat transfer 
resistance. But given that the conduction resistance is negligible in the tested milligram samples, as 
shown in the previous part of this work, it is evident that the phenomenon is caused by the kinetics 
itself. Thus, this effect is caused by the different residence times of the samples in the varying 
temperature (sample history). As can be seen from the experimental results in Fig. 4 and from the 
modeling results in Fig. 9, the tested milligram tyre sample needs longer time when the heating rate is 
higher to reach a certain level of conversion. 

Testing of the kinetic model was carried out using the experiments No. 8 - 10 (see Table 1). As 
mentioned earlier these experiments were performed for variable heating rates. A comparison of the 
experimental and calculated results is shown in Figs. 10 - 12. 

The kinetic model predicts the first two experiments correctly (Figs. 10 and 11). On the other hand, the 
quality of prediction for the third experiment is worse with a maximum error of 20% (Fig. 12). A 
comparison of the conditions under which these experiments were conducted showed that the 
experiment No. 10 was performed at the highest heating rates (1st stage  = 200 K/min / 2nd stage 
 = 50 K/min). Therefore, another test was conducted, in which the same kinetic model was used. 
However, this time, the kinetic parameters were determined from the measurement No. 1 in which the 
heating rate was  = 50 K/min. Then, the kinetic model was tested again by comparison of the 
calculated results to the experimental results. This time, it turned out that the model predicted the 
experiment very well (Fig. 13). 
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Fig. 10. Testing of the kinetic model based on measurement No. 8 

 

Fig. 11. Testing of the kinetic model based on measurement No. 9 
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Fig. 12. Testing of the kinetic model based on measurement No. 10 

 

Fig. 13. Testing of the kinetic model based on measurement No. 10. The kinetic parameters were calculated from 

the measurement No. 1 conducted at heating rate  = 50 K/min 
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4. CONCLUSIONS 

 The measurements showed that three characteristic steps can be distinguished in ELT pyrolysis. 
These steps correspond to the evaporation and thermal decomposition of: 1) oil, plasticizer, 
additives and moisture in the first step, 2) natural rubber in the second step, and 3) styrene-
butadiene rubber in the third step. 

 The Three-Component Simulation Model was able to correctly describe the kinetics of ELT 
pyrolysis. However, the accuracy of predictions was enhanced if the parameters of the kinetic 
model were determined from the measurement carried out at a similar heating rate. 

 Comparison of DTG curves for samples of different sizes showed that the conduction resistance in 
the samples was negligible. This enabled detailed kinetic analysis of ELT pyrolysis by TG analysis. 

 The calculation results obtained for different heating rates explain the cause of the observed 
shifting of the local maxima on the DTG curves in the direction of higher temperatures for higher 
heating rates. This work shows that the phenomenon has kinetic origin and follows directly from 
different residence times of samples at varying temperatures (history of the sample). 

 CFD modeling of pyrolysis reactors requires a reliable and computationally cheap kinetic model. 
The Three-Component Simulation Model due to its relative simplicity seems to be an appropriate 
candidate for this. 

The project funded by the National Centre for Research and Development and the European Union 
under the European Regional Development Fund under the agreement UOD-DEM-1-217 / 001. 

SYMBOLS 

A pre-exponential factor, 1/min 
cp heat capacity, J/(kg·K) 
DTG rate of relative mass loss, %/min 
E  activation energy, kJ/mol 
m sample mass, mg 
T temperature, K 

cT  parameter of the extreme function 

.isothermt  length of the isothermal stage, min 

Temp temperature, K 
TG relative sample mass, % 

 flow rate, ml/min 

iz  contribution of the i-th reaction to the total mass loss 

Greek symbols 
  conversion 
  heating rate, K/min 

i = (T – Tc,i) / c,i  parameter of the extreme function for the i-th component 

i  parameter of the extreme function for the i-th component 

,c i  parameter of the extreme function for the i-th component 

Subscripts 
0 initial 
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f,   final 
i i-th component 
N2 nitrogen 
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The key feature of thermosensitive polymers is the reversible transition between the hydrophilic and 
hydrophopic forms depending on the temperature. Although the main research efforts are focused on 
their application in different kinds of drug delivery systems, this phenomenon also allows one to 
precisely control the stability of solid-liquid dispersions. In this paper research on the application of 
poly(N-isopropylacrylamide) copolymers in processing of minerals is presented. In the experiments 
tailings from flotation plant of one of the coal mines of Jastrzębska Spółka Węglowa S.A. (Poland) 
were used. A laser particle sizer Fritsch Analysette 22 was used in order to determine the Particle 
Size Distribution (PSD). It was proved that there are some substantial issues associated with the 
application of thermosensitive polymers in industrial practice which may exclude them from the 
common application. High salinity of suspension altered the value of Lower Critical Solution 
Temperature (LCST). Moreover, the co-polymers used in research proved to be efficient 
flocculating agents without any temperature rise. Finally, the dosage needed to achieve steric 
stabilization of suspension was greatly beyond economic justification. 
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1. INTRODUCTION 

The key feature of thermosensitive polymers is the reversible transition between the hydrophilic and 
hydrophopic forms depending on the temperature (Cheng et al., 2006; Kuźnik et al., 2010; Sakohara  
et al., 2008; Xing et al., 2014). The phenomenon occurs after passing the Lower Critical Solution 
Temperature (LCST) as a result of shape change of polymer chains from extended coils into collapsed 
globules. Poly(N-isopropylacrylamide) (PNIPAM), as the most common example of thermosensitive 
polymer, is a non-toxic polymer which can be used as environmentally friendly substitute to industrial 
agents (Burdukova et al., 2010a; Ghimici and Constantin, 2011; Seidi and Heshmati, 2015; Yan et al., 
2010). Moreover, Forbes (2011) indicated that PNIPAM may be more efficient than conventional 
flotation agents. Its copolymers can be used for selective removal of desired mineral (Burdukova et al., 
2010b). At the present moment, one may find papers where thermosensitive polymers were used for 
suspension flocculation (Burdukova et al., 2011; Deng et al., 1996; Forbes, 2011; Ghimici and 
Constantin, 20011; Kuźnik et al., 2010; Lemanowicz et al., 2012; Mori et al., 2013; Sakohara et al., 
2008; Sakohara et al., 2013), nanoparticles stabilization (Budgin et al., 2012; Gong et al., 2012) or 
heavy metal ion removal (Tokuyama et al., 2010). Franks proved that cooling of sediment leads to 
enhanced consolidation (Franks, 2005). He used zircon suspension and methylcellulose as the 
thermosensitive agent. Identical conclusions were made in other papers (Franks et al., 2009; Li et al., 
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2009). Thus, research of new materials and phenomena associated with thermoresponsive polymers is 
of great interest in the areas of selective separation, process control, flotation, dewatering and generally 
speaking environmentally sustainable technology. 

The behavior of thermosensitive polymers and associated particulate processes depend on many 
factors. The most important are: molecular weight, molecular structure, pH and temperature (Budgin et 
al., 2012; Burdukova et al., 2010; Burdukova et al., 2011; Deng et al. 1996; Liu et al., 2001; Qin et al., 
2014; Yue et al., 2012, Zhang et al., 2013). Moreover, in the case of flocculation three additional 
factors come into play; polymer dose, addition method and heating method (Lemanowicz et al., 2012). 
Any change of these parameters may influence the aggregation mechanism significantly. 

The aggregation via standard flocculation runs in four steps (Gregory, 1993). In the first step a polymer 
is added to the solution and they are mixed. In the second step polymer chains are adsorbed on the 
surface of particles and then, in the third step, they undergo reconformation. At this point the 
suspension is destabilized and particles may aggregate with each other as a result of following three 
mechanisms: charge neutralization, charge patching or bridging. In the first case the electrostatic charge 
between particles and solution is reduced which allows them to aggregate via Van der Waals forces. In 
the second case polymer chains adsorbed on particles create charge patches in the electrostatic barrier 
through which particles can connect with each other. Finally, in the third case polymer chains create 
bridges between solid particles. What is important in this process is irreversible (Šulc et al., 2012; 
Tadros, 2013). 

In the case of thermosensitive aggregation, aggregates are formed due to hydrophobic interactions 
between particles (Lemanowicz et al., 2016a). However, the transformation of macromolecules as a 
result of temperature change is hampered due to their adsorption onto the surface of particles (Kuźnik 
et al., 2010). Generally, in this case the higher the temperature of suspension the more complete the 
polymer transition is. Particles covered with a hydrophobic polymer tend to aggregate in order to 
reduce their free energy and, as a result, they create large aggregates. When the suspension is cooled 
down the breakage phenomenon occurs because the surface of particles becomes hydrophilic 
(Burdukova et al., 2011; Kuźnik et al., 2010; Lemanowicz et al., 2016b; Sakohara et al., 2008). 

So far, studies on thermoresponsive flocculants were mainly focused on model suspensions. However, 
additional factors have to be taken into consideration if such systems are to be used in practical 
applications. In the case of typical industrial slurries the thermoresponsive flocculation process can be 
expected to be affected by the presence of salt, acidity/alkalinity and possibly other substances. In the 
presented research the flocculation of suspension of industrial origin was investigated. The aim of this 
study was to verify the possibility of practical application of thermosensitive polymers, especially in 
the mineral processing technology. The results concerning flocculation of a coal mine flotation tailings 
with a thermoresponsive polymer based on poly(N-isopropylacrylamide) are presented. The research 
was focused on PSDs and their change during destabilization of the system. 

2. EXPERIMENTAL 

Samples of flotation tailings were taken from one of the mines of Jastrzębska Spółka Węglowa S.A 
(Poland). In order to receive representative samples the suspension was collected during normal work 
of flotation plant into two 50 dm3 barrels. In the industrial practice, in the next step, it would be mixed 
with a flocculant and transferred to a Dorr settler. 
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Fig. 1. Chemical composition of flotation tailing solid matter 

 

Fig. 2. Chemical composition of flotation tailing filtrate 
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The samples had a form of diluted, gray suspensions. The chemical composition of the samples was 
determined using a Philips PW2400 spectrometer (Fig. 1 and 2). As expected, the solid matter was 
mainly composed of aluminum, silicon and iron compounds with some trace amounts of other 
elements. In the case of filtrate it contained dissolved salts of magnesium chloride, sodium chloride, 
calcium chloride and smaller amounts of other elements. The size of particles was determined based on 
the laser light scattering method using Fritsch Analysette 22. The minimum size of particles was equal 
to 0.15 m (measurement limit), the maximum size was equal to 40 m whereas the dominant value 
was equal to 5 m. Finally, the Sauter mean diameter d32 was equal to 2.65 m. The zeta potential of 
the suspension was measured using Malvern Nano Z equipment. Due to the limitations of particle size 
that can be analyzed, a 100 ml of suspension was taken and subjected to settling in a measuring 
cylinder. Next the fraction of the smallest particles which were present at the top of suspension was 
collected and their zeta potential was measured. It was equal to (–20.1) mV. The mass of suspended 
solids as well as salinity were determined on the basis of the weight method. For that purpose a small 
portion of suspension was placed in a beaker and dried in a laboratory dryer at the temperature of 
378 K as long as its mass was constant. Simultaneously, another sample of suspension was filtrated 
using the Büchner funnel. The filtrate was collected and evaporated in the laboratory dryer in the same 
conditions as the suspension. The desired parameters were calculated using difference in mass of the 
samples before and after drying/evaporating. Concluding, the mass fraction of suspended solids was 
equal to 1.57% w/w and the salinity was equal to 1.62% w/w. 

In the experiments two different polymers were used as the flocculants. The intentions of the authors 
were to synthesize two destabilization agents, one of cationic nature and one of anionic nature, with 
similar weight average molecular weight and transition temperature. Such samples would allow one to 
research the flocculation process in a qualitative way without interference on the physicochemical 
properties of industrial samples. Unfortunately, the incorporation of the ionic element into the 
polymeric chain alters the LCST significantly (Sakohara et al., 2008; Sakohara et al., 2013). Therefore 
considering economical aspects of the investigated process the molar ratio of ionic repeating units to 
nonionic ones had to be very low in order to keep LCST at a reasonable level. The synthesis procedure 
was identical to that presented in (Kuźnik et al., 2010). The only difference was the type and amount of 
the second comonomer. The polymer samples were synthesized in free radical polymerization with 
redox initiating system – ammonium persulfate (98% purity, Acros Organics, Avantor Performance 
Materials), and tetramethylethylenediamine (TEMED) (99% purity, Sigma-Aldrich) (Fig. 3). The 
comonomers were used as received: N-isopropylacrylamide (NIPAM, Acros Organics, Avantor 
Performance Materials) and methacrylic acid (MAA, Sigma Aldrich) or diallyldimethylammonium 
chloride (DADAMAC, Sigma-Aldrich) in 99:1 molar ratio (Fig. 4). The reaction mixture was purged 
with an inert gas for one hour before the addition of TEMED. Reaction products were separated by 
thermoprecipitation – the reaction mixture was heated to induce polymer separation from low 
molecular weight reagents and water. The thermoprecipitaiton was repeated twice, and the polymers 
were then dried to constant mass at 378.15 K, weighed and dissolved in Reverse Osmosis (RO) purified 
water. The weight average molecular weights (Mw) of the polymers were determined on the basis of the 
Static Light Scattering (SLS) measurements using Malvern Nano S90 applying the Rayleigh equation 
which describes the intensity of light scattered from a particle in a solution. The Debey plot for each 
polymer was obtained from several individual measurements: a zero concentration measurement 
(water) and samples of various polymer concentrations which allowed to determine Mw. In both cases 
the average weight molecular weights were comparable and were approximately 1200 kDa. Attempts 
have also been made to perform a molecular weight measurement using the size exclusion 
chromatography (SEC). Unfortunately, the high viscosity of polymer solutions, probably caused by 
relatively high Mw, disabled the preparation of samples with appropriate concentration for analysis. 
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Fig. 3. Initiation of copolymerization scheme 

 

Fig. 4. Schematic representation for the synthesis of MAA-ended P1 (a) and DADMAC-ended P2 

Due to the salinity of the suspension one should expect that the LCST value will be altered compared to 
the pure polymer solution. For that reason, appropriate solutions of polymers were prepared using 
flotation tailing filtrate as a base liquid and the transmittance was measured using Hitachi U-2800 A 
spectrophotometer at a wavelength of 500 nm. The flocculation experiments were performed in a 
thermostated mixing tank equipped with 4 baffles and a mechanical marine propeller. This kind of 
stirrer was chosen in order to limit shear stress which would be generated e.g. by the Rushton turbine. 
The stirrer worked with 6.67 s-1 rotational speed. The key dimensions of the laboratory setup are 
presented in Fig. 5. During experiments the temperature of the thermostatic jacket as well as the 
temperature within the tank were monitored. Moreover a special electrode for continuous pH 
measurements of suspensions was installed. The measurement procedure was as follows. When the 
suspension was transferred to the mixing tank its temperature was set to 298 K. Then, a blank sample 
(without the polymer) was measured with the laser sizer. Next, an appropriate dose of the polymer was 
injected to the suspension and the process time measurement began using a stopwatch. After that, 
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samples were taken at different stages of the flocculation process. Before each PSD measurement, the 
background measurement was done using RO purified water. After 20 minutes of mixing the heating of 
suspension started. In this case also the measurements were made at different points of time as long as 
the steady state was achieved. In the case of both polymers the final temperature of the system was 
equal to 318 K. The samples were transferred from the mixing tank to the laser sizer using a preheated 
plastic pipette. Moreover, the temperature of suspension within the sizer was controlled. 

 

Fig. 5. Mixing tank scheme: 1) thermostatic jacket, 2) baffle, 3) mixing tank, 4) propeller.  

Dimensions: D = 0.098 m, d = 0.038 m, b = 0.01 m, Hc = D, Hb = D, h = ⅓Hc 

3. RESULTS AND DISCUSSION 

3.1. Salinity and pH 

Due to the salinity of samples the LCST point of polymers was determined using the filtrate solution 
and compared with the results for RO water solutions. The transmittance change with temperature is 
presented in Figs. 6 and 7. In the case of DADMAC1 sample the transition in RO water was sharp and 
occurred at 306 K. This phenomenon could be observed with a naked eye because the solution became 
milky white. However, in the case of filtrate solution the LCST value decreased to 303 K. 
Simultaneously, the sharp transition from hydrophilic to hydrophobic form was preserved. Such results 
should be expected as the presence of salts in the solution generally decreases the LCST (Eeckman et 
al., 2001). Surprisingly, in the case of P1 sample the transition behavior for the filtrate solution changed 
significantly. The phenomenon occurred at higher temperature compared to the RO water sample and it 
was more gentle. The zero transmittance was achieved above 315 K. This fact results from the changed 
pH compared to the pure polymer solution. The P1 as well as P2 samples were pH sensitive because 
their chains possessed incorporated ionic repeating units at the end of the polymeric chain. As a result 
higher pH values increased substantially the location of the LCST point. The pH of suspension was 
equal to 7.6. This parameter was also monitored during the flocculation process. However, it did not 
change significantly after polymer injection also for P2 sample nor P1 sample compared to the 
fluctuations resulting from turbulent mixing. 
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Fig. 6. The LCST determination of DADMAC1 polymer in RO water and flotation filtrate 

 

Fig. 7. The LCST determination of P1 polymer in RO water and flotation filtrate 

These results reveal the first important issue of the practical application of thermosensitive polymers as 
flocculants, especially in the processing of minerals. The problem is that the chemical and physical 
properties of raw materials differ significantly, especially in the case of mineral processing. One may 
expect that the salinity of the feed will vary depending on acquisition site. It is probable that the change 
of pH and salt concentration will change the LCST value of a thermosentitive polymer above the range 
of operation of the production plant. As a result the polymer that was effective in the case of one 
sample may be totally ineffective for another one. On the other hand, there is a possibility that the 
LCST value will decrease below the feed temperature. In such a case the polymer will take the 
hydrophobic form immediately after its addition to the suspension, which of course, makes its 
application pointless. This is a significant disadvantage compared to standard flocculants used in 
mineral processing. In the standard process the effectiveness o flocculation can be controlled via 
polymer dosage. Moreover, such flocculating agents are less sensitive to the process conditions. 

3.2. Flocculation 

The flocculation process course was investigated by the analysis of particle size distribution. The data 
presented in Figs. 8 to 14 are summarized in the table attached as supplementary materials. P2 polymer 
was added to the suspension at 298 K. Unfortunately, this flocculant proved to be efficient below LCST 
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point (Fig. 8). After injection, very large aggregates were created rapidly. After 5 minutes of the 
process the Sauter mean diameter was equal to 9.19 m and the largest aggregates had the size of 
170 m. Ten minutes later, at the steady state of the process, a part of the biggest aggregates underwent 
breakage thus the mean diameter decreased to 8.93 m. When the suspension was heated, the PSD 
moved insignificantly toward larger sizes (Fig. 9). The mean diameter rose to 10.85 m. However, no 
bigger aggregates were created. It has to be emphasized that the change in the PSD was very small 
compared to the initial process below LCST. 

 

Fig. 8. PSDs for the thermosensitive flocculation using 1.0 mg/g of P2 

 

Fig. 9. PSDs for the thermosensitive flocculation using 1.0 mg/g of P2 

When the polymer dose was decreased tenfold, i.e. it was more similar to the polymer doses used in the 
existing flotation plants, once again flocculation occurred (Fig. 10). However, the effect was very 
week. Practically, no larger aggregates were created. The PSD moved toward larger dimensions. When 
the suspension was heated, no change in the PSD was noticed. These facts are in agreement with the 
mechanism of thermosensitive flocculation. If polymer chains successfully bridge solid particles it will 
be very difficult for them to undergo the hydrophilic-hydrophobic transition. Therefore, at temperatures 
above LCST almost no aggregation effect was visible. As expected the results for P1 polymer were 
very similar (Figs. 11 and 12). After injection of the polymer solution a rapid growth of aggregates 
occurred. The change of the system was visible with a naked eye. At 5th minute of the process the 
largest aggregates had the size above 50 �m, whereas the Sauter mean diameter was equal to 7.74 m. 
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Fig. 10. PSDs for the thermosensitive flocculation using 0.1 mg/g of P2 

The dominant value of particle diameter was approximately the same as in the case of DADMAC1 
polymer. The lack of particles larger than 100 m and resulting smaller mean diameter can be easily 
explained by the electrostatic interactions between polymer ionic groups and the surface charge of 
particles. The zeta potential of the particles was negative, thus the macromolecule possessing cationic 
groups proved to be more efficient than the polymer which possessed negatively charge groups. Due to 
the fact that the bridging mechanism of flocculation was dominating the differences are not very large, 
yet they are visible. 

 

Fig. 11. PSDs for the thermosensitive flocculation using 1.0 mg/g of P1 

When a smaller polymer dose was used (Fig. 13) practically no change of the PSD was noticed. 
Unfortunately, when the system was heated also no larger aggregates were created. Therefore, it was 
decided to use a high, economically unjustified overdose of P1 polymer which would guarantee the 
steric stabilization of solid particles and as a result strong thermosensitive behavior of the polymer. A 
dose equal to 10 mg/g was chosen (Fig. 14). One may notice that for the temperature below LCST 
significant larger aggregates were created (larger than 100 m). This means that the range of 
flocculating window for this system of suspension-polymer is extremely wide. In result, one should 
expect that full stabilization effect will occur for significantly higher polymer dosages. On the other 
hand, the impact of temperature on the PSD was clearly visible in this case. Although no larger 
aggregates were created after heating (inhibition due to bridging) still the mean particle diameter 
increased from 6.38 to 15.85 m. 
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Fig. 12. PSDs for the thermosensitive flocculation using 1.0 mg/g of P1 

 

Fig. 13. PSDs for the thermosensitive flocculation using 0.1 mg/g of P1 

In all experiments described above the molar fraction of ionic groups in the polymer chains was 
approximately equal to 1%. In general, the reactivity of DADMAC is much lower than that of NIPAM. 
Although direct kinetic data for copolymerization of NIPAM/DADMAC are not available, according to 
the literature the reactivity ratios of DADMAC and acrylamide (AM), which exhibit similar reactivity 
to NIPAM, are respectively: rDADMAC = 0.06 rAM = 6.4, rDADMAC = 0.58 rAM = 6.7 (Deng and Pelton, 
1995). Deng and Pelton performed copolymerization of NIPAM and DADMAC. Unfortunately, they 
did not determine reactivity ratios of NIPAM/DADMAC. However, from their work it can be 
concluded that in case of molar ratio of comonomers equal to NIPAM/DADMAC = 99:1, the resulting 
fraction of repeating units in copolymer is 99.3:0.7 mol%. 

In case of NIPAM/MAA copolymerization, reactivity ratios of rNIPAM = 10.2 and rMAA = 0.01 are 
reported (Xue et al., 2000). Consequently, since in both cases rNIPAM >>1>> rDADMAC/MAA, the 
compositional homogeneity up to quite a high conversion of NIPAM for those copolymers is presumed. 
Simultaneously DADMAC or MAA was incorporated at the end of the polymeric chain and PNIPAM 
enriched with DADMAC-end or PNIPAM enriched with MAA-end were obtained. 
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Fig. 14. PSDs for the thermosensitive flocculation using 10 mg/g of P1 

Unfortunately, in the examined cases the interaction between polymers and solid particles was very 
strong resulting in fast flocculation via the bridging mechanism. This in turn, practically disabled 
thermosensitivity of the macromolecules. Of course, the structure of thermosensitive flocculants may 
be modified. However, one has to remember that the higher molar fraction of ionic groups, the higher 
the LCST point. As a result, the application of the thermosensitive polymer may be unprofitable due to 
high heating costs. 

As was mentioned before the majority of papers concerning thermosensitive flocculation is focused on 
model suspensions. Therefore, it is hard to compare received experimental results. According to the 
authors’ knowledge only the team of prof. Sakohara performed research using thermosensitive 
polymers in flocculation of industrial origin suspensions (Sakohara et al., 2007; Sakohara et al., 2011). 
As in the presented case, these authors had to overcome two substantial issues, namely the reasonable 
level of LCST and the amount of polymer used in the process. The incorporation of ionic groups into 
the polymeric chain resulted in an elevated value of transition temperature. Therefore, a method based 
on dual ionic thermosensitive polymers was proposed. Firstly, a cationic thermosensitive polymer was 
introduced to the suspension. After 5 minutes of mixing at room temperature an anionic 
thermosensitive polymer was added. This procedure allowed the authors to enhance dewatering process 
at relatively low temperatures. However, in both cases, i.e. dewatering of inorganic sludge as well as 
activated sludge, the dosages of polymers used in experiments were extremely high. Sakohara et al. 
stated that in the case of activated sludge the effective dosage was more than 3% w/w which is three 
times more than that of commercial flocculants. In the presented research the dosage of commercial 
flocculant varied between 0,01% to 0,02% whereas the dosage of thermosensitive polymer equal to 1% 
w/w was not enough to achieve desirable results. 

The last issue associated with the practical application of thermosensitive polymers in mineral 
processing is the economy. First of all, the cost of standard flocculants is significantly lower compared 
to thermosensitive polymers. Of course, this situation would change if the mass production of such 
macromolecules would start. Still, at the present moment such polymer substitution would be 
expensive. Moreover, in order to fully take advantage of thermosensitive transition steric stabilization 
should be achieved which in consequence results in significantly higher polymer dosages compared to 
standard flocculants. Combined with a higher polymer price, the application of such flocculants would 
be even more expensive. Finally, the application of standard flocculants does not require any additional 
feed processing. In turn, in the case of thermosensitive polymers a large amount of suspension should 
be heated above the LCST. 
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4. CONCLUSIONS 

In this paper the idea of thermosensitive polymer application in industry is discussed. Experimental 
results concerning flotation flocculation are presented. In experiments an industrial suspension was 
investigated. It was proved that there are some key issues concerning the application of thermosensitive 
polymers like the salinity or strong interactions between particle surface and polymer chains. Yet, 
thermosensitive polymers may be very efficient in some applications where the selectivity and 
hydrophobicity are of key importance. In the authors’ opinion, thermosensitive polymers should be 
rather employed in processes where the reversibility of the aggregation process is fully utilized and the 
same polymer could be used many times in cyclic operations. 

This research was supported by the Ministry of Science and Higher Education (Poland) under grant 
IUVENTUS PLUS no. IP2012019972. 
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 APPENDIX  

Table A. Volume fractions of PSDs presented in Figs. 8-14 

 1.0 mg/g of P2 0.1 mg/g of P2 1.0 mg/g of P1 0.1 mg/g of P1 10 mg/g of P1 

d, m Primal 5, min 15, min 298, K 318, K 298, K 318, K 5, min 15, min 298, K 318, K 298, K 318, K 298, K 318, K 
0.16 0.07 0.04 0.04 0.04 0.03 0.07 0.10 0.05 0.04 0.04 0.04 0.14 0.10 0.03 0.02 
0.19 0.05 0.04 0.04 0.04 0.04 0.07 0.10 0.05 0.04 0.04 0.05 0.11 0.07 0.03 0.02 
0.22 0.07 0.04 0.04 0.04 0.04 0.08 0.11 0.05 0.05 0.05 0.05 0.12 0.08 0.04 0.02 
0.25 0.11 0.05 0.05 0.05 0.04 0.11 0.13 0.06 0.05 0.05 0.07 0.16 0.12 0.05 0.03 
0.29 0.17 0.06 0.06 0.06 0.06 0.15 0.17 0.07 0.07 0.07 0.09 0.22 0.17 0.06 0.03 
0.33 0.25 0.07 0.08 0.08 0.07 0.21 0.22 0.09 0.09 0.09 0.12 0.30 0.25 0.09 0.04 
0.38 0.36 0.09 0.10 0.10 0.09 0.28 0.29 0.11 0.11 0.11 0.16 0.40 0.35 0.12 0.06 
0.44 0.50 0.11 0.12 0.12 0.11 0.36 0.37 0.14 0.15 0.15 0.20 0.53 0.48 0.15 0.07 
0.51 0.66 0.14 0.15 0.15 0.14 0.46 0.46 0.17 0.18 0.18 0.24 0.68 0.63 0.20 0.09 
0.59 0.85 0.16 0.19 0.19 0.16 0.57 0.57 0.21 0.22 0.22 0.29 0.87 0.81 0.25 0.10 
0.67 1.07 0.19 0.22 0.22 0.18 0.70 0.69 0.24 0.26 0.26 0.33 1.08 1.02 0.30 0.11 
0.78 1.32 0.21 0.25 0.25 0.21 0.85 0.82 0.27 0.30 0.30 0.38 1.33 1.26 0.35 0.13 
0.89 1.60 0.24 0.27 0.27 0.22 1.02 0.98 0.30 0.34 0.34 0.42 1.61 1.54 0.40 0.14 
1.03 1.91 0.25 0.30 0.30 0.24 1.21 1.15 0.32 0.37 0.37 0.45 1.91 1.84 0.45 0.14 
1.18 2.24 0.27 0.32 0.32 0.25 1.43 1.34 0.34 0.40 0.40 0.48 2.25 2.17 0.50 0.15 
1.36 2.58 0.28 0.34 0.34 0.26 1.69 1.57 0.35 0.43 0.43 0.51 2.61 2.53 0.54 0.16 
1.57 2.94 0.29 0.36 0.36 0.27 1.98 1.83 0.35 0.47 0.47 0.54 2.98 2.90 0.60 0.16 
1.80 3.30 0.30 0.38 0.38 0.28 2.31 2.13 0.36 0.51 0.51 0.57 3.36 3.28 0.67 0.16 
2.08 3.65 0.32 0.41 0.41 0.30 2.67 2.47 0.36 0.57 0.57 0.62 3.73 3.65 0.75 0.17 
2.39 3.99 0.35 0.45 0.45 0.31 3.08 2.84 0.38 0.65 0.65 0.69 4.08 4.01 0.87 0.17 
2.75 4.29 0.39 0.50 0.50 0.34 3.51 3.24 0.43 0.76 0.76 0.81 4.40 4.33 1.04 0.17 
3.17 4.57 0.45 0.58 0.58 0.37 3.95 3.67 0.51 0.92 0.92 0.97 4.67 4.61 1.25 0.17 
3.64 4.79 0.54 0.70 0.70 0.41 4.39 4.10 0.66 1.13 1.13 1.20 4.88 4.83 1.53 0.17 
4.19 4.97 0.68 0.87 0.87 0.46 4.79 4.51 0.90 1.41 1.41 1.51 5.03 4.97 1.87 0.17 
4.83 5.08 0.88 1.11 1.11 0.54 5.15 4.89 1.27 1.77 1.77 1.93 5.12 5.05 2.30 0.19 
5.56 5.14 1.17 1.46 1.46 0.68 5.43 5.21 1.80 2.25 2.25 2.47 5.15 5.07 2.81 0.23 
6.39 5.13 1.59 1.97 1.97 0.90 5.64 5.47 2.53 2.87 2.87 3.18 5.13 5.03 3.43 0.34 
7.36 5.07 2.18 2.68 2.68 1.28 5.76 5.64 3.49 3.65 3.65 4.05 5.06 4.94 4.15 0.55 
8.47 4.94 2.99 3.64 3.64 1.86 5.78 5.71 4.68 4.62 4.62 5.10 4.93 4.81 4.98 0.91 
9.75 4.74 4.02 4.86 4.86 2.72 5.70 5.69 6.04 5.76 5.76 6.27 4.73 4.63 5.89 1.46 
11.22 4.48 5.25 6.27 6.27 3.89 5.51 5.57 7.47 6.98 6.98 7.46 4.45 4.40 6.79 2.21 
12.91 4.13 6.59 7.72 7.72 5.32 5.20 5.32 8.77 8.14 8.14 8.50 4.09 4.11 7.56 3.13 
14.86 3.71 7.84 8.99 8.99 6.88 4.76 4.95 9.68 9.02 9.02 9.19 3.64 3.74 8.04 4.14 
17.10 3.22 8.82 9.79 9.79 8.35 4.20 4.46 9.99 9.39 9.39 9.34 3.12 3.31 8.09 5.10 
19.68 2.68 9.31 9.92 9.92 9.45 3.55 3.87 9.60 9.11 9.11 8.86 2.55 2.81 7.65 5.89 
22.65 2.13 9.19 9.30 9.30 9.92 2.84 3.20 8.57 8.17 8.17 7.78 1.98 2.27 6.76 6.41 
26.07 1.60 8.42 8.01 8.01 9.62 2.14 2.51 7.09 6.74 6.74 6.25 1.44 1.74 5.57 6.69 
30.00 1.12 7.14 6.27 6.27 8.55 1.50 1.85 5.35 5.05 5.05 4.52 0.98 1.25 4.26 6.80 
34.53 0.50 5.58 4.41 4.41 6.98 0.88 1.27 3.62 3.40 3.40 2.87 0.18 0.83 3.04 6.87 
39.74 0.00 4.10 2.79 2.79 5.38 0.00 0.52 2.16 2.04 2.04 1.42 0.00 0.01 2.04 7.01 
45.74 0.00 2.92 1.60 1.60 4.05 0.00 0.00 1.10 1.07 1.07 0.00 0.00 0.00 1.33 7.18 
52.64 0.00 2.06 0.84 0.84 3.02 0.00 0.00 0.05 0.46 0.46 0.00 0.00 0.00 0.87 7.18 
60.59 0.00 1.47 0.40 0.40 2.21 0.00 0.00 0.00 0.01 0.01 0.00 0.00 0.00 0.59 6.83 
69.73 0.00 1.04 0.19 0.19 1.55 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.42 6.04 
80.25 0.00 0.73 0.09 0.09 1.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.32 4.90 
92.37 0.00 0.50 0.06 0.06 0.60 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.25 3.59 

106.31 0.00 0.32 0.05 0.05 0.31 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.20 2.34 
122.35 0.00 0.19 0.04 0.04 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.16 1.31 
140.81 0.00 0.10 0.04 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.12 0.06 
162.06 0.00 0.03 0.04 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.09 0.00 
186.52 0.00 0.00 0.03 0.03 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.06 0.00 
214.66 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.04 0.00 
247.06 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00 
284.34 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00 
327.25 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.00 
376.64 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 
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In many systems of engineering interest the moment transformation of population balance is applied. 
One of the methods to solve the transformed population balance equations is the quadrature method 
of moments.  It is based on the approximation of the density function in the source term by the 
Gaussian quadrature so that it preserves the moments of the original distribution. In this work we 
propose another method to be applied to the multivariate population problem in chemical 
engineering, namely a Gaussian cubature (GC) technique that applies linear programming for the 
approximation of the multivariate distribution. Examples of the application of the Gaussian cubature 
(GC) are presented for four processes typical for chemical engineering applications. The first and 
second ones are devoted to crystallization modeling with direction-dependent two-dimensional and 
three-dimensional growth rates, the third one represents drop dispersion accompanied by mass 
transfer in liquid-liquid dispersions and finally the fourth case regards the aggregation and sintering 
of particle populations. 

Keywords: crystallization, drop breakage, extraction, Gaussian cubature, population balance, 
QMOM 

1. INTRODUCTION 

Multiphase reactors are very common in chemical industry and the population balance framework is 
considered as a pragmatic approach for modeling particulate, bubble or droplet dynamics in multiphase 
processes including polymerization, crystallization and precipitation systems. The last two processes 
i.e. crystallization and precipitation are used for more than 70% of solid materials produced by the 
chemical industry (Silva, 2007). Concerning industrial requirements it is preferred to have particles 
with high purity, desired size distribution, satisfactory stability and good shape. Producing a material 
with the desired quality often requires knowledge of the elementary steps involved in the process: 
creation of supersaturation, nucleation, particle growth, aggregation and other secondary processes. The 
product quality is mainly determined by operating conditions. However, these processes are still not 
well predictable because their course is strongly affected by complex interactions between fluid flow, 
mixing, particle aggregation and particle breakage subprocesses. Simple models are often used to 
interpret these effects but they do not account well for such complex interactions. To achieve real 
progress in an efficient process control and scale-up, a wide range of problems needs to be addressed 
by multidisciplinary, multiphysics and multiscale approaches – starting from the modeling of molecular 
level phenomena, to the crystal and, subsequently, the product design, including advanced 
measurement techniques coupled to advanced modeling tools. In order to properly model such complex 
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phenomena, population balance equations supplemented with fast and efficient solution algorithms can 
be coupled with Computational Fluid Dynamics (CFD) modeling to correctly predict the particle size 
distribution (PSD). 

One of the commonly used approaches for solving population balance equations in chemical 
engineering applications is the quadrature method of moments (QMOM), which has been introduced by 
McGraw (1997) to simulate the course of particulate processes. It is based on the approximation of the 
density function in the source term by the Gaussian quadrature so that it preserves the moments of the 
original distribution. In this method one determines weights and abscissas that are used in the 
quadrature approximation using inversion algorithms. McGraw (1997) applied the product-difference 
algorithm by Gordon (1968), although more such algorithms are available in the literature. One can 
mention the long quotient-modified difference algorithm from Sack and Donovan (1972) and the 
Golub-Welsch (1969) algorithm. 

The Gaussian quadrature (GQ) approach generates the moment-preserving approximations for one-
dimensional distributions. However, this feature does not generalize to multivariate probability 
distributions, with the exception of independent random variables. 

Wright et al. (2001) extended the QMOM method to the multivariate population problem. As 
mentioned above, in this case no exact algorithms are available. Several attempts have been made to 
apply approximate algorithms also for the multidimensional case, which resulted for example in a 
multiple 3-point quadrature technique and a 12-point quadrature technique (Wright et al., 2001). The 
DQMOM equations (Marchisio and Fox, 2005) are derived via the moment transfer method, in a 
similar way to QMOM. 

Currently there are no numerical techniques allowing to solve the closure problem generated by the 
moment transformation of population balance equations for the number of internal dimensions higher 
than two. In this work another method is proposed to be applied to the multivariate population problem 
in chemical engineering, namely a Gaussian cubature (GC) technique which applies linear 
programming for the approximation of the multivariate distribution. It can be applied to systems of an 
arbitrary number of internal dimensions without reformulation. This leads to simplicity of the solution 
method and shows universality of this approach. Gaussian cubatures are feasible for joint, but 
independent distributions. In spite of the fact that this method is heuristic for joint, dependent 
distributions, it appears to be reliable and to accurately approximate expectations of many functions. 
This approach has been used by DeVuyst and Preckel (2007) for the modeling of economic processes. 
Linear program returns weights (restricted to be positive) for each of the created lattice points. The 
maximum number of points with strictly positive weights is equal to the number of constraints used. 

Examples of the application of the Gaussian cubature (GC) are presented in this paper for four 
processes typical for chemical engineering applications. The first and second cases are devoted to 
crystallization modeling with direction-dependent growth rates. The third one represents drop 
dispersion accompanied by mass transfer in liquid-liquid dispersions, and in the fourth case the 
aggregation and sintering of particle populations is considered. In the first, third and fourth cases, two-
dimensional population balance equations (PBE) are used. In the second case a 3-dimensional crystal 
growth in the MSMPR crystallizer is simulated to show the possibility of the proposed numerical 
scheme to address the cases with more internal dimensions. 

2. THE METHOD OF MOMENTS APPROACH FOR SOLVING POPULATION BALANCE 
EQUATIONS 

The population balance equations are powerful tools that are used to predict the behavior of dispersed 
systems. For the first time they were introduced by Hulburt and Katz (1964) and emerged from the 
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dynamic description of a dispersed system treated as a statistical ensemble moving through the phase 
space. This statistical mechanical approach resulted in the system of integro-differential equations  
(Eq. (1)) governing the evolution of the distribution ݂, of dispersed phase properties in a way similar to 
the Liouville theorem of classical statistical mechanics (Sorgato, 1981; Hulburt and Katz, 1964). 
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The phase space consists of external coordinates, ࢞, describing the position of particles in the physical 
space and internal coordinates, ࢘, that characterize properties of the dispersed phase, i.e. the size of 
particles or droplets, species concentration within droplets, fractal dimension of aggregates and many 
other. The convective flow of points through the phase space is described by the velocities ݒ in the 
physical space, and ܩ in the space of internal coordinates, which can be physically interpreted as the 

growth rate of crystals or dissolution of liquid droplets depending on the system under consideration. 
Also new points can appear or disappear in the phase space corresponding to effects of breakage or 
coalescence of droplets, as well as aggregation and breakage of solid crystals. Those effects are defined 
by the birth and death functions, ܤሺ࢞, ,࢘ ,࢞ሺܦ ሻ andݐ ,࢘  ሻ. Although the population balance equationsݐ
are well defined, they are difficult to solve due to high dimensionality of the system, especially when 
nonlinear source terms are present. For linear cases, Hulburt and Katz (1964) introduced the method of 
moments which allowed to transform the set of partial differential equations into the set of ordinary 
differential equations and reduce the dimensionality of the system. The transformed set of population 
balance equations is easier to solve. However, instead of the full distribution of the dispersed phase 
properties one gets only average values defined by the moments of distribution: 
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The expected values of distribution can describe many physical properties of the dispersed phase like 
the number of particles, average size, area or volume. The set of the ordinary differential equations for 
the moments is generated by the moment transformation as given below: 
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In many cases the birth and death functions consist of nonlinear terms, a good example here is 
aggregation. In such cases the moment transformation creates the closure problem, i.e. the set of 
equations becomes unclosed as there are more unknowns than equations. The closure problem can be 
solved by introducing some additional information. For systems with one internal dimension this can be 
done by using the quadrature method of moments (QMOM) introduced by McGraw (1997). It applies a 
quadrature approximation of the source term integrals using so called inversion algorithms such as a 
product-difference (PD) algorithm (Gordon, 1968). QMOM has been further generalized to bivariate 
cases (Wright et al., 2001) i.e. where two internal coordinates are used to describe the dispersed phase 
system. In the current state of the art there are no numerical techniques allowing to solve without 
approximation the closure problem generated by the moment transformation of population balance 
equations for the number of internal dimensions higher than two. Therefore another efficient 
approximate method, the Gaussian Cubature (GC) numerical scheme, has been developed to approach 
the closure problem in multidimensional cases for an arbitrary number of internal coordinates. 
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3. GAUSSIAN CUBATURE TECHNIQUE 

The introduced technique is based on the approximation of the source term integrals in the moment - 
transformed PBEs by a Gaussian cubature, such that: 
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where	ࢄ is an s-dimensional vector of random variables having density ݂ሺࢄሻ, and ݃ሺࢄሻ denotes the 
integrand function i.e. function whose expected value is to be computed. 

To apply this approximation it is necessary to determine weights ݓ, and abscissas ࢄ of the cubature 
points. GC technique chooses points and weights for the cubature approximation so as to preserve the 
lower-order moments of the original distribution. A d-degree GC approximation can be defined by the 
following system of linear equations: 
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By E the expectation value is denoted, hence the right-hand sides of Equation (5) are the raw moments 
of order at most d of the approximated distribution. 

To determine weights and abscissas of the cubature points it is necessary to set up a lattice in s-
dimensional domain. It is done by following the algorithm presented by DeVuyst and Preckel (2007). 
First an equally spaced grid over each variable is set up. The range of each variable has to be chosen 
based on the knowledge of the process conditions. The number of created grid points is an important 
parameter that determines the convergence of the algorithm (more points to choose from) but also 
sufficiently influences calculation time, so it has to be chosen as low as possible but large enough to 
ensure determination of the cubature points. The lattice in s-dimensional phase space is formed by a 
Cartesian product of the previously created grids over each axis. 

The second step is to set up a linear program (LP) over the lattice points using the system expressed by 
Eq. (5) as the equality constraints. Because one is interested in obtaining any set of points having 
positive weights that satisfy Eq. (5), the objective function vector is set to zero. The LP can be solved 
via Simplex method, which results in a set of weights associated to vectors of the feasible basis. Each 
of those vectors corresponds to the specific point in the phase space resulting in a complete set of points 
with associated weights for the cubature approximation. 

During iterative solving of population balance equations the GC is calculated in each time step and then 
used to determine integrals in the source term. It occurred that during the time evolution of the initial 
distribution, the above presented algorithm could not find a feasible solution even for a dense lattice. 
Therefore some changes have been introduced to the algorithm to assure better convergence. The most 
important modification is the exchange of the set of equality constraints, Eq. (5), for the set of 
inequality constraints defined as follows: 

      
1 1 1

1
j j
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    (7) 
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    (8) 

In the above set, Tol denotes the tolerance of moments determination by the linear program. 
Introducing this parameter enables one to control the desired accuracy but also for some cases allows 
the LP to find a feasible solution. This modification also makes it easy to find the initial feasible basis 
for the linear programming solver. The initial basis consisting of vectors corresponding to the slack 
variables is in this case dual-feasible, hence the dual-simplex algorithm is further used to solve the LP. 

To demonstrate the possibilities of the above introduced algorithm, four test cases are presented in the 
following sections. The first one regards the seeded crystallization process including the nucleation and 
growth of crystals in two directions (2D growth). Then a 3-dimensional population balance model of 
crystal growth and nucleation will be presented, showing the possibility of applying the above 
presented numerical scheme. The third test case is the extraction process in a water-acetone-toluene 
system. Bivariate population balance is used to simulate the simultaneous drop breakage and mass 
transfer in the system. In the last test case the aggregation and sintering of the population of particles is 
considered, which has been also approached by Wright et al. (2001) when introducing the bivariate 
extension of the QMOM technique. PBEs are solved using MATLAB programming language and the 
dual-simplex algorithm implemented in the software. 

4. APPLICATION OF GC TO CRYSTALLIZATION PROCESS 

4.1. 2D case 

As the first test case for the presented method the two-dimensional population balance model of the 
pharmaceutical crystallization process (Sen et al., 2014) has been chosen. Sen et al. (2014) developed a 
model for the growth of crystals in two dimensions. Model constants for the kinetics of the process 
have been also determined. The population balance equation describing this process takes the form: 

 
                 1 1 1 2 2 2 1 21 2

0 1 2
1 2

, , , , , ,, ,
,

G L t f L L t G L t f L L tf L L t
B C t L L

t L L
 

 
  

  
 (9) 

Where G1 and G2 denote the rate of crystal growth in directions L1 and L2 respectively and B0 stands for 
the rate of nucleation. The growth rates can be written as follows (Gunawan et al., 2004): 
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In this model only secondary nucleation is taken into account and its rate is given by: 

  0 1 2, ,
bs

sat
b

sat

C C
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 (12) 

Kinetic constants: kg1, kg2, kb, g1, g2, have been determined by Sen et al. (2014) by fitting them to 
experimental data. In the above equation C stands for the concentration of the solute and Csat denotes 
the solubility of the solute. Since it is assumed that the shape of crystals is cuboid with two 
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characteristic dimensions L1 and L2, the surface area of the single crystal is 21
2
1 42 LLL  , which after 

integration over the whole population results in the total surface area of the crystals S(L1, L2, t):  

     2
1 2 1 2 1 1 2 1 2

0 0

, , , , 2 4S L L t F L L t L L L dL dL


   (13) 

The above presented model has to be solved simultaneously with the mass balance in the form: 

     2 2
1 2 1 1 2 1 2 1 1 2

0 0

, , 2c

dC
F L L t G L L L G L dL dL

dt




     (14) 

where c stands for the density of crystals. 

The described crystallization process is a cooling process so the nucleation and growth of crystals are 
caused by the decrease in solute solubility with decreasing temperature. For the test case of our GC 
technique, linear solubility change in time has been used (data set 1.1 from Sen et al. (2014)). The 
density of crystals has been assumed by us to be c = 1500 kg/m3. Moment transformation of (9) results 
in the system of ordinary differential equations for the lower-order moments of crystal size distribution. 
There is no closure needed in the model, hence it can be solved explicitly and therefore is the perfect 
base for comparison to the introduced GC technique. The parameters chosen to be compared for this 
process are the characteristic length and aspect ratio defined as follows: 

  1/3
2

1 2avgD L L  (15) 

 1

2

L
AR

L
  (16) 

Calculations were made using cubature of degrees 3 and 5. In this case they both gave exactly the same 
results because only moments of order equal of less than 3 were needed to calculate Davg and AR. 

 

Fig. 1. Comparison of calculated crystal average size for different cubature tolerance with results of direct 

solution 
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Fig. 2. Comparison of aspect ratio for different cubature tolerances with results of direct solution 

Table 1. Percent error of characteristic size and aspect ratio determination 

Tolerance 
Final average size  

[μm] 
Error  
[%] 

Final Aspect Ratio 
Error  
[%] 

Direct 64.810 0.000 1.2399 0.000 

0.20% 64.776 -0.052 1.2399 0.000 

0.5% 64.737 -0.113 1.2399 0.000 

1% 64.657 -0.236 1.2401 0.016 

2% 64.511 -0.461 1.2401 0.016 

3% 64.337 -0.730 1.2401 0.016 

5% 64.067 -1.146 1.2405 0.048 

7% 63.746 -1.642 1.2401 0.016 

10% 63.235 -2.430 1.2407 0.065 

In Figs. 1 and 2 time dependencies of those parameters are presented. It can be noticed that increasing 
the cubature tolerance only slightly influences the calculated final crystal size but has almost no 
influence on the final aspect ratio. The relative error of average size and aspect ratio determination is 
presented in Table 1. 

An important factor influencing the calculation time and the minimum possible tolerance is the number 
of divisions of each axis. Increasing the number of points along each axis enables to decrease the 
cubature tolerance but also sufficiently influences calculation time due to the significant rise in the 
number of lattice points. Calculation time of 6000 time steps is presented in Table 2. It can be noticed 
that for a certain number of domain divisions there exists a minimum achievable tolerance where the 
linear program solver can still find a feasible solution in each time step. Execution time generally does 
not depend on the cubature tolerance but for some reason for 20 axis divisions and 7% tolerance it 
calculates two times faster. A similar minimum seems to exist for 50 axis divisions and 1% tolerance. 



J. Bałdyga, G. Tyl, M. Bouaifi, Chem. Process Eng., 2017, 38 (3), 393-409 

400  cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe 
 

The tolerance of 0.2% can be achieved with 80 axis divisions but it also results in the increase in 
execution time of up to around 1200s. 

Table 2. Calculation time in seconds of 6000 time steps depending on cubature tolerance and number of axis 
divisions (Intel Core i7-2630QM 2GHz, 8GB DDR3) 

Tolerance 
Number of axis divisions 

10 20 50 

10% 589 581 787 
7% - 296 818 
5% - 598 807 
3% - 561 817 
2% - - 833 
1% - - 659 

0.5% - - 872 

4.2. 3D case 

The crystal growth case can be extended to the 3D model if one needs to consider the independent 
growth of each crystal face. The natural extension is the growth model of 3D cuboid shaped crystals. 
As an example a process taking place in the MSMPR continuous crystallizer is considered. The process 
kinetics has been taken from Borchert et al. (2009). In this paper the authors considered a system in the 
steady state and checked the influence of the mean residence time on crystal dimensions. In the present 
work  a dynamic model has been developed and solved using GC to check if it converges to the steady 
state results presented in the paper by Borchert et al. (2009).  Similarly as in the previous test case the 
model equations were solved directly to have the dynamic results for comparison. A cuboid shape of 
crytals has been assumed with crystal dimensions, h1, h2, h3, measured from the center. For the 
simulation the  following set of moments of crystal size distribution: m0,0,0, m1,0,0, m0,1,0, m0,0,1, m1,1,1, 
m2,0,0, m0,2,0, m0,0,2, m1,1,0, m1,0,1, m0,1,1 was used.  This is equivalent to the GC of degree 2 with the 
additional moment m1,1,1 that is present in the mass balance and therefore has to be accurately 
determined to minimize the error. After performing the moment transformation of the population 
balance equations one gets the following set of governing equations for the moments of crystal size 
distribution in the crytalizer having mean residence time : 

 0,0,0 0,0,0
0

dm m
B

dt 
   (17) 
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where G1, G2, G3 are the face specific growth rates given by: 

 ,
ig

i g iG k   (19) 

Kinetic constants kg,i and gi are taken directly from the paper by Borchert et al. (2009) and the 
supersaturation is defined as follows: 

 sat

sat

C C

C
 
  (20) 

where C is the mass concentration of the solute and Csat denotes the saturation concentration. 
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The rate of nucleation, B0, is assumed to be a power law dependency: 

 0
b

bB k   (21) 

It should be noted that the system parameters in the paper by Borchert et al. (2009) do not refer to a 
specific physical system. 

Simultaneously to the population balance equations, the mass balance given by Eq. (22) has been 
solved. 

   1,1,11
8in s

kin

dmdC
C C

dt dt



 

    
 

 (22) 

Where s denotes the solid density. The first term on the right-hand side of Eq. (22) describes the net 
flux of the solute to the system. The second term represents the decrease of solute concentration due to 
crystallization. Subscript kin denotes the first three terms on the right-hand side of Eq. (18) that 
describe the concentration drop described by the crystal growth kinetics. These three terms of Eq. (18) 
are substituted to Eq. (22) for k, l, m = 1. 

The considered system has been simulated for two mean residence time values,  = 0.36 s and  = 1 s, 
which correspond to the characteristic points predicted by the steady state model. As the initial 
condition a supersaturated state was assumed with the inlet and outlet solutions having  equal 
supersaturation, 0 = in = 2. In Fig. 3. the evolutions of the characteristic crystal dimensions obtained 
using GC and by direct calculation are presented depending on the mean residence time in the 
crystallizer. In the first case (Fig. 3a)) the needle-like shape of the crystals is observed, which also 
corresponds to the result presented by Borchert et al. (2009). In the second case (Fig. 3b)) the cubic 
crystal shape is predicted, which also was obtained by the steady state model. The cubature tolerances 
used in those cases were 0.01 and 0.02 respectively. For both accuracy levels the results do not differ 
much from results of the direct solution of the PB. The comparison of relative error obtained using GC 
approximation is presented in Table. 3. One can see that while for the crystal dimensions the relative 
error is of the order of a few percent, for supersaturation it is actually negligible even for the higher 
tolerance. The evolution of supersaturation in time is virtually identical for both numerical methods 
(see Fig. 4.). 

 

Fig. 3. Time evolution of the characteristic crystal dimensions for different mean residence times (direct solution - 

solid line, GC - dashed line); a)  = 0.36 s, b)  = 1 s 
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Table 3. Relative error of determining the steady state values using GC approximation for the considered cases 

 
θ = 0.36 s θ = 1 s 

Direct Cubature Error [%] Direct Cubature Error [%] 

h1 [m] 6.40E-07 6.31E-07 1.41 1.00E-06 9.63E-07 3.73 

h2 [m] 4.80E-07 4.73E-07 1.42 1.00E-06 9.63E-07 3.68 

h3 [m] 2.02E-06 1.99E-06 1.35 1.00E-06 9.60E-07 4.01 

σ [-] 1.7768 1.7765 0.02 1.0000 0.9989 0.11 

 

Fig. 4. Evolution of the supersaturation in the crystallizer predicted using GC and direct method for  

a)  = 0.36 s, b)  = 1 s (direct method - solid line, GC - dashed line) 

5. APPLICATION OF GC TO MODELING OF MASS TRANSFER IN LIQUID - LIQUID 
SYSTEMS 

For the full description of some processes like extraction or absorption it is necessary to follow not only 
the dispersed phase size distribution but also concentration of the extracted/absorbed component in 
both phases. The system under investigation is water-benzoic acid-toluene with water as the continuous 
phase, toluene as the dispersed phase and benzoic acid as the component transferred between phases. 
The dispersion is mixed in a 10 dm3 stirred tank (diameter, T = 0.23 m, height, H = 0.24 m) equipped 
with a 0.133 m diameter Rushton turbine. 

For the modeling the two-cell model introduced by Okamoto (1981) is applied. Population balance 
equations are solved using GC technique and compared with results obtained using bivariate quadrature 
method of moments with a 3-point quadrature technique for the approximation of weights and 
abscissas. In QMOM diameter is chosen to be the main coordinate on which the process depends, 
therefore abscissas on the size axis are first calculated from the moments of distribution with respect to 
diameter using product-difference algorithm and then concentrations are calculated from the mixed 
moments m3,1, m4,1, m5,1 which define a linear system of equations. 

The partition coefficient of the benzoic acid has been calculated from the formulas proposed by 
Brändström (1966): 

 1.09 1.009BT
HBW

HBW

C
C

C
   (23) 
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where CBT is the total concentration of benzoic acid in toluene and CHBW is the concentration of not 
dissociated benzoic acid in water. The mass transfer coefficient introduced by Batchelor (1980) has 
been used with diffusion coefficient of the benzoic acid in water in 20 C equal to D = 0.9110-9 m2s-1. 
Driving force of the mass transfer process is: 

 bulk HBWC C C    (24) 

Where CHBW is the concentration of the benzoic acid in water which would be in the equilibrium state 
with CBT concentration in the dispersed phase so it directly depends on the droplet composition. The 
mean concentration of acid in the bulk Cbulk is calculated from the mass balance of the transferred 
component in the form: 

      0 0
1d d bulk bulkV C C V C C          (25) 

which gives: 

  0 01bulk bulk d dC C C C



  


 (26) 

It should be noted that in this case there are no direct solutions and the methods based on 
approximation have to be used. In the comparison of QMOM and GC model predictions, toluene is 
assumed to be the dispersed phase. Benzoic acid is initially present only in the droplets and transfers to 
the bulk during the process. In the calculations dispersed phase concentration  = 10% is used. Average 
energy dissipation rate in the tank is assumed to be  = 5 W/kg. 

The applied model consists of breakage kernel developed by Bałdyga and Podgórska (1998) based on 
the multifractal model of intermittency described in detail by Bałdyga and Bourne (1993, 1995). The 
continuous parabolic daughter size distribution introduced by Hill (1995) has been used. 

In Figs. 5 and 6 predicted mean drop diameters are presented. Results obtained using the introduced GC 
technique are in agreement with QMOM predictions for d10 as well as for Sauter diameter d32. Time 
dependence of the mean concentration of benzoic acid in the dispersed phase is presented in Fig. 7. In 
this case GC technique gives the same prediction as the QMOM. Details regarding the application of 
GC algorithm to modeling of mass transfer in liquid-liquid dispersions are presented in Appendix. 

 

Fig. 5. Comparison of mean drop size d10 calculated using GC and QMOM. Δd10 denotes the difference between 

the results obtained using GC and QMOM techniques 
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Fig. 6. Comparison of droplet Sauter diameter d32 calculated using GC and QMOM. Δd32 denotes the difference 

between the results obtained using GC and QMOM techniques 

 

Fig. 7. Evolution of the mean concentration of benzoic acid in the dispersed phase. ΔC denotes the difference 

between the results obtained using GC and QMOM techniques 

6. APPLICATION OF GC TO MODELING OF AGGREGATION AND SINTERING OF SOLID 
PARTICLES 

The last test case regards the 2-dimensional model of aggregation and sintering of particle populations 
considered earlier by Wright et al. (2001). Aggregation is modeled by the Brownian coagulation kernel 
(Eq. 27) and the sintering by the convection in the phase space using relaxation term (Eq. 28). 

     1/ 1/ 1/ 1/

1 2 1 2 1 2, f f f fD D D DV V K V V V V       (27) 
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where amin is the area of a fully compacted (spherical) particle and ݐ is the characteristic time of 

sintering. In this case we have assumed tf = 10 s, K = 1 m3/s, and Df = 3 after McGraw et al. (2001). The 
initial distribution was lognormal over each axis with the initial moments taken directly from the paper. 

Due to the presence of nonlinear terms in the PB equations the closure problem is generated by the 
moment transformation. The model has been solved using GC and two variants of bivariate QMOM for 
comparison. Both of them are 3 point bivariate quadrature techniques. QMOM(v) has volume chosen to 
be the primary variable. It means that first the monovariate quadrature is calculated from pure volume 
moments and then the corresponding specific areas are recalculated from moments of order 1/3 over the 
area. QMOM(a) is constructed similarly using the area as the primary variable. They are less exact than 
the complete 12p QMOM but much faster. 

In GC the moments of the order up to 2 were followed, plus the 1/3 and -1/3 moments over the volume 
coordinate due to their presence in the aggregation kernel. 50 axis divisions and 0.1% tolerance have 
been used. The calculation time was 12.15 s/1000 time steps for the QMOM techniques and 79.6 
s/1000 time steps for GC. We can see that the QMOM is faster but the more accurate techniques like 
12p QMOM are about 100 times slower than QMOM as stated by the authors. For 12p QMOM we 
would also need to follow 36 moments of the distribution compared to 7 moments needed for the GC. 

In Fig. 8 the time changes of average volume and average surface area of the particles are presented. 
We can see that the GC can predict accurately the effect of aggregation as well as sintering. QMOM(v) 
results for the area differ from the others when predicting surface area and QMOM(a) predicts 
aggregation effect less accurately. 

 

Fig. 8. Time evolution of a) average surface area, b) average volume of the particle population  

(NS - without sintering, S - with sintering) 
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7. CONCLUSIONS 

A new moment based method for solving multidimensional population balance has been applied to 
chemical engineering processes. This new approach uses linear programming algorithms to develop a 
Gaussian cubature approximation of multivariate distributions which is further used to solve PBEs. The 
method has been applied to bivariate and 3-dimensional population balances, and proved to accurately 
describe the evolution of systems under investigation. Therefore it can be considered as a promising 
technique for the future implementation in CFD codes. Compared to other methods like QMOM the 
presented algorithm has no limitations in the number of internal dimensions and therefore it can be used 
to precisely determine the evolution of many independent parameters of the system under 
consideration. Also, the algorithm itself does not require any reformulation before being applied to 
higher dimensional systems, which makes it convenient to use. However, there are two parameters to 
be adjusted by the user, which severely influences the performance of this numerical scheme. From 
those two i.e. the grid resolution and cubature tolerance the latter seems to be more important for the 
overall performance while keeping the grid density in reasonable range (between 20 and 50 divisions of 
each axis). The tolerance influences the convergence of the algorithm and its precision. To overcome 
the problem of lack of convergence at some points in simulations, which would cause the crash of the 
program, the authors suggest using a loop, which in each time step starts the cubature with low 
tolerance.  In the case of no convergence the tolerance should be subsequently increased to the level 
which allows for convergence. For simulations of higher dimensional systems another problem may 
arise, namely a significant increase in the number of lattice points with the rising number of axis 
divisions. In those cases it would be necessary to decrease the number of axis divisions at the cost of 
increasing the tolerance to keep the execution time reasonable. Those issues will have to be addressed 
before implementing the GC algorithm in the CFD code to ensure the stability and convergence of the 
simulation. 

The authors gratefully acknowledge the financial support from Solvay, France. 

SYMBOLS 

a dimensionless surface area of the particle 
aavg dimensionless average surface area of the population of particles 
amin dimensionless area of the fully compacted particle 
AR aspect ratio 
B(x, r, t) birth function 
B0 nucleation rate, m-3s-1 
C concentration of solute, kg/m3 
Cbulk concentration of benzoic acid in water phase, mol/dm3 
CBT equilibrium concentration of benzoic acid in toluene, mol/dm3 
Cd concentration of benzoic acid in toluene phase, mol/dm3 
CHBW equilibrium concentration of benzoic acid in water, mol/dm3 
Csat saturation concentration, kg/m3 
d degree of GC approximation 
dd droplet diameter, μm 
d10 average droplet size, μm 
d32 droplet Sauter diameter, μm 
D diffusion coefficient of benzoic acid in water, m2s-1 
D(x, r, t) death function 
Davg average crystal size, m 
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Df fractal dimension 
E expectation value 
f number density function 
g(d’) breakage kernel, s-1 
g(X) arbitrary function of vector X 
Gi growth rate in i-th dimension 
h1, h2, h3 characteristic dimensions of cuboid crystal, m 
kb kinetic constant, m-3min-1 
kg,1, kg,2 kinetic constants, m/min 
K constant in the aggregation kernel 
Li length of crystal in i-th dimension, m 
mi raw moment of the distribution of order i 
N number of cubature points 
r=[r1, r2,…,rN] vector of internal coordinates 
s number of phase space dimensions 
t time, s 
Tol cubature tolerance 
V1, V2 dimensionless volumes of the aggregating particles 
V volume of stirred tank, dm3 
Vavg dimensionless average volume of the population of particles 
Vp dimensionless volume of the particle 
vi i-th component  of the velocity vector in physical space, m/s 
wi weight of the i-th cubature point 
x=[x1, x2, x3] position in the physical space 
xij j-th coordinate of the i-th abscissa of GC approximation 
X s-dimensional vector of random variables 

Greek symbols 
β aggregation kernel, m3/s 
βd(d,d’) daughter size distribution, m-1 
ε average energy dissipation rate, W/kg 
ν(d’,ε) number of daughter droplets 
ϕ concentration of the dispersed phase 
ρc density of crystal phase, kg/m3 
ρs density of solid phase, kg/m3 
σ supersaturation 
σ0 initial supersaturation 
σin supersaturation of the inlet solution 
θ mean residence time, s 

Subscripts 
k1, k2, …, kN order of moment over i-th coordinate 

Superscript 
bs kinetic exponent 
g1, g2 kinetic exponent 

Abbreviations 
DQMOM direct quadrature method of moment 
GC Gaussian cubature 
GQ Gaussian quadrature 
LP linear program 
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PB population balance 
PBE population balance equation 
QMOM quadrature method of moments 
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 APPENDIX  

The details of application of the GC algorithm to modeling of drop break up with simultaneous mass 
transfer, as considered in Section 4, are presented in what follows. One starts with choosing internal 
coordinates, which in this case are the droplet diameter, dd , and the concentration of the benzoic acid in 
the dispersed phase, Cd.  The bivariate moments of the distribution of order k over droplet diameter and 
l over the concentration are obtained by transforming Eq. (2): 
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0 0

, ,k l
k l d d d d d dm d C f d C t dC dd

 

    (30) 

After performing a moment transformation of the population balance equations, Eq. (3), one gets a set 
of integro-differential equations governing the time evolution of the system: 
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where dC denotes the mass flux,  (d’d, ) the number of daughter droplets created in the breakage 

event, d (dd, d’d) the daughter size distribution, and g(d’d) is a breakage kernel. The right hand side 
terms refer to mass transfer (convection in a phase space), appearing and disappearing of droplets due 
to breakage (birth and death terms), respectively. The source term integrals are now approximated 
using the Gaussian Cubature (Eq. (4)) leading to the set of differential equations: 
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    (32) 

To obtain weights, wi, and abscissas, ddi and Cdi, of the cubature, the GC algorithm is used following 
Eqs. (5) to (8). One of the output parameters in this case is the Sauter diameter, d32, which requires the 
second and the third moment of distribution. Hence, the Gaussian cubature of order 3 is used. This 
order of approximation should ensure sufficient accuracy. Therefore one gets a set of 10 moments of 
distribution to be followed during the simulation. The linear program (LP) resulting from the GC 
procedure is then solved in each time step using the dual-simplex method implemented in the 
MATLAB software libraries giving weights for each point of the previously set up lattice. Points 
having strictly positive weights are then used for the GC approximation. 



 



Chemical and Process Engineering 2017, 38 (3), 411-422 

DOI: 10.1515/cpe-2017-0031 
 

 
*Corresponding authors, e-mail: kbizon@chemia.pk.edu.pl     cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe 

411 
 

DYNAMICAL AND TECHNOLOGICAL CONSEQUENCES  
OF MULTIPLE ISOLAS OF STEADY STATES IN  

A CATALYTIC FLUIDISED-BED REACTOR 

Katarzyna Bizon* 

Cracow University of Technology, Department of Chemical and Process Engineering, 30-155 
Kraków, ul. Warszawska 24, Poland 

Steady-state characteristics of a catalytic fluidised bed reactor and its dynamical consequences are 
analyzed. The occurrence of an untypical steady-state structure manifesting in a form of multiple 
isolas is described. A two-phase bubbling bed model is used for a quantitative description of the bed 
of catalyst. The influence of heat exchange intensity and a fluidisation ratio onto the generation of 
isolated solution branches is presented for two kinetic schemes. Dynamical consequences of the 
coexistence of such untypical branches of steady states are presented. The impact of linear growth of 
the fluidisation ratio and step change of the cooling medium temperature onto the desired product 
yield is analyzed. The results presented in this study confirm that the identification of a region of the 
occurrence of multiple isolas is important due to their strong impact both on the process start-up and 
its control. 

Keywords: catalytic fluidised-bed reactor, steady states, non-linear analysis, multiplicity,  
multiple isolas 

1. INTRODUCTION 

A phenomenon of generation of single isolas, i.e. isolated closed branches of steady states has been 
demonstrated a number of times in chemical engineering systems, both in theoretical and experimental 
works. Their occurrence has been observed in very simple systems such as non-adiabatic continuously 
stirred tank reactors (Berezowski, 2002; Uppal et al., 1976), tubular heterogeneous reactors 
(Berezowski, 2000) as well as in more complex catalytic processes carried out in fluidised-bed reactors 
(Ajbar et al., 2001). Several works, e.g. (Pinto and Ray, 1995), report on the possibility of the 
occurrence of so-called multiple isolas of steady states. In such a case several closed branches of steady 
states co-existing with open steady-state branches are observed in a bifurcation diagram. In the work 
cited above the authors also described scenarios of generation and disappearance of the isolas. Pinto 
and Ray (1995) demonstrated the possibility of occurrence of two isolas of steady states in the 
bifurcation diagram of the process of copolymerization of vinyl acetate and methyl methacrylate in tert-
butanol. The isolas are located next to each other, that is in different ranges of the selected bifurcation 
parameter, in this case a residence time. In this study such isolas will be referred to as the first type 
isolas. Despite an extensive body of literature concerning the steady-state analysis of chemically 
reactive systems, the possibility of co-existence of two isolas in the same range of the bifurcation 
parameter, i.e. one isola above the other, and an open branch of steady states was demonstrated only in 
a couple of works. The possibility of such a phenomenon was mentioned in (Zahn, 2012) and in the 
earlier study of the author of this work (Bizon, 2016). These isolas will be referred to as the second 
type isolas. 
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This study demonstrates that such an untypical structure of steady-states can develop in catalytic 
fluidised-bed reactors. A single chemical reaction and a system of two consecutive reactions were used 
to exemplify the occurrence of multiple isolas. The impact of a heat exchange intensity and a 
fluidisation ratio onto the generation of isolated solution branches was evaluated. Dynamical and 
technological consequences of the existence of multiple isolas of steady states were analysed. 

2. MATHEMATICAL MODEL OF A CATALYTIC FLUIDISED-BED REACTOR 

Let us consider the chemical processes taking place in a catalytic fluidised-bed reactor, namely: 
 a single irreversible first order chemical reaction proceeding according to a scheme PA 1k ; 

 a system of consecutive irreversible first order chemical reactions: RPA 21  kk , where P 
is a desired product, whereas R is an undesired product. 

For the process (a) the reaction rate with respect to the component A is rA = r1, whereas for the system 
of reactions in series the rates with respect to A and P are, respectively, rA = r1 and rP = r1 – r2, where 
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A two-phase bubbling bed model, modified by Tabiś (Tabiś, 2001) was employed to describe 
hydrodynamics of a fluidised bed. The main assumption of the model is that the bed consists of an 
emulsion phase and a bubble phase with the mass and heat transfer coefficients between the phases 
determined as resultant quantities according to the three-phase model of Kunii and Levenspiel (1991). 
The other assumptions are: 
 perfect mixing and negligible mass and heat transfer resistance between the gas and the catalyst 

particles in the emulsion phase; 
 plug flow of the gas and quasi-steady state character of the bubble phase. 

According to these assumptions the dynamic mass and heat balance equations in the emulsion phase 
can be written as: 
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where a dimensionless concentration of a jth reactant ηj is defined as 
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whereas expressions defining the reaction rates in a function of dimensionless concentration e
j  and 

temperature Te in the emulsion are given by 
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The functions )( A
e , )( P

e and )( eT  in Equations (2) - (4) are defined as 
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The parameters in Equations (2) - (4) and in expressions (7) - (9) are calculated as follows 
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Additional details concerning determination of the hydrodynamic parameters of the bed and mass and 
heat transfer coefficients between the emulsion phase and bubble phase can be found in (Bizon, 2016). 

In case of the single chemical reaction it can be assumed that k02 = 0, then the dynamics of the reactor is 
described by the system of two differential equations, i.e. Eqs. (2) and (4). 

Table 1. Values of the model parameters used in numerical simulations 

No Parameter Value Dimension 

1 aqkq 0.04 – 0.16 kW/m3·K 

2 cg 1.0 kJ/kg·K 

3 cz 0.8 kJ/kg·K 

4 dz 2.0×10-4 m 

5 E1 7.0×104 kJ/kmol 

6 h1 4.0×105 kJ/kmol 

7 Hmf 1.0 - 1.2 m 

8 k01 4.0×105 or 1.0×107 1/s 

9 Tf 450 K 

10 Tq 300 or 320 K 

11 xE, xh 1.5 xE 

12 xk 1.0 xk 

13 yAf 0.1 - 

14 ρg 0.7 kg/m3 

15 ρz 2300 kg/m3 
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3. RESULTS AND DISCUSSION 

Values of the parameters used in numerical simulations both for the single chemical reaction and for 
the system of consecutive reactions are reported in Table 1. The values were selected based on the 
analysis of typical catalytic processes (Balakotaiah and West, 2014; Westerink and Westertrep, 1992). 
Symbols xE, xh, and xk refer, respectively, to a ratio of activation energies, enthalpies and frequency 
coefficients in Arrhenius equation for the consecutive reaction, namely 
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A home-made code for continuation of the solution branches based on a local parameterisation (Seydel, 
1994) was developed and used to determine the parametric dependency of the state variables and to 
characterize the structure of steady states of the fluidised-bed reactor. This is permitted to avoid 
application of complex continuation software, as recommended also in the reference (Berezowski, 
2010). 
 

Fig. 1. Steady-state branches (a) and process yield WP (b) for a single chemical reaction with respect to  

lf and aqkq; aqkq = {1- 0.16; 2- 0.129; 3- 0.125; 4- 0.123; 5- 0.1} kW/m3K; Hmf = 1.2 m, Tf = 450 K;  

Tq = 300 K ( - boundaries of the fluidised-bed existence) 

Figure 1 shows steady-state characteristics of a catalytic fluidised-bed reactor for a single irreversible 
exothermic reaction with respect to a fluidisation ratio lf and for different values of a parameter aqkq. 
The parameter aqkq is associated with the heat transfer between the fluidised-bed and a cooling 
medium. When aqkq = 0, then the reactor is adiabatic. Solid lines indicate stable steady states, while 
dashed lines indicate unstable steady states. Values of a conversion degree of the reactant A, i.e. αA, 
(Fig. 1a) are determined as follows 
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whereas the process yield WP (Fig. 1b) for the single chemical reaction is defined as 

 )1(AA0
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 fCuW  (13) 

where )1(A  is an average conversion degree of A leaving the fluidised-bed. 

Two first type isolas arising above the lower stable steady state were detected at relatively high values 
of the parameter aqkq. The complexity of the steady-state structure of the reactor is a result of a 
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coupling of chemical reaction with mass and heat transfer processes between the bubbles and the 
emulsion phase. It can be observed that stable fragments (branches 2 and 3 in Fig. 1b) of the right isola 
located in the region of high values of the fluidisation lf are characterized by higher yield of the process 
WP. 

The location of the isolas in the bifurcation diagram depends on the type of a chemical process carried 
out in the fluidised-bed. The steady-state structure of the fluidised-bed corresponding to the process 
described by two consecutive chemical reactions is shown in Fig. 2. In such a case the process yield 
with respect to the product P, WP is calculated as 

 )1(PA0
A

P
P 




 fCuW  (14) 

where a dimensionless concentration of the product P defined with respect to the feed temperature is as 
follows 
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In case of the system of two reactions in series, fivefold steady states can occur. For the catalytic 
process analysed in this study for a certain set of the model parameters the branches of steady states 
may take a form of multiple isolas. This is confirmed by the results presented in Fig. 2. Unlike the 
single chemical reaction, the isolas are located in the same range of the parameter, i.e. one isola is 
located above the other. Therefore, for such isolas the concept of co-existence was introduced. 

 

Fig. 2. Steady-state branches for a system of consecutive reactions with respect to lf and aqkq;   

aqkq = {1- 0.076; 2- 0.062; 3- 0.058; 4- 0.05; 5- 0.04} kW/m3K;  Hmf = 1 m, Tf = 450 K;  

Tq =300 K ( - boundaries of the fluidised-bed existence) 

To evaluate the influence of the bed hydrodynamics and the intensity of heat exchange on the steady-
state structure globally, catastrophic sets in the plane (lf , aqkq) were then determined. The diagrams 
presented in Fig. 3 are the result of a two-parameter continuation (Seydel, 1994) of the turning points 
from Fig. 1 and Fig. 2. For a better understanding of the phenomenon of generation and disappearance 
of multiple isolas, the ranges of the parameter aqkq in which they emerge are delimited with dashed 
lines. 

In case of the single chemical reaction (Fig. 3a) and relatively high values of aqkq the system has a 
unique stable solution branch. It is characterized by a low conversion degree and thus by a low yield of 
the reactor WP. Maxima of the upper curve marked with letters A and B (Fig. 3a) are referred to as the 
isola centres. They correspond to the values of the parameters aqkq and lf at which the isolas are 
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generated being an origin of a region of the triple steady states. Diminution of the heat exchange 
intensity represented by the product aqkq leads to enlargement of the isolas and thus extension of the 
region of the triple steady states. At the value of aqkq corresponding to the point C (Fig. 3a) the two 
isolas merge, then further diminution of aqkq leads to their coalescence with the lower stable branch of 
steady states. 

 

 

Fig. 3. Catastrophic sets in the plane (lf, aqkq) for a single chemical reaction (a) and for a system of consecutive 

reactions (b); Tf = 450 K, Tq =300 K (numbers indicate the number of steady states) 

Figure 3b shows a steady-state structure in the plane (lf , aqkq) determined for the reactor in which a 
system of two consecutive chemical reactions takes place. Extrema of the curves marked with A and B 
(Fig. 3b) correspond, respectively, to the parameters for which isolas occur in the system. The point C 
(Fig. 3b) corresponds to the process conditions at which the isolas coalesce. The region of the triple 
steady states resulting from the coalescence of the isolas, i.e. the area located under the lower curve, 
corresponds to solutions disadvantageous from the technical point of view. In this region the system 
only has the lower steady state that does not guarantee the autothermicity of the process and the upper 
steady state corresponding to a very high conversion but also to an extremely high temperature, thus it 
characterised by a very low yield of the process WP. 

Taking into account that the model of the reactor depends on some parameters whose values can 
change dynamically during the process, both intentionally and due to the external disturbances, the 
appearance both of a single and multiple isolas may strongly influence the process dynamics. Due to 
the observed strong impact of the fluidisation ratio lf onto the steady-state structure, the influence of its 
variation onto the reactor dynamics was evaluated. The variation of lf may be intentional, i.e. it can take 
place during the reactor start-up, when the fluidisation ratio is dynamically increased to reach a given 
target value. It can also be induced by the process kinetics, which is the case for non-equimolar 
processes (Abba et al., 2002) characterized by a variable volumetric flow rate of a fluidising medium. 

Figure 4 shows various scenarios of the variation of the fluidization ratio lf (Fig. 4a) with corresponding 
dynamical responses of the reactor (Fig. 4b and Fig. 4c) in which a single irreversible reaction takes 
place. Two starting values of the fluidization ratio corresponding to the time instant t = 0 were used in 
the simulations, i.e. lf 0 = 2 and lf 0 = 5.5. For all the evaluated cases the initial conditions of the dynamic 

model of the reactor were set to 0A0 
e  that corresponds to  1A0 

e  and K4500 eT . A target value 

of the fluidization ratio was set to lf = 25. Trajectories lf(t), Te(t) and WP(t) corresponding to lf 0 = 2 
labelled with numbers 1 and 2 in Fig. 4 correspond, respectively, to fast and slow variations of the 
fluidisation ratio (Fig. 4a). In both cases the reactor eventually reaches the upper steady state. Yet, in 
case of a low rate of increase (curves marked with 2 in Fig. 4) the trajectory Te(t) exhibits a substantial 
maximum. This phenomenon can be dangerous from the technological point of view as it can lead, for 
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instance, to the thermal deactivation of the catalyst. Moreover, it also causes a significant decrease in 
the instantaneous yield of the process (Fig. 4c). 

 

 

Fig. 4. Dynamic variation of lf (a) and corresponding responses of the reactor (b-c) for a single chemical reaction 

for aqkq = 0.125 kW/m3K;  Hmf = 1.2 m;  Tf = 450 K; Tq =300 K 

The dynamical response of the reactor to the variation of fluidization ratio changes when lf 0 = 5.5. In 
such a case the fast increase of the fluidization ratio value leads to the convergence of the trajectory at 
the upper steady state (curves labelled with 3 in Fig. 4). For a lower rate of the variation of lf(t) the 
trajectory converges at the lower steady state as shown by curves marked with 4 in Fig. 4. However, 
further prolongation of the time interval in which the process conditions change (curves labelled with 5 
in Fig. 4) again results in the convergence at the upper steady state. Such a phenomenon is associated 
with the fact that if the rate of increase of the fluidization ratio is low then in the initial stage of the 
process the bed heats up enough to maintain a sufficient level of the temperature, even when operating 
transitorily in the interval of lf for which the reactor has only the lower steady state. 

Three scenarios of the increase of the fluidization ratio were considered for a system of reactions in 
series, starting at the minimal value lf = 1.01, and ending at the target value coinciding with a high yield 
of the reactor, that is at lf0 = 3.5 (Fig. 5a). A dangerous rise of the bed temperature is observed at a low 
rate of the variation of lf (curve labelled with 3 in Fig 5b). This is due to the fact that for the assumed 
value of the parameter aqkq = 0.05 two merged isolas of the second type were detected in the reactor and 
only two stable steady states exist in the interval lf = [1.214, 2.899] (branches marked with 4 in Fig. 2), 
with the upper one being disadvantageous from the process point of view. Thus, exceeding the value 
lf = 1.214 corresponding to the first turning point, results in the temporary attraction of the trajectories 
by the upper steady state. At the higher cooling intensity of the reactor, i.e. for aqkq = 0.058 at which the 
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multiple isolas were detected (branches denoted with number 3 in Fig. 2) this risk does not exist. In 
such a case the trajectories converge directly at the middle steady state (Fig. 5c). If the initial conditions 
belong to the basins of attraction of the middle steady state then in the region of the occurrence of 
multiple isolas the dynamical variation of lf always leads to the convergence at this steady state. 

 

  

Fig. 5. Dynamic variation of lf (a) and corresponding responses of the reactor of a system of consecutive chemical 

reactions for aqkq = 0.05 kW/m3K (b) and for aqkq = 0.058 kW/m3K (c);  Hmf = 1.2 m;  Tf = 450 K;  Tq =300 K 

 

 

Fig. 6. Catastrophic sets in the plane (lf, aqkq) for a system of consecutive reactions for Tq = 300 K (solid line)  

and for Tq =320 K (dashed line) (a) and the reactor response to a step disturbance of a cooling medium 

temperature Tq (b); (Tf = 450 K, lf = 2; numbers indicate the number of steady states) 
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All the above analysis is focused on the influence of variation of the fluidisation ratio onto the reactor 
dynamics. However, other parameters of the model may also vary during the process, both intentionally 
and uncontrollably. Figure 6 shows the impact of the cooling medium temperature Tq onto the 
stationary and dynamical properties of the reactor for a system of reactions in series. It can be observed 
(Fig. 6a) that the increase of the temperature Tq from 300 to 320 K does not change the steady-state 
structure fundamentally. There is only a quantitative shift of the regions of a given multiplicity in the 
plane (lf , aqkq). However, it appears that the shift of the regions may have a strong impact on the reactor 
dynamics in case of step disturbances of the temperature Tq. 

Let us assume that the process is carried out at a fixed intensity of a heat exchange and at a constant 
value of the fluidization ratio. In particular, a pair of parameter values aqkq = 0.059 and lf = 2 
corresponding to point A in Fig. 6a is considered. In such a case, at the temperature Tq = 300 K fivefold 
steady states occur in the reactor, with the middle and upper steady states located on the second type 
isolas. The dynamic properties of the reactor in the neighbourhood of point A can be learnt by the 
analysis of the trajectories of the reactor subject at some time instant t0 to a step disturbance of the 
cooling medium temperature Tq. The trajectories of the temperature of emulsion Te(t) are shown in Fig. 
6b. It can be observed that the dynamic response of the reactor and its performance at a new steady 
state depends on the choice of the parameter characterizing the intensity of the heat exchange, i.e. aqkq. 
Let us consider the first case in which aqkq = 0.059 corresponds to the point A in Fig. 6a. If a step 
disturbance of the cooling medium temperature up to Tq = 320 K takes place at a certain time instant t0 
then a substantial rise of the temperature in the reactor is detected (dashed line in Fig. 6b). This is due 
to the fact that for this value of Tq the point A belongs to the triple steady-state region arisen from the 
coalescence of two isolas (Fig. 6a), therefore the trajectories are attracted by the upper steady state that 
is disadvantageous from the technological point of view. 

The situation changes at aqkq = 0.065 and lf = 2 corresponding to the point B in Fig. 6a. Then, at 
Tq = 300 K the reactor has three steady states resulting from the first isola above the lower steady state. 
Stable fragments of the isola correspond to moderate temperatures and thus satisfactory values of the 
process yield WP. The trajectories shown in Fig. 6b confirm the convergence at the technologically 
advantageous stable steady state. There is no qualitative change of the solution in the event of step 
increase of the cooling medium temperature at a certain t0, that is after stabilization of the process in the 
apparatus, to the value Tq = 320 K. As a result of the shift of the boundaries of the multiplicity regions 
mentioned before, the point B belongs then to the fivefold steady-state area. Despite a relatively large 
magnitude of the disturbance the trajectories are not attracted by the other steady state, i.e. the lower or 
upper one. 

4. CONCLUSIONS 

An influence of the selected operating parameters onto steady-state characteristics and dynamics of a 
catalytic fluidized bed reactor was presented. The relationship between the steady-state characteristics 
of the reactor, in particular of the region of multiple isolas, and its dynamics was evaluated. 

For a single chemical reaction and for a system of two consecutive reactions the model was shown to 
exhibit an untypical steady-structure having a form of multiple isolas. Depending on the process 
kinetics, a relative location of the isolas in the bifurcation diagram can be different, both from a 
mathematical and technological point of view. 

It was demonstrated that for the single exothermic reaction two isolas of steady states can coexists in 
different intervals of the bifurcation parameter. They can be classified as the first type isolas. Quite 
distinct steady-state characteristics was observed for the system of two consecutive reactions. Due to 
the higher complexity of the process a region of fivefold steady states may occur. Hence, there is a 
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possibility of the generation of two isolas located one above the other. They were called the second 
type isolas. 

The analysis performed in the paper shows that the occurrence of multiple isolas of steady states can 
have serious dynamical and technological consequences. It is particularly important in the case of 
variation of a process parameter that influences the bed hydrodynamics, in this case the fluidization 
ratio lf. For the single chemical reaction, in order to maintain the performance of the reactor at a high 
level, a dynamical change of lf has to be done fast enough or slow enough, depending on the initial 
conditions in the apparatus. Therefore the choice of the strategy of variation of this parameter requires 
prior knowledge of the reactor dynamics. As demonstrated in this work, running the process in the 
region of the isolas detected for the system of consecutive reactions can also have serious technological 
consequences. 

It was demonstrated that in the region of the second type multiple isolas the reactor’s response to a step 
disturbance of the cooling medium temperature depends on the heat exchanger size. For the 
mismatched size of the heat exchanger the disturbance of the cooling medium temperature may lead the 
reactor to the disadvantageous steady state characterized by high temperature and low performance. 

The results presented in this work confirm that the knowledge of steady-state and dynamic properties of 
the reactor is indispensable to design and to run exothermal processes in systems characterized by such 
a complex steady-state structure. 

SYMBOLS 

ai model parameter 
aq heat transfer area per unit volume of a bed, m-1 
Bi, Bij model parameter determining the interphase mass and heat transfer 
cg, cz specific heat of gas and solid particles, kJ·kg-1·K-1 
Cj concentration of jth reactant, kmol·m-3 
dz catalyst pellet diameter, m 
Ei activation energy of ith chemical reaction, kJ·kmol-1 
h height above the distributor, m 
Δhi enthalpy of ith chemical reaction, kJ·kmol-1 
H total height of a fluidized bed, m 
kq overall heat transfer coefficient, kJ·m-2·s-1·K-1 
ki rate constant of the ith chemical reaction 
k0i frequency coefficient in Arrheniusa eqaution of ith chemical reaction, s-1 
lf fluidization ratio 
Qi model parameters determining intensity of heat transfer 
ri rate of ith chemical reaction, kmol·m-3·s-1 

ir
~  rate of ith chemical reaction in a function of dimensionless concentration ηj, s-1 

R gas constant, kJ·kmol-1·K-1 
t time, t 
T temperature, K 
u velocity, m·s-1 
WP yield of a process with respect to product P, kmol·m-2·s-1 
yj molar fraction of jth reactant 
z dimensionless height above distributor 

Greek symbols 
αA conversion degree of reactant A 
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αP dimensionless concentration of product P defined with respect to the feed temperature 
ij
q  heat exchange coefficient between phase i and j, kJ·m-3·s-1·K-1 
ij
gk  gas exchange coefficient of kth reactant between phases i and j, s-1 
ij
z  solid exchange coefficient between phases i and j, s-1 

δ volumetric fraction of bubbles in a bed 
εmf void fraction at minimum fluidization 
νj stoichiometric coefficient of the jth reactant 
ηj dimensionless concentration of jth reactant 
ρg, ρz gas and sold particles density, kg·m-3 

Subscripts 
A, P refers to reactant A and product P 
b refers to bubbles 
e refers to emulsion 
f refers to feed stream 
mf refers to minimum fluidisation condition 
q refers to cooling medium 

Superscript 
b, c, e refers to bubble, clouds and emulsion phase, respectively 
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The main objective of these experiments was to study the oxygen mass transfer rate through the 
volumetric mass transfer coefficient (kLa) for an experimental set-up equipped with a rotating 
magnetic field (RMF) generator and various liquids. The experimental results indicated that kLa 
increased along the magnetic strength and the superficial gas velocity. Mathematical correlations 
defining the influence of the considered factors on kLa were proposed. 

Keywords: mass transfer; volumetric mass transfer coefficient; rotating magnetic field 

1. INTRODUCTION 

In many biotechnological processes oxygen supplied to a liquid is insufficient to meet the demand of 
microorganisms. The oxygen transfer rate is often the limiting factor in bioprocesses due to the low 
solubility in the medium (Karimi et al., 2013). The oxygen supply into a liquid constitutes one of the 
decisive factors for microbial growth and can play an important role in optimization of aeration of 
microbial culture (Galaction et al., 2004a). It should be noticed that the gas-liquid mass transfer is 
generally the rate-limiting step in many industrial processes (Mills et al., 1999). Therefore, it is 
important to ensure an adequate delivery of oxygen to the culturing media. 

The oxygen mass transfer, described and analyzed by using the volumetric mass transfer coefficient, 
kLa, is controlled by oxygen solubility into liquids. This parameter may be affected by a lot of factors, 
such as geometrical and operational characterization of the mixing system. Generally, mechanically 
agitated gas-liquid contractors are frequently applied in chemical processes or biochemical industries. 
Mechanical agitation can promote the mass transfer rate because it increases interfacial area between 
the liquid and gas phases (Garcia-Ochoa et al., 2009; Torab-Mostaedi et al., 2008). 

There have been various strategies to improve the oxygen transfer rate in mixers. The novel approach 
for a mixing process was based on the application of a rotating magnetic field (RMF). As reported by 
Rakoczy et al. (2011), the RMF can augment the process intensity instead of mechanical mixing. 
Magnetic fields can be applied to induce in vivo and in vitro effects in many biological systems 
(Rakoczy et al., 2016). Recently, increasing attention is directed towards bio-magnetic stimulation of 
microorganisms using various types of magnetic fields (El-Gaddar et al., 2013; Gorobets et al., 2013; 



R. Rakoczy, M. Konopacki, M. Kordas, R. Drozd, K. Fijałkowski, Chem. Process Eng., 2017, 38 (3), 423-432 

424  cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe 
 

Santos et al., 2010). Magnetically assisted bioprocesses are conducted using a non-conventional 
stimulation of classical bioprocesses by various types of magnetic field (Hristov et al., 2011). It should 
be noted that RMF can be a versatile option for enhancing molecular transport and diffusion in aqueous 
culture media (Hajiani et al., 2013b). 

Weng et al. (2011) pointed out that the increase of magnetic strength enhanced the volumetric mass 
transfer coefficient (kLa). Al-Qodah et al. (2000) found that this parameter becomes higher as the gas 
velocity and the magnetic strength increase. Chen et al. (2001) presented that the kLa was enhanced by 
the magnetic strength. A recent study by Hajiani et al. (2013a) involved the influence of RMF on the 
gas-liquid transfer. These results demonstrated that the mass transfer rate was enhanced due to 
nanoconvective stirring using magnetic nanoparticles. 

The main aim of this work was to study the influence of RMF on the aeration process of distilled water 
and Herstin-Schramm (HS) medium and to work out some mathematical correlation for oxygen transfer 
in the presence of the external magnetic field (MF). The proposed equations may be useful for 
optimization or scaling-up of aeration efficiency under the action of RMF. 

2. EXPERIMENTAL DETAILS 

A schematic of the experimental set-up used in the presented study is shown in Fig. 1. 

A total of 4 dm3 of the working liquid was introduced into a vessel (3). The distilled water and Herstin-
Schramm (HS) medium composed of glucose (2 w/v%), yeast extract (0.5 w/v%), bacto-pepton  
(0.5 w/v%), citric acid (0.115 w/v%,) Na2HPO4 (0.27 w/v%), MgSO4·7H2O (0.05 w/v%) and ethanol  
(1 v/v%) added after sterilization of the base (Ciechańska et al., 1998) were used as experimental 
liquids. The HS medium is commonly used as the growth medium in the process production of 
bacterial cellulose (Fijałkowski et al., 2015). The liquid phase height and temperature was equal to 
0.3 mm and 20 °C, respectively. 

 

Fig. 1. Schematic diagram of the experimental set-up; 

 1 – housing, 2 – RMF generator, 3 – vessel, 4 – a.c. transistorized inverter, 5 – personal computer,  

6 – nitrogen cylinder, 7 – air supply, 8 – rotameter, 9 – membrane sparger, 10 – oxygen probes,  

11 – recorders, 12 – circulating pump, 13 – heat exchanger, 14 – internal coil 
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Nitrogen gas (6) was used for oxygen elimination from the experimental set-up. A rotameter (8) was 
applied in order to monitor the flow of nitrogen and the average supply air flow rate (7). Gas was 
injected into the tested liquids by means of a membrane sparger (9). The membrane enabled to obtain 
fine bubbles with narrow size distribution (in the range between 0.5 and 3 mm). The gas (air) flow rate 
was varied between 1 and 5 dm3·min-1. The superficial gas velocity was changed in the range between 
0.001 - 0.005 m·s-1. 

Oxygen probes (10) and recorders (11) were used to measure changes in dissolved oxygen 
concentration. The solved oxygen concentration in the working liquids was measured using CX-701 
multifunction meters with COG-1 probes (Elmetron, Poland). It was assumed that the response of the 
oxygen electrode to the change in the oxygen concentration is sufficiently fast and does not affect the 
determination accuracy (Galaction et al., 2004b; Montes et al., 1999; Ozbek and Gayik, 2001). 

The temperature of the working liquid during the exposition to RMF was controlled by an additional 
cooling system based on oil circulation (in a heat exchanger (13) a pump (12)) and water circulation in 
an internal coil (14). 

The active power for the RMF system was calculated by the following relation (Rakoczy, 2013): 

  3 cos 3 0.85 1.47P U I P U I P U I      (1) 

The values of current intensity and voltage were recorded by means of the inverter software. 

According to the proposed relationship (see Eq. (1)), a plot from calculated data is presented in 
coordinates (P, f and P/VL, f) in Fig. 2. 

 

Fig. 2. The graphical presentation of relations between the calculated active power and the specific power input 

versus the RMF frequency 

In the case of the current study, the RMF was identified by means of the magnetic induction B. The 
values of magnetic induction B at different points inside the vessel were measured using the Hall probe 
connected and controlled by the frequency of the ac excitation current, f. A typical example of the 
magnetic field distribution in the cross-section of the RMF generator is given in Fig. 3a. Based on 
experimental measurements, the relationships of the maximum and the averaged values of the magnetic 
induction versus the frequency of the excitation current are shown in Fig. 3b. 

The volumetric mass transfer coefficient, kLa, was determined using the well-known dynamic gassing-
in method (Chistii, 1989). Two independent measurements were made simultaneously by means of two 
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oxygen probes (localization is given in Fig. 1). The coefficient kLa was calculated as the averaged value 
from these measurements. The fluid was deoxygenated with nitrogen until the dissolved oxygen 
concentration had declined below 2% of air saturation. At that point the nitrogen flow was stopped, the 
present flow of air established and the dissolved oxygen concentration measured until the liquid 
became saturated with oxygen to the initial level. 

 

Fig. 3. A typical example of spatial distribution of the magnetic field in the cross-section of the RMF generator 

for f = 30 Hz (a) and the graphical presentation of the relations between the maximal (Bmax) and the averaged 

(Bavg) values of magnetic induction versus the frequency of the excitation current f (b) 

The volumetric mass transfer coefficient, kLa, was determined on the basis of the following expression 
(Heim et al., 1995): 

  *
L

dc
k a c c

dt
   (2) 

Taking into consideration that the oxygen transfer coefficient was constant throughout the process, the 
above Eq. (2) was integrated to: 

 
*

*
0 0

1
lnL
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t t c c

 
     

 (3) 

3. RESULTS AND DISCUSSION 

The proposed correlations for the volumetric mass transfer coefficient in mechanically mixers are 
usually presented in the following form (Galaction et al., 2004b): 

  
2

3

1,
p

p

L s L s
L L

P P
k a f w k a p w

V V

   
     

   
 (4) 

In the case of these experimental results, the total power input P was equal to the active power PRMF 
as defined by Eq. (1) (Rakoczy, 2013). 

In order to provide a comparison of the mass transfer performance of the tested liquids, the 
experimental volumetric mass transfer coefficients kLa are plotted in Fig. 4. 

a) b) 
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Fig. 4. The volumetric mass transfer coefficient versus the specific power input for distilled water (a)  

and HS medium (b) 

Figure 4 shows that for a particular value of ws, at equivalent P/VL, both liquids were characterized by 
different values of kLa. Figure 4 also shows that the increase of specific power input increased the 
volumetric mass transfer coefficient for the distilled water (Fig. 4a) and the H-S medium (Fig. 4b). This 
parameter was enhanced by increasing aeration and specific power. The dependence of the oxygen 
mass transfer rate on the specific power is more pronounced for the distilled water. As shown in Fig. 4, 
the increase of the specific power led to the significant intensification of oxygen mass transfer. 

The obtained results are compared with available experimental data for the standard mixer (Karimi  
et al., 2013). Fig. 5 demonstrates that the mixer which produces higher values of kLa is the Rushton 
type turbine (single and dual impellers) for the tested aeration rates. The mass transfer data obtained for 
the mixer with a dual Rushton turbine is consequently higher than the data obtained for a single 
impeller and magnetically assisted aeration process. 

In the present work, the gas-liquid mass transfer under the action of RMF may be correlated by the 
following relationship (Li et al., 2006) 

  ,L avg sk a f B w  (5) 

Based on the experimental results, it can be assumed that the volumetric mass transfer coefficient is the 
function of magnetic induction and the superficial gas velocity. 
 

Fig. 5. The performance comparison of the obtained results for distilled water (with RMF application) with 

literature data from viewpoint of volumetric mass transfer coefficient (two types of impellers – single  

and dual Rusthon turbines) 

a) b) 

a) b) 
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The following correlation was developed to estimate kLa for the distilled water and the HS medium, 
respectively: 

    1.11 0.32
0.0035L avg swater

k a B w  (6a) 

    1.03 0.31
0.0028L avg sH S medium

k a B w


  (6b) 

The kLa measurement data are presented as a function of the averaged value of the magnetic induction 
and the superficial gas velocity in Fig. 6. As can been seen, the volumetric mass transfer coefficient did 
not react very sensitively on the airflow modulation. In contrast it more sensitively responded to 
changes in magnetic induction. Fig. 6 also shows that over a wide interval of the averaged magnetic 
induction, the application of distilled water as the working liquid led to significantly higher kLa values 
than the HS medium at the same magnetic induction. 

The influence of the magnetic field on the volumetric mass transfer coefficient may be described by 
means of the amplification factor (Galaction et al, 2004b). The effect observed due to the magnetic 
field can be described using the ratio between the volumetric mass transfer coefficient under the RMF 
action, (kLa)Bavg=var, and for the volumetric mass transfer coefficient without the RMF action, (kLa)Bavg=0, 
obtained for similar experimental conditions. 
 

Fig. 6. The volumetric mass transfer coefficient versus the averaged magnetic induction for distilled water (a)  

and HS medium (b) 

The variation in the coefficient kLa depending on the volumetric flow rate of air is presented in Fig. 7. 

 

Fig. 7. The volumetric mass transfer coefficient versus the superficial gas velocity 

a) b) 
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Fig. 8. The effect of the averaged magnetic induction on the amplification factor  

of the volumetric mass transfer coefficient 

Figure 8 shows the ratio (kLa)Bavg=var/(kLa)Bavg=0 obtained with aeration and in the presence of RMF. 
Figure 8 also shows that RMF caused a significant enhancement of the volumetric mass transfer 
coefficient as compared to the kLa value for the working liquids without the RMF action. 

For a better characterization of the RMF generator according to the oxygen mass transfer, the term of 
oxygen transfer efficiency, EO2, may by applied and defined as (Chisti et al., 2002) 

 
2

L
O

L

k a
E

P
V


 
 
 

 (7) 

As can be seen form Figures 9a and 9b, plotted for the two considered liquids, the variation of the 
oxygen transfer efficiency with the specific power input was contrary to that of kLa with the specific 
power input (see Fig. 4). These results suggest that the oxygen mass transfer rate reaches higher values 
under the action of RMF, but with considerable energy consumption. As shown in Fig. 9 for the air-
distilled water and the air-H-S medium systems, the increase of the aeration rate is connected with the 
increase of the oxygen transfer efficiency due to the enhancement of turbulence and of the extent of the 
interfacial area needed for oxygen transfer. 
 

Fig. 9. The influence of specific power input on oxygen transfer efficiency 

The obtained results may be explained by the fact that apart from molecular diffusion, fluid vorticity is 
the only mixing mechanisms of the liquid bulk in gas-liquid contractor (Hajiani et al., 2013a). It should 

a) b) 

a) b) 
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be noticed that the electrically conductive fluid exposed to alternating MF (including RMF) induce the 
Lorentz electromagnetic force. This force which is generated perpendicularly to the electric field, acts 
as the driving force inducing currents inside the liquid and causing liquid rotation (Moffat, 1965; 
Rakoczy, 2011; Spitzer, 1999; Volz et al., 1999). 

The movement of the medium exposed to RMF can be explained on the basis of micro-level dynamo 
concept (Gaafar, 2008). The RMF associated eddy currents can be induced in the liquid as a 
consequence of the magnetic field because the liquid contains various charged particles e.g. ions 
(Anton-Leberre et al., 2010; Hristov 2010). Eddy currents may generate local MFs around ions, which 
in combination with an externally-applied MF, cause induction of their rotation and thus the movement 
of the liquid in accordance to the MF vector. As a consequence of this process, rotating ions create 
“dynamos” which cause the effect of micro-mixing (Anton-Leberre et al., 2010; Mehedintu et al. 1997). 
This mixing effect of RMF can enhance the mass transfer by reducing the diffusion mass transfer 
resistance (Hristov, 2010). Hristov (2010) indicated that the hydrodynamic effects on the mass transfer 
in magnetically assisted bioreactors are of primary importance. It was also suggested that the 
coefficient kLa can be effectively controlled by the magnetic field. Iwasaka et al. (2004) showed that the 
magnetic field gradient in the horizontal direction causes a convectional flow, which increases oxygen 
concentration in the liquid. It was suggested that the magnetic field can be applied for the motion 
control of diamagnetic and paramagnetic elements in the liquid phase (Iwasaka et al., 2004). Kitazawa 
et al. (2001) clearly indicated that the application of magnetic field significantly enhances oxygen 
concentration in water dissolved from the gas phase. It has turned out that dissolution kinetics can be 
enhanced several times by the magnetic field. A possible explanation for the enhancement of kLa factor 
under the RMF action might be that the increase of kLa is mainly due to the possibility of keeping 
bubbles small in size (Al-Qodah et al., 2000). Weng et al. (1992) reported that bubble rise velocity and 
bubble diameter decrease with the magnetic field strength. It was suggested that the magnetic field 
retains bubbles in liquid and it might increase the surface tension of bubbles, thereby enhancing the 
lifetime of bubbles (Fabian, 2002). 

4. CONCLUSIONS 

Results obtained in the present study indicated that RMF provided higher values of the volumetric mass 
transfer coefficient kLa in the analyzed liquids (distilled water and HS medium). This parameter 
increased along with the magnetic field strength and the superficial gas velocity. The intensification of 
aeration led to the increase of turbulence inside the analyzed liquids, thus promoting the acceleration of 
oxygen transfer rate. Therefore, it can be concluded, that modifying the specific power input between 
60 - 160 W·dm-3 and the superficial air velocity from 0.001 to 0.005 m·s-1, the maximum kLa can be 
increased by 6 times in the case of distilled water and by 5 times in the case of the HS medium. 

This study was supported by the National Centre for Research and Development in Poland (Grant No. 
LIDER/011/221/L-5/13/NCBR/2014). 

The authors would like to thanks firm STAGUM-EKO for co-operation and technical support in the 
area of the membrane sparger. 

SYMBOLS 

Bavg vector magnitude of magnetic field, kg·A-1·s-2 
c instantaneous concentration of dissolved oxygen, kmol·m-3 
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c0 initial concentration of dissolved oxygen, kmol·m-3 
c* saturation concentration of dissolved oxygen, kmol·m-3 
I current intensity, A 
kLa volumetric mass transfer coefficient, s-1 
P total power input, W 
Pa active power, J·s-1 
p1, p2 and p3 constants for a given combination of the fluid and the RMF generator 
t time, s; t0 – initial time, s 
U voltage, V 
VL volume of liquid, m3 
ws superficial gas velocity, m·s-1 

Greek symbols 
cos (φ) phase shift angle between voltage and current 
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ENERGETIC EFFICIENCY OF MASS TRANSFER ACCOMPANIED  
BY CHEMICAL REACTIONS IN LIQUID-LIQUID SYSTEMS 
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Energetic efficiency depicting the fraction of energy dissipation rate used to perform processes of 
drop breakup and mass transfer in two-phase, liquid-liquid systems is considered. Results of 
experiments carried out earlier in two types of high-shear mixers: an in-line rotor-stator mixer and a 
batch rotor-stator mixer, have been applied to identify and compare the efficiency of drop breakage 
and mass transfer in both types of mixers. The applied method is based on experimental 
determination of both: the product distribution of chemical test reactions and the drop size 
distributions. Experimental data are interpreted using a multifractal model of turbulence for drop 
breakage and the model by Favelukis and Lavrenteva for mass transfer. Results show that the 
energetic efficiency of the in-line mixer is higher than that of the batch mixer; two stator geometries 
were considered in the case of the batch mixer and the energetic efficiency of the device equipped 
with a standard emulsor screen (SES) was higher than the efficiency of the mixer equipped with a 
general purpose disintegrating head (GPDH) for drop breakup but smaller for mass transfer. 

Keywords: chemical test reactions, energetic efficiency of mixing, mass transfer, liquid-liquid 
system, rotor-stator mixer 

1. INTRODUCTION 

In this paper drop breakage and mass transfer accompanied by complex chemical reactions carried out 
in in-line and batch rotor-stator devices are considered. Rotor-stator devices are used in many 
technologies in the chemical, pharmaceutical, biochemical, agricultural, cosmetic, health care and food 
processing industries. They belong to the group of high-shear devices and are characterized by a 
focused delivery of energy to active high-shear regions that occupy very a small fraction of internal 
mixer space. High stresses and high shear rates are generated in rotor-stator mixers because the rotor is 
situated in a close proximity of the stator and very high rotor speeds are applied. Such delivery of 
energy results in fast breakage of droplets and intensive mass transfer in the small active region of the 
mixer but the same time there is slow mass transfer and no breakage in larger regions characterized by 
a low rate of energy dissipation. Creation of high shear requires applying high agitation power and thus 
it is important to check how efficiently this power is used. This means that development of methods 
that can be used to predict the agitation power, to estimate both the efficiency of drop breakage and the 
efficiency of mass transfer is of importance. Moreover, to characterize properly mass transfer one needs 
to apply reliable models. 

The energy dissipation rate in the in-line rotor-stator mixer resulting from agitation and flow can be 
calculated from the power number equation in the form proposed by Baldyga et al. (2007) and 
published for considered Silverson 088/150 MS mixer by Hall et al. (2013) as 
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 P QN 6.9 N 0.252    (1) 

where 

  3
QN  outQ ND  (2) 

represents dimensionless flow rate or the dimensionless pumping capacity of the rotor-stator device. 

In the case of batch mixers instead of Eq. (1) one should use a constant value of the power number, NP; 
for considered in present work batch mixers one has NP = 1.7 for the device equipped with a general 
purpose disintegrating head (GPDH) and NP = 2.3 when a standard emulsor screen (SES) is used 
(Utomo, 2009; Padron, 2001). 

The average rate of energy dissipation is given by Eq. (3) 

 3 5
PN T out HN D V  (3) 

One can see that in the case of the in-line mixer the average rate of energy dissipation, T, increases 
with increasing both the rotor speed and the pumping capacity of the rotor-stator, Q, and in the case of 
batch mixer it depends on the rotation speed similarly as in the case of batch stirred tanks. 

The maximum stable drop size dd can be estimated including intermittency effects using equation given 
by Bałdyga and Podgórska (1998): 

 

0.93

1.54
2 3 5 3d x

c

d C L
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 (4) 

where L is the integral scale of turbulence and Cx = 0.23. 

The method to characterize mass transfer is based on identifying effects of mass transfer on the product 
distribution of complex test reactions, applied as reactive tracers to two-phase, liquid-liquid systems. 
As a system of test reactions a set of two parallel reactions is used 

 1 2A B R A C S   k k,  (5) 

the first of them being instantaneous and the second one fast relative to mixing and mass transfer. Two 
reactants, benzoic acid (B) and ethyl chloroacetate (C), initially dissolved in toluene are transferred 
from a dispersed, organic phase to the continuous aqueous phase, where they react with the third 
reactant, the same for both of them, sodium hydroxide (A). The product distribution of this set of 
parallel chemical reactions 

 0S C CX N N   (6) 

where  CN  represents the number of ester moles reacting with NaOH and NC0 is the complete number 

of ester moles introduced into the system, is a good measure of a competition between reactions, 
mixing and mass transfer and can be used to identify energetic efficiency of mass transfer (Jasińska  
et al., 2013a). 

Regarding reliable prediction of the mass transfer coefficient to or from spherical particles, starting 
from works of Levich (1962) and Batchelor (1980) there are two basic methods available in the 
chemical engineering and fluid mechanics literature that are applied for modeling of mass transfer at 
small values of the particle Reynolds number resulting from small particle size. The first method 
considers surface mobility but neglects fluid deformation (so neglects velocity variation in the vicinity 
of droplet), whereas the second method neglects surface mobility but takes into account deformation of 
fluid. The first method is applied to describe external mass transfer of bubbles and not very viscous 
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liquids (Levich, 1962) and predicts 1 2Sh Pe , the second one predicts 1 3Sh Pe and is applied to 
model mass transfer between ambient fluid and solid particles, very viscous drops or drops with 
immobilized surface, under assumptions that droplets behave as hard spheres. The spherical particle 
shape was assumed in both cases. Moreover, mass transfer models do not converge at infinitely high 
viscosity of dispersed phase; in correlation derived for drop dependence 1 2Sh Pe is conserved at 
infinitely large viscosity of the dispersed phase, d. 

Favelukis and Levrenteva (2013) included effects of drop deformation to the shape of prolate ellipsoid 
by using the Taylor deformation parameter: 

 
 

 
 

1 2
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4 4 313
Sh 1 N Pe

4 2 1 315 1
L drop*

eq i

k a K Y
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R D K ) K 
 

      
 (7) 

where Y = (19K + 16) / (16K + 16), K is the viscosity ratio K = d /c, 2Pe eq iR D  , and the capillary 

number is defined by CaN c eqR    . Req represents the equivalent radius, i.e. the radius of a sphere 

of equal volume to that of the deformed drop and A* is the ratio of the surface area of deformed drop 

surface area adrop to the area of equivalent sphere, 24 eqR . 

Equation (7) describes mass transfer to or from spherical drops. Notice that the exponent on Pe is equal 
to 0.5 and is independent of the viscosity ratio, and for K = d /c   the mass transfer coefficient 
becomes equal to zero! 

Problems related to mass transfer modeling with an exponent on the Péclet number varying between 
1/2 and 1/3 when the viscosity ratio increases from zero to infinity were considered in our previous 
publications (Bałdyga and Jasińska, 2011; Jasińska et al., 2013) and some adequate models were 
developed. Unfortunately, they are too complex for direct use. Based on the results of Bałdyga and 
Jasińska (2011) the exponent on Pe in Eq.(7) can be approximated by a term  21 2 exp 4 6K  , 

yielding: 

 
 

 
 

 241

2 6
Ca

4 4 313
Sh 1 N Pe

4 2 1 315 1

exp K
L drop*

eq i

k a K Y
A

R D K ) K 


 

      
 (8) 

Then the model describes relations between fluid deformation rate, drop deformation, surface mobility, 
molecular diffusion and mass transfer rate. 

The aim of this study is to compare energetic efficiency of drop breakage and mass transfer processes 
carried out in in-line and batch rotor-stator mixers using complex test reactions and the presented above 
model of mass transfer. Energetic efficiency should illustrate the ratio of the minimum rate of energy 
dissipation necessary to perform a considered process to the experimentally measured one, and can be 
expressed by the ratio of time constants using a reliable reference model for mass transfer as presented 
in Section 3. 

2. EXPERIMENTAL INVESTIGATIONS 

In the case of in-line experiments (Jasińska et al., 2013a; 2016) the experimental rig consisted of a 
system for supply of an aqueous solution of NaOH from a constant head tank, the Silverson 088/150 
MS mixer and a valve on the outflow to control the flow. The Silverson rotor-stator mixer (Silverson 
Machines Ltd., Chesham, UK) fitted with double concentric rotors enclosed between concentric double 
stators was used. The experimental rig and the Silverson mixer are shown in Figs. 1 and 2, while the 
mixer characteristics are presented in Table 1. 
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Fig. 1. Silverson 088/150 MS mixer – scheme of experimental system 

 

Fig. 2. Double rotors (a) and double emulsor stators (b) 

Table 1. Dimensions of the laboratory scale in-line Silverson 088/150 MS mixer 

Silverson rotor-stator  
(088/150 MS) parameters: 

Value  

Dout, mm 38.1 

Din, mm 22.4 

VH, mm3 12655 

Nr,out 4 

Nr,in 4 

Hr,out 240 

Hr,in 180 

Aout, mm2 1736 

AP, % 27.4 

N, rpm 150 - 11000 

The instrumentation included a torque meter. The natural pumping action of the Silverson mixer was 
used to provide the main flow of the aqueous solution and measured by a Micro Motion Coriolis  

throttle
valve

Silverson
088/150 MS

aqueous phase

P, N, 

feed 1

feed 2

organic phase

dispersion
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R-Series mass flowmeter, whereas the organic solution was introduced using the syringe pump through 
the separate inlet. Investigations were performed for the rotation speeds ranging from 250 to 10,000 
rpm for 3 values of the flow rate: Qaq = 3.32×10-6 m3/s, Qorg = 3.33×10-8 m3/s (Case 1), Qaq = 8.26×10-6 
m3/s, Qorg = 8.33×10-8 m3/s (Case 2), and Qaq = 1.65×10-5 kg/s, Qorg = 1.67×10-7 m3/s (Case 3), 
respectively. 
 

         
Fig. 3. Examples of experimental results for in-line mixer: (a) effect of the rotor speed on the drop size for Case 1, 

(b) effect of rotor speed on product distribution XS for Case 3 

In experiments the continuous phase was an aqueous solution of NaOH (A) and the dispersed phase 
was a solution of benzoic acid (B) and ethyl chloroacetate (C) in toluene. Feed concentrations of 
reactants used in experiments are presented in Table 2 together with flow rates. 

Table 2. Process conditions for Cases 1, 2 and 3 

 Qaq [m3/s] Qorg [m3/s] CB0 [mol/m3] CC0 [mol/m3] CA0 [mol/m3] 

Case 1 3.32×10-6 3.33×10-8 500 500 5 

Case 2 8.26×10-6 8.33×10-8 500 500 5 

Case 3 1.65×10-5 1.67×10-7 500 500 5 

In experiments carried out in a batch system NaOH solution (990 cm3) was present in the vessel and the 
organic solution (10 cm3) was added to start the process (Jasińska et al., 2013). Experiments were 
carried out in a batch reactor with a diameter of 12 cm, equipped with the Silverson rotor-stator mixer 
(Fig. 4a). The Silverson mixer was equipped with a four blade rotor with a diameter of 31.2 mm and a 
height of 12.45 mm, and two stator geometries were investigated: a standard emulsor screen (SES) 
(Fig. 4b) and a general purpose disintegrating head (GPDH) (Fig. 4c). 

An aqueous solution of NaOH (A) of the concentration of 0.005 mol/dm3 and a solution of benzoic acid 
(B) and ethyl chloroacetate (C) in toluene, both of the concentration of 0.5 mol/dm3 were applied. The 
volume fraction of organic phase was 0.01. 

In both cases temperature was measured using PT100 probes and all data logged on to an Emersons 
Delta V system. The product distribution of test reactions was determined based on high-performance 
liquid chromatography (HPLC) measurements. The drop size distribution was measured with the 
Malvern MasterSizer 3000. A surfactant Sodium Laureth Sulfate (SLES) was added to samples after 
carrying out the process of mixing with a chemical reaction to stabilize dispersion and avoid possible 
effects of droplet coalescence. In the case of droplet dispersion without a chemical reaction, SLES  
(0.5 wt. %) was added to water before drop dispersion experiment. 
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Fig. 4. Batch system, experimental setup: a) rotor-stator in batch system, b) standard emulsor screen (SES),  

c) general purpose disintegrating head (GPDH) 

 

Fig. 5. Effect of rotor speed on the drop size. Silverson batch system. Vessel equipped with rotor-stator 

homogenizer. Comparison of results obtained with GPDH and SES screens 

         

Fig. 6. Effect of rotor speed on variation of product distribution, XS: Silverson batch system. (a) standard emulsor 

screen (SES), (b) general purpose disintegrating head (GPDH) 
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Examples of experimental data are presented in Figs. 5 and 6. The range of drop size variation observed 
in Fig. 5 is similar to that observed by Rueger and Calabrese (2013) for drop breakup in the Silverson 
L4R Batch rotor–stator mixer. 

3. ENERGETIC EFFICIENCY OF DROP BREAKUP AND MASS TRANSFER  
IN LIQUID-LIQUID SYSTEMS 

Energetic efficiency of the drop breakage process can be defined as a ratio of the rate of energy 
dissipation, min, necessary to break droplets down to the maximum stable drop size assuming that the 
maximum stable drop size dd is equal to experimentally measured one d32, and the real power input per 
unit mass calculated from Eqs.(1) to (3). min was calculated from Eq.(4) by substituting the measured 
d32 for dd. 

 

      

Fig. 7. Effects of rotor speed on asymptotic energetic efficiency of drop breakage (a) in-line rotor-stator mixer; 

(b) batch rotor-stator mixer 

Figure 7 shows that the energetic efficiency is higher in the continuous flow system and decreases with 
increasing rotor speed and flow rate. In the case of a batch reactor efficiency is smaller and decrease of 
breakage efficiency with increased rotor speed is observed as well. In this case the standard emulsor 
screen (SES) is more efficient than the general purpose disintegrating head (GPDH). 

Efficiency of mixing and mass transfer can be interpreted as a ratio of time constants for an ideal and 
real process (Jasińska et al., 2013b). Ideal process or reference process is one based on a reliable 
reference model and carried out for a constant rate of energy dissipation. 

 eff D,min

D





 (9) 

Similarly to E-model having been chosen to be a reference model for mixing in homogeneous systems 
(Malecha et al., 2009; Jasińska et al., 2013b), one can choose a reliable reference model for mass 
transfer. In this paper the value of kLa will be calculated using a modified model of Favelukis and 
Levrenteva (2013), Eq. (7). 

Efficiency of drop breakage can be expressed by an effect of drop size on the time constants for mass 
transfer, D. The time constant D,min in Eq. (9) can be interpreted as the shortest mass transfer time 
calculated from the model of Favelukis and Levrenteva (2003) using the maximum stable drop size dd, 
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Req = dd /2. The maximum stable drop size dd will be estimated including intermittency effects using 
Eq. (4) as given by Bałdyga and Podgórska (1998). 

This results in 
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where  represents the mean value of the volume fraction of the organic, dispersed phase. Similar 
calculations but performed for Req = d32/2 yield the time constant D 

  
32

3
32

2
6

eq

D

FL drop R d

d

k a



 


 (11) 

Efficiency of development of the interfacial area is presented in Fig. 8 for both mixers: in-line and 
batch. Analysis of Fig. 8 leads to the same conclusions as in case of Fig. 7. 

 

      

Fig. 8. Effects of rotor speed on asymptotic energetic efficiency of drop breakage based on time constant analysis: 

(a) in-line rotor-stator mixer; (b) batch rotor-stator mixer 

Figures 3 and 6 reveal that the product distribution decreases with increasing rotor speed; in the case of 
the in-line mixer it increases with increasing flow rate as well, especially at a low rotor speed. Of 
course, increasing rotor speed gives rise to the mass transfer rate due to decreasing drop size (and so 
enlarging interfacial area) and increasing mass transfer coefficients. The effect of flow rate on XS in the 
case of the in-line mixer results from the fact that increased flow rate decreases the residence time, 
which is more important at a low rotor speed, as one needs then more time for drop breakage and mass 
transfer. At higher values of the rotor speed N some increase of XS with increasing N is observed in this 
case (Fig. 3b). The reason for this effect is most probably backmixing to the toluene feeding pipe. 
Faster feeding of organic phase means better protection against backmixing and observed increase of XS 
is the smallest for the fastest feeding (Jasińska et al., 2016). 

To interpret the observed effects the model of mass transfer with accompanying chemical reaction was 
applied using film theory as described by Doraiswamy and Sharma (1984). Following Jasińska et al. 
(2013) it was assumed that the neutralization reaction between benzoic acid (B) and NaOH (A) is 

instantaneous, and thus the enhancement factor can be expressed by 0
*
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DCB  represent diffusion coefficients for sodium hydroxide and benzoic acid respectively, CA0 is the bulk 
concentration of sodium hydroxide, and *

BC  is equilibrium concentration of benzoic acid at the drop 

surface. 

At 20 oC DCA = 1.4710-9 m2/s and DCB = 0.9110-9 m2/s. The rate constant for alkaline ethyl 

chloroacetate hydrolysis is equal to k2 = 23 dm3/(mol s), so the Hatta number, 2 0Ha A CB Lk C D k  

takes values between 10-6 and 0.1, which means that the regime of the second reaction is between slow 
and very slow, and there is no reaction in the diffusion film. Other details and properties one can find 
elsewhere (Jasińska et al., 2013). 

The film model was applied to simulate the reaction progress for a constant volume fraction of organic 
phase and kLa values calculated from Eq.(8) by Favelukis and Levrenteva (2013) with introducing in 
the present work a correction of the exponent on Pe. This correction is in fact negligible for the 
properties of fluids considered in this paper. 

Typical results of simulations are presented in Fig. 9 for both kLa and , which shows how the mass 
transfer coefficient and the rate of energy dissipation affect the formation rate of the secondary product, 
S, XS. 
 

       

Fig. 9. Predicted effect of the mass transfer coefficient kLa the energy dissipation rate, ε, on the product 

distribution XS for the batch rotor-stator experiment 

      

Fig. 10. Efficiency of drop brakeage and mass transfer for (a) in-line mixer system (b) batch mixer system 
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Figure 9 can be used in what follows as a calibration curve, which based on experimentally determined 
XS values provides the smallest, “theoretical” values of the mass transfer coefficient and the rate of 
energy dissipation necessary to obtain experimental XS in the batch mixer, which can be compared with 
the energy T really used in experiment. Because both the mass transfer coefficient kLa and the energy 
dissipation rate, ε, depend on the rotor speed N, one can present the energetic efficiency as a function of 
the rotor speed as shown in Fig. 10. 

For the in-line mixer experimental conditions, the calibration curve has a similar shape so it is not 
presented here. 

Resulting efficiency is a combination of efficiencies of both, efficiency of drop breakage and mass 
transfer, as both of them affect the course of chemical reactions in a liquid-liquid system. A comparison 
of Figs. 10a and 10b leads to the following conclusions: 

 The overall efficiency of drop breakage and mass transfer in the in-line mixer is one order of 
magnitude higher than that in the batch system. Interestingly, for the range of rotor frequency 
between 3000 rpm and 6000 rpm the drop size is in the range between 4 μm and 15 μm, and the 
efficiency of drop breakage is only slightly smaller in the batch experiment. This means that the 
difference is in the efficiency of mass transfer, and thus it is much smaller in the case of the batch 
system. 

 A rotor-stator mixer equipped with a standard emulsor screen (SES) is more efficient for drop 
breakage than that equipped with a general purpose disintegrating head (GPDH), which is shown in 
Figs. 7 and 8. However, as shown in Fig. 10 the overall efficiency of the general purpose 
disintegrating head (GPDH) mixer is higher than that of the standard emulsor screen (SES) mixer. 
This means that the efficiency of mass transfer in the SES mixer is very low; the SES mixer can be 
used for drop breakup but should not be used to carry out mass transfer processes in liquid-liquid 
systems. 

4. CONCLUSIONS 

A method based on using complex test reactions to investigate mixing efficiency in a two-phase liquid-
liquid system has been applied to compare energetic efficiency of drop breakage and mass transfer 
processes carried out in in-line and batch rotor-stator mixers. In this method a model of mass transfer 
rate based on the modified model by Favelukis and Levrenteva (2013) which includes effects of drop 
deformation, fluid deformation, drop surface mobility and effect of viscosity ratio has been applied to 
construct calibration curves for identification of mixing efficiency. 

It has been shown that the energetic efficiency of the in-line rotor-stator mixer is higher than that of the 
batch mixer. It has been also shown that a standard emulsor screen (SES) is more efficient for drop 
breakage than a general purpose disintegrating head (GPDH), whereas the GDPH is more efficient for 
mass transfer processes. The method presented above enables one a comparison of apparatus and 
processes based on their energetic efficiency. 

The authors acknowledge the financial support from Polish National Science Centre (Grant agreement 
number: DEC-2013/11/B/ST8/00258). 

SYMBOLS 

A* surface area ratio 
Aout outer stator open area, m2 
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AP fraction of outer stator open area, % 
a interfacial area per unit volume of emulsion,m-1 

dropa  drop area,m2 

C concentration, mol m-3 
CA0 bulk concentration for sodium hydroxide, mol m-3 
C*

B equilibrium concentration for benzoic acid, mol m-3 
Ci concentration of component "i", mol m-3 
Di molecular diffusivity of component "i", m2 s-1 
DCA diffusion coefficient for sodium hydroxide, m2 s-1 
DCB diffusion coefficient for benzoic acid, m2 s-1 
Din inner rotor diameter, m 
Dout outer rotor diameter, m 
d drop diameter, m 
dd maximum stable drop size, m 
d32 Sauter diameter, m 
E enhancement factor 
eff efficiency 
Ha Hatta number, 2 0Ha A CB Lk C D k  

Hr,in number of holes in inner stator 
Hr,out number of holes in outer stator 
K viscosity ratio, K = d /c 
k2 rate constant of the 2nd order chemical reaction, m3mol-1s-1 
kL mass transfer coefficient, m s-1 
L integral scale of turbulence, m 
N rotor speed, rpm 
NCa capillary number, c eqR     

NP power number,  3 5 outP N D   

Nr,in number of inner rotor blades 
Nr,out number of outer rotor blades 
NQ dimensionless pumping capacity,  3

outQ ND  

P power, W 
Pe Péclet number, 2Pe eq iR D   

Q volumetric flow rate, m3s-1 
Req equivalent radius, m 
Sh Sherwood number, kLReq / Di 
VH rotor swept volume, m3 
XS product distributions of complex reactions 
Y deformation parameter in Eqs. (7) and (8) 

Greek symbols 
ε rate of energy dissipation, m2 s-3 
  rate of shear,s-1 

  kinematic viscosity, m2 s-1 

i  viscosity of "i" phase, Pa s 

i  density of "i" phase, kg m-3 

  interfacial tension, N m-1 

D  time constant for mass transfer, s 
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MODELLING AND EXPERIMENTAL INVESTIGATION OF WASTE 

TYRE PYROLYSIS PROCESS IN A LABORATORY REACTOR 

Leszek Rudniak, Piotr M. Machniewski* 

Warsaw University of Technology, Faculty of Chemical and Process Engineering, ul. Waryńskiego 
1, Warsaw, Poland 

A mathematical model of waste tyre pyrolysis process is developed in this work. Tyre material 
decomposition based on a simplified reaction mechanism leads to main product lumps: non-
condensable (gas), condensable (pyrolytic oil) and solid (char). The model takes into account 
kinetics of heat and mass transfer in the grain of the shredded rubber material as well as surrounding 
gas phase. The main reaction routes were modelled as the pseudo-first order reactions with a rate 
constant calculated from the Arrhenius type equation using literature values of activation energy 
determined for main tyre constituents based on TG/DTG measurements and tuned pre-exponential 
parameter values obtained by fitting theoretical predictions to the experimental results obtained in 
our laboratory reactor. The model was implemented within the CFD software (ANSYS Fluent). The 
results of numerical simulation of the pyrolysis process revealed non-uniformity of sample’s 
porosity and temperature. The simulation predictions were in satisfactory agreement with the 
experimentally measured mass loss of the tyre sample during pyrolysis process investigated in a 
laboratory reactor. 

Keywords: waste tyres, pyrolysis, kinetics, CFD 

1. INTRODUCTION 

Rubber wastes such as used car tyres are refractory to quick self-decomposition and biodegradation. It 
is necessary to process these wastes in order to prevent their accumulation in landfill sites. The 
common approach is co-incineration of tyre wastes as an alternative fuel in cement or lime kilns, blast 
furnaces, steam boilers etc. Another possible processing route is pyrolysis, which not only allows for 
partial recovery of energy but also for utilisation of the by-products (material recycling) and can be 
carried out in the environment-friendly way. The pyrolysis products include volatile compounds, which 
can be partly condensed resulting in liquid (oil) and gaseous fractions. The solid remainder (approx.  
30 - 40% of tyre mass), mostly composed of char, can be recycled and utilised after purification for 
manufacture of new tyres. These potential advantages of the pyrolysis process attracted many 
researchers and their efforts to investigate this process in laboratory, pilot plant and industrial scales. 
The studies of tyre pyrolysis covered processes carried out in fixed and fluidised bed reactors 
(Kaminsky et al. 2009), spouted bed (Olazar et al. 2008), moving screw bed (Aylón et al. 2010a; 
2010b), and rotary kiln reactors. The process is carried out in the atmosphere of inert gases under 
normal pressure and in vacuum conditions (Lopez et al. 2010) and temperatures typically between  
300 ºC and 900 ºC. Characteristics and comparison of different reactor types and conditions for the tyre 
pyrolysis process were broadly and synthetically presented in many review papers (e.g. Wilson, 2013; 
Antoniou and Zabaniotou, 2013). The published results indicate increase of non-condensable gaseous 
products typically from 4 - 5% to 25 - 30% if the final temperature in the reactor is increased from  
350 - 400 ºC to 700 - 900 ºC. This is most probably caused by cracking of heavy pyrolysis products 
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into lower molecular mass products (at the higher temperatures). Kinetics of the pyrolysis reaction is in 
most cases determined based on derivative thermogravimetric (TG/DTG) analysis. The resulting curves 
of sample mass weight loss rate exhibit usually 2 or 3 peaks, which are said to correspond to main 
constituents of tyre (elastomers and plasticizers) decomposing at different temperatures. The kinetics of 
mass loss during TG measurements is usually described by Arrhenius type equation. The paper by 
Queck and Balasubramanian (2012) extensively reviews many research efforts connected with 
modelling of tyre pyrolysis and interpretation of DTG measurements. When the size of a tyre sample is 
above few millimetres additional complications may arise due to possible mass and heat transfer 
resistances and inhomogeneity of the tyre chip during pyrolysis. 

Most publications reporting CFD approach to simulate pyrolysis of solids (mostly biomass) focus on 
fluidised bed reactors (see e.g. Lam et al., 2012) or conical spouted beds (Niksiar and Sohrabi, 2014) 
using models where particulate (solid) and gas phases are treated as pseudo-homogeneous continua 
coupled with interfacial exchange terms in the balance equations for momentum, mass and energy. 
However, the number of publications dealing with tyre pyrolysis is very low. An example might be the 
work of Mtui (2013) on CFD modelling of devolatilization and combustion of shredded tires and pine 
wood in rotary cement kilns, or the work of Bianchi et al. (2014) on CFD modelling of pyrolysis of the 
whole tyre focused on optimal design of the furnace and gas collector geometry. 

This work is focused on applying CFD tools for modelling of pyrolysis process of inhomogeneous tyre 
chips of 1 cm in size (typical for industrial tyre cutters) with potential application of this methodology 
to fixed or moving bed pyrolysis reactors. 

2. KINETIC MODEL OF TYRE PYROLYSIS 

The mechanism of reactions occurring during pyrolysis is very complex. Therefore a simplified 
approach based on lumped kinetic parameters is proposed by many researchers (cf. e.g. Aylón et al. 
2005; Olazar et al. 2008; Miranda et al. 2013). The model used in our previous work (Machniewski et 
al., 2016) is based on simplified pyrolysis reaction (Eq. 1) where f denotes mass yield of a given 
product. 

 SfLfGfP SLG   (1) 

The products were segregated into three different lumps depending on their state after cooling: non-
condensing gases (G), condensing vapours (L) and solid reminder (S). 

The yields of gaseous products (fG) and liquid (pyrolytic oil) products (fL) depend on pyrolysis process 
parameters (temperature, heating rate, pressure etc.) and the composition of the raw material (tyre). The 
published experimental results of tyre pyrolysis indicate 60%-70% mass loss attributed to volatile 
products, including 5 - 20% of mass loss due to noncondensable gaseous products (Wilson, 2013; 
Antoniou and Zabaniotou, 2013). According to the results of Miranda et al.(2013) obtained during 
experiments carried out in an autoclave heated to 350 ºC – 450 ºC, the fraction of gaseous (non-
condensable) products was 5%. The amount of gaseous products usually increases with the temperature 
rise. Olazar et al. (2008) investigated pyrolysis of 1 - 2 mm tyre particles in a fluidised bed and 
observed a drop of liquid (condensable vapours) products fraction from 65% to 63% and a growth of 
gaseous fraction from 1.5% to 2.7% in the temperature range of 425 ºC – 610 ºC. 

A higher growth of gaseous fraction, from 5% to 12% in the temperature range of 400 ºC – 600 ºC, was 
observed by Cherbański et al. (2016). The authors also found that the total mass loss increased from 
53% to 63% within this temperature range. 
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As tyres are usually composed of different kinds of elastomers, plasticizers and fillers (carbon black, 
silica etc.), the kinetics of pyrolysis can be assumed as a sum of thermal decomposition reaction rates 
(ri) for each component according to Arrhenius type equation and the first order kinetics (Eq. 2): 

  
i

iRT
E

i
i

iP XArr i )exp(  (2) 

Then the total rate of volatile production can be expressed as: 

  
i

iiLG
i

iiGiLV rfrffr ,,, )(  (3) 

It is assumed here that samples of the tyre, used in the experimental part of this work, are composed of 
one elastomer type (styrene-butadiene rubber) and a plasticizer oil. The initial content of the plasticiser 
(oils) in the tyre is typically 10% - 20%. 

Kinetic parameters in Eq. 2 for these components used in subsequent calculations are shown in Table 1. 
The parameters based on the TG/DTG measurements by Yang et al. (1995), which are also shown in 
Table 1, were tuned for the purpose of this work by adjusting the values of A used for calculation of 
relative mass loss of the sample based on a simplified model fitted to the mass loss measured in the 
laboratory reactor used in this work. The values of activation energies E were assumed after Yang et al. 
(1995). The simplified model (cf. Machniewski et al., 2016) was based on an assumption of conductive 
heat transfer in a spherical particle of variable porosity, being heated in a flow reactor similar to that 
used in this work and described in the experimental part. 

Table 1. Kinetic parameters in Eq. (2) used in this work 

Component of tyre 
A [1/min] 

(this work) 
A [1/min] 

(Yang et al. 1995) 
E [kJ/mol] 

(Yang et al. 1995) 

plasticiser, oils (A) 2.01103 4.01104 49.1 

styrene-butadiene rubber (SBR) 1.081010 1.781010 152.0 

3. CFD MODELLING OF TYRE PYROLYSIS PROCESS 

The inert gas (nitrogen) and volatile products of tyre pyrolysis can be modelled as a laminar flow fluid 
zone. Continuity, momentum and energy balance equations for laminar flow are in the following form 
in the gas phase: 

   mSV
t



 


 (4) 
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Additionally species equations for gas species take a form: 

 
       iiii

i SYDYV
t
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 (7) 

The above set of equations was solved using the finite volume method (ANSYS ver. 18.0 
documentation). In the above equations source terms Si are due to the pyrolysis reaction. Diffusivity of 
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the volatile species (treated as a surrogate component) in the gas phase was set as D = 10-5 m2/s. The 
tire can be modelled as porous media, in which the solid phase is in thermal equilibrium with the gas 
phase during pyrolysis. ANSYS Fluent solver uses the following equation in order to solve heat transfer 
in the porous zone: 

     hp STkTV
t

T
C 













pmeffpm

pm

pm


  (8) 

         
Vpspp CCC  1

pm
 (9) 

    1eff sV kkk  (10) 

The momentum balance (Equation 5) with the appropriate source term Sp based on Ergun model was 
used within the porous zone (see ANSYS ver. 18.0 Documentation). 

Specific heat and heat conductivity used in the calculations are given in Table 2. The values were 
assumed according to Yang et al. (1995). The porosity of the rubber sample during pyrolysis was 
adapted by means of user defined functions (UDF) in Fluent solver according to the mass of solid 
components in the rubber and overall mass balance in the control volume. 

Table 2. Thermal properties used in the calculations after Yang et al. (1995) 

Parameter Value 

Specific heat of rubber [kJ/(kg·K)] 1.9 + 3×(T-298)  for  T  > 298K 

Specific heat of carbon black [kJ/(kg·K)] 1.8  

Specific heat of gaseous components [kJ/(kg·K)] 2.4  

Heat conductivity of rubber [W/(m·K)] 0.38 

Heat conductivity of carbon black [W/(m·K)] 0.2 

The density of the gas phase was calculated assuming the ideal gas model. The density of the solid 
phase (solids, rubber, carbon black) was set as 1100 kg/m3. Initial porosity of tyre material was 
assumed as 5%. 

4. EXPERIMENTAL 

In order to validate the presented modelling approach a small series of experiments were performed. A 
schematic of the experimental setup is shown in Fig 1. Samples of car tyre of an approximately 
cylindrical shape (diameter 8 mm , height 10 mm) were electrically heated in a cylindrical reactor of  
20 mm internal diameter and 100 mm in length. The reactor was supplied with nitrogen flow of 
100 mL/min (STP). This flow corresponds to inert gas superficial velocity applicable for a moving 
screw bed reactor. Also the applied temperature program was aimed to mimic conditions in the 
entrance section of the reactor. Temperature of the gas phase in the vicinity of the sample was 
measured during each experiment. The mass of the sample was also measured during the experiments 
with the aid of a laboratory analytical balance (resolution of 0.1 mg). The mass of used tyre samples 
(taken from the sidewall of a passenger car tyre) was approx. 0.4 - 0.5 g and average moisture of 
0.49%. Their average heat of combustion (measured in a calorimetric bomb) was 37871 J/g and 
average ash remainder was 3%. 
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Fig. 1. Scheme of the experimental setup 

The following heating programs were performed during experimental runs: 
 Heating rate: 13 ºC /min,  initial temperature 28 ºC ,  final temperature: 360ºC, 
 Heating rate: 26 ºC /min,  initial temperature 28 ºC ,  final temperature: 391ºC, 
 Heating rate: 22 ºC /min,  initial temperature 21 ºC ,  final temperature: 455ºC. 

After reaching the final temperature, it was kept at an approximately constant level for approximately 
30 minutes. 

5. RESULTS 

The recorded variation of sample’s mass for each of the performed experiments is shown in Fig. 2. It 
was observed that pyrolysis and the volatilisation of tyre starts at the temperature of approximately 
250 ºC – 300 ºC when the mass loss is mainly connected with vaporisation of plasticisers and oils. 
Depending on final temperature the relative total mass loss in the experiments varied between 25 and 
65% (approximately linearly within the investigated final temperature range of 360 ºC – 470 ºC). 

 

Fig. 2. Variation of relative mass of tyre samples during the pyrolysis experiments (run #1, #2, #3).  

Comparison of the CFD simulation results with the measurements 
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The measured variation of relative mass of tyre samples during the pyrolysis process can be compared 
with the calculated one in the course of CFD simulation also shown in Fig. 2. It can be observed that 
the results of simulation are in fair agreement with the measured mass loss of tyre sample for all the test 
runs. Nevertheless the best agreement of calculated and measured sample mass variation can be 
observed in the run with the slowest heating rate (run #1, 360 ºC) when the sample (i.e. temperature and 
porosity profiles) was more homogeneous during pyrolysis. CFD predictions for the runs corresponding 
to higher heating rates (run #2 and run#3) are somehow delayed compared to the measurements. The 
run with the highest heating rate (run #2, 391 ºC) exhibits the worst agreement. This is most probably 
connected with more pronounced non-uniformity (inhomogeneity) of temperature and porosity fields in 
this case. 

CFD calculations which were performed for conditions reflecting the pyrolysis process investigated in 
the experiments were based on the assumption that the size of the sample remains constant during 
pyrolysis process simulation. Thus porosity of the tyre sample varied as a result of local volatilisation 
reaction. Also, it was assumed that non-volatile mineral fillers and carbon black used during tyre 
manufacture process are treated as part of non-volatile products (solids) produced during pyrolysis. The 
simulation was performed for tyre samples containing initially 20% of volatile additives (oil, 
plasticisers), which was responsible for initial mass loss of the sample. It was assumed that a fraction of 
the volatile products of the plasticiser (oils) volatilisation/decomposition in the course of pyrolysis is 
approximately equal to fG+L,A = 1, and a fraction of volatile pyrolysis products originating from the of 
styrene-butadiene rubber decomposition as fG+L,SBR  = 0.4. 

The calculated temperature contours in the reactor and tyre sample for run #3 (final temperature  
= 445 ºC) at the time instants t = 800 s and t = 1500 s are shown in Fig. 3. The chosen times correspond 
to the initial stage of the pyrolysis process (t = 800 s) and the stage when its rate is approximately at its 
maximum (t = 1500 s) when half of the sample’s mass was volatilised. At the applied heating rate 
(22 ºC/min) a significant temperature difference can be observed, reaching approx. 40 ºC between the 
gas phase in the vicinity of the sample’s surface and the core of the sample. 

The calculated porosity contours in the tyre sample and the streamlines in the reactor at the same time 
instants are shown in Figs. 4 and 5, respectively. 

Simulation results indicate that spatial variation of porosity in the sample is not very significant (up to 
10 %) during the whole process. Pyrolysis starts at the edges of the sample where the temperature is 
higher and the front of reaction forms, which is more or less smeared depending on the heating rate and 
stage of the process. The conversion front corresponds to porosity profile contours (isolines) moving 
towards the centre of the sample in the course of the pyrolysis process. The reaction zone extends 
throughout the whole sample and its porosity grows, while maintaining mild variation of the spatial 
profile. 

Comparison of the gas phase stream lines shown in Fig. 5 for the two chosen times may illustrate 
increase of gas flow rate due to the production of volatiles, which is clearly visible in Fig. 5b (t=1500s) 
for fully developed pyrolysis process, where some of the streamlines originate from the sample’s 
region.  

The calculated contours of mass fraction of the volatile products of tyre pyrolysis in the gas phase for 
the same run #3, at the same time instants (t = 800 s) and (t = 1500 s) are shown in Figs. 6 a) and b), 
respectively. As the flow direction of nitrogen is from right (narrow inlet) to left (outlet) in Fig. 6, the 
mass fraction of volatile products at the outlet reaches approximately 1.5% at the beginning of the 
pyrolysis process (t = 800 s) and 8% at t = 1500 s, when the rate of the process is much higher in the 
considered case of run #3 (see Fig. 2, final temperature = 455 ºC). This also involves a proportional 
increase of the total mas flow rate of the gaseous products through the reactor. The total mass flow rate 
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at the outlet increased by 6.6% between the two time instants. It can be also observed that some volatile 
products transported by molecular diffusion are present upstream of the sample. 

 

a) 

b) 

Fig. 3. Calculated contours of temperature (ºC ) at times a) t = 800 s and b) t =1500 s after process start-up  

(run #3) 

a) 

b) 

Fig. 4. Calculated contours of porosity (-) at times a) t = 800 s and b) t =1500 s after process start-up (run #3) 

a) 

b) 

Fig. 5. Calculated gas streamlines at times a) t = 800 s and b) t =1500 s after process start-up (run #3) 
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a) 

b) 

Fig. 6. Calculated contours of mass fraction of volatile pyrolysis products (-) at times a) t = 800 s and  

b) t = 1500 s after process start-up (run #3) 

6. CONCLUSIONS 

The results of numerical simulation of the pyrolysis process based on the simplified kinetic model of 
car tyre pyrolysis, implemented within CFD software (ANSYS Fluent), are in satisfactory agreement 
with the experimentally measured relative mass loss of the tyre sample during pyrolysis carried out in a 
laboratory reactor. 

The obtained results indicate the importance of heat and mass transfer phenomena during the pyrolysis 
of the rubber material. The evident inhomogeneity of porosity, temperature and consequently the 
decomposition rate developed during the process impose the requirement of using dedicated numerical 
methods (e.g. CFD tools) for modelling of the pyrolysis process in industrial conditions. 

This project is co-financed from the resources of the National Centre for Research and Development 
and the European Union under European Regional Development Fund in accordance with UOD-DEM-
1-217/001. 

                             

The author would like to acknowledge one of the reviewers for very helpful comments and enlightening 
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SYMBOLS 

A pre-exponential factor in Arrhenius equation, 1/min 
Cp specific heat, J/(kg·K) 
Di mass diffusivity of component i, m2/·s 
E activation energy, J/mol 
fi mass yield of component (product lump) i 
g gravity vector, m/s2 
k thermal conductivity, W/(m·K) 
P pressure, Pa 
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R universal gas constant = 8.314 J/(mol·K) 
Sh heat source, W/m3 
Si mass source of component I, kg/(m3·s) 
Sm mass source, kg/(m3·s) 
Sp momentum source, kg/(m2·s2) 
T temperature, K 
V velocity vector, m/s 
Xi mass fraction of component i with respect to initial mass of tyre 
Yi mass fraction of component I 

Greek symbols 
γ porosity 
µ viscosity, Pa·s 
ρ density, kg/m3 

Subscripts 
G noncondensable gaseous products 
L condensable vapour (liquid) products 
S solid remainder 
V volatile products (compounds) 
i component index (i = A, SBR) 
eff effective (in porous medium) 
pm porous medium 
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LACCASE CONCENTRATION BY FOAM FRACTIONATION  
OF CERRENA UNICOLOR AND PLEUROTUS SAPIDUS  

CULTURE SUPERNATANTS 
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2 Dortmund University of Technology, The Department of Biochemical and Chemical Engineering, 
Emil-Figge-Straße 70, D-44227 Dortmund, Germany 

Foam fractionation process for concentration of laccases from two Basidiomycete strains under 
different process conditions was investigated. Culture supernatants of Cerrena unicolor and 
Pleurotus sapidus containing active laccase were used with and without surfactant additives. Two 
surfactants: cationic cetrimonium bromide (CTAB) and non-ionic Polysorbate 80 were applied in 
the range from 0.2 mM to 1.5 mM. The pH levels ranging from 3 to 10 were examined with 
particular attention to pH=4, which is close to the pI of the enzymes. Results show that the source of 
the enzyme is significant in terms of partitioning efficiency in a foam fractionation process. Laccase 
from Cerrena unicolor showed the best activity partitioning coefficients between foamate and 
retentate of almost 200 with yields reaching 50% for pH 7.5 and concentration of CTAB  
cCTAB = 0.5 mM, whereas laccase from Pleurotus sapidus showed partitioning coefficients of up to  
8 with 25% yield for pH 4 and cCTAB = 0.5 mM. 

Keywords: foam fractionation, Laccase, CTAB, Polysorbate 80 

1. INTRODUCTION 

Laccases (EC 1.10.3.2, p-diphenolic oxidases) are enzymes which belong to the group of 
oxidoreductases. They can be produced by various organisms, such as plants, insects, bacteria (Claus 
and Filip, 1997; Diamantidis et al., 2000; Harvey and Walker, 1999), but are most commonly found as 
extracellular products of fungi, especially the ones causing white rotting of wood (Songulashvili et al., 
2007). Their purpose in nature is to decompose long lignocellulosic chains into molecules of lower 
mass, and therefore provide the host with a carbon source (Cohen et al., 2002; Reddy et al., 2003). 
However, they are also able of decomposing a variety of aromatic compounds, like aromatic amines, 
substituted phenols, or thiols (Xu, 1996). 

Although biotechnology is currently one of the most advancing branches of science, downstream 
processing of biological products remains a time-consuming and expensive task (Raja et al, 2011). 
Therefore, a lot of research is focused on finding and developing novel, cost-effective, efficient 
methods of bioproduct separation and recovery with satisfying selectivity towards the desired product 
and granting its stability in the process. Various downstream processing methods of laccase have been 
investigated, including chromatographic methods (Scherer and Fischer, 1998) and aqueous two-phase 
extraction (Blatkiewicz et al., 2016; Prinz et al., 2014). One of the promising, currently investigated 
methods is foam fractionation (FF). It is a bubble separation technique which allows for separation of 
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amphiphilic molecules, such as proteins, from their aqueous solutions (Lemlich, 1968). The principle of 
the process is to generate liquid-gas interface in the form of foam by continuously feeding a batch of 
the desired bioproduct’s aqueous solution with dispersed inert gas in a column. The emergent foam, 
enriched in the product, is then collapsed with the use of lowered pressure and collected as a foamate at 
the column outlet (Burghoff, 2012). As the bubbles migrate upwards, which is caused by the foam 
buildup within the column, their water content gets lower due to gravitational and capillary forces. This 
causes draining of the foam and coalescence of the constituent bubbles, and thus, further concentration 
of the product within the foam (Du et al., 2000; Merz et al., 2011a). 

Foam fractionation has a number of advantages that makes it a feasible process. Not only is it carried 
out in mild conditions for biological molecules, but also it is suitable for diluted solutions (Uraizee and 
Narsimhan, 1990). Moreover, it is cost-effective and environment-friendly since it is not necessary to 
use chemical additives other than insignificant amounts of surfactant, while only inert gas is involved 
(Stowers et al., 2009). Additionally, since it is mostly amphiphilic compounds that concentrate on the 
liquid-gas interface, foam fractionation tends to be selective towards proteins. 

Foam fractionation is used mostly as an early step in bioproduct recovery (Merz et al, 2011b). 
Therefore it is often applied to crude supernatants, in which the protein content is very low. This may 
cause high surface tensions and decrease the liquid’s ability to foam. This is why surfactant 
supplementation is utilized for such processes to lower surface tensions and stabilize the structure of 
bubbles (Linke et al., 2007). 

Although laccases produced by different hosts serve the same function, their structural differences often 
lead to different behaviors in downstream processes (Linke et al., 2007; Prinz et al., 2012). Foam 
fractionation of laccase has been reported in literature (Gerken et al., 2006; Linke et al., 2007), but the 
published research involved only commercially available pure laccase from Trametes spec., not from 
crude supernatants of fungal cultures. The purpose of this paper was to study differences in efficiency 
of foam fractionation of laccase-containing supernatants produced separately by two Basidiomycete 
strains: Cerrena unicolor and Pleurotus sapidus with the use of two surfactants: cationic 
cetyltrimethylammonium bromide (CTAB) and non-ionic polyoxyethylene (20) sorbitan monooleate 
(Polysorbate 80) under different pH values. 

2. MATERIALS AND METHODS 

The C. unicolor strain was initially grown on agar plates containing malt extract and mycological 
peptone. The P. sapidus strain was grown on agar plates containing malt extract and soybean peptone 
After 7  days of growth the mycelium was homogenized with water with the use of IKA T25 Basic 
homogenizer at 8000 rpm and transferred into 200 ml flasks, containing Lindeberg-Holm growth 
medium for C. unicolor (Lindeberg and Holm, 1952) and standard culture medium suggested by Zorn 
for P. sapidus (Zorn et al., 2003). The medium was supplemented with Cu2+ source, without the use of 
inductors. The liquid fermentation was conducted in a Certomat BS-1 shaker at 110 rpm. The 
temperature of 28 °C for C. unicolor and 26 °C for P. sapidus was applied. The fermentation lasted 10 
or 12 days respectively. Then, the supernatants were filtrated and frozen in 100ml containers at -20 °C. 
The defrosted supernatants showed initial activities of about 1500 U/l and 700 U/l respectively in 
relation to ABTS at pH = 4.5 in 25 °C. 

Cetyltrimethylammonium bromide (CTAB) was purchased from Sigma-Aldrich. Polysorbate 80 was 
purchased from Fluka. 2,2’azino-bis-(3-ethylobenzothiazoline-6-sulphonic acid) (ABTS) with the 
purity of 98% was purchased from Sigma-Aldrich. 

The activity of laccase was measured using the ABTS assay according to Majcherczyk et al. (1998). 
The activity was defined as the amount of the enzyme catalyzing one µmol of ABTS per minute. It was 
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determined by the oxidation rate of ABTS molecules over time. The pH was adjusted to 4.5 using 
McIlvaine buffer. All the measurements were performed using a T80+ UV/Vis Spectrometer from PG 
Instruments Ltd. The measurements of absorbance increment were performed in 25 °C at 420 nm 
wavelength over 0.5 min. The extinction coefficient for ABTS at 420 nm wavelength is equal to 
ε = 0.04321 l/(mmol cm). If the sample’s activity was too high for the spectrometer’s range, it was 
diluted accordingly. To calculate the enzymatic activity, the following equation was used: 

 t

s

E D VU
act

l t V d 
          

 (1) 

The experimental setup has been presented in Fig. 1. It consisted of a glass column of 62 cm in length 
and inner diameter of 3 cm, a foam collector, a Büchner flask connected to a pump producing low 
under-pressure, and a compressed air distributor equipped with a reducing valve set to 2 bar and an 
electronic valve for flux control. The column was equipped with a porous glass disperser at the bottom. 
Compressed air flowed to the disperser through an electronic valve which set the airflow to 2.4 l/h. 

After fixing the airflow, 100 ml of the culture supernatant supplemented with surfactant was poured 
into the column and the foaming started. Then, a foam collector was installed at the top of the column 
which directed the foam into a Büchner flask equipped with a funnel to break down the foam. Each 
experiment was conducted until the foam was no longer able to reach the top of the column before 
collapsing. Then the experiment was terminated and volumes of the foamate (the collapsed foam) and 
the retentate (the liquid remaining in the column after the process) were measured. Samples of each 
phase were taken, and their enzymatic activities were measured. Every experiment was performed at 
room temperature. 

 

Fig. 1. Foam fractionation equipment setup 

There are two major parameters which determine the efficiency of foam fractionation: the yield 
(recovery) in the foamate (Y), which informs about the recovery of the enzyme in a given phase and the 
activity partitioning coefficient (kact), which informs about the ratio of enzymatic activities between the 
phases. 
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3. RESULTS AND DISCUSSION 

Preliminary experiments showed that the foaming properties of pure culture supernatants of both 
Cerrena unicolor and Pleurotus sapidus are not enough for the foam to reach the top of the column 
without breaking, so surfactant additives had to be used. Cetyltrimethylammonium bromide (CTAB) is 
a recommended surfactant for foam fractionation of laccase. However it may lower its recovery due to 
formation of stable complexes which deactivate laccase molecules (Linke et al., 2007; Walker and 
McCallion, 1980). 

As stated by Shea et al. (2009), proteins are most hydrophobic at their isoelectric points (pI), which 
should lead to optimal conditions for foam fractionation, although it may also lead to their precipitation 
and aggregation. However, there have been reports of pH values varying significantly for the proteins’ 
pI which proved to be more effective (Bacon et al., 1988; Chai et al., 1998; Linke et al., 2007). The 
isoelectric points of the laccases were determined by isoelectric focusing. The pI of laccases from both 
C. unicolor and P. sapidus were between 3 and 5. In general, throughout the experiments, the foaming 
time was between 40 and 60 minutes, and volumes of collected foamates were between 2.5 and 5.0 ml. 

In order to choose the optimal pH for the process, a set of experiments with a constant CTAB 
concentration and varying pH values was conducted. Linke et al. (2007) chose the range of  
cCTAB = 0.4 - 1.2 mM for their experiments with satisfying results. Therefore for the initial experiment 
of pH screening, the surfactant concentration was chosen to be 0.5 mM, which is about half of the 
surfactant’s critical micelle concentration (0.9 - 1.0 mM). The results were presented in Figs. 2 and 3. 

 

Fig. 2. Influence of pH on enzyme partitioning and foamate yield of laccase from C. unicolor at cCTAB = 0.5 mM. 

(■) activity partitioning coefficient, (□) yield in the foamate 

 

Fig. 3. Influence of pH on enzyme partitioning and foamate yield of laccase from P. sapidus at cCTAB = 0.5 mM. 

(■) activity partitioning coefficient, (□) yield in the foamate 
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The pH had a significant influence on the effectiveness of the foam fractionating process for laccases 
from both hosts. As seen in Fig. 2., the highest activity partitioning coefficient (around 110) was 
achieved at pH = 7.5, whereas at pH = 4, which is close to the isoelectric point, the partitioning of the 
enzyme towards the foamate was very low. The differences in yields were less significant. In the case 
of P. sapidus laccase (Fig. 3), regardless of the pH value, the partitioning of laccase towards the foam 
was much less effective than in the case of C. unicolor laccase. The highest activity partitioning 
coefficient was no higher than 8. However, as opposed to C. unicolor laccase, foam fractionation of 
laccase from P. sapidus showed the best results for both activity partitioning and yield, at pH values 
close to the pI of the enzyme. It can be noticed that the highest yields do not line up with the highest 
partitioning coefficients. This is caused by the fact that at various pH conditions the foaming of the 
system can lead to carrying excess water with the foam and thus diluting the foamate. Since the volume 
of the foamate phase is usually very low (2 - 5 ml), even slight changes in volume can significantly 
decrease the partitioning coefficients. Thus a trade-off situation between high yield and high 
partitioning coefficient may occur. 

The differences in partitioning between these two types of laccases in relation to their pI are very clear. 
While in the case of P. sapidus laccase, the pH in proximity to the molecule’s pI resulted in highest kact, 
for C. unicolor laccase it was quite the opposite: setting the pH away from the molecule’s pI increased 
the partitioning towards the foam. Li et al. (2016) suggest that although at pH deviating from pI the 
repulsion between molecules increases due to increasing zeta potentials, it also reduces thickness of the 
foam. The thin foam may result in a low volume of foamate, and thus higher enrichment in the phase. 

Although increased concentration of surfactants increases the foamability of the system, adsorption 
competition may occur at the gas-liquid interface (Shea et al., 2009). Therefore, even though at higher 
surfactant concentrations the recovery yields are increased (Linke et al., 2007), the enrichment within 
the foam may decrease, as more water is transported within the foam with lower concentration of the 
desired protein. To study this, a second set of experiments was conducted to investigate the surfactant 
concentration that can be treated as a compromise between partitioning coefficient and yield. Based on 
prior results, two pH values were chosen for the investigation of the CTAB concentration on the foam 
fractionation effectiveness: pH = 4, which is close to the protein’s pI, and the neutral pH = 7, which 
was highly effective for fractionation of the C. unicolor laccase. 

As expected, the yield in the foamate maintained the consecutive increase trend as the CTAB 
concentration was increased, both in the case of C. unicolor laccase (Figs. 4, 5) and P. sapidus laccase 
(Figs. 6, 7). 

For the C. unicolor laccase at pH = 4 (Fig. 4.), even significantly increased concentrations did not cause 
the partitioning coefficients or recovery yields to increase satisfactorily. It can be noticed that one 
experimental point exceeded the surfactant’s critical micelle concentration, which led to no increase in 
activity partitioning but with slightly higher recovery yield. However, as presented in Fig. 5, at pH = 7 
the differences in foamate enrichment were significant. The process achieved its maximum partitioning 
coefficient at CTAB concentration of 0.5 mM, where kact value reached almost 200. At higher CTAB 
concentrations the partitioning coefficient dropped significantly. 

In the case of P. sapidus laccase, the results were analogous. At pH = 4 (Fig. 6.) there was a spike of 
higher foam enrichment at CTAB concentration of 0.5 mM, where the partitioning coefficient reached 
the value of 8. At neutral pH (Fig. 7.) the activity partitioning coefficient was unaffected by the 
surfactant concentration increase, while the foamate yields increased, but did not exceed 0.2 at 
cCTAB = 0.7 mM. 
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Fig. 4. Influence of CTAB concentration on enzyme partitioning and foamate yield of laccase from C. unicolor  

at pH = 4. (■) activity partitioning coefficient, (□) yield in the foamate 

 

Fig. 5. Influence of CTAB concentration on enzyme partitioning and foamate yield of laccase from C. unicolor  

at pH = 7. (■) activity partitioning coefficient, (□) yield in the foamate 

 

Fig. 6. Influence of CTAB concentration on enzyme partitioning and foamate yield of laccase from P. sapidus  

at pH = 4. (■) activity partitioning coefficient, (□) yield in the foamate 
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Fig. 7. Influence of CTAB concentration on enzyme partitioning and foamate yield of laccase from P. sapidus  

at pH = 7. (■) activity partitioning coefficient, (□) yield in the foamate 

As a next step, another surfactant, Polysorbate 80, was investigated. Polysorbate 80 is a non-ionic 
surfactant, which does not foam as effectively as cationic surfactants such as CTAB. There are reports 
of using it as a foaming agent for foam fractionation (Linke et al, 2005; Bezelgues et al., 2008). 

For the foam fractionation of laccase experiments, two different Polysorbate 80 concentrations were 
investigated: 0.5 mM and 1.0 mM. The surfactant has a very low critical micelle concentration of 0.012 
mM, therefore the experiments were performed with maximum foamability. In the case of C. unicolor 
culture supernatant, the foam was stable enough to reach the top of the column only with the 
concentration of 1.0 mM. In the case of P. sapidus culture supernatant, the foam stability was 
insufficient at all examined concentrations. 

Therefore, a set of experiments was conducted for C. unicolor laccase at cPolysorbate80 = 1.0 at different 
pH values, the data of which was presented in Fig. 8. 

 

Fig. 8. Influence of pH on enzyme partitioning and foamate yield of laccase from C. unicolor at 

cPolysorbate80 = 1.0 mM. (■) activity partitioning coefficient, (□) yield in the foamate 

In comparison to the results of foam fractionation with the use of CTAB, both the activity partitioning 
coefficients and the yields are significantly lower. At pH = 7.5 the kact did not exceed 6, and the highest 
yield was lower than 0.04. 
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4. CONCLUSIONS 

Foam fractionation of laccase from crude culture supernatants of C. unicolor and P. sapidus is 
a promising method of concentration of the enzyme, provided a proper surfactant supplement is used. 
Cetyltrimethylammonium bromide addition in the concentration of 0.5 mM significantly improves the 
foaming of the system without draining too much water towards the foamate, which results in higher 
enzyme partitioning coefficients at the cost of higher yield in the foamate. Polysorbate 80 as the 
foaming agent is not as effective as CTAB in terms of laccase enrichment in the foam fractionation 
process. 

Although partitioning coefficients of almost 200 were obtained, recoveries of over 50% were not 
possible to achieve without diluting the foamate, which means that although it is possible to 
satisfactorily concentrate the enzyme, the majority of it remains within the retentate. Therefore, it is 
advised to employ other downstream processing methods along with foam fractionation. Also, it is 
important to note that foam fractionation is only a method for concentration of laccase from culture 
supernatants, not purification. Additional steps of separating the enzyme from other proteins and the 
surfactant must be taken in order to obtain a pure product. 

In general, the foam fractionation process is more efficient for the culture supernatant of C. unicolor 
than that of P. sapidus. It may be caused by higher enzyme content within the supernatant of C. 
unicolor or differences in physicochemical properties of laccases from the two investigated strains. 

The results are promising for further investigation of the process in the form of continuous foam 
fractionation. 

The research was conducted as a part of a project number UMO-2013/11/B/ST8/00337 financed by the 
National Science Centre. The authors would like to thank Dr. Merz for providing the foam 
fractionantion equipment.  

SYMBOLS 

act enzymatic activity, U/l 
d thickness of the sample, mm 
D dilution coefficient 
E absorbance 
kact activity partitioning coefficient 
t time, min 
V volume of the phase, ml 
Vs volume of the supernatant sample, μl 
Vt total volume of the sample, μl 
x mass fraction, wt-% 
Y yield 

Greek symbols 
ε extinction coefficient at 420 nm wavelength, l/(mmol cm) 

Subscripts 
foam foamate 
ret retentate 
ini initial 
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NUMERICAL ANALYSIS OF MOMENTUM TRANSFER PROCESSES IN 

A MECHANICALLY AGITATED AIR – BIOPHASE – LIQUID SYSTEM 
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West Pomeranian University of Technology, Szczecin, Department of Chemical Engineering,  
al. Piastów 42, 71-065 Szczecin, Poland 

The results of numerical computations concerning momentum transfer processes in an air – biophase 
– liquid system agitated in a bioreactor equipped with baffles and a Smith turbine (CD 6 impeller) 
are presented in this paper. The effect of sucrose concentration on the distributions of the velocity of 
the continuous phase, gas hold-up and the size of gas bubbles in the system was analysed. 
Simulation results were presented in the form of the contours of the analysed magnitudes. The effect 
of sucrose concentration on the averaged values (i.e. determined on the basis of local values) of gas 
hold-up and gas bubbles size was evaluated. The results of the numerical computations of gas hold-
up were compared with our own experimental data. 

Keywords: numerical modelling, momentum transfer, gas – solid – liquid system, bioreactor 

1. INTRODUCTION 

When straight blades of the Rushton turbine are curved with radius R, the modified high speed impeller 
can rotate in an agitated vessel in this way that blades push forward on the fluid with their concave or 
convex parts. The turbine disc impeller with six concave blades is known in literature as the Smith 
turbine (CD 6 impeller) and is recommended for gas dispersion in the liquid phase. Reduced cavities 
formed behind the blades compared to those for the Rushton turbine (Bakker, 2000) can be mentioned 
as the main advantages of the CD 6 impeller. Literature survey on different applications of the turbine 
impeller with curved blades shows that experimental studies concerning power consumption and mass 
and heat transfer were carried out mainly by Bielka et al. (2014); Frijlink (1987); Karcz and Kamińska-
Borak (1997); Rielly et al. (1992); Sensel et al. (1993); Smith and Katsanevakis (1993); Van’t Riet et 
al. (1976); Warmoeskerken and Smith (1989); Zhengming et al. (1991). Karcz and Kamińska-Brzoska 
(1994a,b) studied experimentally the influence of the geometrical parameters of the turbine with 
concave and convex blades on power consumption and heat transfer process in the liquid phase. Gas 
dispersion in the liquid phase in the agitated vessel equipped with a turbine disc impeller with curved 
blades was experimentally analysed by Cudak (2011, 2014); Musiał et al. (2015); Rielly et al. (1992); 
Sensel et al. (1993); Smith and Katsanevakis (1993); Van’t Riet et al. (1976); Warmoeskerken and 
Smith (1989) and Zhengming et al. (1991). 

Junker et al. (2000) experimentally examined dual impeller combinations of CD 6 impeller in 
fermentation vessels. They stated that the use of dual CD 6 impellers and hybrids containing the CD 6 
impeller decreases power consumption and increases mass transfer rate in the gas – liquid system 
compared to results obtained for systems equipped with dual Rushton turbines. 
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Using CFD simulation, Kharpe and Munshi (2014) carried out a numerical comparison of the Rushton 
turbine and CD 6 impellers operating in a non-Newtonian fluid agitated in a baffled vessel within the 
fully turbulent flow regime. Numerical results revealed that the flow field generated by the CD 6 
impeller is smaller in magnitude than that for the Rushton turbine. Problems of simulation of gas – 
liquid hydrodynamics in a baffled agitated vessel with the Rushton turbine were analysed, in detail, by 
Scargiali et al. (Scargiali et al., 2007). An Eulerian – Eulerian approach was used with the k - ε 
turbulence model. All bubbles were assumed to be of the same size. The effect of inter-phase forces on 
the results of simulation was considered. Numerical results were found to be in satisfactory agreement 
with experimental data. 

Recently, a method of multiphase computational fluid dynamics coupled with the population balance 
method (CFD-PBM) has been successfully used to investigate hydrodynamics and mass transfer in gas-
liquid agitated vessels (Gimbun et al., 2009; Musiał et al., 2014; Ranganathan and Sivaraman, 2011). 
Gimbun et al. (2009) used these methods to analyse scale-up problems for mechanically agitated gas-
liquid systems in a vessel equipped with the Rushton turbine or CD 6 impeller. They conducted 
multiphase simulations using the Eulerian-Eulerian two-fluid model. The authors obtained the local 
bubble size distribution by solving the PBM using the quadrature methods of moments (QMOM). Devi 
and Kumar (2011, 2013) applied a CFD method to analyse flow patterns in an agitated vessel equipped 
with single or double CD 6 impellers. In the case of the single CD 6 impeller, multiple reference frames 
(MRF) impeller model and realizable k- turbulence model were used (Devi and Kumar, 2011). For this 
case, CFD simulations predicted more turbulent kinetic energy dissipation near the vicinity of CD 6 
impeller than for the Rushton turbine. Analysis of the numerical results obtained for the systems of the 
dual Rushton and CD 6 impellers showed that formation of the merging flow pattern is different in case 
of CD 6 impellers than in the case of Rushton turbines (Devi and Kumar, 2013). 

Results of numerical simulation of hydrodynamics in an agitated vessel equipped with a turbine disc 
impeller with concave or convex blades make it possible to estimate local changes in the velocity of the 
fluid flow, therefore it is worth carrying out such computations in order to complete and extend 
experimental results. 

The results of numerical computations concerning momentum transfer processes in an air – biophase – 
liquid system agitated in a bioreactor equipped with baffles and the Smith turbine (CD 6 impeller) are 
offered in this paper. The effect of sucrose concentration on velocity distributions in the continuous 
phase, gas hold-up and the size of gas bubbles in the system were analysed. The results of numerical 
calculations were compared with our previous experimental results. 

2. THE RANGE OF SIMULATIONS 

Computations were carried out for a baffled vessel of inner diameter D = 0.288 m. Liquid height in the 
bioreactor was equal to H = D (Fig. 1a). Four flat baffles of width B = 0.1D were symmetrically 
arranged on the inner wall of the vessel. A six-bladed CD 6 impeller of diameter d = 0.33D was located 
on the height h = 0.33D from the flat bottom of the vessel. Blades of the impeller had the following 
dimensions: length a = 0.25d, width b = 0.2d and curvature radius R = 0.5b (Fig. 2). Air was introduced 
into the bioreactor through a gas sparger in the shape of a ring, located under the impeller in the 
distance e = 0.5h from the vessel bottom. 

A three phase gas – biophase – liquid system was tested experimentally. An aqueous solution of 
sucrose with the concentration of 2.5, 5 or 10 % mass was used as the liquid phase. The aqueous 
suspension of yeasts with the concentration of 1 % was applied as the biophase. For the purposes of 
numerical calculations, the liquid pseudo-phase consisted of the aqueous solution of sucrose and 1% 
yeast (biophase) was assumed. Air was the dispersed phase. The air flow rate was equal to  
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Vg = 3.8910-4 m3/s (wog = 5.9710 -3 m/s; vvm = 1.245 (m3/min)/m3). Oxygen solubility in the broth 
was determined experimentally and amounted to 7 mg/dm3. Oxygen consumption was measured during 
experiments by means of an oxygen sensor. 

a) b) 

 

Fig. 1. Geometrical parameters of the agitated vessel 

The system containing the aqueous solution of sucrose and yeast suspension showed the properties of  
a non-Newtonian fluid – shear thinning liquid. Viscosity was measured using a rheometer Haake  
RT 10. The physical properties of sucrose and yeast suspension were described in detail by Major-
Godlewska et al. (Major-Godlewska et al, 2015). 

Physical properties of the media, determined experimentally, depended on sucrose concentration and 
changed within the following ranges: density  [kg/m3]  <1009; 1041>; interfacial tension   [N/m]  

<0.076; 0.086>; viscosity 1 mk   where k  <0.001183; 0.005241>; m  <0.7129; 0.9699>. 

Computations were performed for the impeller speed equal to n = 12 1/s (within the turbulent range of 
the fluid flow). Experimental studies performed for the physical system considered in this paper 
showed that below the agitator speed of 8 1/s poor dispersion of the gas in the liquid phase was 
observed, whereas surface aeration of the liquid was observed above 13 1/s. 

a) b) 

 
 

 
 

Fig. 2. Geometrical parameters of the CD 6 impeller 

Numerical simulations were carried out using ANSYS Workbench and CFX solver version 16.1 
(ANSYS, 2013). Geometry of the system was generated using ANSYS Design Modeler. Numerical 
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grids, created in ANSYS Mesh software, were made for two regions: the impeller-swept region and one 
for the rest of the bulk zone, in order to use the MRF (Multiple Reference Frames) method. For the 
geometry of the baffled agitated vessel with a turbine disc impeller with curved blades and the gas 
sparger, final numerical unstructured meshes consisted of over 920000 tetrahedral elements. 
Characteristic parameters of the mesh were as follows: a) aspect ratio 1.85; b) element quality 0.84; c) 
orthogonal quality 0.86. Such values correspond to acceptable quality of the used numerical mesh 
(ANSYS Inc., 2013). 

The Euler-Euler numerical approach was used for simulations. Zero Equation model was used for the 
modelling of the dispersed phase. Shear Stress Transport (SST) model as the turbulence model and 
interactions between phases (resistance forces, coalescence and breakage models, turbulent transport) 
were taken into account in computations (Chung, 2002; Laudner and Spalding, 1974). The breakup 
model of Luo Svendsen and the coalescence model of Prince-Blanch were used to describe, 
respectively, breakage and coalescence of gas bubbles. Interphase transfer was determined using 
Particle model. The forces of interphase drag were defined using Schiller-Naumann equation of drag 
force. To model turbulence transfer between phases the Sato Enhanced Eddy Viscosity correlation was 
used. Turbulent dispersion force was determined using the Lopez de Bertodano model. The sizes of gas 
bubbles, divided into ten classes, were modelled by means of the Multiple Size Group Model 
(MUSIG). 

In each simulation the boundary condition on the walls was set at “wall boundary condition”, while on 
the top of the vessel the boundary condition was set at the outlet with degassing condition in case of gas 
– liquid system. The gas distributor was modelled as an air inlet with a defined mass flow rate. On the 
shaft, the boundary condition was set at “rotating wall boundary condition” with the speed equal to  
n = 12 1/s and with the direction consistent with the direction of impeller rotation. The MRF zone was 
set as the rotation region with the speed of 12 1/s. Computations were carried out until residuals 
reached the value of 10-4. 

3. RESULTS AND DISCUSSION 

The results of numerical simulations are visualized in the form of contour maps. The distributions of 
liquid velocity, gas hold-up, gas bubble size and kinetic energy of turbulence were shown at three radial 
inter-sections of the bioreactor (under and above the impeller and at the impeller plane: h/H = 0.26; 
0.33; 0.43) (Fig. 3a), as well as at two axial inter-sections (at the baffles plane (0) and the plane located 
symmetrically between baffles (45o)) (Fig. 3b). 

a) b) 
 

 

Fig. 3. Inter-sections of the bioreactor: a) axial, b) radial 

0.43 

0.33

0.26 
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Axial contours of liquid velocity in the bioreactor, obtained for different concentrations of the sucrose 
solutions in the liquid phase and two axial inter-sections (at the baffles plane (0o) and the plane located 
symmetrically between baffles (45o)), are presented in Figs. 4 - 5. 

A comparison of the velocity contours in Figs. 4 - 5 shows that the most intensive agitation has taken 
place in the impeller zone. Liquid velocity behind impeller blades decreases with the increase of the 
yeast suspension concentration in the bioreactor. Axial contours of the gas hold-up , obtained for 
different sucrose solutions in the liquid phase and two axial inter-sections (at the baffle plane (0o) and 
the plane located symmetrically between baffles (45o)), are compared in Figs. 6 - 7. More asymmetry of 
the gas hold – up contours is observed for the axial plane located between baffles (Fig. 7). The highest 
values of the gas hold-up correspond to the regions located above the impeller. In the zone of the vessel 
located directly below the impeller gas bubbles are weakly dispersed. However, the dispersion of gas 
bubbles in the liquid improves when radial distance to the vessel wall in this zone decreases. 

Examples of the axial distributions of gas bubble size in the bioreactor equipped with the Smith turbine 
(CD 6) are presented in Figs. 8 – 9. The smallest diameters of gas bubbles, equal to about 1 mm, 
correspond to the impeller zone (z/H = 0.33). Gas bubble diameter increases in the direction of the free 
surface of the liquid in the bioreactor. The most symmetrical distribution of gas bubble sizes was 
obtained for a physical system in which sucrose concentration in the liquid was equal to 5 % mass 
(Fig.8b, 9b). 

a)                                             b)                                              c)           

 

Fig. 4. Axial contours of liquid velocity at baffle plane (0): a) air – 1% yeast suspension – 2.5% aqueous  

solution of sucrose, b) air – 1% yeast suspension – 5% aqueous solution of sucrose, c) air – 1% yeast  

suspension – 10% aqueous solution of sucrose 

a)                                           b)                                          c) 

 

Fig. 5. Axial contours of liquid velocity at the plane located symmetrically between baffles (45): a) air – 1% 

yeast suspension – 2.5% aqueous solution of sucrose, b) air – 1% yeast suspension – 5% aqueous solution of 

sucrose, c) air – 1% yeast suspension – 10% aqueous solution of sucrose 
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a)                                         b)                                            c)           

 

Fig. 6. Axial contours of the gas hold-up  at baffle plane (0): a) air – 1% yeast suspension – 2.5% aqueous 

solution of sucrose, b) air – 1% yeast suspension – 5% aqueous solution of sucrose, c) air – 1% yeast  

suspension – 10% aqueous solution of sucrose 

 

a)                                          b)                                         c)           

 

Fig. 7. Axial contours of the gas hold-up  at the plane located symmetrically between baffles (45):  
a) air – 1% yeast suspension – 2.5% aqueous solution of sucrose, b) air – 1% yeast suspension – 5%  

aqueous solution of sucrose, c) air – 1% yeast suspension – 10% aqueous solution of sucrose 

 

a)                                           b)                                           c) 

 

Fig. 8. Axial contours of the gas bubbles size at baffle plane (0): a) air – 1% yeast suspension – 2.5% aqueous 

solution of sucrose, b) air – 1% yeast suspension – 5% aqueous solution of sucrose, c) air – 1% yeast  

suspension – 10% aqueous solution of sucrose 
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a)                                        b)                                          c)      

 

Fig. 9. Axial contours of the gas bubbles size at the plane located symmetrically between baffles (45):   
a) air – 1% yeast suspension – 2.5% aqueous solution of sucrose, b) air – 1% yeast suspension – 5%  

aqueous solution of sucrose, c) air – 1% yeast suspension – 10% aqueous solution of sucrose 

Distributions obtained in numerical calculations depend on the level of the agitator speed n, gas flow 
rate Vg and physical properties of the gas – liquid pseudo-phase (especially viscosity), as well as on the 
interaction between those parameters. Certain asymmetry of hydrodynamic distributions is observed in 
Figs. 4 - 9. These results can be explained as follows: the plane of the axial cross-section divides the 
vessel in this way that the position of both opposite curved blades of the impeller in this plane is not 
identical. 
 

                         a)                                         b)                                     c) 

 

Fig. 10. Radial contours of turbulence kinetic energy k a) air – 1% yeast suspension – 2.5% aqueous solution  

of sucrose, b) air – 1% yeast suspension – 5% aqueous solution of sucrose, c) air – 1% yeast  

suspension – 10% aqueous solution of sucrose 

At one axial half cross-section, rotation of the impeller makes the fluid flow round the convex side of 
the blade, whereas the concave side of the opposite blade in this plane is passed by the fluid at the 

0.43 

0.33 

0.26 
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second axial half cross-section. Therefore, the local values of the analysed magnitudes on the right and 
left sides of the impeller shaft in this plane correspond to opposite points of the circulation loop, 
resulting from the convex or concave curvature of impeller blades.  For this reason, certain asymmetry 
of hydrodynamic distributions can be justified. Strictly symmetrical distributions are characteristic only 
for flat blades of the impeller (Rushton turbine), where both opposite blades at the axial plane have an 
identical shape. The contours of the turbulence kinetic energy k and dissipation of turbulence kinetic 
energy ε for three levels of the dimensionless axial coordinate h/H equal to 0.26 (under impeller), 0.33 
(level of the impeller disc) and 0.43 (above impeller) are shown in Figs. 10 - 11. On the basis of the 
performed simulations, an insignificant effect of sucrose concentration in the liquid phase was observed 
only in the values of turbulence kinetic energy k and dissipation of turbulence kinetic energy ε. The 
highest values of both k and  corresponded to the level of the impeller height. In all the analysed cases, 
an asymmetry in the distributions of turbulence kinetic energy k was observed (Fig. 10). 
 

                              a)                                      b)                                     c) 

 

Fig. 11. Radial contours of dissipation of turbulence kinetic energy: a) air – 1% yeast suspension – 2.5% aqueous 

solution of sucrose, b) air – 1% yeast suspension – 5% aqueous solution of sucrose, c) air – 1% yeast  

suspension – 10% aqueous solution of sucrose 

It is probably caused by disadvantageous hydrodynamic interaction between planar baffles and concave 
blades of the turbine impeller. The highest differences between values of the turbulence kinetic energy 
k exist in the region below the impeller in the bioreactor (h/H = 0.26, Fig. 10). The contours of energy 
dissipation ε obtained for both levels of the dimensionless axial coordinate h/H equal to 0.33 (level of 
the impeller disc) and 0.43 (above impeller) are more symmetrical than the contours for level  
h/H = 0.26 (Fig. 11). 

Local values of the analysed parameters were numerically integrated for each plane of the bioreactor. 
Averaged values of the liquid velocity w, size of gas bubbles db, turbulence kinetic energy k and 
dissipation of turbulence kinetic energy  are compared in Table 1 for different physical systems.  
A comparison between the averaged values of gas hold-up , determined numerically and our 

0.43 

0.33 

0.26 
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experimental values (Musiał et al., 2015), is given in Table 2. Relative mean errors collected in Table 2 
show sufficient agreement between both numerical and experimental values of the gas hold-up. 

Table 1. Comparison of the averaged values of liquid velocity w, size db of gas bubbles, turbulence kinetic energy 
k and the dissipation of turbulence kinetic energy  for different physical systems 

 
air – 1% yeast suspension – 

2.5% aqueous solution  
of sucrose 

air – 1% yeast suspension – 
5% aqueous solution  

of sucrose 

air – 1% yeast suspension – 
10% aqueous solution  

of sucrose 

w, m/s 0.629 0.625 0.624 

db, m 1.97510-3 1.94610-3 2.05710-3 

k, m2/s2 6.32110-2 6.30110-2  6.50210-2  

, m2/s3 88.18 88.08 93.14 

Table 2. Comparison of averaged values of gas hold-up  

System num exp , % 

air – 1% yeast suspension – 2.5% aqueous solution of sucrose 0.109 0.080 26.6 

air – 1% yeast suspension – 5% aqueous solution of sucrose 0.101 0.083 17.8 

air – 1% yeast suspension – 10% aqueous solution of sucrose 0.109 0.095 12.8 

4. CONCLUSIONS 

The results of the numerical simulations of hydrodynamics in the agitated vessel equipped with CD 6 
impeller (Smith turbine) show that within the range of computations performed for a three phase  
gas – biophase – liquid system: 

 The local values of liquid velocity decrease with the increase of biophase concentration in the fluid, 

 The distributions of gas hold–up and gas bubble size slightly depend only on the concentration of 
sucrose in the liquid phase. 

SYMBOLS 

a length of the impeller blade, m 
B width of baffle, m 
b width of the impeller blade, m 
D vessel diameter, m 
d impeller diameter, m 
db gas bubble size, m 
dd sparger diameter, m 
do disc diameter, m 
e clearance between gas sparger and vessel bottom, m 
H liquid height in the agitated vessel, m 
h distance of the impeller from the vessel bottom, m 
J number of baffles 
k consistency index 
k turbulence kinetic energy, m2/s2 
m flow index 
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n impeller speed, 1/s 
R radius of the blade curvature, m 
vvm volumetric gas flow rate, (m3/min)/m3 
Vg gas flow rate, m3/s 
w averaged liquid velocity, m/s 
wog superficial gas velocity, m/s 
Z number of impeller blades 
z axial coordinate, m 

Greek symbols 
 dissipation of turbulence kinetic energy, m2/s3 
 gas hold-up 
 dynamic viscosity of the liquid, Pas 
 liquid density, kg/m3 
 interfacial tension, N/m 
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APPLICATION OF NEW CHEMICAL TEST REACTIONS TO STUDY 

MASS TRANSFER FROM SHRINKING DROPLETS AND 

MICROMIXING IN THE ROTOR-STATOR MIXER 

Jerzy Bałdyga, Michał Kotowicz* 

Warsaw University of Technology, Faculty of Chemical and Process Engineering, ul. Waryńskiego 
1, Warsaw, Poland 

A pair of fast competitive reactions, neutralization and 2,2-dimetoxypropane (DMP)  hydrolysis, has 
been applied do study mass transfer and micromixing in a T 50 Ultra-Turrax® - IKA rotor-stator 
device. In experiments the dispersed organic phase containing p-Toluenesulfonic acid (pTsOH) 
dissolved in diisopropyl ether, whereas the continuous phase was represented by the aqueous 
solution of sodium hydroxide, 2,2-dimetoxypropane (DMP) and ethanol. During mixing a fast mass 
transfer of a solute (pTsOH) from organic phase droplets, which were shrinking due to fast 
dissolution of the organic solvent, was followed by micromixing and chemical reactions in the 
continuous phase. Measured hydrolysis yields were applied to express effects of mixing on the 
course of chemical reactions.  Modeling was based on application of models describing drop 
breakup, mass transfer in the liquid-liquid system and micromixing. Combined effects of mass 
transfer and drop breakage on drop population were expressed using the population balance 
equations. The model has been used to interpret experimental results, in particular to identify the 
efficiency of mixing. 

Keywords: efficiency of mixing, mass transfer, micromixing, rotor-stator mixer, test reactions 

1. INTRODUCTION 

Many chemical reactions leading to desirable intermediate and end-products (such as pharmaceutical 
intermediates and other fine chemicals) are accompanied by side reactions producing undesired 
byproducts. The creation of byproducts decreases the yield of desired reactions and requires costly 
product separation. Even when the desired reaction is very fast compared to undesired ones, its rate can 
be controlled by mass transfer and micro-mixing, and the final yield and selectivity can result then from 
competition between the desired, mass transfer and micro-mixing controlled chemical reaction and 
other, slower reactions. Hence, to control product distribution of complex chemical reactions one needs 
not only to have detailed information on their kinetics and thermodynamics but also understand and 
interpret the effects of flow, mass transfer and following it micro-mixing on their course. 

Test chemical reactions are commonly used as molecular probes to investigate mixing processes in both 
homogeneous and heterogeneous liquid-liquid systems. To employ the set of chemical reactions as test 
reactions one needs to know reaction schemes, reaction kinetics (at least one reaction must be faster 
than the mixing rate) and analytic methods to determine product distribution. Reagents and products 
should be stable and not toxic. Many different systems were proposed either to study micromixing in 
single-phase systems (Bałdyga and Bourne, 1990; Bałdyga and Bourne, 1999; Bałdyga et al., 1998; 
Fournier et al., 1996) or to study mass transfer in two-phase liquid-liquid systems (Jasińska et al., 
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2013b;  Jasińska et al., 2016). By choosing a proper one and treating product distribution as the 
segregation index, one can compare mixing intensity in different systems. One can identify as well the 
time constant for mixing and mass transfer. Moreover, it is possible to relate the product distribution to 
such a parameter as the rate of energy dissipation, and obtain as well relations necessary to identify the 
minimum rate of energy dissipation required for measured product distribution and related mixing 
efficiency. It has been  shown (Jasińska et al., 2013a) that mixing efficiency of rotor-stator mixers for 
homogeneous systems decreases with increasing rotational speed due to shrinking of reaction zone to 
the feed inlet and increasing effects of inertial-convective mixing. One can as well compare energetic 
efficiencies of mass transfer in rotor-stator mixers differing in geometry (Jasińska et al., 2013b). 
Having experimental data one can validate the phenomenological micromixing and mass transfer 
models including modeling employing CFD. Validated models can be used to optimize system 
geometry and process parameters (such as feeding rate and power input). Modeling can be used to 
increase desired product yield and decrease operational costs. Comprehensive reviews on the 
application of chemical test reactions to study micromixing and mass transfer in single-phase and two-
phase systems can be found in the papers by (Bourne, 2003) and (Jasińska, 2015).  In the case of two-
phase test systems, different reacting species were dissolved both in the continuous phase and a solvent 
forming the dispersed phase. The solvent was not soluble in the continuous phase, so the volume 
fraction of the dispersed phase was constant during the process. However, there are industrial 
applications where the dispersed phase shrinks during the process.  In next section of this paper a new 
system of test reactions for mixing in liquid-liquid systems is proposed. Contrary to other studies on 
two-phase systems, the proposed system features fast dissolution of the dispersed phase in the reaction 
environment. 

2. MATERIALS AND METHODS 

In this work we consider the case of fast mass transfer of solute from droplets that are shrinking due to 
fast dissolution of the organic phase, dispersed in the continuous aqueous phase. The dispersed organic 
phase consisted of a solvent (mixture of diisopropyl ether and ethanol) and p-toluenesulfonic acid 
(pTsOH) being an acidic reactant in the system of test reactions. The continuous phase was represented 
by the aqueous solution of sodium hydroxide (alkaline reactant), 2,2-dimetoxypropane (DMP) and 
ethanol. 

 NaOH + pTsOH → H2O + pTsONa (1) 

 H3CCሺOCH3ሻ2CH3 + H2O  
H+

ሱሮ  ሺCH3ሻ2CO + 2CH3OH (2) 

The first reaction can be treated as instantaneous, the second reaction is catalyzed by hydrogen ions Hା 
and can be treated as fast. Equations (1) and (2) represent modification of the set of test reactions 
proposed earlier (Bałdyga et al., 1998) for homogeneous systems. In the present case ethanol was used 
to increase solubility of pTsOH in the ether and its volume fraction in the organic phase was equal to 
0.25. The continuous, aqueous phase contained 2,2-dimethoxypropane (DMP), NaOH and ethanol. 
Ethanol was used as well as an internal standard for chromatographic analysis (GC). The volume 
fraction of organic phase was 0.014 and the molar ratios of base, acid and DMP were respectively 
1.05:1.0:1.05. The excess of base was required to maintain stability of DMP before determining the 
concentrations after performing reactions. In Table 1, initial concentrations of applied species are 
presented. 

Experiments were carried out in the semibatch manner in a T 50 Ultra-Turrax® - IKA rotor-stator 
mixer placed in a rig shown in Figure 1. The rig was placed under fume hood. The diameters of the 
stator and the rotor were equal to 45 mm and 36 mm respectively; the gap size was equal to 0.5 mm. 
The rotor-stator mixers are characterized by high energetic efficiency of dispersion processes due to 
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focused delivery of energy to the active high-shear regions that occupy a very small fraction of internal 
mixer space (Jasińska et al., 2013b; Jasińska et al., 2016). Due to pumping capabilities of the rotor-
stator mixer, no additional pump was required in the experimental setup. The initial temperature for 
each experiment was 25oC and the increase of temperature during 2 minute experiment was less than 5 
degrees for maximum rotational velocity. The inlet of organic phase was situated before the main inlet 
to the rotor stator vessel. After an addition of organic phase, the mixer was working for 20 seconds at a 
chosen rotational speed and during that time the inlet of organic phase was flushed with the reaction 
mixture. Then samples for chromatographic analysis were collected at the slowest rotational speed to 
prevent further heating of the mixture. Three or four samples were collected at 10 second intervals to 
check the mixture uniformity and put into cool (5oC) store. Uniformity was achieved for all samples; 
the difference in ether concentration in different samples was lower than 5% and increased with the 
time after which the given sample was collected. Samples were analysed on a HP 6890 gas 
chromatograph with a 30m column model RTX 1701. The chromatograph was set with the initial oven 
temperature of 40oC, whereas the speed of temperature growth was 7oC/min and time of analysis was 
equal to 10.5 min. Injection volume was 0.5 µL and samples during collection were diluted 10 times so 
the salt concentration was less than 0.4 mmol/dm3. The generation of methanol was quantified and 
experiments were considered as valid only when proper molar balances for DMP and its products were 
obtained. In Table 2 below, results for cases 1 and 2 (Table 1) are shown. 

Table 1. Composition of reaction mixtures and initial concentrations. Two variants of composition were 
investigated, Case 1 and Case 2 

Phase Substance 
Case 1 Case 2 

c1, mol/m3 c2, mol/m3 

continuous 

ethanol 39.5 39.5 

NaOH 4 3.5 

DMP 4 3.5 

dispersed 
pTsOH 268 234 

ethanol 4120 4120 

 

 

 

Fig. 1. Experimental setup: (a) experimental rig, (b) rotor and stator 

 

b) a) 



J. Bałdyga, M. Kotowicz, Chem. Process Eng., 2017, 38 (3), 477-489 

480  cpe.czasopisma.pan.pl;  degruyter.com/view/j/cpe 
 

Table 2. Conversion of DMP as a function of rotational speed. The first index denotes the case variant (1 or 2), 
the second shows values before and after the reaction. For the first case, the estimated error for the 
value of pH before and after reaction is 0.07 and 0.45, for second corresponding values are 0.11 and 
0.25. The value of Δnerr is deviation from theoretical ratio of change of moles of methanol to DMP, 
which equals 2 

N 
[1/min] 

Q 
[ml/s] 

tin 
[s] 

εN,Q 
[m2/s3] 

pH1,0 pH1,1
ΔnDMP,1 

[%] 
Δnerr 
[%] 

pH2,0 pH2,1 
ΔnDMP,2 

[%] 
Δnerr 
[%] 

4000 41 4.4 579 10.97 8.68 -41.9 -7.5 10.98 8.33 -42.44 -2.0 

5200 65 3.4 1417 10.97 8.86 -41.02 -1.3 10.99 8.47 -41.68 -1.5 

6400 94 2.6 2907 10.95 8.52 -40.83 -2.0 11.0 8.43 -40.26 -3.0 

7600 108 2.1 4772 10.98 8.75 -36.63 -4.5 11.0 8.28 -35.38 +4.0

8800 119 1.9 7191 11.02 8.73 -34.48 -0.5 10.9 8.47 -33.58 -0.5 

10000 132 1.7 10404 11.0 8.37 -29.15 -5.0 10.93 8.49 -20.53 +2.0

The feeding time of organic phase tin was roughly proportional to volumetric flow rate of the main 
stream Q and is shown in Table 2 below. The rate of energy dissipation was calculated according to  
Eq. (3). This equation is based on the two-term expression for the power number as suggested by 
(Bałdyga et al. 2007). It includes the effects of the rotor speed and the pumping rate, with constants  
Poz and K equal to 0.147 and 14.49, respectively (Cheng et al., 2013). The constants are characteristic to 
dual ultrafine teethed rotor stator mixers. 

 









 22

531
DKN
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DNP

M

P oz
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 (3) 

To model the interphase mass transfer from shrinking droplet, two interface concentrations are assumed 
to be in equilibrium. It is further assumed that the composition of the acid dissolved in the organic 
phase is constant, at least in large droplets, due to fast droplets shrinking that is faster than molecular 
diffusion. It is also assumed that the partition coefficient for the system aqueous solution - diisopropyl 
ether does not depend on concentration, so there exists linear equilibrium relationship between 
compositions of the solvent within the droplet and at interface, which is represented by constant κ, 

i orgc  . The rate of dissolution of a spherical droplet of diameter d  is thus given by (Eq. 4): 

 
    22 dkd'c'ck

dt

Vd
orgLsiL

orgd 


  (4) 

To determine the value of the partition coefficient, solutions of diisopropyl ether, pTsOH and ethanol 
were prepared with varying concentrations of acid (216 - 267 mol/m3) and volume fraction of ethanol 
equal to 0.25. Then portions of the organic phase were added drop by drop with a burette to the 
aqueous solution. The visible two phase system was homogenized with shaking of the flask. The 
measurement was terminated when no more organic phase could be dissolved in the aqueous phase. 
Considering that water solubility in ether is negligible, the volume fraction of the organic phase in 
water was calculated and the constant κ was determined. No significant effect of the concentration of 
acid in the organic phase on the equilibrium constant was observed and the obtained value of κ was 
equal to 0.017 ± 0.001. Experiments were performed in the temperature of 25 oC, both for distilled 
water and solution of reactants as in the test reaction system. No influence of the composition of 
continuous phase on the partition coefficient was observed. 
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2. PROPOSED MODEL 

To interpret experimental data, a method combining the model of mass transfer with the micromixing 
engulfment model is proposed. Firstly, Lagrangian model which governs evolution of single droplet is 
derived. The dispersed phase is denoted by index d and the continuous phase by index c. Ds,c denotes 
the coefficient of molecular diffusion of the solvent in the continuous phase. Assuming constant density 
of droplets, the rate of change of its volume is given by Eq. (4). The mass transfer coefficient was 
calculated according to the model proposed by (Polyanin, 1984): 

 50
50

16200 .
M

.

c

d

p

c,s
L Pe.

d

D
k
















 (5) 

where 
502 .

c,s

p
M D
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Each portion of a droplet containing pTsOH (A) that dissolves in the continuous phase starts to engulf  
NaOH (B) and DMP (D) rich solution. The growth of A-rich reaction zone for fluid element denoted by 
i is given by the relation resulting from the self-engulfment model of micromixing (Bałdyga and 
Bourne, 1989): 
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where	ݔ is the volume fraction of A-rich fluid in the engulfed volume,	߶ is the volume fraction of the 
organic phase represented by traced droplet at initial state. As the reaction of neutralization is 
instantaneous, it is controlled by micromixing and the mass balance of acid in the engulfed volume is 
given by (Eq. 8): 

 
      BAAAAA

AA cxEVcxEV
dt

cVd
 11  (8) 

 
     ADADDAA

DA cckVccxEV
dt

cVd
21   (9) 

 
    ADATAA

TA cckVcxEV
dt

cVd
21   (10) 

 
      BAARAA

RA cxEVcxEV
dt

cVd
 11  (11) 

The next three equations (Eqs. 9, 10, 11) represent the balance of DMP, acetone and salt in the engulfed 
volume. Initial droplet diameter for just dispersed droplets can be calculated from Eq. 12 proposed by 
(Kolmogorov, 1949): 
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  (12) 
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Earlier experiments employing test reactions to study micromixing in rotor stator devices indicated that 
efficiency of mixing decreases with increasing rotor speed (Jasińska et al., 2013a; Jasińska et al., 
2013b) to some asymptotic value. Mixing efficiency was originally defined by (Ottino and Macosko, 
1980) to estimate energetic effectiveness of the process of mixing between elongated slabs in laminar 
flow or in the viscous-convective and viscous-diffusive subranges of turbulence. It characterises the 
ratio of energy really applied to increase the intermaterial area to the whole energy dissipated during 
the flow. This definition determines the form of the expression for mixing efficiency.  (Jasińska et al., 
2013a) extended this definition to account for mixing on the molecular scale. They introduce the ideal, 
reference process of mixing that was described with the reference model, the engulfment model of 
micromixing. Prediction of the E-model can be used as a calibration curve, which based on 
experimentally determined XS values gives the smallest, “theoretical” values of the rate of energy 
dissipation necessary to obtain experimental XS, that can be later compared with the energy really used 
in experiments. Determination of mixing efficiency enables to correct the mixing (E = 0.058ሺε/νሻ0.5) 
and mass transfer (Eq. 5) parameters. 

The influence of efficiency factors on the predicted reaction yield Xs,eff: XS = (ND0 – ND)/ND0, is 
fundamental. If they were neglected then conversion would be strongly underestimated and the model 
would yield conversion of dimetoxypropane, expressed by the product distribution XS, of less than 1% 
in the considered energy dissipation range. The model predictions and the experimental data are 
presented in Fig. 2. 
 

Fig. 2. Predicted Xs,eff  and observed Xs,exp values of the 

product distribution vs. rate of energy dissipation  

Fig. 3. Mixing efficiency as a function of the rate of 

energy dissipation  

In Fig. 3 the efficiency of mixing is plotted. Figures 2 and 3 show that within the range of energy 
dissipation between 500–3000 m2/s3, the decomposition yield decreases only slightly, whereas the 
energetic efficiency of mixing decreases significantly. On the other hand it is interesting that efficiency 
starts to increase when the rotational speed higher than 6400 rpm is applied. In this range sensitivity of 
the product distribution to the rotor rotation speed increases. From the viewpoint of energetic efficiency 
and primary product yield it can be beneficial to carry out a reaction in the rotor stator mixer at full 
rotor speed. 

The Hatta number for the slower reaction, (Eq. 2), is in the range between 0.092 – 0.009 in the 
considered range of energy dissipation, which indicates that the reaction is running in the regime of 
slow reaction from viewpoint of diffusional mass transfer. The Damkőhler number based on the 
engulfment time constant (Eq. 13), takes values from the range of 0.123 – 12.288. Characteristic times 
of micromixing (Eq. 13) (Bałdyga and Bourne, 1999), mass transfer (Eq. 14) and internal mass transfer 
of acid (Eqs. 15 and 16) indicate that a reaction is controlled by mass transfer of the solvent that 
determines the rate of drop shrinking. This mechanism persists up to the energy of dissipation of  
3000 m2s-3, where the orders of magnitude of micromixing and solvent mass transfer time scales 
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become equal (Fig. 4). Note that DA,d denotes the coefficient of molecular diffusion of pTsOH in the 
dispersed phase. 

 
50

12
.

E 







  (13) 

 
L

D k

d

6
  (14) 

 
in,L

in,D k

d

6
  (15) 

 
d

DSh
k d,A

in,L  , 2

3

2Sh  (16) 

 

Fig. 4. Time scales for the investigated system as a function of the rate of energy dissipation. The mean residence 

time for N = 10000 rpm is 96 ms and for N = 4000 rpm is 310 ms. Time scale for slower reaction is 400 ms 

As experiments have shown, the organic phase disappears after the first pass through the mixer. The 
residence time in the mixing vessel is less than second for all experiments. The model will only predict 
droplet dissolution correctly if the size of considered droplets will be of the order of micrometers. As 
shown in the caption of Fig. 5, the multifractal model of drop breakage (Bałdyga and Podgórska, 1998) 
is applied, as given by Eq. 17, which includes intermittency of turbulence and predicts smaller droplets 
than Kolmogorov theory of drop breakage (Eq. 12). In fact, Eq. 12 predicts the most probable, not the 
maximum stable drop size. To calculate the total duration time of the breakage event sequence, a series 
of droplet breakage events into daughter droplets of equal volume was considered. The initial drop size 
was assumed to be slightly below the size of the integral length scale for the mixer and the final drop 
size was defined by the size predicted by multifractal model of turbulence as applied to droplet 
breakage (Bałdyga and Podgórska, 1998). The equation for maximum stable drop size takes the form: 
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The duration of droplet breakage sequence was estimated using the inverse of the breakage frequency 
for the multifractal model (Eq. 18). Constants required to calculate the upper bound of multifractal 
exponent and breakage frequency were equal to Cx = 0.23, Cg = 0.0035. The integral length scale was 
taken as 0.4 mm based on results of (Jasińska et. al, 2014). 
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The time of droplet breakage c = b (Fig. 5), calculated using the multifractal model of turbulence, is 
small or comparable to time scales of other phenomena depending on final droplet diameter and shows 
that residence time of few microseconds in high shear stress region suffices to develop high specific 
surface for the studied liquid-liquid system. The rates of final breakage events leading to the considered 
drop size, control in fact the overall breakage time (Fig. 5). As breakage takes place in the high shear 
region of the mixer, following it shrinking of droplets and micromixing are present in the zone of a 
smaller rate of energy dissipation behind the screen. This explains why efficiency of micromixing is so 
small as shown in Fig. 3. 

 

Fig. 5. Time of breakage sequence, c = b for a droplet of the initial size equal to 0.39 mm for 3 values of  

the rate of energy dissipation. Maximum stable droplet sizes  d are 8.4, 3.5, 1 μm respectively. This can be 

compared to droplet size calculated with Kolmogorov theory: 33, 19, 8.2 μm 

Having analysed time scales of phenomena identified in the performed experiment, an attempt to 
simulate evolution of dispersed phase with the population balance model was undertaken. The main 
reason was to check assumptions on the controlling mechanism for pTsOH transfer to continuous phase 
at this stage of the process when the droplets are small. Firstly one dimensional model (Eq. 19) 
including dissolution (Eq. 4) and breakage process kinetics (inverse of Eq. 18) was solved with the 
direct numerical method. Gauss-Lobatto-Legendre collocation points were used as a type of numerical 
grid. Advection terms were discretized with differential quadrature rule (Bellman et. al., 1972) derived 
for 50 GLL points. Integral terms were calculated with Gaussian quadrature rule. Neumann boundary 
conditions were applied to both ends of the domain (equal to flux at left boundary and zero at right 
boundary). To cover a broad range of droplet diameters, logarithmic mapping was used for size 
coordinate. Such nonlinear mapping introduces an error into the numerical method but after analyzing 
results for the considered cases, the (overestimating) error in conservation of volume of tracked 
dispersed phase was not higher than 5% of the initial volume. Forward Euler numerical scheme was 
employed for time discretization and U-shaped parabolic distribution was used as daughter distribution 
function (Bałdyga and Podgórska, 1998). The evolution of density and moments for various values of 
the energy dissipation rate can be seen below in Fig. 6. As the solution method calculates density 
function directly, corresponding moments were calculated from their definitions. 
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Fig. 6. Prediction of evolution of population of droplets. As initial 1D distribution, the lognormal distribution  

was assumed with mean 700, 250, 80, 60, 60 µm for subsequent increasing values of rate of energy  

dissipation and standard deviation equal to 5 µm for each case. (a) number density function n(d) for  

the rate of energy dissipation of 50 m2/s3, (b) number concentration of droplets N, (c) mean  

Sauter diameter d32 and (d) volume fraction of dispersed phase, xv 

The predictions from simulations are consistent with time scale analysis. During the initial period of the 
experiment the breakage process dominates, the number of droplets increases rapidly and the amount of 
dissolved organic phase is negligible. Then drop dissolution process is mostly present and depending 
on energy dissipation rate it can take from 0.1 to 10 seconds. Figure 6a, where the number density 
function n(d) is presented, shows that bimodal distribution is formed. This is direct consequence of 
using the U-shaped daughter distribution function. 

To check how the composition of droplets changes during the process, the population balance model 
was extended by introducing acid concentration as the second state space coordinate. Because the 
solubility of p-toluenesulfonic acid in the organic phase is much lower that in water it can be assumed 
that except shrinking, only internal mass trasfer will be meaningfull for overall transfer of acid into the 
aqueous solution. Using the correlation for Sherwood number presented above (Eq. 16) the expression 
for acid trasfer is given by (Eq. 20): 
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The two dimensional population balance (Eq. 21), was solved with a similar method as applied for 1D 
case and following results were obtained (Figs. 7 and 8). For an additional dimension, Neuman 
boundary conditions were applied in an analogous manner as for 1D problem. 
 

                

Fig. 7. Results of simulation of 2D population: (a) evolution of the mean Sauter diameter d32 and (b) mean 

concentration of a solute A in population of droplets m31/m3. Duration of simulation was 50ms 

For the energy dissipation rate equal to 2 m2/s3 the starting drop diameter is nearly equal to that 
predicted by the breakage model and no further breakage is observed (Fig. 7a). For higher values of the 
rate of energy dissipation the maximum stable drop size is observed after about 100 µs and this time 
decreases with increasing the rate of energy dissipation. Figure 7b shows some decrease in time of the 
average solute concentration. Figure 8 explains this effect; it illustrates the evolution in time of the 2D 
distribution. Clearly, initially there is just a drift of the distribution in the direction of smaller droplets 
due to breakage without observable effects of pTsOH diffusion. When much smaller droplets are 
created due to shrinking and breakage, the effects of molecular diffusion become significant. This 
means that at final stages of droplet life, the assumption that the controlling mechanism for pTsOH 
transfer to the continuous phase is droplet shrinking, is not fulfilled and both mechanisms of drop 
shrinking and molecular diffusion are influential. 

 

Fig. 8. Evolution of two dimensional volume density function nv(V, cA) [1/mol] during simulation for rate of 

energy dissipation equal to 10 m2/s3. The following pictures present results at the initial moment, after 2ms and 

50ms of simulation. Note that the middle and right figures have the same scale. As in 1D case, 2D lognormal 

distribution with means equal to 300µm, 265 mol/m3 m and standard deviations for size and concentration equal 

to 5µm, 1 mol/m3 respectively was used to describe population at the initial period of the process 

4. CONCLUSIONS 

A new set of competitive test reactions to be applied in a liquid-liquid system was proposed. Simplicity 
of the reaction scheme as well as a simple and direct method of determination of product distribution 
makes this new set of test reactions a decent tool for investigation of product yields in mixers of any 

a) b) 
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type and for any mode of operation. It was proved that this system is suitable for investigating mixing 
processes in rotor stator devices. The conclusions presented  by earlier investigators (Jasińska et al., 
2013a; Jasińska et al., 2013b), that mixing efficiency in rotor stator devices for both homogeneous and 
heterogeneous systems decreases with increasing the rotational rotor speed, were confirmed and mixing 
efficiency factors were obtained based on experimental data. It has been shown that the engulfment 
model of micromixing, commonly used to describe homogeneous systems, can be combined with the 
mass transfer model for liquid-liquid systems and applied to model the evolution of mass transfer in a 
system with droplet shrinking  in the continuous phase. 

It should be pointed out that the identified values of the efficiency of mixing (mass transfer and 
micromixing) depend on the applied reference models, i.e. the engulfment model of micromixing, the 
mass transfer model by (Polyanin, 1984) and the model for the maximum stable drop size by 
(Kolmogorov, 1949).   These models were chosen because they were verified experimentally by many 
researchers and can be treated as reliable, at least regarding their form.  Although the application of 
other models is possible, one should always inform which model was used. 

Finally, 1D and 2D population balance models were used to simulate the evolution of dispersed phase. 
Results showed that the assumption about constant acid concentration during droplet dissolution can be 
too coarse approximation for very small droplets and future work should address that issue. 

The authors acknowledge the financial support from Polish National Science Centre (Grant agreement 
number: DEC-2013/11/B/ST8/00258). 

SYMBOLS 

b daughter distribution function 
c concentration, mol/m3 
c’ concentration, kg/m3 
c’i interfacial concentration, kg/m3 
〈c〉 mean concentration, mol/m3 
Cx proportionality constant for expression for maximum stable drop size 
Cg proportionality constant for multifractal model 
CR rate of change of acid concentration, mol/(m3

·
 s) 

d, dp droplet diameter, m 
D rotor diameter, m 
DS,C diffusion coefficient of solvent in continuous phase, m2/s 
DA,d diffusion coefficient of pTsOH in dispersed phase, m2/s 
eff mixing efficiency factor 
E engulfment parameter, 1/s 
f(α) multifractal spectrum, according to (Bałdyga and Podgórska, 1998) 
g breakage frequency, 1/s 
k2 kinetic constant of slower reaction, m3/(mol·s) 
kL external mass transfer coefficient, m/s 
kL,in internal mass transfer coefficient, m/s 
K constant related to flow term in power expression 
L integral length scale of turbulence, m 
m moment calculated from number density function 
ሶܯ  mass flow rate, kg/s 
n(d) 1D number density function, 1/(μm·m3) 
nv(V,cA) 2D volume density function, 1/mol 
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N rotational rotor speed, s-1 
P power input, W 
Poz power number at zero flow rate 
tin feeding time, s 
Q flow rate, m3/s 
VA total volume of organic phase, m3 
VB total volume of continuous phase, m3 
Vd droplet volume, m3 
Xs,eff predicted reaction yield 
Xs,exp experimental reaction yield 
xA volume fraction of A-rich fluid in micromixing model 
α multifractal exponent 
 energy dissipation rate, m2/s3 
N,Q overall energy dissipation rate in rotor-stator device, m2/s3 
κ solubility constant of diisopropyl ether in water,  partition coefficient 
μc dynamic viscosity of continuous phase, kg/(m·s) 
μd dynamic viscosity of dispersed phase, kg/(m·s) 
ν kinematic viscosity of continuous phase, m2/s 
c density of continuous phase, kg/m3 
org density of organic phase, kg/m3 
 interfacial tension, N/m 
 mean residence time in rotor stator, s 
b time scale of drop breakage, s 
c time necessary to break a droplet to its final size, ms 
E micromixing time scale, s 
D mass transfer time scale, s 
D,in internal mass transfer time scale, s 
 volume fraction of organic phase represented by single droplet 

Subscripts 
A pTsOH 
B NaOH 
D DMP 
R salt 
s solvent 
T acetone 
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OPTIMIZATION OF GEOMETRIC PARAMETERS  
OF A RIBBON IMPELLER 
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Łódź University of Technology, Faculty of Process and Environmental Engineering, ul. Wólczańska 
213, 90-924 Łódź, Poland 

Geometric parameters of a ribbon impeller were optimized on the basis of numerical calculations 
obtained from the solution of our own 3D/2D hybrid model. The optimization was made taking into 
account mixing power and homogenization time for ribbon impellers with a different number of 
ribbons and width operating in a laminar motion for Newtonian fluid. Due to minimum mixing 
energy required to stir a unit volume of liquid the most efficient impeller appeared to be that with 
one ribbon of width equal to 0.1 to 0.15 of the mixing vessel diameter. Impellers with more than one 
ribbon needed much higher mixing power but did not increase significantly secondary circulation in 
the vessel. These impellers increased first of all primary circulation, i.e. they increased only circular 
motion of liquid in the vessel. 

Keywords: mixing, laminar motion, ribbon impellers, optimization 

1. INTRODUCTION 

Mixing in the liquid phase is very often used in various technological processes, and in many cases 
efficiency of the whole process depends on mixing intensity. This refers, for example, to fast chemical 
reactions controlled in the reactor by the rate of mixing in a micro scale. A similar problem arises in the 
mixing of highly viscous liquids, e.g. during polymerization. In general, for mixing highly viscous 
liquids: anchor, ribbon or screw impellers are used. The first of these works well in the case when there 
is a need of a jacketed heat exchange on the mixing reactor wall. The paddle of an anchor operating 
near the tank wall disrupts thermal boundary layer thus increasing the intensity of heat exchange on its 
wall. However, this type of impeller produces a very weak radial-axial circulation which usually results 
in poor mixing of the liquid in the whole volume of the vessel. Ribbon impellers do not have this 
disadvantage. Structurally they are more difficult to manufacture but due to relative inclination of the 
rotating ribbon the impeller pumps liquid up or down thereby increasing significantly the radial-axial 
circulation and as a result decreasing the mixing time. Therefore, this type of impellers is widely 
applied when you need to mix highly viscous liquids (Delaplace et. al., 2000; Dalaplace et. al., 2006; 
Kuncewicz, 2012; Robinson and Cleary, 2012). 

Due to the extensive use of ribbon impellers in industrial practice they have been the subject of 
frequent research. Curran (Curran et. al., 2000) studied experimentally the hydrodynamics and 
circulation time in a reactor with a simple and double helical ribbon impeller in case of yield stress 
fluids. They revealed the independency of the dimensionless circulation time of the fluid rheology and 
pumping direction in case of the double helical ribbon. In contrast, the simple ribbon presented high 
values of dimensionless circulation time for the highest viscosity fluid. Robinson and Cleary (Robinson 
and Cleary, 2012) have studied the mixing flow within three variants of the helical ribbon impellers,  
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a single helical ribbon impeller, a double helical ribbon and a single helical ribbon combined with a 
central screw. They proved that the mixing rate is better while adding an extra ribbon compared to the 
single ribbon results, while, the addition of a central screw leads to a creation of a low mixing zone 
surrounding the screw. However, this work did not specify the mixing efficiency for this type of stirrer. 

Many similar papers have been written since and they concern the hydrodynamics of the mixer or 
mixing times or both parameters simultaneously. However, they do not include studies on the 
circulation times inside the mixer and the relationship between mixing time and circulation time. The 
presented work complements this gap. 

Over the last two decades there has been a growing number of works based on numerical calculations 
using CFD techniques (Ameur et.al., 2015; Ameur, 2017; Anne-Archard et. al., 2006) or experimental 
work using modern measurement techniques (Takahashi et al., 2015; Wang et al., 2012). 

Another area of interest of ribbon impellers is the food industry. Especially when you should reach 
concentration of solid phase of more than 50% (Hou, 2016; Zhang, 2014). A high value of secondary 
circulation in the r-z plane in the mixer even at low rotational speeds of the stirrer effectively mixes the 
two phases without destroying the solid. So, the helical ribbon impeller was successfully introduced 
into pretreatment reactors for the purpose of intensified mixing of corn stover with liquid dilute acid 
solution and hot steam (He et.al., 2014a; He et.al., 2014b) or into bioreactors for enzymatic hydrolysis 
and fermentation (Liu et al., 2012; Zhang et al., 2010; Zhao et al., 2013). The results showed that the 
bioconversion yield and pretreatment efficiency was significantly improved. Wu (2012) made  
a comparison of six types of impellers for mixing high-solids anaerobic digestion systems and found 
the helical ribbon impeller was the most effective solution. 

From the viewpoint of obtaining a homogeneous mixture in the entire volume of the vessel, we often 
employ two basic concepts: the homogenization time m and circulation time c. Both concepts refer to 
mixing in the entire tank volume and despite not very precise definition they have been used for a long 
time. By definition (Stręk, 1981) the time of homogenization m (or mixing time) is the time needed by 
the system to reach high enough homogeneity required by process conditions. The time of circulation c 
is the average time which every element of the liquid requires for making one full circulation loop in 
the radial-axial plane in the vessel. As has been mentioned, both definitions are unclear. Hence, results 
obtained by different authors who additionally use different measuring techniques can differ 
appreciably. The values of τm and τc are directly related to secondary circulation in the tank, i.e. to the 
volumetric flow rate of liquid Vs [m3/s] in the r-z plane. The higher the value of Vs, the shorter the time 
of homogenization τm. To practically determine the time of homogenization various measuring 
techniques are used (see legend to Table 1). 

Table 1 shows experimental data available in the literature regarding the time of homogenization τm, 
circulation τc and power of mixing in the form of product PoRe = A. The values of τm and τc are given 
in the form of dimensionless products Nτm and Nτc. Table 1 gives also geometry of the ribbon impeller-
vessel system and measuring method which was used to determine the time of homogenization. 

Data in Table 1 refer only to ribbon impellers because according to many authors (Bakker and Gates, 
1995; Coyle et al., 1970; Rieger et al., 1986; Shiue and Wong, 1984) this type of impeller is most 
suitable for mixing liquids with high viscosity. 

It can be easily seen from Table 1 that mixing times are always several times greater than the 
circulation times (Carreau et al., 1976; Guerin et al., 1984; Takahashi et al., 1989; Takahashi et al., 
1994). Therefore, an attempt can be made to find a relationship between the values of m and c for the 
same type of impeller irrespective of its geometric parameters. In other words, it is possible to 
determine the number of full circulation loops which should be made by every element of liquid in the 
vessel to make the liquid obtain an appropriate degree of homogeneity. Figure 1 shows selected data 
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from Table 1 concerning the values of m and c for ribbon impellers with different geometric 
parameters. 

Table 1. The time of homogenization and circulation for ribbon impellers available in the literature 

Authors d(m) D/d w/d p/d H/d NR A Nm Nc 

Carreau et al. (1976) 
0.130 
0.130 
0.130 

1.110 
1.110 
1.110 

0.097 
0.097 
0.195 

0.719 
1.048 
0.707 

1.11 
1.11 
1.11 

2 
2 
2 

355.0 
234.0 
314.0 

451) 
511) 
251) 

13.2a) 
13.1a) 
7.1a) 

Ulbrecht and Carreau (1985) 
0.105 
0.130 
0222 

1.370 
1.110 
1.110 

0.121 
0.097 
0.099 

0.848 
0.695 
0.690 

1.37 
1.11 
1.12 

2 
1 
2 

199.0 
160.0 

- 

551) 
61.01) 

- 

15a) 
21.8a) 

- 

Coyle et al. (1970) 0.432 1.059 0.083 0.500 1.06 1 - 63.0a) 20.0a) 

Gelus (1979) 
- 
- 

1.111 
1.111 

0.111 
0.111 

1.000 
1.000 

1.00 
1.00 

2 
2 

265 
265 

1008) 

1301a) 
9.5b)

12a) 

Guerin et al. (1984) 

0.130 
0.130 
0.130 
0.130 
0.220 

1.108 
1.108 
1.108 
1.108 
1.127 

0.100 
0.100 
0.200 
0.100 
0.100 

0.720 
1.050 
0.710 
0.700 
0.700 

1.11 
1.11 
1.11 
1.11 
1.11 

2 
2 
2 
1 
2 

 
- 
- 
- 
- 

45.01) 
49.01) 
22.01) 
53.01) 
45.01) 

12.9a) 
12.3a) 
11.0a) 
17.7a) 
17.3a) 

Nagata et al. (1956) 

0.094 
0.094 
0.191 
0.285 

1.064 
1.064 
1.053 
1.053 

0.117 
0.117 
0.105 
0.105 

0.745 
1.112 
1.000 
1.000 

1.06 
1.06 
1.05 
1.01 

1 
1 
2 
2 

250.0 
192.0 
330.0 
302.0 

33.01) 
33.01) 
33.01) 
33.01) 

11.0a) 
11.7a) 

- 
12.7a) 

Soliman (1985) 0.602 1.053 0.100 1.000 1.01 2 315 49.01) 12.8c) 

Takahashi et al. (1982, 1988) 

0.096 
0.088 
0.082 
0.096 
0.089 
0.083 
0.090 
0.090 
0.089 
0.088 
0.090 
0.090 
0.090 
0.091 

1.040 
1.138 
1.222 
1.040 
1.126 
1.209 
1.110 
1.115 
1.126 
1.136 
1.115 
1.114 
1.109 
1.098 

0.104 
0.114 
0.122 
0104 
0.113 
0.121 
0.111 
0.111 
0.113 
0.114 
0.084 
0.140 
0.169 
0.220 

0.937 
1.025 
1.101 
0.937 
1.015 
1.089 
0.665 
0.502 
1.351 
2.045 
1.004 
1.003 
0.999 
0.989 

1.04 
1.14 
1.22 
1.04 
1.13 
1.21 
1.11 
1.11 
1.13 
1.14 
1.11 
1.11 
1.11 
1.10 

1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

- 
- 
 
- 
- 
- 
- 
- 
 
- 
- 
 
- 
- 

6) 
6) 

6) 

239.06) 
53.86} 
6) 

56.46) 
68.56) 
2456) 
6) 

106.06) 
42.36) 
33.06) 
56.26) 

- 
- 
 

8.2a) 
10.0a) 
11.3a) 
14.7a) 
15.4a) 
9.9a) 
9.6a) 

10.5a) 
7.2a) 
5.8a) 
7.6a) 

Takahashi et al., (1988, 1989) 

0.122 
0.112 
0.103 
0.113 
0.115 
0.117 
0.116 

1.049 
1.143 
1.243 
1.133 
1.113 
1.094 
1.103 

0.106 
0.117 
0.127 
0.116 
0.114 
0.167 
0.224 

0.959 
1.104 
1.188 
0.728 
0.503 
1.020 
1.009 

1.05 
1.14 
1.24 
1.13 
1.11 
1.09 
1.10 

2 
2 
2 
2 
2 
2 
2 

351.1 
290.6 
275.3 
356.6 
425.1 
339.4 
372.4 

239.06) 
53.86) 
6) 

56.46) 
68.56) 
33.06) 
56.26) 

8.7a) 
9.2a) 

12.0a) 
12.0a) 
18.2a) 
9.5a) 
8.8a) 

Takahashi et al. (1994) 0.117 1.094 1.167 1.020 1.09 2 339.4 38.41) 8.4a) 

Measuring method of homogenization time - 1) colorimetric method combined with visual observation,  

2) colorimetric method combined with photoelectric measurements, 3) colorimetric method with video 

recording, 4) addition of a colored tracer with visual observation, 5) chemical method, 6) method with the use 

of liquid crystals (dependence of the color of liquid crystals on temperature), 7) method with the use of 

fluorescence tracers, 8) conductometric method 

Measurement of circulation time - a) visualization of the trajectory of suspended particles, b) conductometric 

method, c) calculated on the basis of measured axial velocities, d) thermal method 
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Fig. 1. Dependence of homogenization time on circulation time for ribbon impellers 

The scattering of experimental points observed in Fig. 1 is relatively large and is mainly due to 
different measuring techniques used to determine times τm and τc and different geometries of the 
impeller-vessel system. As follows from Fig. 1, the values of m and c are interrelated, but it is difficult 
to find a precise functional relation between the two variables. It was therefore decided to apply the 
simplest linear relation (1) which indicates that the liquid contained in the tank can be considered well 
mixed if each element of the liquid performs 3 or 4 circulation loops in the vessel on average. 

 cm .   53  16.2% (1) 

The time average of circulation τc can be determined from the secondary circulation Vs and volume of 
the stirred liquid V. 

 
V

Vs
c   (2) 

As follows from Table 1, in some studies (Takahashi et al., 1982; Takahashi et al., 1989) the values of 
m are several times higher than similar values quoted by other authors. In certain cases m which 
means that in the tank small zones with poorer mixing were observed and in this case only a subjective 
assessment of the experimenter decided the value of τm. Therefore, not all data contained in Table 1 
have been taken into account in Fig. 1. 

In addition to experimental methods used in studies on the hydrodynamics of mixing vessels in a 
laminar motion, for decades CFD methods have been increasingly applied. They are used to determine 
the distribution of all hydrodynamic values in the entire volume of the mixing vessel. Noteworthy are 
the early studies of Thiele (1972) and Ohta et al. (1985) regarding solutions in the 2D space, first 
solutions of full models in the 3D space proposed by Harvey et al. (1995) and Kaminoyama et al. 
(1999) and others, or the 3D/2D hybrid model developed by Kuncewicz and Pietrzykowski (2010). The 
idea of the last model was that a full 3D model was solved in the impeller region and its vicinity, while 
in the other parts of the vessel a much simpler 2D model was solved. In this way the time needed for 
model solution was shortened from 7 to 10 times without compromising accuracy of the results. 

In our previous work (Kuncewicz et al., 2013) using solutions of a 3D/2D hybrid model we found that 
for a ribbon impeller with one ribbon its optimal parameters referring to mixing time and mixing power 
are geometric invariants d/D = 0.92 and p/d = 1. 
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In this study, using the same 3D/2D model we decided to investigate the effect of two other parameters 
of the ribbon impeller, i.e. the number of ribbons NR and their widths on the time of homogenization 
and mixing power and to determine two other optimal parameters of ribbon impellers. 

2. EXPERIMENTAL 

In the experimental part the correctness of the solution of a 3D/2D hybrid model for ribbon impellers 
equipped with more than one ribbon (Fig. 2) or impellers with reduced ribbon width (Fig. 3) was 

verified. Figures 2a and 3a show a comparison of model distributions of peripheral velocities *u  (solid 

lines) and axial velocities *
zu  with their experimental values (points). The experimental values were 

obtained using a Dantec Laser Doppler Anemometer (LDA). The method of calculating mean velocity 
values uz, u, is given in our previous work (Kuncewicz and Pietrzykowski, 2010). 

                          

Fig. 2. Model verification (a) and liquid circulation in the tank (b) for Re = 10, d/D = 0.92, w/D = 0.1, NR = 2 

As follows from the analysis of Figs. 2a and b figures, good agreement of both compared values was 
obtained which indirectly proves the correctness of the model solutions. The highest peripheral 
velocities were always observed in the case of impeller region, while the greatest axial components 
occurred not only in the region where liquid was pumped to the bottom of the tank but also in the 
middle of the tank where the same stream was returning to the liquid level. Comparing results shown in 
Figs. 2 and 3 it should be noted that for the impeller with two ribbons there was a more than a twofold 
increase of peripheral circulation Vp associated with the impeller rotation. Secondary circulation Vs, i.e. 
circulation in the r-z plane also increased. However, that increase was much smaller and amounted to 
only about 30%. This is due to a maximum value of stream function max for both compared impellers. 
Hence, in this case there was an uneven growth of primary and secondary circulation in the tank and it 
could be concluded that the increase of the total active surface of the impeller caused first of all an 
increase of peripheral velocities in the tank. It should also be taken into account that the comparison 
referred to the impellers with different ribbon widths and their numbers. 

Liquid circulation inside the tank is shown in Figs. 2b and 3b. In the middle part of the tank liquid 
circulates at approximately constant relative peripheral frequency n = (0.5 - 0.6)N in the case of a 
double-ribbon impeller and at frequency n = (0.35 - 0.45)N in the impeller with one ribbon. In both 
cases peripheral velocities were always two or three times higher than axial velocities. In the impeller 
region, due to the proximity of the tank wall, relative peripheral frequencies n* decrease, although 

uz
*

0.05

0.1

0.15

u
*
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0.25
n =const

* =const

0
.1 0 .
3

0.4

0.5

0
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taking into account large radius along which the liquid moves in this region its absolute peripheral 
velocity is the highest. 

u
* 0.1

0.2

uz
*0.05

0.1

                   

n*=const =const

0
.4

5

0.35

0
.1

0
.2

5

max=
0.017

 

Fig. 3. Model verification (a) and liquid circulation in the tank (b) for  

Re = 10, d/D = 0.92, p/d = 1, w/D = 0.075, NR = 1 

3. MODEL CALCULATIONS 

In laminar motion the flow of liquid in the whole tank depends largely on flow in the impeller region. 

Figure 4 shows model distributions of dimensionless velocity *u  for impellers with variable ribbon 

widths w and their number NR, while Fig. 5 presents similar distributions for dimensionless axial 

velocity *
zu . As follows from Fig. 4 an increase in the ribbon width and their number causes always an 

increased peripheral circulation in the impeller region. A fourfold increase in the ribbon width  

(w/D = 0.05 - 0.2) increases almost twice the maximum liquid velocity *u  in the impeller region. 

Similarly, the number of ribbons has also great impact. A three-ribbon impeller produces primary 
circulation which is 60% higher than that of a single-ribbon impeller. In general, it can be concluded 
that the greater the impeller surface the bigger the liquid stream flowing in the impeller region in the 
peripheral direction. 
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Fig. 4. Liquid flow in the impeller region in peripheral direction for Re = 10, d/D = 0.92, p/d = 1 

a) b) 
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On the other hand, an ambiguous impact of the width and number of ribbons on dimensionless axial 

velocities *
zu  in the impeller region can be observed when analysing the distributions *

zu = f(r*) in Fig. 5. 

Axial velocities *
zu  increase with an increase of the ribbon width only to the value of w/D  0.15. The 

ribbon of width w/D = 0.2 has significantly lower axial velocity (the assumed direction of impeller 
rotations forced liquid flow down the tank, so axial velocities had sign “-”). Thus, excessive increase of 
the ribbon surface area is not advisable in this case. A similar conclusion can be drawn when analysing 

distributions *
zu  = f(r*) for impellers with different number of ribbons NR. In this case the increase of 

impeller area by adding a second and third ribbon, for the same ribbon width w/D = 0.1, causes even 
a decrease of axial velocities in the impeller region. This effect is similar to that observed in the case of 

the impact of ribbon width on distributions *
zu  = f(r*) for w/D > 0.15. Probably too large active surface 

area of the ribbons in the mixer causes disturbances in the creation of regular loops inside the vessel. 
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Fig. 5. Liquid flow in the impeller region in axial direction for Re = 10, d/D = 0.92, p/d = 1 

Peripheral and axial velocities in the impeller region are only part of the whole peripheral and axial 
circulation in the tank. Therefore having the distributions of all three velocity components in the entire 
tank (Figs. 2 and 3) one can determine the value of primary circulation Vp and secondary circulation Vs 
i.e. the volumetric flow rate of liquid towards the peripheral and radial-axial direction in the whole 
tank. The values of Vp and Vs are usually given in the form of dimensionless numbers of primary and 
secondary circulation Kp and Ks, respectively, defined by Eq. (3). 

 
3nd

V
K p

p  ;     
3Nd

V
K s

s   (3) 

On the basis of peripheral velocity distributions near the wall and bottom of the vessel obtained from 
3D/2D model solutions it was also possible to determine the mixing power P and then to calculate the 
dimensionless power number Po and product PoRe = A. The value of this product for laminar mixing 
and for a specified impeller is a constant value independent of the Reynolds number. Functional 
relations Kp, Ks, A = f(NR, w/D) obtained from model solutions are shown in Fig. 6. 

The width of ribbons in a moderate way affects the power of mixing. A fourfold increase of the ribbon 
width caused only about 25% increase in the mixing power (Fig. 6b). In contrast, the mixing power 
depended strongly on the number of ribbons. Addition of the second and third ribbon to the single-
ribbon impeller resulted in an increase of the mixing power by 58% and 102%, respectively. In both 
cases the growth of mixing power can be explained by increase in friction resistance that is dominant 
resistance in the laminar motion. Figure 6a illustrates the influence of the two analysed parameters on 
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the total primary and secondary circulation in the mixer in form of the dimensionless value of  
Kp and Ks. 

          

Fig. 6. Primary and secondary circulation in the vessel (a) and the mixing power (b) for  

Re = 10, d/D = 0.92, p/d = 1.0 

As follows from analysis of Fig. 6a for ribbon width w/D = 0.1, addition of the second and third ribbon 
caused an increase of the primary circulation Kp by 44% and 71%, respectively, while the secondary 
circulation Ks remained virtually unchanged and for NR = 3 it was even decreased. Hence, the addition 
of second and third ribbon resulted only in an increase of peripheral circulation which has no effect on 
circulation time τc, and consequently on mixing time τm. The above presented results of mathematical 
modelling show that additional energy demand needed to drive the second and third ribbon is 
completely ineffective. 

To demonstrate more clearly that addition of the second and third ribbon is pointless one should 
analyse Table 2 which presents changes in the Kp/Ks ratio for a different number of ribbons. 

Table 2. The effect of the number of ribbons NR on primary and secondary circulation in the vessel for w/d = 0.1 

NR Kp Ks A Kp/Ks 

1 0.330 0.162 182.0 2.03 

2 0.476 0.159 288.2 2.99 

3 0.567 0.128 366.0 4.42 

To fully optimize the ribbon impellers the assumed optimization criterion was the value of UE defined 
as the amount of energy needed to attain an appropriate mixing degree of liquid unit volume, i.e. 

 






3m
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 (4) 

This method is applied universally and can also be observed in other unit operations of chemical 
engineering (Obraniak and Gluba, 2012). The value of UE can be determined as a unit mixing energy. 
Taking into account Eqs. (1) to (3) and Eq. (5) which determine mixing power in the laminar regime 

 [W]32 dNAP   (5) 

after simple transformations Eq. (4) will assume the following form 
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The smaller UE the more efficient the impeller. It follows from Eq. (6) that with an increase of the 
mixing power (constant A from Fig. 6b) and decrease of secondary circulation (Ks), the value of unit 
mixing energy UE will increase, i.e. mixing efficiency is lower. Such a tendency of changes is largely 
self-evident. Equation (6) also indicates that the viscosity of the liquid and the impeller rotation have 
negative impact on the efficiency of the mixing. From the phenomenological point of view the 
tendency of changes is most understandable. It should be noted that, as follows from Eqs. (3) and (5), 
rotation frequency of the impeller causes a faster increase of mixing power P than the increase of 
secondary circulation Vs in the vessel (P  N2 and Vs  N). Therefore the value of N is in the numerator 
and not in the denominator of Eq. (6). A dimensional form of Eq. (6) can be transformed to its 
dimensionless form UE

* 

 ][
53





s

E*
E K

A.

n

U
U


 (7) 

Owing to this the values of UE
* can be directly compared for ribbon impellers with different geometric 

parameters. A comparison is presented in Fig. 7. 
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Fig. 7. Dimensionless unit mixing energy for ribbon impellers at Re = 10, p/d = 1.0 and d/D = 0.92 

As can be seen from Fig. 7 the smallest UE
* occurs for a single-ribbon impeller with ribbon width 

w/D = 0.10 to 0.15. Hence, from solutions of the 3D/2D model it follows that if the main purpose of 
mixing is to obtain a homogeneous mixture, from the economic point of view the most optimal ribbon 
impeller is that with the geometric parameters: d/D = 0.92, p/d = 1.0, NR = 1 and w/D = 0.10 to 0.15. 
For other purposes than homogenization (e.g. jacketed heat exchange) ribbon impellers with different 
geometric parameters should be used. 

4. CONCLUSIONS 

 The hybrid 3D/2D model developed in earlier work is also valid for ribbon impellers which have 
more than one ribbon. 

 An increase of the ribbon width has a moderate effect on the growth of mixing power and 
secondary circulation in the tank, and for w/D > 0.15 even a decrease in the value of Vs occurs. 

 A bigger number of ribbons in the tank results only in a significant increase of mixing power and 
growth of peripheral circulation in the tank. This means that the addition of the second and third 
ribbon is unprofitable. 
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 If the primary purpose of mixing is to achieve short mixing times τm, from the economic point of 
view an optimal ribbon impeller operating in laminar regime is the impeller with the following 
parameters: d/D = 0.92, p/d = 1.0, NR = 1 and w/D = 0.10 - 0.15. 

The research was carried out within grant no. 501/10-34-1-7015 

SYMBOLS 

A constant = PoRe, [-] 
d, D ribbon and tank diameter, respectively [m] 
E unit mixing energy, [W/m3] 
H liquid height in the tank, [m] 
Kp, Ks, dimensionless number of primary and secondary circulation, respectively, [-] 
N, n frequency rotation of impeller and liquid, respectively, [rev/s] 
NR number of ribbons, [-] 
n* dimensionless frequency rotation of liquid = n/N, [-] 
P mixing power, [W] 
p ribbon pitch, [m] 
R tank radius, [m] 
r* dimensionless radius = r/R 
UE energy needed to achieve the appropriate mixing degree of 1 m3 of liquid, [J/m3] 
UE

* dimensionless form of UE according of Eq. (7), [-] 
u, uz tangential and axial velocity, respectively, [m/s] 
u

*
, uz

* dimensionless tangential and axial velocity, respectively, u (uz)/(DN), [-] 
w ribbon width, [m] 
V volume of liquid, [m3] 
Vp, Vs primary and secondary volumetric flow rate, [m3/s] 
m,c mixing and circulation time, respectively, [s] 
Φ stream function, [-] 
Po power number = P/(N3d5) 
Re Reynolds number = Nd2/ 
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