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Abstract

The main objective of this study is to investigate the effects of Cu, Al,Os, and H.O-based nanofluids on heat transfer through
annulus-shaped, two concentric cylindrical regions. The quadratic convection in the flow of hybrid nanofluids in an inclined
porous annulus medium is considered. The conservation laws are obeyed in a non-linear model of the flow geometry. Applying
a suitable non-dimensional transformation, we solved the resultant equation using the Runge-Kutta 4" order method with
a shooting technique to obtain the solution for the velocity and temperature. The flow structure and heat transfer are influenced
by quadratic resistance and mixed convection mechanisms in nonlinear Boussinesq approximation, as investigated in biomed-
ical devices, nuclear reactors as well as heat exchangers. The analysis demonstrates that radiation significantly affects heat
transfer by enhancing the Lorentz force, which in turn dissipates the flow rate. This behaviour aligns well with the flow patterns

reported in previous studies for various physical parameters.
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1. Introduction

Many researchers have recently diverted their interest to nano-
technology innovation as it offers a variety of opportunities for
designing and manufacturing goods with advancements in heat
transfer. Hybrid nanofluids flowing across an annular cylindri-
cal region are used in nuclear power plants, hot rollers, heat ex-
changers and heat storage systems to transfer heat. The
nanofluid has colloidal suspensions of nanoparticles in a base
fluid. Choi and Eastman [1] reported on investigating nanofluids
and heat characteristics.

The term ‘hybrid’ describes the combination of various uni-
que nanoparticles that create a homogeneous phase. The metal

and metal oxide nanoparticles such as Al, Cu, Fe, MgO, Al,0s,
TiO; and SiO; are disseminated in oil, water, kerosene and eth-
ylene glycol (base fluids). The wide range of applications of hy-
brid nanofluids has a revolutionary approach to heat transfer ac-
cepted among researchers. A conventional fluid that contains
both metallic and non-metallic nanoparticles has enhanced ther-
mophysical properties, which demonstrated that the hybrid
nanofluids (Al,Os-Cu-H,0) had a higher diffusivity than the
mononanofluids described by Suresh et al. [2]. Devi and Devi
[3] and Kanchana et al. [4] investigated stiff isothermal bound-
ary conditions in heat transfer and show an improvement in the
fraction factor for the suspension of two nanoparticles in water.
Waini et al. [5] found that Cu-Al,O3 has a higher heat transfer
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Nomenclature

a - radius of the inner cylinder, m

b —radius of the outer cylinder, m

Bo — magnetic field, T

Bi1 — Biot number cylinder 1, Bi1 = ’:—a
f

Bi2 — Biot number cylinder 2, Biz = ’:—a
f

Cp - specific heat at constant pressure, ki/(kg K)

Da — Darcy number

Uy

(Cp)f(Tw_ch)

g —gravitational acceleration, m/s?

h1, h2— convective heat transport coefficients, W/(m?-K)

gBZa?

Hf

Ec — Eckert number, Ec =

M — magnetic parameter, M =

— 2
Mc — mixed convection parameter, Mc = W
oltf
m  — shape factor of different nanoparticles
3
N - radiation parameter, N = 22
XKf
Nu — Nusselt number
n —exponential index
(mcp)
Pr —Prandtl number, Pr = %
f
p —pressure, kPa
Qo — THS coefficient
Qe — ESHS coefficient
Qc — quadratic convection parameter, Qc = W
o)f

2
Qe — exponential space-related heat source parameter, Qe = %
f 14 f
2
Qr — temperature related heat source parameter, Qr = Cod
Vf(pcp)f

rate than Cu with H,O as a base fluid.

The annular cylindrical region geometry for heat transfer is
very essential in industrial applications such as turbomachines,
engineering, heating, chemical industries, solar collectors and
heat exchangers. Shahzadi and Nadeem [6] investigated the heat
transfer in an inclined annular duct filled with nanofluids and
observed that silver nanoparticles can enhance more pressure
gradients than pure blood. Mixed convective flow in a vertical,
concentric cylinder exposed to the heat source, thermal radiation
in the presence of porous matrix was observed by Oni [7]. Meba-
rek-Oudina et al. [8] investigated the heat source aspect ratio in-
crement in the fluid temperature over an annular-spaced vertical
cylinder. Mebarek-Oudina et al. [9] has investigated natural os-
cillatory convective flow in a circular inclined annulus area
filled with molten metal, obtaining the best stabilization for the
system tilted at a 30° angle.

The linear Boussinesq approximation (LBA) truncates the
density variation expansion of the Taylor series with tempera-
ture after the second term, assuming a linear density variation
with temperature, and this LBA holds good only when the tem-
perature difference is slightly varied. The mathematical model
created using LBA becomes erroneous in other circumstances.
The nonlinear Boussinesq approximation (NBA) with tempera-
ture as a result 4p = —pB(T — Tw)? was identified by Goren [10]
in 1996. In the investigation of free convection in the presence
of buoyancy force between two plates, by considering the non-

R —dimensionless radial axis
r —radial axis

T —temperature, K
U - nondimensional velocity, m/s
u —dimensional velocity, m/s

Z —common axis

Greek symbols

«a —angle of inclination, rad

B — thermal expansion coefficient, K
¢ —nondimensional temperature, K

x — thermal conductivity, W/(m-K)

A —aspect ratio,

u —dynamic viscosity, Pa-s

v — kinematic viscosity, m?/s

o - Stefan Boltzmann constant, W/(m? K*)
p —density, kg/m?

r  —skin friction coefficient

¢ —volume fraction

Subscripts and Superscripts
hnf — hybrid nanofluids

nf — nanofluids

f  —fluids

Abbreviations and Acronyms

LBA - linear Boussinesq approximation

NBA — non-linear Boussinesq approximation

THS - temperature dependent heat source parameter
ESHS- exponential space-related heat source parameter
MHD- magnetohydrodynamics

linear quadratic fluctuations in density with temperature, an in-
crease in heat transfer is noticed by Vajravelu and Sastri [11].
The term 4p/p is a nonlinear Boussinesq approximation using
the Taylor series expansion. The mixed convective flow over
vertical wavy-shaped surface in the presence of porous medium
with nanofluid, using nonlinear Boussinesq approximation was
inspected by Kameshwaran et al. [12].

The magnetohydrodynamics (MHD) is interaction of electri-
cally conducting fluids in the influence of magnetic field, plays
a major role in industrial applications of heat transfer analysis
such as aircraft, designs of the fins, cooling of reactors, in geo-
physics and astrophysicists. Numerous studies have been con-
ducted on MHD flow over the years. Sravan Kumar [13] inves-
tigated hybrid nanofluids as copper-ferrous oxide nanoparticles
with ethylene glycol as base fluid and noticed that the heat flow
rate of copper-ferrous oxide is reduced compared to copper with
ethylene glycol as base fluid. Aladdin et al. [14] analysed the
rate of heat transfer which is diminished in copper-aluminium
oxide as compared to copper with water base fluids in MHD free
convection flow over a plate. The experimental observation of
forced convection over concentric tubes of heat exchangers of
Cu-Al>Os nanoparticles as high thermal conductivity is analysed
by Phanindra et al. [15]. Sheikholeslami et al. [16] examined the
transient natural convection flow along a moving vertical plate
in nanofluids with isothermal and isoflux boundary conditions.
Sheikholeslami and Ganji [17] studied the heat and mass trans-
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fer in the influence of thermal radiation between two parallel
plates of unsteady flow and discovered that an increment in ra-
diation effect increases the boundary layer thickness of concen-
tration. Suresh et al. [18] studied that heat transfer of copper-
aluminium oxide/H>O hybrid nanofluid with variation of pres-
sure over a uniformly heated circular tube is increased when
compared with pure water.

The study of viscous dissipation effects in the usteady
nanofluid flow over an exponentially moving vertical plate with
Lorentz force, analysed by Sravan Kumar et al. [19], resulted in
the enhancement of fluid velocity in the boundary layer. The
comparative study of the dissipative and radiative flow of hybrid
nanofluid between two coaxial cylinders studied by Hayat et al.
[20] focuses on the viscous dissipation effects of hybrid nanoflu-
ids which are dominant when compared with nanofluids.

The novelty of the present work is nonlinear Boussinesq ap-
proximation which is 4p/p = —[(T— To)Bo + (T— To)*B1], an anal-
ysis including the MHD, radiation effects, and viscous dissipa-
tion effects of the hybrid nanofluid in a heated inclined porous
concentric cylindrical region. The complicated non-dimensional
set of nonlinear coupled equations is solved by a numerical
method, using the 4™ order RK method with a shooting tech-
nique to obtain solutions for the velocity and temperature. The
outcomes are presented graphically and analysed in detail. The
physical model focuses on industrial applications such as elec-
tronic cooling systems, environmental monitoring systems and
medicine.

2. Mathematical formulation

The mixed convection of Cu-AlO3-H>O hybrid nanofluid of
NBA approximation in an inclined two concentric cylinders is
schematically depicted in Fig. 1.

&7
Ko = (T ’
or
’(h,/E:hl(T_
'R

Porous medium containing
Cu - Al,O; Nanoparticle

Fig. 1. Schematic representation of flow geometry.

The convective boundary conditions at the inner and outer
. . aT ar
cylinder respectively are Kyyr = Iy (T —Tp) and Kyp ==

—h,(T —T,,). The cylindrical coordinate system with the r-axis
in the radial direction and the z-axis as the common axis is con-

sidered. The inner cylinder radius is a < r < b. The annulus with
an unlimited length, and the fluid flow that is independent of z,
is represented in the model given below (see Shahzadi and
Nadeem [6], Oni [7]):

e Conservation of mass

LHyow) =0, M

e Conservation of momentum

Ulpnf 1 dp

Kpung  Phny 02

Hinf 19 (r a_u)

—o0B§
Pinf 2 0T ar 0

Pinf
5 [@B s (T = To) + (B )iny (T = T)*| cos @ = 0, (2)

e Conservation of energy

Kimf 10 ( E)T)] 1 aqr
_—— r— —
(pCp)hnf rar\ or (pCp)hnf ar

(Tw—To)
+<cp>,mf(T o) + iy - 0e % w(Z)+ @)
a_u 2 Kimf
+(6r) (pCp)hnf_ !

with the boundary conditions of dimensional form as given by
Srinivasacharya et al. [21]:
u' =0,

oT
atr=a xhnfa—r=h1(T—T0),

(4)
atr="h: u' =0,

Khnfa = —hy(T —T,).

The volume fraction, thermal expansion coefficients, den-
sity, specific heat, dynamic viscosity, and thermal conductivity
of hybrid nanofluid are given by (see [3,4,22—24]):

¢ = dcu + a0, 5)
OBy = (1= @) + o (o +
Baty0, LEVA03) (pp Y (6)

(PBo)f

OB s = (1 — ) + b —(fp”,;j)j“ +

(pB1)
P10, oy ) PR Y]

Phnf = ((1 —-¢)+ ¢Cu% + bar0, pA1203> pr (8)

Pf

(P p)Cu

_¢)+¢Cu (pC) +

(pcp)hnf =(1
C P)Alzo3 9
+¢A1203 (pC ) )( )f' ( )

1
:uhnf = (1_¢)2.5 )u‘nfi (10)
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Knnf _
Kf -
(@) cy +(PK)
(Rt Y -+ m- (BB at,05)~(m= D
<<¢K>Cu+(¢x)A,203> :
[

(11)

+(‘m—1)Kf+((¢K)Cu+(¢K)A1203)_Kf¢

The non-dimensional quantities are given by (see [7]):

U=2% p=2"%
ug’ Ugvy
g = I=To ° R=" OZZE (12)
Tw—To a’ a

The values of thermophysical properties of hybrid nanoflu-
ids are tabulated in Table 1.

Table 1. H,0, Cu and Al,O3 hybrid nanofluids thermophysical proper-

ties at 300 K.
Properties Cu Al;03 H20 Different sh.ape
of nanoparticle
p, kg-m3 8933 3970 @ 997.1 3
K,W-mtK?* 401 40 0.613 5.7
£-105, K 1.67 0.85 21 4.8
, kg'm st 0.00089 3.7

Further, the dimensionless quantities describing thermo-
physical properties are denoted by:

1

A= g
(pBo) (PBo) al,0
Ay =1 =)+ dcy (p;(,)c: + dai,0, (;Ty :
P PAl,0
A;=(1-¢)+ ¢Cu cu + Dai,0, #

<(¢K)Cu+(¢'€)Alzo3)
¢
A4 =

+(m-Dkp+m—1)((¢x) cu+(PK) a1,04)~(M=Dk

(¢K) ¢y +(PK)
(%)ﬂm—nxﬁ(wwm(¢x>Azzo3)—xf¢

Using non-dimensional quantities given by Egs. (12) and
thermophysical properties represented by Egs. (5)—(11),
Egs. (1)—(4) are transformed to the following forms:

14U
A (W + Ed_R) + Mc(A,0 + A3Qc6?) cos(a) +
A a2y —
SU-p-MU=0, (13)
Ay (d%0 | 1d6
p_:(E+RdR)+QTH+QEexp( nR) +
N d%6 avy® _
Pr dR? AlEC(E) =0, (14)
atR=1: U=0, Z—Z=i—i19,
4
(15)
atR =1 U=0, % ?(1—9)
4

The physical quantities like non-dimensional Nusselt num-
bers (Nu; and Nu;,) and skin friction coefficients (z1 and 7,) are
defined as [25]:

K, dae dau
atR=1: Nul = an (E) , T1 = Bimi (E) .
1 R=1 Hi R=1

(16)
atR=7: Ny = (24 V) () L u= (2 N) (%)

3. Numerical method

The non-dimensional Egs. (13)—(14) with the dimensionless
boundary condition Eq. (15) are numerically solved using
the 4™ order RK shooting technique method [24]. By using
[U, U 0, 87 = [y, Y2, Y3, Y4, the system of equations can be
written in the first-order differential equations as follows:

Y1=V2
y3= (Mc(AZY3 +A3Qcy3

J’3 =Ya
Yi=7, (er3+QEexp( nR)——f+AlECYf)—y,74

)22, (17)

with boundary conditions:

5i
aaR=1: y;, =0, y4=A—l41y3,
(18)
5i
atR=1 3 =0y =2 (1-y)
and corresponding initial conditions:
yi(D) =0, y,(1) =ty
(19)
Bi
y(D) =ty (1) =31,

where t; and t, are the initial values. The initial conditions are
approximated to satisfy the boundary conditions. Table 2 gives
the information of Qv for Nusselt number at r=1.

4. Results and discussion

The analysis of heat transfer between two concentric cylinders
in an annulus is presented through graphs and tables. Figures
2-15 show various effects such as those of MHD (M), radiation

(N), viscous dissipation (Ec), volume fraction (¢) , etc. on veloc-

ity U(R) and temperature 6(R). The data on graphs and in tables
are obtained for the fixed effective parameters, such as Mc = 2,
Qc =0.5, a=mn/4, Da=0.1, Qr =0.01, Qe = 0.1, Pr = 6.0674,
Bi; =Bi»=0.3, M=0.5,Ec=0.1, N =1 and ¢ =0.01 [25].

In the performance of magnetic field, Fig. 2 displays the ve-
locity profiles for different magnetic parameter (M?) values. As
M2 increases, the fluid velocity decreases. This is due to the Lo-
rentz force, a resistive force generated by the interaction of the
transverse magnetic field with in the convective fluid. This force
opposes the flow, reducing the fluid velocity and leading to
a thin momentum boundary layer. MHD is used in medicinal
field to study plasma of human body in biological and environ-
mental monitoring systems. The effect of viscous dissipation in
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temperature graph observed in Fig. 3 shows that the thickness of
thermal boundary increases with increasing Ec, which is due to
the conversion of mechanical energy into thermal energy. This
results in additional heating of the fluid, leading to a rise in tem-
perature within the boundary layer and an enhancement of heat
transfer.

In Figs. 4-5, we observe that the radiation effect (N) de-
creases the velocity for different values of N due to the temper-
ature difference and boundary layer thickness. In the tempera-
ture plot, as temperature increases for different values of N due
to its increased thermal conductivity, addition of nanoparticles
may lead to influencing radiative heat transfer between the cyl-
inders. Hybrid nanofluids can be used as a coolant in electronic
devices such as computers, televisions and smartphones, so as
to prevent overheating and improve dissipation of heat.

0.035
Cu-ALO /HO
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Fig. 3. Temperature for different values of Ec.
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The concentration of nanoparticles refers to volume fraction
(¢) and from Figs. 6 and 7 we noticed that the volume fraction
in velocity profile decreases, as nanoparticle concentration in-
creases. Due to the suspension of nanoparticles in the base flu-
ids, density is increased, leading to a decrement in velocity pro-
files of the fluid in a porous cylinder. Whereas, in the tempera-
ture profile, the energy increases as the volume fraction in-
creases. This is due to the good thermal conductivity of the
nanofluid and larger surface area of nanoparticles, which enable
more efficient heat transfer.

In Figs. 8 and 9, we observe the combined effect of expo-
nentially related heat source parameter (ESHS) (Qg) on U(R)
and 9(R), showing an increment in Qg leading to more effective
heat transfer in increased velocity. The temperature profile for
varied Qg is increased, because the ESHS mechanism gives an
additional heat source to the system. It can be seen that the ve-
locity increases for platelet-shaped nanoparticles when com-
pared to cylinder, brick, and spherical-shaped nanoparticles, as
shown in Fig. 10. The temperature profiles fluctuate, as seen in
Fig. 11, with the platelet-shaped nanoparticles having a high
temperature at the inner cylinder and a lower profile at the outer
cylinder when compared to the cylinder, brick, and spherical-
shaped nanoparticles.

In Fig. 12, we observe that as quadratic convection Qc in-
creases, the momentum profile also increases because of its
strong buoyancy force. Further, a higher momentum is observed
in the quadratic convection than in LBA. The behaviour of the
velocity graphs for the various values is plotted in Fig. 13, and
it is observed that permeability for the lower value of Da gives
an increment in the momentum of the porous region compared
to the clear region Da = 0. From Fig. 14 we can visualize the
effect of mixed convection (Mc) on the velocity, which increases
with Mc due to the domination of buoyancy force to the inertial
force. This results in an effective improvement of heat transfer.
As the angle of inclination « increases , the velocity decreases
due to the least domination of acceleration by gravity, as shown
in Fig. 15.

By comparing results of Thriveni and Mahantesh [25] (see
Table 2) we noticed that the present study outcomes are in good
agreement as regards Qr values of the Nusselt number at the
lower wall. Table 3 illustrates the significance of skin friction
for different effects such as M 2, Mc, Qc, and Da, showing an
increasing trend of the velocity at the surface. Though the angle
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Fig. 14. Velocity for different values of Mc.
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Table 2. The Nusselt number for different values of Qr at r =1.

Qr Thriveni and Mahanthesh [25]
0.5 1.571404
1.0 1.716981
1.5 1.882604
2.0 2.072277
2.5 2.291116
3.0 2.545765

Present work

1.571405
1.716982
1.882605
2.072278
2.291117
2.545766

Table 3. Numerical values of z; and z,for various values of M2, Mc,
Qc, Da and o when Pr = 6.0674, Qr=0.01, Qe =0.1, Bi; =Bi, =0.03

and ¢ = 2%.
m? Mc
1 2
2
3
2
2.5
3

0.5

0.1
0.2
0.3

Da
0.1

0.05
0.07
0.09

/4

/6
/4
/3

21
0.451468
0.562719
0.662388
0.481467
0.601915
0.722363
0.374082
0.400928
0.427774
0.351276
0.412666
0.460956
0.589747
0.481467
0.340353

L7}
0.484422
0.594243
0.683438
0.434245
0.542874
0.651503
0.333169
0.358438
0.383707
0.332389
0.381011
0.418489
0.531900
0.434245
0.306978

gets smaller, there is an increase in velocity at the lower wall of
the cylinder.

5. Conclusions

The hybrid nanofluid flow in a convectively heated system of
two concentric cylinders containing porous medium with the ef-
fects of MHD, thermal radiation, viscous dissipation, as well as
exponential space-related heat source parameter and tempera-
ture-dependent heat source parameter was considered. The non-
linear and coupled equations were numerically solved using the
shooting 4" order RK method. The analysis of MHD, thermal
radiation, viscous dissipation, volume fraction, and Darcy num-
ber are discussed graphically. The findings of this study are as
follows:

1. The strong magnetic effect (M ?) enhances effective heat
transfer by the influence of Lorentz forces, which results
in reduction of the boundary layer thickness.

2. The effect of viscous dissipation (Ec) on the temperature
profiles is strong due to conversion of mechanical energy
into thermal energy, and leads to an overall increase in heat
transfer.

3. The thermal radiation effect (N) increases the heat flow
rate, and enhances the potential of overall thermal perfor-
mance.

4. The rate of heat transfer of hybrid nanofluids is higher
when compared to pure nanofluids.
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