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Abstract

We propose a new extension of the Weibull-exponentiated half logistic-G
(WEHL-G) distribution, called the Marshall-Olkin-Weibull-exponentiated half
logistic-G (MO-WEHL-G) family of distributions. The properties of this family
of distributions including quantile function, distribution of the order statistics,
hazard rate function, Rényi entropy and moments of residual life are presented.
To estimate the parameters of the MO-WEHL-G family of distributions,
six different estimation approaches are used, namely, maximum likelihood,
Anderson-Darling, Ordinary Least Squares, Weighted Least Squares, Cramér-
von Mises and Maximum Product of Spacing. The consistency properties of
the six estimation methods were assessed using Monte Carlo simulations for a
special case of the MO-WEHL-G family of distributions. The flexibility and
importance of the proposed model was assessed using numerous goodness-of-fit
statistics on three different data sets.
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1 Introduction

Several standard distributions such as Weibull, Rayleigh, log-logistic and many others
have been used in the past decades to characterize available data sets. However,
these traditional distributions are often not adequate in characterizing modern data
sets (Jamal et al. 2019). Thus, the need for generalizing traditional distributions by
means of compounding or using various generating techniques is apparent. Cordeiro
and Lemonte (2011) stated that one of the well-established methods for getting a
more flexible distribution is by adding parameter(s) to a baseline distribution. These
methods and generators have been detailed in literature, including methods such as
Lomax generator by Cordeiro et al. (2014), Weibull-G by Bourguignon et al. (2014),
transformed-transformer (T-X) by Alzaghal et al. (2013), Kumaraswamy-G family of
distributions by Cordeiro and Lemonte (2011), McDonald-G family of distributions
by Alexander et al. (2012), among others. Some recent distributions generated using
these methods include: Exponentiated Weibull-exponential distribution by Elgarhy
et al. (2017), Harris-Topp-Leone-G family of distributions by Oluyede and Moakofi
(2022), generalized Gamma-Weibull distribution by Dauda et al. (2023), half logistic
log-logistic Weibull distribution by Moakofi et al. (2022), half-Cauchy generalized
exponential distribution by Chaudhary et al. (2022), generalized exponential
extended exponentiated family of distributions by Hussain et al. (2022), gamma odd
power generalized Weibull-G family of distributions by Gabanakgosi et al. (2022),
gamma power half logistic distribution by Arshad et al. (2022) and Topp-Leone
Weibull-Lomax distribution by Jamal et al. (2019).
Marshall and Olkin (1997) proposed a way to add a shape parameter to a baseline
distribution in order to improve its flexibility. According to Santos-Nero et al.
(2014), the Marshall-Olkin transformation offers a variety of behaviors subject to
the choice of baseline distribution. This transformation provides a wide range of
advantages as the addition of a shape parameter is a well established technique of
coming up with more flexible distributions. Well-known generalized distributions
via Marshall-Olkin technique include Marshall-Olkin log-logistic extended Weibull
distribution by Lepetu et al. (2017), Marshall-Olkin exponential Weibull distribution
by Pogány et al. (2017), Marshall-Olkin additive Weibull distribution by Afify et al.
(2018), generalized Marshall-Olkin Kumaraswamy-G distribution by Chakraborty and
Handique (2017), generalized Marshall-Olkin exponentiated exponential distribution
by Ozkan et al. (2023), Marshall-Olkin Fréchet distribution by Krishna et al.
(2013) and unit generalized Marshall-Olkin Weibull distribution by Karakaya (2022).
Barreto et al. (2013) provided general results for the Marshall-Olkin-G distribution.
The Marshall-Olkin extended Weibull family of distributions by Santos-Nero et al.
(2014), Korkmaz et al. (2019) focuses on the regression modelling and application of
censored data for the Weibull Marshall-Olkin family of distributions. Other papers
worth noting are Kumaraswamy Marshall-Olkin-G family of distributions by Alizadeh
et al. (2015), Marshall-Olkin generalized gamma distribution by Barriga et al. (2018),
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and Marshall-Olkin generalized exponential distribution by Ristić and Kundu (2015).
The cumulative distribution function (cdf) and probability density function (pdf) of
the Marshall-Olkin-G (MO-G) family of distributions by Marshall and Olkin (1997)
are given by

FMO−G(x; δ, ξ) = 1− δḠ(x; ξ)
1− δ̄Ḡ(x; ξ)

, (1)

and
fMO−G(x; δ, ξ) = δg(x; ξ)(

1− δ̄Ḡ(x; ξ)
)2 , (2)

respectively, where δ > 0 is the tilt paramater, δ̄ = 1 − δ. Ḡ(x; ξ) = 1 − G(x; ξ),
G(x; ξ) and g(x; ξ) are the survival function, cdf and pdf of the baseline distribution,
respectively, with the parameter vector ξ.
The Weibull-exponentiated half logistic-G (WEHL-G) family of distributions was
introduced by Peter et al. (2022). The cdf and pdf are given by

FWEHL−G(x;α, β, ξ) = 1− exp
(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
, (3)

and

fWEHL−G(x;α, β, ξ) = 2αβ exp
(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β−1

×

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α−1
×

× g(x; ξ)
(1 + Ḡ(x; ξ))2

,

(4)

respectively, where α, β > 0 are shape parameters and ξ is a vector of parameters.
The proposed distribution offer intriguing qualities and produce improved fits to
many types of real-world data than the baseline and several extended distributions
in the literature. Also, the additional shape parameter will improve the flexibility
of skewness, kurtosis and also modulate the weight of the tails of any baseline
distribution, thus allowing our model to capture characteristics of various types of
data including heavy-tailed data.
The main objective of this work is to introduce a new flexible family of distributions
that can characterize several available or emerging data sets. The distribution is
named MO-WEHL-G family of distributions.
This paper is organized as follows. In Sections 2, we present the Marshall-Olkin
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Weibull-exponentiated half logistic-G family of distributions, hazard rate function,
and quantile function. Section 3 focuses on the special cases of three different
kinds of baseline distributions namely log-logistic, Weibull and standard half logistic
distributions. In Section 4, properties such as order statistics, Rényi entropy,
moments and generating functions are discussed. Section 5 is dedicated to obtaining
the maximum likelihood estimates (MLEs), as well as using different estimation
techniques. Sections 6 and 7 are dedicated to Monte Carlo simulations study and
some applications, followed by concluding remarks in Section 8.

2 Marshall-Olkin-Weibull-Exponentiated Half
Logistic-G distribution

In this section, we present the cdf and pdf of the new MO-WEHL-G family of
distributions. We insert the WEHL-G distribution into equations (1) and (2) to
obtain the new family of distributions. The cdf and pdf of the MO-WEHL-G family
of distributions are given by

FMO−WEHL−G(x; δ, α, β, ξ) = 1−
δ exp

(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)

1− δ̄ exp
(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β) ,
(5)

and
fMO−WEHL−G(x; δ, α, β, ξ) =

= 2αβδ exp
(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β−1

×

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α−1
×

×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))−2

×

× g(x; ξ)
(1 + Ḡ(x; ξ))2

,
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respectively, for δ, α, β > 0, being shape parameters, δ̄ = 1− δ and baseline vector of
parameters ξ. The hazard rate function (hrf) is given by

h(x; δ, α, β, ξ) = 2αβ
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β−1

×

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α−1
×

×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))−1

×

× g(x; ξ)
(1 + Ḡ(x; ξ))2

,

for δ, α, β > 0, δ̄ = 1− δ and ξ as a baseline vector of parameters.

2.1 Quantile function
The quantile function plays an important role in statistics when it comes to generating
random numbers from a probability distribution. Suppose the random variable U
follows the uniform distribution. Then the quantile function of the MO-WEHL-G
family of distributions is obtained by solving the non-linear equation:

1−
δ exp

(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)

1− δ̄ exp
(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β) = u,

for 0 ≤ u ≤ 1, that is,

G(x; ξ) = 2

[1− exp
(
−
[
− log

(
1− u

δ + (1− u)δ̄

)]1/β
)]−1/α

+ 1

−1

. (6)

Consequently, the quantile function of the MO-WEHL-G family of distributions is
given by

Q
X

(u) = G−1

2

[1− exp
(
−
[
− log

(
1− u

δ + (1− u)δ̄

)]1/β
)]−1/α

+ 1

−1
 .
(7)

Thus, variates from the MO-WEHL-G family of distributions can be obtained using
equation (7), for specified cdf G.
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2.2 Expansion of density function
In this sub-section, we use the general results for Marshall and Olkin’s family of
distributions to express the pdf of the MO-WEHL-G family of distributions as an
infinite linear combination of the pdf of exponentiated-G (Exp-G) distribution. Note
that the pdf of the MO-WEHL-G family of distributions can be written as

fMO−WEHL−G(x; δ, α, β, ξ) = δfWEHL−G(x;α, β, ξ)(
1− δ̄F̄WEHL−G(x;α, β, ξ)

)2 , (8)

where FWEHL−G(x;α, β, ξ) and fWEHL−G(x;α, β, ξ) are given in equations (3) and
(4), respectively. We apply the series expansion

(1− z)−k =
∞∑
t=0

(
k + t− 1

t

)
zt, (9)

which is valid for |z| < 1 and k > 0 (Gradshteyn et al. 2014). If δ ∈ (0, 1), we can
obtain

f
MO−WEHL−G(x; δ, α, β, ξ) =

= f
WEHL−G(x;α, β, ξ)

∑∞
t=0
∑t
k=0 φt,k

(
F
WEHL−G(x;α, β, ξ)

)t−k (10)

where φt,k = φt,k(δ) = δ(t+ 1)(1− δ)t(−1)t−k
(
t
k

)
. For δ > 1, we have

f
MO−WEHL−G(x; δ, α, β, ξ) = f

WEHL−G(x;α, β, ξ)
∞∑
t=0

ϑtF
t
WEHL−G

(x;α, β, ξ), (11)

where ϑt = ϑt(δ) = (t+1)(1−1/δ)t

δ
(Barreto et al. 2013). (See details in the appendix).

Consequently, for δ ∈ (0, 1), equation (6) becomes

f
MO−WEHL−G(x; δ, α, β, ξ) =

∞∑
r=0

ϕ
r+1gr+1(x; ξ), (12)

where

ϕ
r+1 = 2αβ

∞∑
t,q,p,m,s,l,w,j=0

t∑
k=0

φt,kbs,m

(
β(p+ 1)− 1

m

)(
t− k
q

)
(−1)q+p+j+r ×

× (q + 1)p
p!

Γ(l + 1)
Γ(1)l!(r + 1)

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
, (13)
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and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1). Also, for δ > 1, equation (6) can be written as

f
MO−WEHL−G(x; δ, α, β, ξ) =

∞∑
r=0

%
r+1gr+1(x; ξ), (14)

where

%
r+1 = 2αβ

∞∑
t,q,p,m,s,l,w,j=0

ϑtbs,m

(
β(p+ 1)− 1

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + 1)p
p!

Γ(l + 1)(r + 1)
Γ(1)l!

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
, (15)

and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1). Therefore, for both cases, the pdf of MO-WEHL-G family of
distributions can be expressed as a linear combination of the Exp-G distribution with
power parameter (r + 1).

3 Special cases

This section provided some special cases of the MO-WEHL-G family of distributions
when the baseline distribution is specified. We consider the cases when the baseline
distributions are log-logistic, Weibull and standard half logistic distributions.

3.1 Marshall-Olkin Weibull-Exponentiated Half Logistic-Log-
Logistic (MO-WEHL-LLoG) distribution

Consider the log-logistic distribution as the baseline distribution with parameter c > 0
having cdf and pdf G(x; c) = 1−(1+xc)−1 and g(x; c) = cxc−1(1+xc)−2, respectively.
Then, the cdf and pdf of MO-WEHL-LLoG distribution are given by

F (x; δ, α, β, c) = 1−
δ exp

(
−
[
− log

(
1−

(
1 − (1 + xc)−1

1 + (1 + xc)−1

)α)]β)

1− δ̄ exp
(
−
[
− log

(
1−

(
1 − (1 + xc)−1

1 + (1 + xc)−1

)α)]β) , (16)
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and

f(x; δ, α, β, c) = 2αβδ exp
(
−
[
− log

(
1−

(
1− (1 + xc)−1

1 + (1 + xc)−1

)α)]β)
×

×
[
− log

(
1−

(
1− (1 + xc)−1

1 + (1 + xc)−1

)α)]β−1

×

×
(

1−
(

1− (1 + xc)−1

1 + (1 + xc)−1

)α)−1(1− (1 + xc)−1

1 + (1 + xc)−1

)α−1

×

×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
1− (1 + xc)−1

1 + (1 + xc)−1

)α)]β))−2

×

× cxc−1(1 + xc)−2

(1 + (1 + xc)−1)2 ,

respectively for δ, α, β, c > 0, being shape parameters, x > 0, and δ̄ = 1− δ. The hrf
is given by

h(x; δ, α, β, c) = 2αβ
[
− log

(
1−

(
1− (1 + xc)−1

1 + (1 + xc)−1

)α)]β−1

×

×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
1− (1 + xc)−1

1 + (1 + xc)−1

)α)]β))−1

×

×
(

1−
(

1− (1 + xc)−1

1 + (1 + xc)−1

)α)−1(1− (1 + xc)−1

1 + (1 + xc)−1

)α−1

×

× cxc−1(1 + xc)−2

(1 + (1 + xc)−1)2 ,

for δ, α, β, c > 0, x > 0, and δ̄ = 1− δ.
Figure 1 illustrates the flexibility of the MO-WEHL-LLoG distribution for selected
parameter values. The pdf of the MO-WEHL-LLoG distribution can take various
shapes that include J, reverse-J, uni-modal, left-skewed or right-skewed shapes. The
hrf of the MO-WEHL-LLoG distribution exhibit decreasing, increasing, bathtub,
upside down bathtub and bathtub followed by upside down bathtub shapes.
As shown by Figure 2, for δ = 1.9 and β = 1.6, the MO-WEHL-LLoG exhibits higher
levels of skewness for larger values of the parameter c across varying levels of α. We
can also see high values of skewness also for large values of α and c, when δ = 4.0 and
β = 1.1.
MO-WEHL-LLoG has the highest values of kurtosis for larger values of the parameter
c and smaller values α for δ = 1.9 and β = 1.6. We can see high values of kurtosis
for lower values of both α and c, also for higher values of c and smaller values of α,
when we set δ = 4.0 and β = 1.1.
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Figure 1: Plots of the pdf and hrf for MO-WEHL-LLoG distribution
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Figure 2: 3D-Plots of the skewness for MO-WEHL-LLoG distribution
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3.2 Marshall-Olkin-Weibull-Exponentiated Half Logistic-
Weibull (MO-WEHL-W) distribution

Let the one parameter Weibull distribution be the baseline distribution with pdf and
cdf given by g(x;λ) = λxλ−1 exp(−xλ) and G(x;λ) = 1 − exp(−xλ), for λ > 0,
respectively. Then, the cdf and pdf of MO-WEHL-W distribution are given by

F (x; δ, α, β, λ) = 1−
δ exp

(
−
[
− log

(
1−

(
1 − exp(−xλ)
1 + exp(−xλ)

)α)]β)

1− δ̄ exp
(
−
[
− log

(
1−

(
1 − exp(−xλ)
1 + exp(−xλ)

)α)]β) , (17)

and

f(x; δ, α, β, λ) =

= 2αβδ exp
(
−
[
− log

(
1−

(
1− exp(−xλ)
1 + exp(−xλ)

)α)]β)
×

×
[
− log

(
1−

(
1− exp(−xλ)
1 + exp(−xλ)

)α)]β−1

×

×
(

1−
(

1− exp(−xλ)
1 + exp(−xλ)

)α)−1(1− exp(−xλ)
1 + exp(−xλ)

)α−1
λxλ−1 exp(−xλ)
(1 + exp(−xλ))2 ×
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×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
1− exp(−xλ)
1 + exp(−xλ)

)α)]β))−2

,

respectively for δ, α, β, λ > 0, being shape parameters, x > 0 and δ̄ = 1 − δ. The hrf
is given by

h(x; δ, α, β, λ) = 2αβ
[
− log

(
1−

(
1− exp(−xλ)
1 + exp(−xλ)

)α)]β−1

×

×
(

1−
(

1− exp(−xλ)
1 + exp(−xλ)

)α)−1(1− exp(−xλ)
1 + exp(−xλ)

)α−1

×

× λxλ−1 exp(−xλ)
(1 + exp(−xλ))2 ×

×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
1− exp(−xλ)
1 + exp(−xλ)

)α)]β))−1

,

for δ, α, β, λ > 0, x > 0 and δ̄ = 1− δ.

Figure 3: 3D-Plots of the kurtosis for MO-WEHL-LLoG distribution
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Figure 4 demonstrates the flexible nature of the MO-WEHL-W distribution for
selected parameter values. The pdf of the MO-WEHL-W distribution exhibits various
shapes that include reverse-J, uni-modal, left-skewed or right-skewed shapes. Also,
the hrf of the MO-WEHL-W distribution gives increasing, decreasing, bathtub, upside
down bathtub and upside down bathtub followed by bathtub shapes.
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Figure 4: Plots of the pdf and hrf for MO-WEHL-W distribution
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3.3 Marshall-Olkin-Weibull-Exponentiated Half Logistic-
Standard Half Logistic (MO-WEHL-SHL) distribution

Let the baseline distribution be standard half logistic distribution with pdf and cdf
given by g(x) = 2 exp(−x)

(1 + exp(−x))2 and G(x) = 1 − exp(−x)
1 + exp(−x)

, for x > 0, respectively. Then,

the cdf and pdf of MO-WEHL-SHL distribution are given by

F (x; δ, α, β) = 1−
δ exp

(
−
[
− log

(
1−

(
1 − exp(−x)

1 + 3 exp(−x)

)α)]β)

1− δ̄ exp
(
−
[
− log

(
1−

(
1 − exp(−x)

1 + 3 exp(−x)

)α)]β) , (18)

and

f(x; δ, α, β) =

= 4αβδ exp
(
−
[
− log

(
1−

(
1− exp(−x)

1 + 3 exp(−x)

)α)]β)
×

×
[
− log

(
1−

(
1− exp(−x)

1 + 3 exp(−x)

)α)]β−1

×

×
(

1−
(

1− exp(−x)
1 + 3 exp(−x)

)α)−1( 1− exp(−x)
1 + 3 exp(−x)

)α−1 exp(−x)
(1 + 3 exp(−x))2 ×

×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
1− exp(−x)

1 + 3 exp(−x)

)α)]β))−2

,

respectively for δ, α, β > 0, being shape parameters, x > 0 and and δ̄ = 1− δ. The hrf
is given by

h(x; δ, α, β) = 4αβ
[
− log

(
1−

(
1− exp(−x)

1 + 3 exp(−x)

)α)]β−1

×

×
(

1−
(

1− exp(−x)
1 + 3 exp(−x)

)α)−1( 1− exp(−x)
1 + 3 exp(−x)

)α−1
×

× exp(−x)
(1 + 3 exp(−x))2 ×

×

(
1− δ̄ exp

(
−
[
− log

(
1−

(
1− exp(−x)

1 + 3 exp(−x)

)α)]β))−1

,

for δ, α, β > 0, x > 0 and δ̄ = 1− δ.
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Figure 5: Plots of the pdf and hrf for MO-WEHL-SHL distribution
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Figure 5 demonstrates the flexible nature of the MO-WEHL-SHL distribution for
selected parameter values. The pdf of the MO-WEHL-SHL distribution exhibits
various shapes that include J, reverse-J, uni-modal, left-skewed or right-skewed
shapes. Also, the hrf of the MO-WEHL-SHL distribution gives increasing, decreasing,
bathtub, upside down bathtub and upside down bathtub followed by bathtub shapes.

4 Statistical properties
Some of the useful statistical properties for the MO-WEHL-G family of distributions
including the distribution of order statistics, Rényi entropy, moments and generating
function, incomplete moments and moments of residual life are presented in this
section.

4.1 Distribution of order statistics
LetX1, X2, . . . , Xn be independent and identically distributed (i.i.d) random variables
distributed according to equation (6). Then, the pdf of the ρth order statistic is given
by

fρ:n(x; δ, α, β, ξ) = δn!f
WEHL−G(x;α, β, ξ)×

×
n−ρ∑
z=0

(−1)z

(ρ− 1)!(n− ρ)!

F z+ρ−1
WEHL−G

(x;α, β, ξ)
[1− δ̄F̄WEHL−G(x;α, β, ξ)]z+ρ−1

. (19)

If δ ∈ (0, 1), we have

fρ:n(x; δ, α, β, ξ) = f
WEHL−G(x;α, β, ξ)

∞∑
t=0

n−ρ∑
z=0

t∑
k=0

Ut,z,kF
t+z−k+ρ−1
WEHL−G

(x;α, β, ξ), (20)

where

Ut,z,k = Ut,z,k(δ) = δn!(−1)z(1− δ)t(−1)t−k
(ρ− 1)!(n− ρ)!

(
t

k

)(
z + ρ+ t

t

)
. (21)

For δ > 1, we write(
1− δ̄F̄

WEHL−G(x;α, β, ξ)
)

= δ
{

1− (δ − 1)F
WEHL−G(x;α, β, ξ)/δ

}
,

such that

fρ:n(x; δ, α, β, ξ) = f
WEHL−G(x;α, β, ξ)

∞∑
t=0

n−ρ∑
z=0

ct,zF
t+z+ρ−1
WEHL−G

(x;α, β, ξ), (22)
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where
ct,z = ct,z(δ) = (−1)l(δ − 1)tn!

δz+t+ρ(ρ− 1)!(n− ρ)!

(
z + ρ+ t

t

)
. (23)

(See details in the appendix).
For δ ∈ (0, 1), we have the pdf of the ρth order statistic expressed as

fρ:n(x; δ, α, β, ξ) =
∞∑

t,r=0

n−ρ∑
z=0

t∑
k=0

Ut,z,kar+1gr+1(x; ξ), (24)

where

a
r+1 = 2αβ

∞∑
q,p=0

∞∑
m,s,l,w,j=0

bs,m

(
β(p+ 1)− 1

m

)(
t+ z − k + ρ− 1

q

)
×

× (−1)q+p+j+r (q + 1)p
p!

Γ(l + 1)
Γ(1)l!(r + 1)

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
,

and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1).
Similarly, for δ > 1, then equation (22) can be written as

fρ:n(x; δ, α, β, ξ) =
∞∑
t=0

n−ρ∑
z=0

ct,za
∗
r+1

g
r+1(x; ξ), (25)

where

a∗
r+1

= 2αβ
∞∑

q,p=0

∞∑
m,s,l,w,j=0

bs,m

(
β(p+ 1)− 1

m

)(
t+ z + ρ− 1

q

)
(−1)q+p+j+r ×

× (q + 1)p
p!

Γ(l + 1)
Γ(1)l!(r + 1)

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
,

and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1).

4.2 Rényi entropy
Rényi entropy is defined to be the measure of variation or uncertainty for a random
variable X with pdf f(x). Rényi entropy is defined as

IR(v) = (1− v)−1log

[∫ ∞
−∞

fv(x)dx
]
,
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where v > 0 and v 6=1. Using the expansion from Barreto et al. (2013), for δ ∈ (0, 1)

fν
MO−WEHL−G

(x; δ, α, β, ξ) =
δνfν

WEHL−G
(x;α, β, ξ)

Γ(2ν)

∞∑
i,t=0

(
i

t

)
(−1)t(1− δ)i ×

× Γ(2ν + i)
[F
WEHL−G(x;α, β, ξ)]t

i!

and for δ > 1,

fν
MO−WEHL−G

(x; δ, α, β, ξ) =
fν
WEHL−G

(x;α, β, ξ)
δν+tΓ(2ν) ×

×
∞∑
t=0

(δ − 1)tΓ(2ν + t)
F t
WEHL−G

(x;α, β, ξ)
t! .

Thus, Rényi entropy for δ ∈ (0, 1) and δ > 1 are given by

IR(ν) = (1− ν)−1 log
( ∞∑
i=0

ei

∫ ∞
0

fν
WEHL−G

(x;α, β, ξ)(F
WEHL−G(x;α, β, ξ))tdx

)
(26)

and

IR(ν) = (1− ν)−1 log
( ∞∑
t=0

ht

∫ ∞
0

fν
WEHL−G

(x;α, β, ξ)F t
WEHL−G

(x;α, β, ξ)dx
)
, (27)

where

ei = ei(δ) =
∑∞
t=0 δ

ν(1− δ)iΓ(2ν + i)
(
i
t

)
(−1)t

Γ(2ν)i!

and

ht = ht(δ) = (δ − 1)tΓ(2ν + t)
δν+tΓ(2ν)t! .

(See details in the appendix).
Now, for δ ∈ (0, 1) and from equation (26), we have

IR(ν) = (1− ν)−1 log
[ ∞∑
r=0

τr exp ((1− ν)IREG)
]
, (28)
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where

τr = (2αβ)ν
∞∑

i,q,p=0

∞∑
m,s,l,w,j=0

eibs,m

(
β(p+ ν)− ν

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + ν)p
p!

Γ(l + ν)
Γ(ν)l!

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)
×

×
(
α (m+ s+ β(p+ ν) + l)− ν

j

)(
w + j

r

)
1(

r
ν + 1

)ν , (29)

and IREG = (1 − ν)−1 log
[∫∞

0

((
r
ν + 1

)
g(x; ξ)[G(x; ξ)] rν

)ν
dx

]
is the Rényi entropy

of the Exp-G distribution with power parameter ( rν + 1).
Similarly, for δ > 1, we have

IR(ν) = (1− ν)−1 log
[ ∞∑
r=0

τ∗r exp ((1− ν)IREG)
]
, (30)

where

τ∗r = (2αβ)ν
∞∑

t,q,p=0

∞∑
m,s,l,w,j=0

htbs,m

(
β(p+ ν)− ν

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + ν)p
p!

Γ(l + ν)
Γ(ν)l!

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)
×

×
(
α (m+ s+ β(p+ ν) + l)− ν

j

)(
w + j

r

)
1(

r
ν + 1

)ν , (31)

and IREG = (1 − ν)−1 log
[∫∞

0

((
r
ν + 1

)
g(x; ξ)[G(x; ξ)] rν

)ν
dx

]
is the Rényi entropy

of the Exp-G distribution with power parameter ( rν + 1).

4.3 Moments and generating function
Let X be from the MO-WEHL-G family of distributions and Yr+1 denote the Exp-G
random variable with power parameter (r + 1). Then the nth raw moment of MO-
WEHL-G family of distributions, say µ′n can be obtained from (12) and (14). For
δ ∈ (0, 1),

µ′n = E(Xn) =
∞∑
r=0

ϕr+1E(Y nr+1), (32)
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where ϕ
r+1 is as given in equation (13) and E(Y nr+1) is the nth raw moment of Yr+1.

For δ > 1,

µ′n = E(Xn) =
∞∑
r=0

%
r+1E(Y nr+1), (33)

where %r+1 is as given in (15) and E(Y nr+1) is the nth raw moment of Yr+1.
The moment generating function (mgf) ofX, denotedMX(t) = E(etX) can be derived
as follows. For δ ∈ (0, 1),

MX(t) =
∞∑
r=0

ϕr+1Mr(t).

For δ > 1, the mgf of X is

MX(t) =
∞∑
r=0

%
r+1Mr(t),

where Mr(t) is the mgf of Yr+1, ϕr+1 and %
r+1 are obtained from equations (13)

and (15). Hence, MX(t) can be determined from the Exp-G generating function.
Furthermore, the characteristic function can be obtained by φ(t) = E(eitX), where
i =
√
−1. For δ ∈ (0, 1), we have

φ(t) =
∞∑
r=0

ϕ
r+1Φr+1(t),

and for δ > 1,

φ(t) =
∞∑
r=0

%
r+1Φr+1(t),

where Φr+1(t) is the characteristic function of Exp-G distribution with power
parameter (r + 1).

4.4 Incomplete moments
Incomplete moments are useful when it comes to obtaining inequality measures
(Bonferroni and Lorenz curves). The nth incomplete moment of the MO-WEHL-G
family of distributions is obtained as follows:
For δ ∈ (0, 1),

mn(t) =
∫ t

−∞
xnf(x; δ, α, β, ξ)dx =

∞∑
r=0

ϕr+1

∫ t

−∞
xngr+1(x; ξ)dx. (34)
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For δ > 1,

mn(t) =
∫ t

−∞
xnf(x; δ, α, β, ξ)dx =

∞∑
r=0

%r+1

∫ t

−∞
xngr+1(x; ξ)dx. (35)

Note that m1(t) and m2(t) can be used in the construction of Bonferroni and Lorenz
curves. These curves are of great importance in insurance, demography, reliability,
medicine and economics. Clearly, for δ ∈ (0, 1)

m1(t) =
∞∑
r=0

ϕ
r+1Jr+1(t),

(36)

and

m2(t) =
∞∑
r=0

%
r+1Jr+1(t),

for δ > 1, where Jr+1(t) =
∫ t
−∞ xgr+1(x; ξ)dx is the first incomplete moment of the

Exp-G distribution.

4.5 Moment of residual and reversed residual life
To calculate the mean, variance and coefficient of variation of residual life in reliability
and survival analysis, one needs the moment of residual and reversed residual life. The
nth moment of the residual life, say bn(u) of a random variable X is given by

bn(u) = E [(X − u)n | X > u] = 1
F (u)

∫ ∞
u

(x− u)n f(x; δ, α, β, ξ)dx.

Consequently, bn(u) for the MO-WEHL-G family of distributions is given as follows:
For δ ∈ (0, 1),

bn(u) = 1
F (u)

∞∑
r,i=0

(
n

i

)
(−u)n−iϕr+1

∫ ∞
u

xigr+1(x; ξ)dx, (37)

where ϕr+1 is as defined in equation (13) and gr+1(x; ξ) denotes the Exp-G distribution
with power parameter (r + 1). Also, For δ > 1,

bn(u) = 1
F (u)

∞∑
r,i=0

%
r+1

(
n

i

)
(−u)n−i

∫ ∞
u

xigr+1(x; ξ)dx, (38)
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where %
r+1 is as defined in equation (15) and gr+1(x; ξ) denotes the Exp-G distribution

with power parameter (r + 1) > 0.
The nth moment of the reversed residual life, say en(u) of a random variable X is

en(u) = E [(u−X)n | X ≤ u] = 1
F (u)

∫ u

0
(u− x)n f(x; δ, α, β, ξ)dx.

Subsequently, en(u) for the MO-WEHL-G family of distributions is given as follows:
For δ ∈ (0, 1),

en(u) = 1
F (u)

∞∑
r,i=0

(
n

i

)
(−u)n−iϕr+1

∫ u

0
xigr+1(x; ξ)dx,

where ϕr+1 is as defined in equation (13) and gr+1(x; ξ) denotes the Exp-G distribution
with power parameter (r + 1). Also, For δ > 1,

en(u) = 1
F (u)

∞∑
r,i=0

(
n

i

)
(−u)n−i%r+1

∫ u

0
xigr+1(x; ξ)dx,

where %
r+1 is as defined in equation (15) and gr+1(x; ξ) denotes the Exp-G distribution

with power parameter (r + 1).

5 Estimation methods
In this section, we use different estimation methods to estimate the unknown
parameters of the MO-WEHL-G family of distributions. The estimation methods
include Maximum Likelihood (ML), Anderson-Darling (AD), Ordinary Least Squares
(OLS), Weighted Least Squares (WLS), Cramér-von Mises (CVM) and Maximum
Product of Spacing (MPS). For these estimation methods, a simple random sample
is employed.
We maximize the objective functions using the nlm function in R (R Development
Core Team (2011)), which optimizes the objective function from each estimation
method, finds local estimates that are convergent. These functions were applied
and executed across a wide range of initial values, incorporating both maximizing
and minimizing techniques depending on the estimation method employed. This
process often results in multiple maxima or minima. In such cases, we select the
estimates corresponding to the largest observed maximum value or the smallest
observed minimum value of the objective function, which are considered our best
estimates. Occasionally, no maximum or minimum is identified for the chosen initial
values. In these instances, new initial values are tried until a maximum or minimum
is obtained.
The issues of existence and uniqueness of the estimates are of theoretical interest and
have been explored by various authors for different distributions, including Seregin
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(2010), Santos Silva and Tenreyro (2010) and Zhou (2009). At this point we are not
able to address the theoretical aspects (existence, uniqueness) of the estimates of the
parameters of the MO-WEHL-G family of distributions.

5.1 Maximum likelihood estimation

Let X ∼ MO −WEHL − G(δ, α, β, ξ) and ∆ = (δ, α, β, ξ)T be the vector of model
parameters, then the log-likelihood function `n = `n(∆) based on a random sample
of size n from the MO-WEHL-G family of distributions is given by

`(∆) = (n) ln (2δαβ)− β
n∑
i=1

[
− ln

(
1−

(
G(xi; ξ)

1 +G(xi; ξ)

)α)]
+

+ (β − 1)
n∑
i=1

ln
[
− ln

(
1−

(
G(xi; ξ)

1 +G(xi; ξ)

)α)]
−

−
n∑
i=1

ln
(

1−
(

G(xi; ξ)
1 +G(xi; ξ)

)α)
+ (α− 1)

n∑
i=1

ln
(

G(xi; ξ)
1 +G(xi; ξ)

)
+

+
n∑
i=1

ln (g(xi; ξ))− 2
n∑
i=1

ln
(
1 +G(xi; ξ)

)
−

− 2
n∑
i=1

ln
(

1− δ̄ exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β))
.

In order to obtain the estimates of the unknown parameters from the MO-WEHL-G
family of distributions, we solve U = (∂`n∂δ ,

∂`n
∂α ,

∂`n
∂β ,

∂`n
∂ξk

)T = 0, using a numerical
method such as Newton-Raphson procedure. The elements of the score vector U are
given in the appendix.

5.2 Anderson-Darling estimation
Suppose x(1), x(2), ..., x(n) are the order statistics of a random sample of size n from the
MO-WEHL-G family of distributions. Then, the Anderson-Darling estimates (ADEs)
of the MO-WEHL-G family of distributions are obtained by minimizing the following
function

A (δ, α, β, ξ) = −n− 1
n

n∑
i=1

(2i− 1)
[
log
(
F (x(i); δ, α, β, ξ)

)
+ log

(
S(x(i); δ, α, β, ξ)

)]
,

where F (x(i); δ, α, β, ξ) and S(x(i); δ, α, β, ξ) be the cdf and survival function of the
ith order statistic from the MO-WEHL-G family of distributions.
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The ADEs can also be derived by solving the non-linear equations:
n∑
i=1

(2i− 1)
[
ϑz
(
x(i); δ, α, β, ξ

)
F (x(i); δ, α, β, ξ)

−
ϑz
(
x(n+1−i); δ, α, β, ξ

)
S
(
x(n+1−i); δ, α, β, ξ

) ] = 0, z = 1, 2, 3, 4, (39)

where

ϑ1
(
x(i); δ, α, β, ξ

)
=

∂F
(
x(i); δ, α, β, ξ

)
∂δ

,

ϑ2
(
x(i); δ, α, β, ξ

)
=

∂F
(
x(i); δ, α, β, ξ

)
∂α

,

ϑ3
(
x(i); δ, α, β, ξ

)
=

∂F
(
x(i); δ, α, β, ξ

)
∂β

,

and

ϑ4
(
x(i); δ, α, β, ξ

)
=

∂F
(
x(i); δ, α, β, ξ

)
∂ξk

. (40)

5.3 Ordinary Least Squares estimation
The Ordinary Least Squares estimates (OLSEs) of the parameters of the
MO-WEHL-G family of distributions are obtained by minimizing the function

V (δ, α, β, ξ) =
n∑
i=1

[
F
(
x(i); δ, α, β, ξ

)
− i

n+ 1

]2
.

The OLSEs can be obtained by solving the non-linear equations:
n∑
i=1

[
F
(
x(i); δ, α, β, ξ

)
− i

n+ 1

]
ϑz
(
x(i); δ, α, β, ξ

)
= 0, z = 1, 2, 3, 4,

where ϑz
(
x(i); δ, α, β, ξ

)
are defined in equation (40).

5.4 Weighted Least Squares estimation
The Weighted Least Squares estimates (WLSEs) of the parameters of the
MO-WEHL-G family of distributions are obtained by minimizing the function

W (δ, α, β, ξ) =
n∑
i=1

(n+ 1)2(n+ 2)
i(n− 1 + 1)

[
F
(
x(i); δ, α, β, ξ

)
− i

n+ 1

]2
,

with respect to δ, α, β and parameter vector ξ. The WLSEs can be obtained by solving
the non-linear equations:
n∑
i=1

(n+ 1)2(n+ 2)
i(n− 1 + 1)

[
F
(
x(i); δ, α, β, ξ

)
− i

n+ 1

]
ϑz
(
x(i); δ, α, β, ξ

)
= 0, z = 1, 2, 3, 4,
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where ϑz
(
x(i); δ, α, β, ξ

)
are defined in equation (40).

5.5 Cramér-von Mises estimation
The Cramér-von Mises estimates (CVMEs) of the parameters of the MO-WEHL-G
family of distributions parameters are obtained through the minimization of the
function

C (δ, α, β, ξ) = 1
12n +

n∑
i=1

[
F
(
x(i); δ, α, β, ξ

)
− 2i− 1

2n

]2
,

with respect to δ, α, β and parameter vector ξ. The CVMEs can also be obtained by
solving the non-linear equations

n∑
i=1

[
F
(
x(i); δ, α, β, ξ

)
− 2i− 1

2n

]
ϑz
(
x(i); δ, α, β, ξ

)
= 0, z = 1, 2, 3, 4,

where ϑz
(
x(i); δ, α, β, ξ

)
are defined in equation (40).

5.6 Maximum Product of Spacing estimation
The Maximum Product of Spacing method is used to estimate the parameters
of a distribution as an alternative to the maximum likelihood method. Let
Di

(
x(i); δ, α, β, ξ

)
= F

(
x(i); δ, α, β, ξ

)
− F

(
x(i−1); δ, α, β, ξ

)
, for i = 1, 2, .., n +

1, be the uniform spacing of a random sample from the MO-WEHL-G family
of distributions, where F

(
x(0); δ, α, β, ξ

)
= 0, F

(
x(n+1); δ, α, β, ξ

)
= 1 and∑n+1

i=1 Di

(
x(i); δ, α, β, ξ

)
= 1. The Maximum Product of Spacing estimates (MPSEs)

for δ, α, β and parameter vector ξ can be obtained by maximizing

H (δ, α, β, ξ) = 1
n+ 1

n+1∑
i=1

log
(
Di

(
x(i); δ, α, β, ξ

))
.

The MPSEs of the MO-WEHL-G family of distributions can be obtained by solving
the non-linear equations:

1
n+ 1

n+1∑
i=1

1
Di

(
x(i); δ, α, β, ξ

) [ϑz (x(i); δ, α, β, ξ
)
− ϑz

(
x(i−1); δ, α, β, ξ

)]
= 0,

z = 1, 2, 3, 4, where ϑz
(
x(i); δ, α, β, ξ

)
are defined in equation (40).

T. Moakofi et al.
CEJEME 16: 125-189 (2024)

148



A New Generalized Family . . .

6 Monte Carlo simulation study
With the six estimation methods discussed in Section 5, the performance of the MO-
WEHL-LLoG distribution is examined by conducting various simulations for different
sizes (n=25, 50, 100, 200, 400, 800) via the R package. We simulate N = 1000 samples
for the true parameters values of (α, δ, β, c) given in Table 1 and Table 2. The tables
list the average bias (ABIAS) and root mean squared errors (RMSEs) for the six
estimation methods: ML, LS, WLS, MPS, CVM, and AD, with different sample
sizes. The ABIAS and RMSE for the estimated parameter, say, θ̂, say, are given by:

ABIAS(θ̂) =
∑N
i=1 θ̂i
N

− θ, and RMSE(θ̂) =

√∑N
i=1(θ̂i − θ)2

N
,

respectively. In Tables 1 and 2, the row indicating
∑

Ranks corresponds to the
partial sum of the ranks. Among all the estimators for a given metric, the superscript
indicates their rank. Table 2 presents, for example, the ABIAS of α̂ obtained via
MLE method as 0.0091{1} for n = 25. This indicates that the ABIAS of α̂ obtained
using the MLE method ranks first among all other estimators. So, when n = 25, in
comparison with all other estimators, MLE provides the best ABIAS of α̂.
Table 3 shows the partial and overall ranks of all the estimation methods of MO-
WEHL-LLoG distribution by various model parameter values. Based on the results
in Tables 1 and 2, the MO-WEHL-LLoG distribution is stable, as the ABIAS and
RMSE values for its four parameters are modest. It can be observed that the bias
occasionally decreases with increasing sample size, while RMSE decreases as sample
size increases for all estimations. Figures 6 and 7 demonstrate how the RMSEs of
parameters decreased with increasing sample size for each estimation method. It
appears that, for large sample sizes, all estimation methods provide accurate bias and
mean squared error estimates. Table 3 shows that MLE method allows us to obtain
better estimates of MO-WEHL-LLoG parameters, followed by AD and then MPS
methods. According to the rankings, the LS method performs the least well.

7 Applications
This section applies the MO-WEHL-LLoG distribution to three data sets in order
to highlight the significance and applicability of the new distribution. The fit
of the MO-WEHL-LLoG distribution is compared to those of the Marshall-Olkin
log-logistic Weibull (MOLLW) distribution (Lepetu et al. 2017), Marshall-Olkin
exponential-Gompertz (MOEGo) distribution by Khaleel et al. (2020), Marshall-
Olkin generalized-log-logistic (MOG-LL) distribution by Yousof et al. (2018),
Marshall-Olkin modified Weibull (MOMW) distribution by Santos-Nero et al. (2014),
Weibull exponentiated half logistic log-logistic distribution (Peter et al. 2022), odd
log-logistic exponentiated Weibull (OLLEW) by Afify et al. (2018), Weibull Lomax
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Figure 6: Plots of RMSEs of parameters in Table 1
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Figure 7: Plots of RMSEs of parameters in Table 2
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(WL) distribution by Tahir et al. (2015) and the exponentiated half logistic odd
Lindley-Weibull (EHLOL-W) distribution by Sengweni et al. (2021). The pdf’s of
these distributions are given in the appendix.

Table 3: Partial and overall ranks of all estimation methods of MO-WEHL-LLoG
distribution by various model parameter values

Parameters n MLE LS WLS MPS CVM AD

α = 0.2, δ = 0.2, β = 0.9, c = 2.3

25 4 6 2.5 1 5 2.5
50 1 5.5 2 3.5 5.5 3.5
100 2 6 4 3 5 1
200 3 5.5 4 1 5.5 2
400 3 6 4 2 5 1
800 3 6 4 1 5 2

α = 0.4, δ = 0.9, β = 1.7, c = 1.2

25 1 6 3.5 2 5 3.5
50 1 6 4 3 5 2
100 1 5 4 2 6 3
200 1 6 3 4 5 2
400 1 4 6 3 5 2
800 1 4 6 5 2 3∑

ranks 22 66 47 30.5 59 27.5
Overall rank 1 6 4 3 5 2

The goodness-of-fit is assessed using the following statistics: -2log-likelihood
(−2 ln(L)), Akaike Information Criterion (AIC = 2p − 2 ln(L)), Consistent Akaike
Information Criterion (CAIC = AIC + 2 p(p+1)

n−p−1 ), Bayesian Information Criterion
(BIC = p ln(n) − 2 ln(L)), (n is the number of observations, and p is the number
of estimated parameters), Cramér-von Mises statistic (W ∗), Anderson-Darling
statistic (A∗) (Cheng and Balakrishnann 1995), Kolmogorov-Smirnov (K-S) statistic,
and its p − value. The values of these statistics are given in Tables 4, 5 and 6.
The model with the smallest values of the goodness-of-fit statistics and a bigger
p-value for the K-S statistic is regarded as the best model. The p-value from the
Kolmogorov-Smirnov (K-S) test, is used to assess how well the proposed distribution
fits the data. Specifically, the p-value represents the probability of obtaining a test
statistic that is as extreme or more extreme than the observed value, assuming the
null hypothesis is true (Wasserstein and Lazar 2016). In the K-S test, the null
hypothesis states that the data follows the proposed distribution.
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7.1 Kevlar 49/Epoxy Strands Failure at 90% Stress Level
The first data set relates to the stress-rupture life of Kevlar 49/epoxy strands that
were continuously compressed at a 90% stress level until they all failed (Andrews and
Herzberg 2012, Barlow et al. 1984). (See the data in the appendix.) Table 4 gives
the maximum likelihood estimates (MLEs) of the fitted distributions together with
the standard errors (in parenthesis) and all the values of goodness-of-fit statistics.The
MO-WEHL-LLoG distribution suited the epoxy strands failure data set better than
the competing models taken into consideration, according to the results above (see
Table 4). The goodness-of-fit statistics: AIC,AICC,BIC, W ∗, A∗ and KS have
small values under the MO-WEHL-LLoG distribution. Furthermore, the p-value for
the MO-WEHL-LLoG distribution is the largest compared to other fitted models.
Figure 8 of fitted density plots and probability plots show that the MO-WEHL-LLoG
model performed better than other models in terms of fitting the data.
The fitted and empirical cumulative distribution (ECDF), observed and fitted Kaplan-
Meier (K-M) survival curves, hazard rate function (hrf) plot and total test on time
(TTT) scaled plot are displayed in Figure 9. We can observe that the empirical
cdf and Kaplan-Meier survival curves are closely followed by the MO-WEHL-LLoG
distribution. The hrf is decreasing-increasing-decreasing in the TTT scaled plot. The
estimated hrf of the MO-WEHL-LLoG distribution is non-monotonic.

7.2 Annual Maximum Antecedent Rainfall Measurements
The second data set (Chen et al. 2010) corresponds to 52 ordered annual maximum
antecedent rainfall measurements in mm from Maple Ridge in British Columbia,
Canada. (See the data in the appendix.)
From the results in Table 5 it is quite clear that the MO-WEHL-LLoG distribution
provides the best fit among the competitors since it has the lowest value of −2 ln(L),
AIC, CAIC, BIC, W ∗, A∗ and K-S statistic. Furthermore, the p-value of the
K − S statistic is largest for the MO-WEHL-LLoG distribution, suggesting that the
proposed MO-WEHL-LLoG distribution provides the best fit for the annual maximum
antecedent rainfall measurement data.
From Figure 11 above, we see that the fitted cdf is closely following the empirical cdf
and also the fitted survival function is estimating the survival probabilities quite well
since it is very close to the empirical survival plot. It can be inferred that the MO-
WEHL-LLoG distribution is suitable for modeling the annual maximum antecedent
rainfall measurement data as both the TTT scaled and hrf plots estimate the hrf of
the data to be increasing.

155 T. Moakofi et al.
CEJEME 16: 125-189 (2024)



T. Moakofi, B. Oluyede, A. Puoetsile, G. Warahena-Liyanage

Ta
bl
e
4:

Es
tim

at
es

of
m
od

el
s
an

d
go

od
ne

ss
-o
f-fi

t
st
at
ist

ic
s
fo
r
K
ev
la
r
49
/E

po
xy

st
ra
nd

s
fa
ilu

re
da

ta

E
st
im

at
es

St
at
is
ti
cs

M
od

el
α

δ
β

c
−

2
lo

g
(L

)
A
I
C

A
I
C
C

B
I
C

W
∗

A
∗

K
−
S

P
-v
al
ue

M
O

-W
E

H
L

-L
L

oG
0.

17
38

2.
23

72
0.

75
14

4.
44

66
20

0.
89

00
20

8.
89

00
20

9.
30

00
21

9.
35

00
0.

08
20

0.
56

05
0.

07
22

0.
77

22
(0

.0
68

1)
(0

.8
13

1)
(0

.1
90

1)
(2

.0
69

9)
c

α
β

δ

M
O
L
LW

0.
64

65
1.
41

11
0.
76

63
4.
42

86
20

3.
74

90
21

1.
74

9
21

2.
16

56
22

2.
20

95
0.
12

15
0.
74

86
0.
07

09
0.
69

01
(0
.2
46

1)
(0
.8
14

3)
(0
.2
54

0)
(4
.1
38

8)
α

λ
β

θ

M
O
E
G
o

1.
40

62
1.
36

38
3.
96

55
×

10
−

09
0.
79

84
20

7.
31

98
21

5.
31

97
21

5.
73

64
22

5.
78

02
0.
22

37
1.
23

72
0.
08

40
0.
47

31
(4
.6
07

5×
10

+
01
)

(1
.2
60

9×
10

+
02
)

(1
.9
91

5
×

10
−

01
)

(1
.5
75

6×
10

+
01
)

δ
a

α
β

M
O
G
L
L

1.
43

98
1.
63

99
×

10
+

05
4.
68

54
×

10
+

05
0.
90

42
20

5.
22

96
21

5.
31

97
21

5.
73

64
22

5.
78

02
0.
22

37
1.
23

72
0.
08

40
0.
47

31
(6
.0
03

8×
10
−

01
)

(2
.1
13

4×
10
−

06
)

(
6.
60

83
×

10
−

07
)

(1
.7
06

0×
10
−

02
)

α
δ

λ
γ

M
O
M
W

0.
99

93
1.
06

24
0.
01

13
0.
90

59
20

5.
87

65
21

3.
87

65
21

4.
29

31
22

4.
33

7
0.
18

59
1.
05

27
0.
07

79
0.
57

16
(0
.5
48

6)
(0
.8
95

1)
(0
.0
66

5)
(0
.1
49

5)
α

β
θ

W
E
H
L
-L
L
oG

0.
36

92
0.
98

00
2.
35

96
-

20
5.
57

00
21

1.
57

00
21

1.
82

00
21

9.
42

00
0.
20

42
1.
15

1
0.
10

47
9

0.
21

74
(0
.0
70

7)
(0
.4
83

9)
(1
.5
43

0)
-

α
β

γ
θ

O
L
L
E
W

2.
88

88
1.
30

29
0.
35

93
1.
52

53
20

5.
64

21
3.
64

00
21

4.
06

00
22

4.
10

00
0.
15

99
0.
93

81
0.
07

55
0.
61

18
(4
.5
16

4)
(0
.7
35

9)
(0
.5
16

4)
(1
.0
84

6)
a

b
α

β

W
L

0.
25

06
0.
78

60
1.
35

81
0.
33

03
20

5.
19

00
21

3.
19

00
21

3.
61

00
22

3.
66

00
0.
14

40
0.
86

27
0.
07

87
0.
55

87
(0
.4
17

3)
(0
.1
80

4)
(0
.4
57

9)
(0
.6
28

2)
λ

α
a

b

E
H
L
O
L
-W

7.
32

66
×

10
−

04
1.
99

99
×

10
−

01
2.
02

58
×

10
−

01
9.
04

34
×

10
−

05
24

6.
95

21
25

4.
95

25
25

5.
36

91
26

5.
41

29
0.
30

75
2.
26

74
0.
15

94
0.
01

17
(1
.1
32

1×
10
−

03
)

(
3.
82

27
×

10
−

02
)

(3
.8
90

6×
10
−

02
)

(2
.4
81

1
×

10
−

04
)

T. Moakofi et al.
CEJEME 16: 125-189 (2024)

156



A New Generalized Family . . .

Figure 8: Fitted densities and probability plots for Kevlar 49/Epoxy strands failure
data
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Figure 9: Estimated cdf, Kaplan-Meier survival, fitted hazard rate function and Scaled
TTT-Transform plots for the MO-WEHL-LLoG distribution for epoxy strands failure
data
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Figure 9: Estimated cdf, Kaplan-Meier survival, fitted hazard rate function and Scaled
TTT-Transform plots for the MO-WEHL-LLoG distribution for epoxy strands failure
data, cont.
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Figure 10: Fitted densities and PP plots for annual maximum antecedent rainfall
measurement data
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Figure 11: Estimated cdf, Kaplan-Meier survival, fitted hazard rate function and
Scaled TTT-Transform plots for the MO-WEHL-LLoG distribution for annual
maximum antecedent rainfall measurement data
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Figure 11: Estimated cdf, Kaplan-Meier survival, fitted hazard rate function and
Scaled TTT-Transform plots for the MO-WEHL-LLoG distribution for annual
maximum antecedent rainfall measurement data, cont.
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7.3 Fatigue time of 101 6061-T6 aluminium coupons
This data set represent the fatigue time of 101 6061-T6 aluminum coupons cut parallel
to the direction of rolling and oscillated at 18 cycles per second (Birnbaum et al. 1969).
(See the data in the appendix).
From the results in Table 6, we see that the values of the goodness-of-fit statistics:
−2 ln(L), AIC,AICC,BIC, W ∗, A∗ and K-S are the smallest for the MO-WEHL-
LLoG distribution. This indicates that the MO-WEHL-LLoG distribution is a better
fit for the aluminium coupons data as compared to other fitted distributions. The
p-value of the K-S statistic is also the largest for MO-WEHL-LLoG distribution.
Figure 13 shows that the fitted cdf is closely following the empirical cdf and also the
fitted survival function is estimating the survival probabilities quite well since it is
very close to the Kaplan-Meier survival plot. The hrf is estimated to be an increasing
shape on both the TTT and hrf plots.

8 Conclusions
We have proposed and studied a new generalized family of distributions called the
Marshall-Olkin-Weibull-exponentiated half logistic-G (MO-WEHL-G) distribution.
Several mathematical and statistical properties of the new family of distributions
were derived. To estimate parameters of the MO-WEHL-LLoG distribution, which
is a special case of the MO-WEHL-G family, a variety of estimation techniques are
employed. These include maximum likelihood estimation, least-squares estimation,
weighted least-squares estimation, maximum product spacing estimation, Cramér-von
Mises estimation, and Anderson-Darling estimation. Monte Carlo simulations were
used to evaluate the consistency properties of the six estimation methods for the MO-
WEHL-LLoG distribution. The results show that MLE method better estimated the
MO-WEHL-LLoG parameters as compared to other methods. Finally, to demonstrate
the relevance and applicability of the MO-WEHL-G distribution, its special case of
MO-WEHL-LLoG distribution was fitted to three data sets.
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Figure 12: Fitted densities and expected probability plot for aluminium coupons data
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Figure 13: Estimated cdf, Kaplan-Meier survival, fitted hazard rate function and
scaled TTT-transform plots for the MO-WEHL-LLoG distribution for aluminium
coupons data
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Figure 13: Estimated cdf, Kaplan-Meier survival, fitted hazard rate function and
scaled TTT-transform plots for the MO-WEHL-LLoG distribution for aluminium
coupons data, cont.
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A Expansion of density function

Note that if we let

FWEHL−G(x;α, β, ξ) = F (x;α, β, ξ)

and

fWEHL−G(x;α, β, ξ) = f(x;α, β, ξ),

then we have

f(x;α, β, ξ) (F (x;α, β, ξ))t−k =

= 2αβ exp
(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β−1

×

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α−1
×

× g(x; ξ)
(1 + Ḡ(x; ξ))2 ×
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×

(
1− exp

(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))t−k
=

= 2αβ
∞∑
q=0

(
t− k
q

)
(−1)q

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)−1

×

× exp
(
−(q + 1)

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α−1
×

× g(x; ξ)
(1 + Ḡ(x; ξ))2

.

Now, applying the following Taylor series expansion

(
exp

(
−(q + 1)

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))
=

=
∞∑
p=0

(−1)p(q + 1)p
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]βp
p! ,

and using the results on power series raised to a positive integer, by setting as = 1
s+2 ,

that is (
∑∞
s=0 asy

s)m =
∑∞
s=0 bs,my

s, we have

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β(p+1)−1

=

= yβ(p+1)−1

[ ∞∑
m=0

(
β(p+ 1)− 1

m

)
ym

( ∞∑
s=0

ys

s+ 2

)m]
=

= yβ(p+1)−1

[ ∞∑
m=0

(
β(p+ 1)− 1

m

)
ym

∞∑
s=0

bs,my
s

]
=

=
[ ∞∑
m,s=0

(
β(p+ 1)− 1

m

)
bs,my

m+s+β(p+1)−1

]
,
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(Gradshteyn et al. 2014), where bs,m = (sa0)−1∑s
l=1[m(l+1)−s]albs−l,m, b0,m = am0 ,

and obtain

f(x;α, β, ξ) (F (x;α, β, ξ))t−k =

= 2αβ
∞∑

q,p=0

∞∑
m,s=0

(
β(p+ 1)− 1

m

)
bs,m

(
t− k
q

)
(−1)q+p (q + 1)p

p! ×

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α[m+s+β(p+1)]−1
×

× g(x; ξ)
(1 + Ḡ(x; ξ))2

. (41)

Applying the generalized binomial series expansions(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)−1

=
∞∑
l=0

Γ(l + 1)
Γ(1)l!

(
G(x; ξ)

1 + Ḡ(x; ξ)

)αl
,

(1 + Ḡ(x; ξ))−(α[m+s+β(p+1)+l]+1) =
∞∑
w=0

(
α (m+ s+ β(p+ 1) + l) + w

w

)
Ḡw(x; ξ),

G(x; ξ))α(m+s+β(p+1)+l)−1 =
∞∑
j=0

(
α (m+ s+ β(p+ 1) + l)− 1

j

)
(−1)jḠj(x; ξ),

and
Ḡw+j(x; ξ) =

∞∑
r=0

(
w + j

r

)
(−1)rGr(x; ξ).

Thus, we can reduce equation (41) to

f(x;α, β, ξ) (F (x;α, β, ξ))t−k =

= 2αβ
∞∑

q,p=0

∞∑
m,s,l,w,j,r=0

bs,m

(
β(p+ 1)− 1

m

)(
t− k
q

)
(−1)q+p+j+r ×

× (q + 1)p
p!

Γ(l + 1)
Γ(1)l!

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
Gr(x; ξ)g(x; ξ). (42)

Consequently, for δ ∈ (0, 1), we write

f
MO−WEHL−G(x; δ, α, β, ξ) =

∞∑
r=0

ϕr+1gr+1(x; ξ), (43)
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where

ϕr+1 = 2αβ
∞∑

t,q,p,m,s,l,w,j=0

t∑
k=0

φt,kbs,m

(
β(p+ 1)− 1

m

)(
t− k
q

)
(−1)q+p+j+r ×

× (q + 1)p
p!

Γ(l + 1)
Γ(1)l!(r + 1)

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
, (44)

and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1). Also, for δ > 1, we write

f
MO−WEHL−G(x; δ, α, β, ξ) =

∞∑
r=0

%r+1gr+1(x; ξ), (45)

where

%
r+1 = 2αβ

∞∑
t,q,p,m,s,l,w,j=0

ϑtbs,m

(
β(p+ 1)− 1

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + 1)p
p!

Γ(l + 1)(r + 1)
Γ(1)l!

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
, (46)

and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1). Therefore, for both cases, the pdf of MO-WEHL-G family of
distributions can be expressed as a linear combination of the Exp-G distribution with
power parameter (r + 1).

B Distribution of order statistics

The pdf of the ρth order statistic from the MO-WEHL-G family of distributions is
given by

fρ:n(x; δ, α, β, ξ) = δn!f
WEHL−G(x;α, β, ξ)×

×
n−ρ∑
z=0

(−1)z
(ρ− 1)!(n− ρ)!

F z+ρ−1
WEHL−G

(x;α, β, ξ)
[1− δ̄F̄

WEHL−G(x;α, β, ξ)]z+ρ−1
. (47)
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If δ ∈ (0, 1), we have

fρ:n(x; δ, α, β, ξ) = (48)

= f
WEHL−G(x;α, β, ξ)

∞∑
t=0

n−ρ∑
z=0

t∑
k=0

Ut,z,kF
t+z−k+ρ−1
WEHL−G

(x;α, β, ξ),

where

Ut,z,k = Ut,z,k(δ) = δn!(−1)z(1− δ)t(−1)t−k
(ρ− 1)!(n− ρ)!

(
t

k

)(
z + ρ+ t

t

)
. (49)

For δ > 1, we write

(
1− δ̄F̄

WEHL−G(x;α, β, ξ)
)

= δ
{

1− (δ − 1)F
WEHL−G(x;α, β, ξ)/δ

}
,

such that

fρ:n(x; δ, α, β, ξ) = f
WEHL−G(x;α, β, ξ)

∞∑
t=0

n−ρ∑
z=0

ct,zF
t+z+ρ−1
WEHL−G

(x;α, β, ξ), (50)

where

ct,z = ct,z(δ) = (−1)l(δ − 1)tn!
δz+t+ρ(ρ− 1)!(n− ρ)!

(
z + ρ+ t

t

)
. (51)

Note that

f(x;α, β, ξ) (F (x;α, β, ξ))t+z−k+ρ−1 =

= 2αβ exp
(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β−1

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α−1
×
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× g(x; ξ)
(1 + Ḡ(x; ξ))2

×

×

(
1− exp

(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))t+z−k+ρ−1

=

= 2αβ
∞∑
q=0

(
t+ z − k + ρ− 1

q

)
(−1)q

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)−1

×

× exp
(
−(q + 1)

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β−1(
G(x; ξ)

1 + Ḡ(x; ξ)

)α−1
×

× g(x; ξ)
(1 + Ḡ(x; ξ))2

.

Now, applying the following Taylor series expansion

(
exp

(
−(q + 1)

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))
=

=
∞∑
p=0

(−1)p(q + 1)p
[
− log

(
1−

(
G(x;ξ)

1+Ḡ(x;ξ)

)α)]βp
p! ,

and using the results on power series raised to a positive integer, by setting as = 1
s+2 ,

that is (
∑∞
s=0 asy

s)m =
∑∞
s=0 bs,my

s, we obtain

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β(p+1)−1

=

= yβ(p+1)−1

[ ∞∑
m=0

(
β(p+ 1)− 1

m

)
ym

( ∞∑
s=0

ys

s+ 2

)m]
=

= yβ(p+1)−1

[ ∞∑
m=0

(
β(p+ 1)− 1

m

)
ym

∞∑
s=0

bs,my
s

]
=

=
[ ∞∑
m,s=0

(
β(p+ 1)− 1

m

)
bs,my

m+s+β(p+1)−1

]
,
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(Gradshteyn et al. 2014), where bs,m = (sa0)−1∑s
l=1[m(l+1)−s]albs−l,m, b0,m = am0 ,

and we can write

f(x;α, β, ξ) (F (x;α, β, ξ))t+z−k+ρ−1 =

= 2αβ
∞∑

q,p=0

∞∑
m,s=0

(
β(p+ 1)− 1

m

)
bs,m

(
t+ z − k + ρ− 1

q

)
×

×(−1)q+p (q + 1)p
p!

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)−1

×

×
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α[m+s+β(p+1)]−1
g(x; ξ)

(1 + Ḡ(x; ξ))2
. (52)

Applying the generalized binomial series expansions(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)−1

=
∞∑
l=0

Γ(l + 1)
Γ(1)l!

(
G(x; ξ)

1 + Ḡ(x; ξ)

)αl
,

(1 + Ḡ(x; ξ))−(α[m+s+β(p+1)+l]+1) =
∞∑
w=0

(
α (m+ s+ β(p+ 1) + l) + w

w

)
Ḡw(x; ξ),

G(x; ξ))α(m+s+β(p+1)+l)−1 =
∞∑
j=0

(
α (m+ s+ β(p+ 1) + l)− 1

j

)
(−1)jḠj(x; ξ),

and
Ḡw+j(x; ξ) =

∞∑
r=0

(
w + j

r

)
(−1)rGr(x; ξ),

equation (52) reduces to

f(x;α, β, ξ) (F (x;α, β, ξ))t+z−k+ρ−1 =

= 2αβ
∞∑

q,p=0

∞∑
m,s,l,w,j,r=0

bs,m

(
β(p+ 1)− 1

m

)(
t+ z − k + ρ− 1

q

)
×

×(−1)q+p+j+r (q + 1)p
p!

Γ(l + 1)
Γ(1)l!

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
Gr(x; ξ)g(x; ξ). (53)

For δ ∈ (0, 1), If we substitute (53) into (48), we have the pdf of the ρth order statistic
expressed as

fρ:n(x; δ, α, β, ξ) =
∞∑

t,r=0

n−ρ∑
z=0

t∑
k=0

Ut,z,kar+1gr+1(x; ξ), (54)
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where

a
r+1 = 2αβ

∑∞
q,p=0

∑∞
m,s,l,w,j=0 bs,m

(
β(p+1)−1

m

)(
t+z−k+ρ−1

q

)
(−1)q+p+j+r ×

× (q+1)p
p!

Γ(l+1)
Γ(1)l!(r+1)

(
α(m+s+β(p+1)+l)+w

w

)
×

×
(
α(m+s+β(p+1)+l)−1

j

)(
w+j
r

)
,

and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1).
Similarly, for δ > 1, then equation (50) can be written as

fρ:n(x; δ, α, β, ξ) =
∞∑
t=0

n−ρ∑
z=0

ct,za
∗
r+1

g
r+1(x; ξ), (55)

where

a∗
r+1

= 2αβ
∞∑

q,p=0

∞∑
m,s,l,w,j=0

bs,m

(
β(p+ 1)− 1

m

)(
t+ z + ρ− 1

q

)
(−1)q+p+j+r ×

× (q + 1)p
p!

Γ(l + 1)
Γ(1)l!(r + 1)

(
α (m+ s+ β(p+ 1) + l) + w

w

)
×

×
(
α (m+ s+ β(p+ 1) + l)− 1

j

)(
w + j

r

)
,

and gr+1(x; ξ) = (r + 1)Gr(x; ξ)g(x; ξ) is the Exp-G distribution with the power
parameter (r + 1).

C Rényi entropy
Rényi entropy is defined to be the measure of variation or uncertainty for a random
variable X with pdf f(x). Rényi entropy is defined as

IR(v) = (1− v)−1log

[∫ ∞
−∞

fv(x)dx
]
,

where v > 0 and v 6=1. Using the following expansion from Barreto et al. (2013), for
δ ∈ (0, 1)

fν
MO−WEHL−G

(x; δ, α, β, ξ) =

=
δνfν

WEHL−G
(x;α, β, ξ)

Γ(2ν)

∞∑
i,t=0

(
i

t

)
(−1)t(1− δ)iΓ(2ν + i)

[F
WEHL−G(x;α, β, ξ)]t

i!
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and for δ > 1

fν
MO−WEHL−G

(x; δ, α, β, ξ) =

fν
WEHL−G

(x;α, β, ξ)
δν+tΓ(2ν)

∞∑
t=0

(δ − 1)tΓ(2ν + t)
F t
WEHL−G

(x;α, β, ξ)
t! .

Thus, Rényi entropy for δ ∈ (0, 1) and δ > 1 are given by

IR(ν) = (1− ν)−1 log
( ∞∑
i=0

ei

∫ ∞
0

fν
WEHL−G

(x;α, β, ξ)(F
WEHL−G(x;α, β, ξ))tdx

)
(56)

and

IR(ν) = (1− ν)−1 log
( ∞∑
t=0

ht

∫ ∞
0

fν
WEHL−G

(x;α, β, ξ)F t
WEHL−G

(x;α, β, ξ)dx
)
, (57)

where

ei = ei(δ) =
∑∞
t=0 δ

ν(1− δ)iΓ(2ν + i)
(
i
t

)
(−1)t

Γ(2ν)i!

and

ht = ht(δ) = (δ − 1)tΓ(2ν + t)
δν+tΓ(2ν)t! .

Note that

f(x;α, β, ξ)ν (F (x;α, β, ξ))t =

= (2αβ)ν exp
(
−ν
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]νβ−ν
×

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−ν (
G(x; ξ)

1 + Ḡ(x; ξ)

)να−ν
×

× gν(x; ξ)
(1 + Ḡ(x; ξ))2ν

×
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×

(
1− exp

(
−
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))t
=

= (2αβ)ν
∞∑
q=0

(
t

q

)
(−1)q

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)−ν
×

× exp
(
−(q + ν)

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β)
×

×
[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]νβ−ν (
G(x; ξ)

1 + Ḡ(x; ξ)

)να−ν
×

× gν(x; ξ)
(1 + Ḡ(x; ξ))2ν

.

Now, applying the following Taylor series expansion

(
exp

(
−(q + ν)

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β))
=

=
∞∑
p=0

(−1)p(q + ν)p
[
− log

(
1−

(
G(x;ξ)

1+Ḡ(x;ξ)

)α)]βp
p! ,

and using the results on power series raised to a positive integer, by setting as = 1
s+2 ,

that is (
∑∞
s=0 asy

s)m =
∑∞
s=0 bs,my

s, we obtain

[
− log

(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)]β(p+ν)−ν

=

= yβ(p+ν)−ν

[ ∞∑
m=0

(
β(p+ ν)− ν

m

)
ym

( ∞∑
s=0

ys

s+ 2

)m]
=

= yβ(p+ν)−ν

[ ∞∑
m=0

(
β(p+ ν)− ν

m

)
ym

∞∑
s=0

bs,my
s

]
=

=
[ ∞∑
m,s=0

(
β(p+ ν)− ν

m

)
bs,my

m+s+β(p+ν)−ν

]
,
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(Gradshteyn et al. 2014), where bs,m = (sa0)−1∑s
l=1[m(l+1)−s]albs−l,m, b0,m = am0 ,

and we have

fν(x;α, β, ξ) (F (x;α, β, ξ))t =

= (2αβ)ν
∞∑

q,p=0

∞∑
m,s=0

(
β(p+ ν)− ν

m

)
bs,m

(
t

q

)
(−1)q+p (q + ν)p

p! ×

×
(

1−
(

G(x; ξ)
1 + Ḡ(x; ξ)

)α)−ν (
G(x; ξ)

1 + Ḡ(x; ξ)

)α[m+s+β(p+ν)]−ν
×

× gν(x; ξ)
(1 + Ḡ(x; ξ))2ν

. (58)

Applying the generalized binomial series expansions(
1−

(
G(x; ξ)

1 + Ḡ(x; ξ)

)α)−ν
=

=
∞∑
l=0

Γ(l + ν)
Γ(ν)l!

(
G(x; ξ)

1 + Ḡ(x; ξ)

)αl
,

(1 + Ḡ(x; ξ))−(α(m+s+β(p+ν)+l)+ν) =

=
∞∑
w=0

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)
Ḡw(x; ξ),

G(x; ξ))α(m+s+β(p+ν)+l)−ν =
∞∑
j=0

(
α (m+ s+ β(p+ ν) + l)− ν

j

)
(−1)jḠj(x; ξ),

and
Ḡw+j(x; ξ) =

∞∑
r=0

(
w + j

r

)
(−1)rGr(x; ξ),

equation (58) reduces to

f(x;α, β, ξ) (F (x;α, β, ξ))t =

= (2αβ)ν
∞∑

q,p=0

∞∑
m,s,l,w,j,r=0

bs,m

(
β(p+ ν)− ν

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + ν)p
p!

Γ(l + ν)
Γ(ν)l!

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)
×

×
(
α (m+ s+ β(p+ ν) + l)− ν

j

)(
w + j

r

)
Gr(x; ξ)g(x; ξ).

(59)
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Now, for δ ∈ (0, 1) and from equation (56), we have

IR(ν) =

= (1− ν)−1 log
[
(2αβ)ν

∞∑
i,q,p=0

∞∑
m,s,l,w,j,r=0

eibs,m

(
β(p+ ν)− ν

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + ν)p
p!

Γ(l + ν)
Γ(ν)l!

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)(
w + j

r

)
×

×
(
α (m+ s+ β(p+ ν) + l)− ν

j

)
1(

r
ν + 1

)ν ∫ ∞
0

(( r
ν

+ 1
)
g(x; ξ)[G(x; ξ)] rν

)ν
dx

]
=

= (1− ν)−1 log
[ ∞∑
r=0

τr exp ((1− ν)IREG)
]
, (60)

where

τr = (2αβ)ν
∞∑

i,q,p=0

∞∑
m,s,l,w,j=0

eibs,m

(
β(p+ ν)− ν

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + ν)p
p!

Γ(l + ν)
Γ(ν)l!

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)
×

×
(
α (m+ s+ β(p+ ν) + l)− ν

j

)(
w + j

r

)
1(

r
ν + 1

)ν , (61)

and IREG = (1 − ν)−1 log
[∫∞

0

((
r
ν + 1

)
g(x; ξ)[G(x; ξ)] rν

)ν
dx

]
is the Rényi entropy

of the Exp-G distribution with power parameter ( rν +1). Similarly, for δ > 1, we have

IR(ν) =

= (1− ν)−1 log
[
(2αβ)ν

∞∑
t,q,p=0

∞∑
m,s,l,w,j,r=0

htbs,m

(
β(p+ ν)− ν

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + ν)p
p!

Γ(l + ν)
Γ(ν)l!

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)(
w + j

r

)
×

×
(
α (m+ s+ β(p+ ν) + l)− ν

j

)
1(

r
ν + 1

)ν ∫ ∞
0

(( r
ν

+ 1
)
g(x; ξ)[G(x; ξ)] rν

)ν
dx

]
=

= (1− ν)−1 log
[ ∞∑
r=0

τ∗r exp ((1− ν)IREG)
]
, (62)
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where

τ∗r = (2αβ)ν
∞∑

t,q,p=0

∞∑
m,s,l,w,j=0

htbs,m

(
β(p+ ν)− ν

m

)(
t

q

)
(−1)q+p+j+r ×

× (q + ν)p
p!

Γ(l + ν)
Γ(ν)l!

(
α (m+ s+ β(p+ ν) + l) + ν + w − 1

w

)
×

×
(
α (m+ s+ β(p+ ν) + l)− ν

j

)(
w + j

r

)
1(

r
ν + 1

)ν , (63)

and IREG = (1 − ν)−1 log
[∫∞

0

((
r
ν + 1

)
g(x; ξ)[G(x; ξ)] rν

)ν
dx

]
is the Rényi entropy

of the Exp-G distribution with power parameter ( rν + 1).

D Elements of score vector
The partial derivatives of the log-likelihood function with respect to each component
of the parameter vector are:

∂`n
∂δ

= n

δ
− 2

n∑
i=1

exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)
(

1− δ̄ exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)) ,

∂`

∂α
= n

α
− β

n∑
i=1

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α
ln
(

G(xi; ξ)

1 + Ḡ(xi; ξ)

)
(

1−
(

G(xi; ξ)

1 + Ḡ(xi; ξ)

)α) =

− (β − 1)
n∑
i=1

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α
ln
(

G(xi; ξ)

1 + Ḡ(xi; ξ)

)
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)](
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α) +

+
n∑
i=1

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α
ln
(

G(xi; ξ)

1 + Ḡ(xi; ξ)

)
(

1−
(

G(xi; ξ)
1 + Ḡ(xi; ξ)

)α) +
n∑
i=1

ln
(

G(xi; ξ)

1 + Ḡ(xi; ξ)

)
+

− 2δ̄β
n∑
i=1

exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β−1

(
1− δ̄ exp

(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)) ×

×

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α
ln
(

G(xi; ξ)

1 + Ḡ(xi; ξ)

)
(

1−
(

G(xi; ξ)

1 + Ḡ(xi; ξ)

)α) ,
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∂`

∂β
= n

β
−

n∑
i=1

[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]
+

+
n∑
i=1

ln
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]
+

− 2δ̄
n∑
i=1

exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)
ln
([
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)])
(

1− δ̄ exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)) ×

×
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β
,

and

∂`

∂ξk
= −αβ

n∑
i=1

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α−1 [∂G(xi; ξ)
∂ξk

(
1 + Ḡ(xi; ξ)

)
+ ∂G(xi; ξ)

∂ξk
G(xi; ξ)

]
(

1−
(

G(xi; ξ)
1 + Ḡ(xi; ξ)

)α)(
1 + Ḡ(xi; ξ)

)2
+

+ α(β − 1)
n∑
i=1

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α−1 [∂G(xi; ξ)
∂ξk

(
1 + Ḡ(xi; ξ)

)
+ ∂G(xi; ξ)

∂ξk
G(xi; ξ)

]
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)](
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)(
1 + Ḡ(xi; ξ)

)2
+

+
n∑
i=1

α
(

G(xi; ξ)
1 + Ḡ(xi; ξ)

)α−1 [∂G(xi; ξ)
∂ξk

(
1 + Ḡ(xi; ξ)

)
+ ∂G(xi; ξ)

∂ξk
G(xi; ξ)

]
(

1−
(

G(xi; ξ)
1 + Ḡ(xi; ξ)

)α)(
1 + Ḡ(xi; ξ)

)2
+

+ (α− 1)
n∑
i=1

[
∂G(xi; ξ)
∂ξk

(
1 + Ḡ(xi; ξ)

)
+ ∂G(xi; ξ)

∂ξk
G(xi; ξ)

]
(

G(xi; ξ)
1 + Ḡ(xi; ξ)

)(
1 + Ḡ(xi; ξ)

)2
+

+
n∑
i=1

∂g(xi; ξ)
∂ξk

g(xi; ξ)
− 2

n∑
i=1

∂(1 + Ḡ(xi; ξ))
∂ξk(

1 + Ḡ(xi; ξ)
) −

− 2δ̄αβ
n∑
i=1

exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)
(

1− δ̄ exp
(
−
[
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β)) ×

×

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α−1 [
− ln

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α)]β−1

(
1−

(
G(xi; ξ)

1 + Ḡ(xi; ξ)

)α) ×

×

[
∂G(xi; ξ)
∂ξk

(
1 + Ḡ(xi; ξ)

)
+ ∂G(xi; ξ)

∂ξk
G(xi; ξ)

]
(
1 + Ḡ(xi; ξ)

)2 .
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E Competing models
The pdf of Marshall-Olkin log-logistic Weibull (MOLLW) distribution is given by

fMOLLW (x; c, α, β, δ) = δ(1 + xc)−1e−αxβ{αβxβ−1 + cxc−1(1 + xc)−1}[
1− δ̄(1 + xc)−1e−αxβ

]2 ,

for x > 0, c, α, β, δ > 0. The pdf of Marshall-Olkin exponential-Gompertz (MOEGo)
distribution is given by

f
MOEGo

(x;α, λ, β, θ) = αλ(1− e−λ)θeβxe− θ
β

(eβx−1)e
−λ
(

1−e− θ
β

(eβx−1)
)

α(1− e−λ) + ᾱ

1− e−λ
(

1−e− θ
β

(eβx−1)
)2 ,

for x > 0, α, λ, β, θ > 0.
The pdf of Marshall-Olkin generalized-log-logistic (MOG-LL) distribution is given by

f
MOG−LL(x; δ, a, α, β) =

δaβα−βxβ−1[1 + ( xα )β ]−a−1

(1− δ̄[1 + ( xα )β ]−a)2
,

for x > 0, δ, a, α, β > 0.
The pdf of Marshall-Olkin modified Weibull (MOMW) distribution is given by

f
MOMW

(x;α, δ, λ, γ) = δα(γ + λx)xγ−1eλx−αx
γeλx

(1− δ̄e−αxγeλx)2
,

for x > 0, α, δ, λ, γ > 0.
The pdf of Weibull exponentiated half logistic log-logistic (WEHL-LLoG) distribution
is given by

f
WEHL−LLoG(x;α, β, θ) = 2αβ exp

(
−
[
− log

(
1−

(
1− (1 + xθ)−1

1 + (1 + xθ)−1

)α)]β)
×

×
[
− log

(
1−

(
1− (1 + xθ)−1

1 + (1 + xθ)−1

)α)]β−1

×

×
(

1−
(

1− (1 + xθ)−1

1 + (1 + xθ)−1

)α)−1(1− (1 + xθ)−1

1 + (1 + xθ)−1

)α−1

×

× θxθ−1(1 + xθ)−2

(1 + (1 + xθ)−1)2 ,
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for α, β, θ > 0 and x > 0. The pdf of odd log-logistic exponentiated Weibull (OLLEW)
distribution is given by

f
OLLEW

(x;α, β, γ, θ) = θβγxβ−1e−(x/α)β [1− e−(x/α)β ]γθ−1(1− [1− e−(x/α)β ]γ)θ−1

αβ([1− e−(x/α)β ]θγ + (1− [1− e−(x/α)β ]γ)θ)2 ,

for α, β, λ, γ, θ > 0.
The pdf of Weibull Lomax (WL) distribution is given by

f
WL

(x; a, b, α, β) =

= abα

β

(
1 + x

β

)αb−1
(

1−
(

1 + x

β

)−α)b−1

exp
(
−a
[(

1 + x

β

)α
− 1
]b)

,

for a, b, α, β > 0, x ≥ 0.
The pdf of exponentiated half logistic odd Lindley-Weibull (EHLOL-W) distribution
is given by
fEHLOL−W (x) = 2αλ2ab−axa−1e−(x/b)a ×

×
exp

[−λ(1 − e−(x/b)a )
e−(x/b)a

]{
1− λ+ e−(x/b)a

(1 + λ)e−(x/b)a exp
[−λ(1 − e−(x/b)a )

e−(x/b)a

]}α−1

(1 + λ)(e−(x/b)a)3
{

1 + λ+ e−(x/b)a

(1 + λ)e−(x/b)a exp
[−λ(1 − e−(x/b)a )

e−(x/b)a

]}α+1

for x > 0, γ, α, a, b > 0.

F Datasets used

F.1 Kevlar 49/epoxy strands failure at 90% stress level
The observations are given as:
0.01, 0.01, 0.02, 0.02,0.02, 0.03, 0.03, 0.04, 0.05,0.06, 0.07, 0.07, 0.08, 0.09, 0.09, 0.10,
0.10, 0.11, 0.11, 0.12, 0.13, 0.18, 0.19, 0.20, 0.23, 0.24, 0.24, 0.29, 0.34, 0.35, 0.36,
0.38, 0.40, 0.42, 0.43, 0.52, 0.54, 0.56, 0.60, 0.60, 0.63, 0.65, 0.67, 0.68, 0.72, 0.72,
0.72, 0.73, 0.79, 0.79, 0.80, 0.80, 0.83, 0.85, 0.90, 0.92, 0.95, 0.99, 1.00, 1.01, 1.02,
1.03, 1.05, 1.10, 1.10, 1.11, 1.15, 1.18, 1.20, 1.29, 1.31, 1.33, 1.34, 1.40, 1.43, 1.45,
1.50, 1.51, 1.52, 1.53, 1.54, 1.54, 1.55, 1.58, 1.60, 1.63, 1.64, 1.80, 1.80, 1.81, 2.02,
2.05, 2.14, 2.17, 2.33, 3.03, 3.03, 3.34, 4.20, 4.69, 7.89.

F.2 Annual maximum antecedent rainfall measurements
The data are:
264.9, 314.1, 364.6, 379.8, 419.3, 457.4, 459.4, 460, 490.3, 490.6, 502.2, 525.2, 526.8,
528.6, 528.6, 537.7, 539.6, 540.8, 551.0, 573.5, 579.2, 588.2, 588.7, 589.7, 592.1, 592.8,
600.8, 604.4, 608.4, 609.8, 619.2, 626.4, 629.4, 636.4, 645.2, 657.6, 663.5, 664.9, 671.7,
673.0, 682.6, 689.8, 698, 698.6, 698.8, 703.2, 755.9, 786, 787.2, 798.6, 850.4, 895.1.

T. Moakofi et al.
CEJEME 16: 125-189 (2024)

188



A New Generalized Family . . .

F.3 Fatigue time of 101 6061-T6 aluminium coupons
The data are:
70, 90, 96, 97, 99, 100, 103, 104, 104, 105, 107, 108, 108, 108, 109, 109, 112, 112, 113,
114, 114, 114, 116, 119, 120, 120, 120, 121, 121, 123, 124, 124, 124, 124, 124, 128,
128, 129, 129, 130, 130, 130, 131, 131, 131, 131, 131, 132, 132, 132, 133, 134, 134,
134, 134, 134, 136, 136, 137, 138, 138, 138, 139, 139, 141, 141, 142, 142, 142, 142,
142, 142, 144, 144, 145, 146, 148, 148, 149, 151, 151, 152, 155, 156, 157, 157, 157,
157, 158, 159, 162, 163, 163, 164, 166, 166, 168, 170, 174, 196, 212.
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