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Micro-electro-mechanical systems (MEMS)-based sensor technologies are essen-
tially influencing the development of smart sensing applications. The primary reasons
are due to their small dimensions, low energy use, and very reasonable prices. This
article, for the first time, presents a novel design of a single-axis MEMS acceler-
ation sensor with enhanced sensitivity using electrostatic stiffness softening effect.
The novel sensor design has two distinct masses, each serving a unique purpose and
fulfilling a specific function. One mass is responsible for sensing vibrations while the
other mass is used for tuning resonant frequency. Using the proposed tuning method,
the double mass sensor’s sensitivity is enhanced by a factor of 18 compared with
that of the single mass sensor. The study findings serve as a crucial foundation for
the calculation and development of high-performance MEMS acceleration sensors for
applications in mechanical oscillation measurements.

1. Introduction

With the development of micro-electro-mechanical systems (MEMS) tech-
nology, many micro-sized devices have been created, especially accelerometers
[1]. Acceleration sensors are widely used for various applications such as mea-
suring and monitoring ground vibrations with an acceleration value around 0.1g
[2], monitoring human health through the detection of tremor, movement disor-
ders in the frequency range of 1–20 Hz [3], or measuring the performance of
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tactical and navigation-grade inertial navigation system at frequency of 524 kHz
[4]. In general, acceleration sensors’ specifications such as sensitivity, frequency
response, and resolution are dependent on applications [1–4]. Acceleration sensors
work based on several sensitive mechanisms, including capacitive, piezoelectric,
piezoresistive, magnetic, and optic sensing mechanisms [1–13].

The capacitive sensing mechanism is one of the most widely used mecha-
nisms due to its high sensitivity, low power consumption, and ability to detect both
static and dynamic acceleration. Among capacitive sensing mechanisms, differ-
ential capacitive sensing configuration shows ability of reducing noise, especially
common-mode noise, leading to clearer and more reliable signal output [6–8]. The
majority of current accelerometers are designed with a single mass for measuring
z-axis (out-of-plane) or in-plane acceleration [1, 6–8].

Besides accelerometers with a single mass, there are also several studies
highlighting the advantages of multi-mass acceleration sensors [14–17]. In Refs.
[15, 16], two resonators symmetrically connected to two ends of a proof mass by
micro-levers. The proof mass senses external acceleration, while the two resonators
form differential resonance measurement. However, the acceleration sensors de-
signed with the two resonators placed on two ends of the proof mass could result
in mechanical coupling between the two resonators, potentially limiting operation,
particularly when the resonant frequencies are closely matched. With the single
resonator design, issues relating to oscillation cross-talk is eliminated [17]. For
single mass accelerometers, the center proof mass directly connected to two op-
posite variable capacitor systems to form differential capacitive change [1, 6–8],
while the beam resonator in Ref. [17] connected with two inertial masses through
micro-levers, forms differential resonance variation by exciting the resonant beam
in the second order transverse mode. In addition, in order to amplify the sensitivity
of acceleration sensors, several methods have been proposed such as micro-lever
force amplification mechanism [15–18], vacuum package for reducing damping to
increase quality factor [19], and electrostatic stiffness softening effect [20]. Com-
pared with the other sensitivity enhancement methods, the tuning method using the
electrostatic stiffness softening effect shows the advantages in both enhancing sen-
sitivity and dynamically adjusting sensitivity in real-time without compromising
mechanical durability or increasing the device dimension [20].

Furthermore, fabrication tolerances cannot be avoided, leading to differences
between the resonant frequency of the sensors after fabrication with the designed
value. On the other hand, frequency drift due to the temperature sensitivity of the
sensor is also another important issue that needs to be addressed. Therefore, post-
fabrication active frequency tuning is necessary. To address this issue, electrostatic
tuning method is also employed to tune resonance frequency [21, 22]. Addition-
ally, in the majority of MEMS accelerometers, the moving micro-structures are
surrounded by air which significantly affects their dynamics behaviors [23–26].
There are two typical types of air damping in MEMS accelerometers: squeeze-
film air damping and slide-film air damping [23]. Squeeze-film air damping and
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slide-film air damping are two mechanisms causing energy dissipation in MEMS
devices. Squeeze-film air damping occurs when a thin layer of air is trapped be-
tween two closely spaced surfaces, such as a movable and a fixed electrode. As
the movable surface oscillates or moves, the air in between is compressed and
squeezed out, creating resistance and reducing the motion. On the other hand,
slide-film air damping arises when the proof mass moves parallel to a structure
surface, causing the air to slide between them and generate drag. Both mechanisms
influence the dynamic behavior of MEMS devices. Understanding these damping
effects is crucial for optimizing the design and functionality of MEMS sensors
and actuators. Thus, one-axis differential capacitive MEMS accelerometer with
ability of tuning post-fabrication resonance frequency, enhancing sensitivity, and
having simple structure for fabrication compared with previously reported sim-
ilar ones is necessary to develop. Moreover, a theoretical model for optimizing
the sensor’s design and investigating its operation characteristics including fre-
quency response and damping is still lacking in sensor models reported in the
literature.

In this article, we present a new model of one-axis MEMS acceleration sensor
using a differential capacitive sensing mechanism with enhanced sensitivity. The
sensor with a model features two masses which are separated from a single mass.
The electrostatic tuning method is employed to compensate for the frequency
mismatch in the case of two masses, ensuring that the resonance frequency of
the sensor is the same as that of the sensor with a single mass. In addition to
compensating for frequency mismatch, the tuning method also serves another
crucial purpose that is to enhance the sensitivity of the sensor and post-fabrication
tuning.

The remainder of the paper is structured as follows: Section 2 describes models
of a one-axis MEMS accelerometer with a single mass and dual mass. The numer-
ical results are presented in Section 3. Section 4 summarizes some main results
and new contributions of the article.

2. Models of one-axis MEMS accelerometer

2.1. Model of one-axis MEMS accelerometer with a single mass

Fig. 1a shows a model of a one-axis accelerometer, consisting of a proof
mass 𝑀 suspended by a system of four folded springs. Fig. 1b shows the detail
dimensions of a single folded spring (𝐾1𝑆). At both ends of the proof mass, comb
finger electrodes are attached to convert oscillations into sensing capacitance.
Table 1 and Table 2 present the dimension parameters of 𝑀 , sensing comb fingers,
and 𝐾1𝑆 .



314 NGUYEN Van Cuong, NGUYEN Van Duong, BUI Manh Cuong, CHU Manh Hoang

(a) (b)

Fig. 1. a) The sensor model with a single proof mass 𝑀 and b) Dimensions of a single folded spring
(𝐾1𝑆)

Table 1. Parameters of one-axis MEMS accelerometer with the single proof mass, and the double
mass

Components Parameters Symbol Values
Proof mass 𝑀 Length × Width × Height 𝐿 ×𝑊 × 𝐻 3178 μm × 3178 μm × 20 μm
Frame 𝑀1 Length × Width × Height 𝐿1 ×𝑊1 × 𝐻1 3290 μm× 3290 μm × 20 μm
Proof mass 𝑀2 Length × Width × Height 𝐿2 ×𝑊2 × 𝐻2 920 μm × 525 μm × 20 μm
Sensing comb
fingers

Length × Width × Gap
distance × Finger number 𝐿𝑠 × 𝐵 × 𝑑0 × 𝑁𝑠 100 μm × 10 μm × 1.5 μm × 400

Table 2. Dimensions of a single folded spring 𝐾1𝑆

Parameters Symbol Values
Thickness of the folded-spring ℎ 20 μm
Length of one beam 𝑙𝑘𝑏 89 μm
Width of one beam 𝑤𝑘𝑏 15 μm
Width of connection beam 𝑤𝑘𝑎 18 μm
Length of connection beam 𝑙𝑘𝑎 35 μm
Spring constant of four-fold spring 𝐾1 16246 N/m

The spring constant of the system with the four folded springs along the X–axis
(Fig. 1b) is calculated by [27]:

𝐾1 =
48𝐸𝐼𝑧,𝑏 [3𝑙𝑘𝑎 + 2𝑙𝑘𝑏]

2𝑙2
𝑘𝑏
(12𝑙2

𝑘𝑎
+ 12𝑙𝑘𝑎𝑙𝑘𝑏 + 2𝑙2

𝑘𝑏
)
. (1)

Here, 𝐼𝑧,𝑎 = ℎ𝑤3
𝑘𝑎/12 is the inertia moment of beam with length 𝑙𝑘𝑎, 𝐼𝑧,𝑏 =

ℎ𝑤3
𝑘𝑏/12 is the inertia moment of beam with length 𝑙𝑘𝑏, and 𝑙𝑘𝑎 = 𝐼𝑧,𝑏)𝑙𝑘𝑎/𝐼𝑧,𝑎.

The Young’s modulus (𝐸) and density (𝜌) of silicon are 168.9 GPa and 2330
Kg/m3, respectively.

The motion equation of the sensor is modeled by a damped, harmonic oscillator
as follows [28]:

𝑚 ¥𝑥 + 𝐶total ¤𝑥 + 𝐾1× = 𝑚𝑎 sin(𝜔𝑡). (2)
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Here, 𝑥, ¤𝑥, and ¥𝑥 are the displacement, velocity, and acceleration of 𝑀 relative to
the ground, respectively, 𝑚 is the proof mass’s weight, 𝐶total is damping coefficient
of the proof mass 𝑀 , and 𝑎 sin(𝜔𝑡) is acceleration acting on the proof mass. By
solving Eq. (2), the oscillation amplitude of 𝑀 (𝑋) is obtained by

𝑋 =
𝑚𝑎

𝐾1

√︄(
2𝜁 𝜔

𝜔0

)2
+
(
1 −

(
𝜔
𝜔0

)2
)2
, (3)

in which, 𝜁 is damping ratio and is calculated according to the formula 𝜁 =

𝐶total/(2𝑚𝜔0), and 𝜔0 is the resonant angular frequency of the system calculated
by the formula 𝜔0 =

√︁
𝐾1/𝑚.

For calculations regarding capacitance, when there is a displacement 𝑥 caused
by an acceleration acting on the proof mass, the initial capacitance of the sensing
comb electrodes on the decreasing (𝐶1𝑋) and increasing (𝐶2𝑋) side changes as [29]:

𝐶1𝑋 =
𝑁𝑠𝜀𝐿𝑠𝐵

𝑑0 + 𝑥
and 𝐶2𝑋 =

𝑁𝑠𝜀𝐿𝑠𝐵

𝑑0 − 𝑥
. (4)

Therefore, the differential capacitance change Δ𝐶 is derived as follows

Δ𝐶 = 𝐶1𝑋 − 𝐶2𝑋 =
2𝜀𝐿𝑠𝐵𝑁𝑠𝑥

𝑑2
0 − 𝑥2

. (5)

2.2. Model of one-axis MEMS accelerometer having a frame and a proof
mass without tuning resonant frequency

In this case, we divide the proof mass 𝑀 (Fig. 1a) into the frame 𝑀1 and the
proof mass 𝑀2 as shown in Fig. 2a. 𝑀2 is connected to 𝑀1 through a system of four
folded springs (𝐾1𝑆), while 𝑀1 is connected to the base through four folded springs
(𝐾2𝑆). The dimension parameters of 𝑀1, 𝑀2, and 𝐾2𝑆 are presented in Table 1
and Table 3. Compared with the model in Fig. 1a, the sensor model in Fig. 2a
has a clear distinction with a separate mass and a frame. Fig. 2b illustrates the
oscillation model of the accelerometer with an input acceleration of 𝑎 sin(𝜔𝑡). 𝐶1
is the damping coefficient of 𝑀1 relative to the base, 𝐶3 is the damping coefficient
of 𝑀2 relative to the base, while𝐶2 is the damping coefficient of 𝑀2 relative to 𝑀1.

The system of dual oscillation equations is expressed as [30]:

𝑚1 ¥𝑥1 + 𝐶1 ¤𝑥1 + 𝐾1𝑥1 + 𝐶2( ¤𝑥1 − ¤𝑥2) + 𝐾2(𝑥1 − 𝑥2) =𝑚1𝑎 sin(𝜔𝑡)
𝑚2 ¥𝑥2 + 𝐶3 ¤𝑥2 + 𝐶2( ¤𝑥2 − ¤𝑥1) + 𝐾2(𝑥2 − 𝑥1) =𝑚2𝑎 sin(𝜔𝑡)

(6)

𝑥1, ¤𝑥1, and ¥𝑥1 are the displacement, velocity, and acceleration of 𝑀1 relative to
the ground, respectively, while 𝑥2, ¤𝑥2, and ¥𝑥2 are the displacement, velocity, and
acceleration of 𝑀2 relative to the ground, respectively.
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(a) (b)

Fig. 2. a) Sensor model with the frame 𝑀1 and the proof mass 𝑀2 and b) Oscillation model of the
sensor without tuning resonant frequency

Table 3. Dimensions of a single folded spring 𝐾2𝑆

Parameters Symbol Values
Thickness of the folded spring ℎ 10 μm
Length of one beam 𝑙𝑘𝑏 95 μm
Width of one beam 𝑤𝑘𝑏 5 μm
Width of connection beam 𝑤𝑘𝑎 10 μm
Length of connection beam 𝑙𝑘𝑎 40 μm
Spring constant of four-fold spring 𝐾2 398 N/m

We set

𝜔2
1 =

𝐾1
𝑚1

; 𝜔2
2 =

𝐾2
𝑚2

; 𝑟 =
𝑚2
𝑚1

; 𝜁1 =
𝐶1

2𝑚1𝜔1
; 𝜁2 =

𝐶3
2𝑚2𝜔2

𝐶2 = 𝑛3𝐶3; 𝐶2 = 𝑛1𝐶1; 𝑝 =
𝜔2
𝜔1

; and 𝑔 =
𝜔

𝜔1
.

(7)

Here,𝜔1 and𝜔2 are the natural angular frequencies of 𝑀1 and 𝑀2, respectively, 𝐾1
is the spring constant of the system consisting of four 𝐾1𝑆 springs, while 𝐾2 is the
spring constant of the system consisting of four 𝐾2𝑆 springs (Fig. 2a), 𝑟 is the mass
ratio between 𝑚2 and 𝑚1. 𝜁1 and 𝜁2 are the damping ratios of 𝑀1 and 𝑀2 (relative
to the base). 𝑛3 is defined as the ratio between the damping coefficients 𝐶2 and 𝐶3,
and 𝑛1 is defined as the ratio between the damping coefficients 𝐶2 and 𝐶1.

The oscillation amplitude of 𝑀1(𝑋1) is calculated as:

𝑋1 =
𝑎𝑚1
𝐾1

√︂
𝐴

𝐵
. (8)

In Eq. (8), 𝐴 and 𝐵 are calculated by the following expressions:

𝐴 =[(𝑝2 − 𝑔2) + 𝑟 𝑝2]2 + 𝑔2 [(𝑛3 + 1)2𝜁2𝑝 + 𝑛12𝜁1]2, (9)
𝐵 =[(1 − 𝑔2) (𝑝2 − 𝑔2) − (𝑛3 + 1)2𝜁12𝜁2𝑝𝑔

2 − 𝑟𝑔2𝑝2 − 𝑛12𝜁12𝜁2𝑝𝑔
2]2

+ 𝑔2 [2𝜁1(𝑝2 − 𝑔2) + (𝑛3 + 1)2𝜁2𝑝(1 − 𝑔2) + 𝑟2𝜁2𝑝
3 − 𝑛1𝑔

22𝜁1]2. (10)
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The oscillation amplitude of 𝑀2(𝑋2) is calculated as

𝑋2 =
𝑎𝑚1
𝐾1

√︂
𝐶

𝐷
. (11)

In Eq. (11), 𝐶 and 𝐷 are calculated by the following expressions:

𝐶 ={(1 − 𝑔2) (𝑝2 − 𝑔2) − (𝑛3 + 1)2𝜁12𝜁2𝑝𝑔
2 − 𝑟𝑔2𝑝2 − 𝑛12𝜁12𝜁2𝑝𝑔

2

+ 𝑝2 [(𝑝2 − 𝑔2) + 𝑟 𝑝2] − 𝑛32𝑝𝜁2𝑔𝑔[(𝑛3 + 1)2𝜁2𝑝 + 𝑛12𝜁1]}2

+ 𝑔{2𝜁1(𝑝2 − 𝑔2) + (𝑛3 + 1)2𝜁2𝑝(1 − 𝑔2) + 𝑟2𝜁2𝑝
3 − 𝑛1𝑔

22𝜁1

+ [(𝑛3 + 1)2𝜁2𝑝 + 𝑛12𝜁1]𝑝2 + 𝑛32𝑝𝜁2 [(𝑝2 − 𝑔2) + 𝑟 𝑝2]}2, (12)

𝐷 ={[(1 − 𝑔2) (𝑝2 − 𝑔2) − (𝑛3 + 1)2𝜁12𝜁2𝑝𝑔
2 − 𝑟𝑔2𝑝2

− 𝑛12𝜁12𝜁2𝑝𝑔
2] (𝑝2 − 𝑔2 − 𝑔[2𝜁1(𝑝2 − 𝑔2) + (𝑛3 + 1)2𝜁2𝑝(1 − 𝑔2)

+ 𝑟2𝜁2𝑝
3 − 𝑛1𝑔

22𝜁1]2𝜁2𝑝𝑔(𝑛3 + 1)}2 + +𝑔2{2𝜁2𝑝(𝑛3 + 1) [(1 − 𝑔2) (𝑝2 − 𝑔2)
− (𝑛3 + 1)2𝜁12𝜁2𝑝𝑔

2 − 𝑟𝑔2𝑝2 − 𝑛12𝜁12𝜁2𝑝𝑔
2] [2𝜁1(𝑝2 − 𝑔2)

+ (𝑛3 + 1)2𝜁2𝑝(1 − 𝑔2) + 𝑟2𝜁2𝑝
3 − 𝑛1𝑔

22𝜁1] [𝑝2 − 𝑔2]}2. (13)

2.3. Model of one-axis MEMS accelerometer having a frame and a proof
mass with enhanced sensitivity based on tuning resonant frequency

2.3.1. Concept of tuning sensor sensitivity

To tune the resonant frequency of 𝑀1, we propose a sensor model having a
frame 𝑀1 and a proof mass 𝑀2 similar to Fig. 2a with two electrostatic comb-drive
microactuators using the tuning voltages, 𝑉𝑡1 and 𝑉𝑡2 as shown in Fig. 3. In this
study, we have added the two laterally-driven electrostatic microactuators to tune
the resonant frequency of 𝑀1 and/or 𝑀2. 𝑀1 is considered as an inertial proof mass
integrated the sensing comb electrodes for detecting external acceleration, while𝑀2
is a resonator integrated on 𝑀1. However, our proposed structure is different from
Ref. [14], in which one used the two electrostatically-driven torsional resonators
integrated on an inertial proof mass to control the accelerometer’s sensitivity.
Moreover, using the two torsional resonators to form a differential measure of
frequency variation is quite complicated, which limits its practical application.
Now, we consider the displacement of 𝑀1 or 𝑀2. The equilibrium condition of the
electrostatic force and the elastic force is defined by [27]:

𝐹 = 𝐹𝑒 + 𝐹𝑘 = 0, (14)

where 𝐹𝑒 represents the electrostatic force, and 𝐹𝑘 = −𝑘𝑥 denotes the elastic
restoring force. Here, 𝑘 represents the stiffness of either 𝐾1 or 𝐾2. The equilibrium
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Fig. 3. Sensor model the same as Fig. 2a but with tuning comb electrodes 𝐸𝑡1 and 𝐸𝑡2

displacement can be found from Eq. (14) by

𝐴𝜀𝑉2

2(𝑑 − 𝑥)2 − 𝑘𝑥 = 0. (15)

Here, 𝜀 represents the dielectric constant of air, and 𝐴 denotes the area of the
tuning comb electrode. 𝑉 is the applied voltage for tuning the resonant frequency;
if tuning the resonant frequency of 𝑀1, the tuning comb electrodes 𝐸𝑡1 are used,
and if tuning the resonant frequency of 𝑀2, the tuning comb electrodes 𝐸𝑡2 are
used. d is the gap distance between the tuning comb fingers, with 𝑑𝑡1 for tuning
the resonant frequency of 𝑀1, and 𝑑𝑡2 for tuning the resonant frequency of 𝑀2.
Considering the mathematical condition for stability, d𝐹/d𝑥 < 0, we obtain

𝐴𝜀𝑉2

(𝑑 − 𝑥)3 − 𝑘 < 0. (16)

From Eq. (16), we get
𝑥 <

𝑑

3
. (17)

This implies that the equilibrium displacement is stable when the proof mass’s
balanced position is less than one-third of its initial distance from the fixed elec-
trode. This situation corresponds to applying a voltage that is smaller than 𝑉pull−in.
𝑉pull−in is calculated by

𝑉pull−in =

√︂
8
27
𝑘𝑑3

𝐴𝜀
. (18)

2.3.2. Model of one-axis MEMS accelerometer with tuned resonant frequency

Based on the equation system (6), the amplitudes of 𝑀1 and 𝑀2 with tuned
resonant frequency are described as:

𝑚1 ¥𝑥1 + 𝐶1 ¤𝑥1 + 𝐾1𝑥1 + 𝐶2( ¤𝑥1 − ¤𝑥2) + 𝐾2(𝑥1 − 𝑥2) − 𝐹1electric = 𝑚1𝑎 sin(𝜔𝑡), (19)
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𝑚2 ¥𝑥2 + 𝐶3 ¤𝑥2 + 𝐶2( ¤𝑥2 − ¤𝑥1) + 𝐾2(𝑥2 − 𝑥1) − 𝐹2electric = 𝑚2𝑎 sin(𝜔𝑡). (20)

In Eqs. (19) and (20), 𝐹1electric and 𝐹2electric are the electrostatic forces generated
by the two comb capacitors in the 𝑥 direction acting on 𝑀1 and 𝑀2 (Fig. 3),
respectively.

Let 𝑥𝑖𝑡 be the initial displacement of the frame or mass 𝑀𝑖 caused by tuning
𝐾𝑖 (𝑖 = 1, 2), we have

𝐾𝑖 −
𝜀𝑙𝑡𝑖𝑤𝑡𝑖𝑁𝑡𝑖𝑉

2
𝑖

(𝑑𝑡𝑖 − 𝑥𝑖𝑡 )3 = 𝐾 ′
𝑖 , (21)

(𝑑𝑡𝑖 − 𝑥𝑖𝑡 )3 =
𝜀𝑙𝑡𝑖𝑤𝑡𝑖𝑁𝑡𝑖𝑉

2
𝑖

𝐾𝑖 − 𝐾 ′
𝑖

. (22)

Here,𝐾 ′
𝑖 is the 𝑖-th spring constant after tuning, which relates to the spring softening

effect caused by electrostatic force [21, 22].
Parameters for tuning𝐾1 and 𝐾2 are shown in Table 4.

Table 4. Parameters for tuning 𝐾1 and 𝐾2

Parameters 𝐾1 Values for 𝐾1 𝐾2 Values for 𝐾2
Comb finger length 𝑙𝑡1 100 μm 𝑙𝑡2 100 μm
Comb finger width 𝑤𝑡1 20 μm 𝑤𝑡2 20 μm
Gap distance between tuning comb fingers 𝑑𝑡1 3 μm 𝑑𝑡2 3 μm
Number of movable tuning comb fingers 𝑁𝑡1 200 𝑁𝑡2 100
Applied tuning voltage 𝑉𝑡1 98.65 (V) 𝑉𝑡2 22.21 (V)
Pull-in voltage 𝑉𝑡1pull−in 191.5 (V) 𝑉𝑡2pull−in 44.2 (V)
Spring constant before tuning 𝐾1 16246 N/m 𝐾2 398 N/m
Spring constant after tuning 𝐾′

1 14790 N/m 𝐾′
2 360.9 N/m

Setting 𝑥𝑖𝑡 =
𝑥𝑖𝑡

𝑑𝑡𝑖
, we have

(1 − 𝑥𝑖𝑡 )3 =
𝜀𝑙𝑡𝑖𝑤𝑡𝑖𝑁𝑡𝑖𝑉

2
𝑖
/𝑑3

𝑡𝑖

𝐾𝑖 − 𝐾 ′
𝑖

. (23)

At the equilibrium position, we have the equation

𝜀𝑙𝑡𝑖𝑤𝑡𝑖𝑁𝑡𝑖𝑉
2
𝑖

2(𝑑𝑡𝑖 − 𝑥𝑖𝑡 )2 − 𝐾𝑖𝑥𝑖𝑡 = 0. (24)

Eq. (24) is equivalent to

𝑥𝑖𝑡 (1 − 𝑥𝑖𝑡 )2 =
𝜀𝑙𝑡𝑖𝑤𝑡𝑖𝑁𝑡𝑖𝑉

2
𝑖
/2𝑑3

𝑡𝑖

𝐾𝑖

. (25)
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Dividing both sides of equations (23) and (25), we get:

𝑥𝑖𝑡 =
𝐾𝑖 − 𝐾 ′

𝑖

3𝐾𝑖 − 𝐾 ′
𝑖

𝑑𝑡𝑖 . (26)

From Eqs. (24) and (26), we have:

𝑥𝑖𝑡 =
𝐾𝑖 − 𝐾 ′

𝑖

3𝐾𝑖 − 𝐾 ′
𝑖

𝑑𝑡𝑖 , (27)

𝑉𝑖 =

√︄(
2𝐾𝑖

3𝐾𝑖 − 𝐾 ′
𝑖

)3 (𝐾𝑖 − 𝐾 ′
𝑖
)𝑑3

𝑡𝑖

𝜀𝑙𝑡𝑖𝑤𝑡𝑖𝑁𝑡𝑖

. (28)

Pull-in voltage for tuning the stiffness 𝐾𝑖:

𝑉𝑡𝑖pull−in =

√︄
8
27

𝐾𝑖𝑑
3
𝑡𝑖

𝜀𝑙𝑡𝑖𝑤𝑡𝑖𝑁𝑡𝑖

. (29)

From there, we can deduce the values of the initial displacements:

𝑋01 = 𝑥1𝑡 +
𝐾2𝑥2𝑡
𝐾 ′

1
), (30)

𝑋02 = 𝑥2𝑡 + 𝑥1𝑡 +
𝐾2𝑥2𝑡
𝐾 ′

1
. (31)

The oscillation equations at the new equilibrium position after tuning are described
by

𝑚1 ¥𝑥1 + 𝐶1 ¤𝑥1 + 𝐾 ′
1𝑥1 + 𝐶2( ¤𝑥1 − ¤𝑥2) + 𝐾 ′

2(𝑥1 − 𝑥2) = 𝑚1𝑎 sin(𝜔𝑡), (32)

𝑚2 ¥𝑥2 + 𝐶3 ¤𝑥2 + 𝐶2( ¤𝑥2 − ¤𝑥1) + 𝐾 ′
2(𝑥2 − 𝑥1) = 𝑚2𝑎 sin(𝜔𝑡). (33)

The method for solving equations (32) and (33) is similar to that for solving the
system of equations (6), as presented above. From solving the above system of
equations, we obtain the oscillation amplitude of the frame 𝑀1 as 𝑋1𝑇 and the
oscillation amplitude of the mass 𝑀2 as 𝑋2𝑇 .

2.4. Damping calculation in the sensor

The impact of damping on the behavior of the sensors is quite evident. Air
damping consists of two main components: slide film air damping and squeeze-film
air damping [23]. Each component influences the structure described as follows.
In the case of slide film air damping, given that the gap distance(distance from the
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mass to substrate), denoted as 𝑑𝑡 , is significantly smaller than 𝛿 (𝛿 is the effective
decay distance), the damping coefficient takes the form of a Couette-flow type and
can be represented as [23]:

𝑐cf = μ
𝐴𝑞

𝑑𝑡
. (34)

Here, 𝐴𝑞 is the surface area of the proof mass or the frame. In the case where the
moving structure of the sensor is situated far from any objects positioned above it,
the damping force acting on the moving parts follows a Stokes-flow pattern. The
corresponding damping coefficient is calculated by

𝑐sf = μ
𝐴𝑞

𝛿
. (35)

The assessment of the air drag force on the proof mass is complex. An approxima-
tion for its coefficient is given by

𝑐df =
32
3
μ𝑙. (36)

Here, 𝑙 represents the characteristic dimension of the moving structure, which may
be considered as half the width of the proof mass. In the case of squeeze-film
air damping, the coefficient of damping force for a rectangular comb finger is
calculated by

𝐶squ =
𝑁𝑠μ𝐵

3𝐿𝑠

𝑑3
0

. (37)

The total damping coefficient is calculated by [23]:

𝐶total = 𝑐cf + 𝑐sf + 𝑐df + 𝐶squ, (38)

𝐶total = μ
𝐴𝑞

𝑑𝑡
+ μ

𝐴𝑞

𝛿
+ μ𝑙

32
3

+ 𝑁𝑠μ𝐵
3𝐿𝑠

𝑑3
0

. (39)

3. Results and discussion

3.1. Results of one-axis MEMS accelerometer having one proof mass

3.1.1. Damping coefficient of the sensor with one proof mass

At the sensing comb finger gaps 𝑑0 = 0.5μm, 1 μm, and 1.5 μm, the total
damping coefficients of the sensor calculated according to Eq. (39) are 𝐶total =

5.88×10−3 Ns/m, 8.37×10−4 Ns/m, and 3.31×10−4 Ns/m, respectively. Therefore,
the damping ratios of the sensor according to Eq. (7)are 𝜁 =

𝐶total
2𝑀𝜋𝜔0

=
𝐶total

2
√
𝑀𝐾1

=
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0.0336, 0.0048, and 0.0019, respectively. Moreover, the quality factor of the sensor
is calculated by 𝑄 = 1/(2𝜁). Therefore, the 𝑄 value at the corresponding sensing
comb finger gaps are 14, 104, and 263. The resonance frequency ( 𝑓𝑠) of the sensor

is calculated by 𝑓𝑠 =
1

2𝜋

√︂
𝐾1
𝑚

= 29.592 kHz. This resonance frequency is suitable
for sensor applications in vibration measurements [1].

Fig. 4 shows the relationship between the oscillation amplitude of 𝑀 inves-
tigated as a function of the input acceleration frequency with different values of
the total damping coefficient according to the different sensing comb finger gaps
above. Thus, the larger the damping coefficient, the smaller the oscillation ampli-
tude is. Observing Fig. 4, we can see that the amplitude of 𝑀 reaches 7.4 nm at
𝑑0 = 1.5 μm, which is larger than 17.7 times that at 𝑑0 = 0.5 μm at the same
resonant frequency of 29.592 kHz.

Fig. 4. Oscillation amplitude of the sensor with the single proof mass 𝑀
depending on frequency for different total damping coefficients

3.1.2. Sensitivity of the sensor with one proof mass

Fig. 5 presents the dependence of Δ𝐶 on the input acceleration, a, for the
three different values of 𝑑0, 𝑑0 = 0.5 μm, 1 μm, and 1.5 μm. Thus, the sensing
capacitance depends linearly on 𝑎. When 𝑎 = 0.1 g, Δ𝐶 is approximately 0.0239
pF with 𝑑0 = 1.5 μm. The value of Δ𝐶 is relatively small and challenging to
measurements. So, the posed question is how to increase sensitivity while still
maintaining the resonance frequency (at 𝑓𝑠 = 29.592 kHz). Therefore, we have
proposed a new model of the sensor structure for enhancing the sensing capacitance.
We has separated the proof mass 𝑀 into the frame 𝑀1 and the proof mass 𝑀2, as
illustrated in Fig. 2. In the following sections, we will present the obtained results
from the proposed novel sensor model.



One-axis micro-electromechanical accelerometer with enhanced sensitivity 323

Fig. 5. Differential capacitance investigated as a function of a for three
different values of 𝑑0, 𝑑0 = 0.5 μm, 1 μm, and 1.5 μm

3.2. Results of one-axis MEMS accelerometer having one proof mass split
into a frame and a proof mass

3.2.1. Without tuning resonant frequency

The damping coefficient of 𝑀1 before tuning is calculated in the same way as
that of the sensor with a proof mass 𝑀 in Section 3.1. At 𝑑0 = 1.5μm, the damping
coefficient 𝑀1 is calculated according to Eq. (39) to be 𝐶1 = 3.25 · 10−4 Ns/m.

Therefore, damping ratio 𝜁1

(
=

𝐶1

2
√
𝑚1𝐾1

)
is 0.00188 and 𝑄1 is 266.

Fig. 6 presents 𝐶3 of 𝑀2 before tuning investigated as a function of 𝐴𝑞2
for three different distances between the moving structures of the sensor and the
substrate. At 𝐴𝑞2 = 483000 μm2,𝐶3 is 6 · 10−6 Ns/m. Therefore, the damping ratio

Fig. 6. 𝐶3 of the mass 𝑀2 before tuning investigated as a function of 𝐴𝑞2
for three different distances between the moving structures of the sensor

and the substrate
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is 𝜁2

(
=

1
2𝑄2

=
𝐶3

2
√
𝑚2𝐾2

)
= 0.001. In this case, the quality factor of the sensor is

obtained to be 500.
Fig. 7 presents the dependence of 𝑋1 investigated as a function of the input

acceleration frequency for the ratios 𝜔2/𝜔1 = [1.0, 1.1, 1.2, 1.4, 1.7, 2, 3, 6, 8, 10].
Thus, when 𝜔2/𝜔1 increases from 1.0 to 1.7, 𝑋1 tends to increase steadily. Mean-
while, 𝜔2/𝜔1 increases sequentially from 1.7 to 10, 𝑋1 tends to decrease. Interest-
ingly, as 𝜔2/𝜔1 increases, the resonant frequency ( 𝑓𝑀1) of the frame 𝑀1 is lower
than the resonant frequency in the single mass case.

Fig. 7. 𝑋1 of 𝑀1 investigated as a function of
the frequency of the input acceleration for the ratios

𝜔2/𝜔1 = [1.0, 1.1, 1.2, 1.4, 1.7, 2, 3, 6, 8, 10]

Fig. 8 shows the relationship between 𝑋1 and the input acceleration frequency
for different values of 𝜔2/𝜔1 smaller than 1. From Fig. 8a, we can see that as
𝜔2/𝜔1 increases sequentially from 0.01 to 0.1, 𝑋1 tends to decrease slowly, and the
resonant frequency for these values of 𝑋1 tends to remain unchanged, approaching
the value 𝑓𝑀1 = 30.321 kHz. From Fig. 8b, we can see that as 𝜔2/𝜔1 increases
sequentially from 0.1 to 0.9, 𝑋1 also tends to decrease sharply, and the resonant
frequency for these values of𝑋1 tends to increase. This increase in the resonant
frequency is more pronounced compared to the case shown in Fig. 8a. At the
position where 𝜔2/𝜔1 = 0.7, 𝑋1 is 6.55 nm and the resonance frequency is 31.02
kHz.

Fig. 9 presents 𝑋1 of 𝑀1 investigated as a function of the frequency of the
input acceleration for the two ranges of the ratio 𝑚2/𝑚1: 𝑚2/𝑚1 < 1 and 𝑚2/𝑚1 >
1, respectively. When 𝑚2/𝑚1 decreases from 0.8 to 0.01, 𝑋1 increases, and the
resonance frequency decreases (Fig. 9a). And when 𝑚2/𝑚1 decreases further, the
resonance frequency approaches a value of 30.394 kHz. With 𝑚2/𝑚1 = 0.05,
𝑋1 equals 6.55 nm, and the resonance frequency equals 31.02 kHz. In Fig. 9b,
as 𝑚2/𝑚1 increases from 1 to 2.5, 𝑋1 increases gradually, while the resonance
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(a) (b)

Fig. 8. 𝑋1 of 𝑀1 investigated as a function of the frequency of the input acceleration in the cases: a)
with 𝜔2/𝜔1 = [0.01, 0.03, 0.04, 0.05, 0.06, 0.08, 0.1] and b) with 𝜔2/𝜔1 = [0.1, 0.7, 0.8, 0.9]

(a) (b)

Fig. 9. 𝑋1 of 𝑀1 investigated as a function of the frequency of the input acceleration for: a)
𝑚2/𝑚1 < 1 and b) 𝑚2/𝑚1 ⩾ 1

frequency decreases from 16.326 kHz to 13.369 kHz. The resonance frequency in
this case is much lower than the resonance frequency of the single mass.

Based on the calculated analyses above, it is advisable to choose 𝑚2/𝑚1 < 1
and 𝜔2/𝜔1 < 1 for the following reasons. If we choose 𝑚2/𝑚1 > 1, from Fig. 9b
we can see that the resonance frequency is very low (13.369 kHz in the double
mass case with 𝑚2/𝑚1 = 1 compared to 𝑓0 = 29.592 kHz in the single mass
case). Therefore, the frequency tuning technique cannot be applied in this case. If
𝜔2/𝜔1 > 1, from Fig. 7, it can be seen that the resonance frequency is always lower
compared to the single mass case. Therefore, the resonance frequency tuning in this
case is not also feasible. From the results shown in Fig. 8b, we choose𝜔2/𝜔1 = 0.7,
and based on Fig. 9a, we choose 𝑚2/𝑚1 = 0.05 as the calculated results.

In Fig. 10a, when the spring stiffness𝐾1 is 16246 N/m, the maximum amplitude
is achieved a value of 7.4 nm at the resonance frequency of 29.592 kHz. In Fig. 10b,
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𝐾1 is varied with different values, 𝐾1 = 16246 N/m, 14790 N/m, and 13000 N/m.
When the spring stiffness is 𝐾1 = 16246 N/m, the amplitude reaches its maximum
value at the resonance frequency of 31.02 kHz. As the value of 𝐾1 decreases,
we observe a slight increase in the resonant amplitude due to the decrease of
the resonance frequency. For example, when 𝐾1 = 14790 N/m, the resonance
frequency is 29.592 kHz, matching the resonance frequency of the single mass
case. Therefore, the problem posed is to reduce the resonance frequency from
31.02 kHz to 29.592 kHz, which means reducing the spring stiffness 𝐾1 from
16246 N/m to 14790 N/m.

(a) (b)

Fig. 10. a) 𝑋 of the single mass investigated as a function of frequency, b) 𝑋1 of the frame 𝑀1 in the
case of double mass investigated as a function of frequency with the different values of 𝐾1

To address the problem, we will consider the tuning method for𝐾1. Advantages
of the tuning method for 𝐾1 are to reduce the stiffness of the spring while increasing
the initial oscillation amplitude. However, there is an issue. When the stiffness of
𝐾1 decreases, 𝜔2/𝜔1 increases.

The results in Fig. 8b show that increasing the value of 𝜔2/𝜔1 will increase
the resonance frequency. Therefore, this reduces the effectiveness of tuning 𝐾1.
To achieve the desired effect of reducing the resonance frequency from 31.02
kHz to 29.592 kHz, for 𝑀1, tuning is required for both 𝐾1 and 𝐾2 of 𝑀2 to
maintain 𝜔2/𝜔1 constant. Thus, along with reducing 𝐾1 from 16246 N/m to 14790
N/m, 𝐾2 also decreases from 398 N/m to 360.9 N/m. Furthermore, when tuning
the resonance frequency of both 𝑀1 and 𝑀2, the damping of both 𝑀1 and 𝑀2
also needs recalculated due to the additional air resistance from the tuning comb
electrodes.

Fig. 11 presents 𝐶2 of 𝑀2 compared with 𝑀1 investigated as a function of
the number of movable tuning comb fingers (𝑁𝑡2) for tuning 𝐾2 for three tuning
comb finger gaps. At 𝑑0 = 1.5μm, 𝐶1 is 4.38× 10−4 Ns/m. Therefore, the damping
ratio is 𝜁1 =

𝐶1

2
√
𝑚1𝑘1

= 0.0027. From Fig. 11, the damping coefficient 𝐶2 is

calculated to be 5.33 × 10−5 Ns/m. Therefore, 𝑛1 =
𝐶2
𝐶1

=
5.33 · 10−5

3.25 · 10−4 = 0.164 and

𝑛3 =
𝐶2
𝐶3

=
5.33 · 10−5

6 · 10−6 = 8.883.
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Fig. 11. 𝐶2 of 𝑀2 compared with 𝑀1 investigated as a function
of 𝑁𝑡2 for three tuning comb finger gaps, 𝑑𝑡2 = 2, 2.5,

and 3 μm, respectively

3.2.2. Tuning 𝐾1 and 𝐾2

Fig. 12 shows variation of the spring stiffness versus applied voltage for the
different tuning comb finger gaps. From Fig. 12a, we can see that as the tuning comb
finger gap increases, 𝑉𝑡1pull−in (The value of 𝑉𝑡1 when 𝐾1 equals 0) also increases.
For the case of 𝑑𝑡1 = 3μm , 𝑉𝑡1pull−in calculated according to Eq. (29) is 191.5 V,
and the applied voltage value calculated according to Eq. (28) is 98.65 V. In this
case, we can decrease 𝐾1 from 16246 N/m to 14790 N/m. Fig. 12b shows that as
the tuning comb finger gap increases, 𝑉𝑡2pull−in (the value of 𝑉𝑡2 when 𝐾2 equals 0)
also increases. For the case of 𝑑𝑡2 = 3μm ,𝑉𝑡2pull−in calculated according to Eq. (29)
is 42.4 V, and the applied voltage value calculated according to Eq. (28) is 22.21
V. In this case, we can decrease 𝐾2 from 398 N/m to 360.9 N/m.

(a) (b)

Fig. 12. Variation of the spring stiffness versus applied voltage for the different tuning comb finger
gaps: a) 𝐾′

1 versus 𝑉1 for 𝑑𝑡1 = 2, 2.5, and 3 μm and b) 𝐾′
2 versus 𝑉2 for 𝑑𝑡2 = 2, 2.5, and 3 μm



328 NGUYEN Van Cuong, NGUYEN Van Duong, BUI Manh Cuong, CHU Manh Hoang

3.2.3. Amplitude of 𝑀1 after tuning compared with its amplitude before tuning

After tuning, the amplitude of 𝑀1 has significantly increased (Fig. 13a). In
this investigation, the applied voltages for tuning the resonant frequency of 𝑀1
and 𝑀2 are shown in Table 4. At the resonant frequency 𝑓0 = 29.592 kHz, the
oscillation amplitude of 𝑀1 at 𝐶1 = 4.38 · 10−4 (Ns/m) is 𝑋1𝑇 = 131.2 nm. While
the amplitude (before tuning as shown in Fig. 10b) with the dashed light blue line
at the resonance frequency of 31.02 kHz is 6.55 nm.

(a) (b)

Fig. 13. a) Amplitude of 𝑀1 in the double mass case after tuning b) Amplitude of 𝑀2 after tuning

Table 5. Comparison of the oscillation amplitude and resonant frequency of the sensors having
single proof mass and double mass before and after tuning

Parameters Single mass Double mass before tuning Double mass after tuning
Amplitude of oscillation 7.4 nm 6.55 nm 131.2 nm
Resonant frequency 29.592 kHz 31.020 kHz 29.592 kHz

Because 𝑋1𝑇 = 131.2 nm is smaller than 𝑑𝑡1/3 (= 1 μm), it helps to prevent
the pull-in effect when tuning 𝐾1. For a broader overview, the data illustrating
the amplitude and resonant frequency of both the single mass and double mass
sensors are presented in Table 5. From Table 5, the tuning process has successfully
improved the sensing amplitude which is increased by a factor of 18 compared with
that without tuning. In the tuning process, the resonance frequency is decreased
by 4.5%. From Fig. 13b, at the resonance position of 29.592 kHz, 𝑋2 reaches its
maximum value at 𝑋2𝑇 = 264 nm.

Thus, it is clear that under other unchanged conditions, the sensor’s vibra-
tion amplitude with electrostatic tuning is always greater than that without tuning.
When the initial distance between the tuning comb electrodes increases, 𝐾 ′

𝑖 in-
creases (Eq. (21)), i.e., the resonant frequency increases), and the sensor’s vibration
amplitude decreases under other unchanged conditions. According to Eq. (5), the
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sensor’s sensitivity is reduced. On the other hand, the increase of the gap between
the sensing comb electrodes due to the reduced tuning amplitude leads to the de-
crease of damping (i.e., 𝑄 increases) in the sensor. Thus, a question is raised that
what reason has made the sensor’s vibration amplitude (the sensitivity increases)
increase. This can be explained according to Ref. [31], the vibration amplitude of a
resonator is proportional to𝑄 and 𝑓 −2

𝑠 . Thus, the vibration amplitude of 𝑀1 shows
a stronger dependence on the resonant frequency than on 𝑄. Moreover, the de-
signed gap between the sensing comb electrodes is 1.5 μm, while the gap between
the tuning comb electrodes is 3 μm, and the number of tuning comb electrodes is
also smaller. Therefore, the influence of the tuning comb electrodes on damping is
significantly lower than that of the sensing comb electrodes.

3.2.4. Sensitivity of the sensor in the case of double mass

Fig. 14 presents differential capacitance investigated as a function of input
acceleration, a, for the three different values of the gap between the sensing comb
fingers, 𝑑0 = 0.5 μm, 1 μm, and 1.5 μm. The characteristics show a linear rela-
tionship between Δ𝐶 and 𝑎. When 𝑎 = 0.1𝑔, Δ𝐶 is approximately 0.425 pF with
𝑑0 = 1.5 μm. After tuning, the achieved sensitivity value of the acceleration sensor
in the double mass case is Δ𝐶/𝑔 = 4.25 pF/g. Meanwhile, from Fig. 5, Δ𝐶 for the
single mass case is 0.0239 pF with 𝑎 = 0.1𝑔 corresponding to the sensitivity is
Δ𝐶/𝑔 = 0.239 pF/g. Thus, the sensitivity of the double mass acceleration sensor af-
ter tuning is nearly 18 times greater than that of the single mass acceleration sensor.
Moreover, compared with the achieved sensitivities in Refs. [32, 33] (around 0.2
pF/g), the proposed one-axis MEMS-accelerometer sensor has showed a superior
sensitivity.

Fig. 14. Differential capacitance investigated as a function
of the input acceleration, 𝑎, for the three different values

of the gap between the sensing comb fingers, 𝑑0 = 0.5 μm,
1 μm, and 1.5 μm
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4. Conclusion

In summary, we have presented a single-axis, differential capacitive MEMS
acceleration sensor with enhanced sensitivity based on a novel structure design and
resonant frequency tuning method. The sensor consists of a proof mass symmetri-
cally suspended at the center of a frame by folded springs. By applying electrostatic
tuning method using comb electrodes integrated on both the proof mass and the
frame, we can shift the initial resonance frequency of the sensor of 4.5%. Using
the proposed tuning method, the resonance amplitude of sensor has been signif-
icantly improved. The sensitivity (Δ𝐶/𝑔) of the sensor is enhanced by a factor
of 18 compared to that of the single mass sensor. To ensure further the accuracy
and reliability of the proposed sensor model, verification by experiment data and
numerical simulation needs carried out in the future. This research provides an es-
sential basis for the calculation and development of single-axis acceleration sensors
for applications in mechanical oscillation measurements.
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