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Existence of mild solutions for nonlocal perturbed
evolution equations with infinite state-dependent delay
in Fréchet spaces
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In this work, we give sufficient conditions to get the existence of mild solutions for two
classes of first-order semilinear functional and neutral functional perturbed evolution equations
with infinite state-dependent delay when the conditions are nonlocal using Avramescu nonlinear
alternative for the sum of compact operators and contraction maps in Fréchet spaces, combined
with semigroup theory.

Key words: perturbed evolution equations, neutral problems, mild solutions, state-dependent
delay, fixed point, nonlinear alternative, semigroup theory, Fréchet spaces, infinite delay, nonlocal
conditions

1. Introduction

In this paper, we give, in a real Banach space (E, |.|), the existence of mild
solutions defined on a semi infinite real interval J := [0, +c0) for two classes of
first order partial functional and neutral functional perturbed evolution equations
with infinite state dependent delay when the conditions are nonlocal.

We study in Section 3 the following perturbed evolution equations with infinite
state-dependent delay when the conditions are nonlocal

Y (1) =A@y () + f (8. Ypy) + 8 (£, Yoty » a.e. teJ, (1)
y(t) = (1) = hi(y), t € (-0,0], (2)
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where for an abstract phase space 8 which will be defined later; f, g : /X8 — E,
hi : B - E,p:Jx8B — Rand ¢ € B are given functions and {A(?)};>0 is a
family of linear closed (not necessarily bounded) operators from E into E that
generates an unique evolution system of operators {U (¢, 5) }(; 5)esxs for s <t.
For any continuous function y and any ¢ < 0, we denote by y; the element of
B defined by
v:(0) = y(t+0) for 6 <O0.

Here y,(-) represents the history of the state from time ¢ < O up to the present
time 7. We assume that the histories y, belong to 8.

Next, in Section 5, we study the nonlocal neutral functional perturbed evolu-
tion equations of the form

d
E[y(t) - Q (l‘, yp(t,y,))] = A(t)y(t) + f(l’ yp(t,y,))
+ g (l‘, yp(,’yz)) s ae.teJ, 3)
Y(f) = ¢(t) - ht(y)’ re (_OO’ 0]9 (4)

where f, g, h;, p, A(-) and ¢ are as in problem (1)-(2) and Q : / X B — E
is a given function. Finally, we give two examples in Section 5 to illustrate the
abstract theory.

For many years, the functional differential equations or Differential delay
equations have been used in modeling scientific phenomena. It has been supposed
that the delay is either a fixed constant or is given as an integral in which case
is called distributed delay. If the delay is infinite the notion of the phase space
8 has an important role in the study of both qualitative and quantitative theory.
An usual choice is a seminormed space satisfying suitable axioms, which was
introduced by Hale and Kato in [20], see also Kappel and Schappacher [24] and
Schumacher [27]. For more details and applications on this topic, read the book
of Hale and Verduyn Lunel [21].

The nonlocal problem was motivated by physical problems. Indeed,
Byszewski demonstrated in [13-16] that the nonlocal condition can be more
useful than the classical initial condition to describe some physical phenomena.
There are many papers concerning the nonlocal problems, see [17-19].

For infinite intervals, Baghli et al. provide results on the existence, uniqueness,
and controllability of many mild solutions, even for various perturbed and non
perturbed evolution problems with state-dependent and independent delays in
Fréchet and Banach spaces in [2—12] and [25].

To extend the previous results specially in [2] for perturbed evolution problem
with nonlocal conditions, we propose in this paper sufficient conditions for the
existence of mild solutions on a semi infinite interval J = [0; +o0) for the two
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classes of first order nonlocal partial and neutral perturbed evolution equations
with infinite state dependent delay (1)—(2) and (3)—(4) using the nonlinear al-
ternative of Avramescu for sum of compact operators and contractions maps in
Fréchet spaces [4], combined with semigroup theory [1,26].

2. Preliminaries

In this section, we introduce some notations, definitions and theorems which
are used via the different steps of these paper.

Let C(R*; E) be the space of continuous functions from R* into E and B(E)
be the space of all bounded linear operators from E into E, with the usual
supremum norm

INllsey =sup { IN(Y)| : Iyl=1}, N € B(E).

A measurable function y: R* — E is Bochner integrable if and only if |y|
is Lebesgue integrable. (For the Bochner integral properties, see the classical
monograph of Yosida [28]).

Let L' (R*, E) denotes the Banach space of measurable functions y: R* — E
which are Bochner integrable normed by

+00
Iyl = / MO
0

The nonlocal condition y(t) + h;(y) = ¢(t) for t € (—o0, 0], can be applied in
physics with better effect than the classical initial condition y(0) = yy.
For example, /,(y) may be given by

hi(y)= ) ciy(ti+1), t€ (—00,0],

Ms

i=1

where ¢;,i = 1, ..., p are given constants and 0 < | < ... <7, < +00.
At time ¢ = 0 we have

ho(y) = ) ciy(t).

M=

i=1

We shall employ an axiomatic definition of the phase space B presented by
Hale and Kato in [20] and follow the terminology used in [23]. Thus, (8, || - ||g)
will be a semi-normed linear space of functions mapping R™ into E, and satisfying
the following axioms
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(Ay) If y : (=00,b) — E,b > 0, is continuous on [0, b] and yy € B, then for
every t € [0, b), the following conditions hold
(i) y € B;
(i1) There exists a positive constant D such that |y(¢)| < D||y;||s;

(iii) There exist two functions K(-), M(-) : R, — R, independent of y
with K continuous and M locally bounded such that

1yills < K(2) sup |y(s)|+M()llyolls.

0<s<t

(A) For the function y in axiom (Ay), y; is a 8—valued continuous function on

[0, b].
(A3) The space B is complete.
Denote K, = sup K(f) and M, = sup M(1).

t€[0,b] te[0,b]
Remark 1.
1. (ii) is equivalent to |¢p(0)| < D||P||g for every ¢ € B.

2. Since || - || g is a seminorm, two elements ¢, € B can check ||¢p —y||lg =0
without necessarily ¢(0) =y (0) for all 6 < 0.

3. From the equivalence in the first remark, we can see that for all ¢, € B
such that ||¢ — ¥ ||g = 0: We necessarily have that ¢$(0) = (0).

Here are some examples of phase spaces from the book of Hino et al. [23].

Example 1. Let

BC denote the space of bounded continuous functions defined from R~ to E;

BUC denote the space of bounded uniformly continuous functions defined from
R~ to E;

C® = {¢ € BC: elim ¢(0) exist in E} ;

O = {¢ € BC: olim o(0) = O} , endowed with the uniform norm
]l = sup [¢(6)].
6<0

We have that the spaces BUC, C™ and C° satisfy conditions (A;)—(A3).
However, BC satisfies axioms (A1), (A3) but axiom (A5) is not satisfied.
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Let X be a Fréchet space with a family of semi-norms {|| - ||, } nexr. We suppose
that the family of semi-norms {|| - ||, }»ex verifies

lx[[1 < [lx]l2 < [lx||3 < ... forevery x € X.

LetY c X, we say that Y is bounded if for every n € N, there exists M, >0
such that .
lyll, <M, forall yeY.

In what follows, for the family {A(#)};>0 of closed densely defined linear
unbounded operators on the Banach space E we assume that it satisfies the
following assumptions [1]

(P1) The domain D(A(¢)) is independent of ¢ and is dense in E.
(P2) For t > 0, the resolvent R(2, A(t)) = (11 — A(¢))! exists for all 2 with
ReA < 0 and there is a constant M independent of A and ¢ such that
IR(t, A(2))|| < M(1+]2])~", for Red < 0.
(P3) There exist constants L > 0 and O < a < 1 such that
I(A(t) = A(@)A™ (1) < LIt — 7|*, fort,0,7 € J.
Lemma 1. [/] Under assumptions (P1)—(P3), the Cauchy problem
(1) —A@®)y()=0,reJ and y(0) = yo,
has a unique evolution system U(t, s), (t,s) € A:={(t,s) e IXxJ:0<s<1t<
+oo} satisfying the following properties:
1. U(t,t) = I where I is the identity operator in E,
2.U(t,s) U(s,7) =U(t,7) for 0 < 7 < s < t < 400,
3. U(t,s) € B(E) the space of bounded linear operators on E where for every
(t,5) € Aand foreachy € E, the mapping (t,s) — U(t, s) y is continuous.

For more details on evolution systems and their properties, see [1,26].
For the state-dependent delay notion, let us set

R(p™) ={p(s,9) : (5,¢) € I x B,p(s,¢) <O}

We always assume that p : J X 8 — R is continuous. Additionally, we present
the following hypothesis
(Hy) The function t — ¢; is continuous from R(p~) into B and there exists a
continuous and bounded function £¢ : R(p~) — R¥ such that for every
re€R(p7)
g:lls < LN 4l 5
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Remark 2. The condition (Hy), is frequently checked by continuous and bounded
functions. For more details, see for instance [23].

Lemma 2. [22]Ify : (—co;b] — E is a function such that yy = ¢, then
lyslls < (Mp + L?)]1gll5 + Kp|y(6) ;6 € [0,max{0, s}],s € R(p™) UJ

where £L¢ = sup L?(1).
1€R(p7)

Proposition 1. /3], By (Hy), Lemma 2 and the property (A1), we have for each
t€[0,n] andn e N

1Yoy ll < Knly ()] + (My + L) [Iyoll 5-

Definition 1. A function f :J X B — E is said to be an L}OC‘—Carathéodory
Sfunction if it satisfies
(i) for eacht € J the function f(t,.) : B — E is continuous;
(ii) for each y € B the function f(.,y) : J — E is measurable;
(iii) for every positive integer k there exists hy € L (J;R*) such that

loc
|f (&, )] < P (1)

for all ||y||g < k and almost every t € J.
The following definition is the appropriate concept of contraction in X.

Definition 2. A function f : X — X is said to be a contraction if for each n € N
there exists ay, € (0, 1) such that forall x,y € X

1/ (x) = FDln < @n llx = ylla-
Theorem 1. (Avramescu’s Nonlinear Alternative [4]) Let X be a Fréchet space

and let A, B : X — X be two operators satisfying
(1) A is a compact operator,
(2) B is a contraction.

Then either one of the following statements holds:

(Avl) The operator A + B has a fixed point;
(Av2) The set {x € X,x=1A(x) + AB (%)} is unbounded for some A € (0, 1).
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3. Existence results for semilinear perturbed evolutions equations

In this section, we give an existence result for the nonlocal perturbed evolution
problem (1)—(2). Firstly we define the mild solution for that problem.

Definition 3. We say that the function y : R — E is a mild solution of (1)—(2) if
y(t) = ¢(t) — he(y) for all t € (—o0,0] and y satisfies the following integral
equation

y(#) =U(t,0)[¢(0) — ho(y)] +/ U(t,9) f (5, Yp(s.y,))ds

0
t

+ / U(t,5)g (8, Yp(s.y,)) ds aet e J. (3)
0

It is necessary to introduce the following hypotheses which are assumed
thereafter

(H1) There exists a constant M > 1 such that

—~

WU, s)llpe) <M
and U(¢, s) is compact fort — s > 0, and for every (z,s) € A.

(H2) There exist a function p € L}OC(J ;R;) and a continuous nondecreasing
function ¢ : R, — [0, +c0) and such that

|f(,u)| < p(2) g (l|ullg).
forallr € J and foreach u € B.
(H3) There exists a function 7 € L' (J;R,) such that
lg(t,u) — g(z,v)| < n(D)|lu - vz
for all € J and for each u,v € 8.
(H4) There exist a constant @ > 0 such that
Il < @
forall e (—o0,0].

Corollary 1. By (Hg), Lemma 2 and the Proposion 1, we have for eacht € [0, n]
andn e N

1Ypeanll < Kaly()]+ (Mo + £]) (]l + ).

where LZ: sup Lf(t).
1eR(p”)
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Consider the following space
Biw = {y :R — E : y|{o,r] continuous for T > 0 and yg € B} ,
where y|[o 7] is the restriction of y to the real compact interval [0, T].

Let us fix 7 > 1. For every n € N, we define in B, the semi-norms by

lylln:= sup e L@ |y(n)],
te[0,n]

t

where L; (1) = / 1yds, 1,(1) = M K,n(t) and n is the function from the hypoth-

0
esis (H3).
Theorem 2. Assumed (Hy) and (H1)—(H4) are satisfied and moreover for all
n>0
+00 n
/ s >K1\2/max(() () d (6)
n s);n(s)) ds
s+y(s) PR3
o 0

n
with oy = (MK, D+Mn+L))||¢llg+(MDK,+Mn+ L)) w+MK, / lg(s,0)|ds.
0

Then, the nonlocal perturbed evolution problem (1)—(2) has at least one mild
solution on R.

Proof. We transform the problem (1)—(2) into a fixed-point problem. Consider
the operator N : Bio, — By defined by

é(t) — hi(y), ifr <0;
U, 0)[6(0) - ho(y)] + / U1, ) £ (5. psy)ds

N()(1) = J

t

+/ U(t,5)g (5, Yp(s.y)) ds, ift > 0.
0

Clearly, fixed points of the operator N are mild solutions of the problem (1)—(2)
for ¢ € B, we will define the function

() = { o(t) — he(y) forr <0
| U(1,0)¢(0) — U(t,0)ho(y) fort e J.
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Then xg = ¢ — hg. For each function z € B, set

y(1) = z(1) +x(1).
Obviously, y satisfies the definition (5), if and only if z satisfies zo = 0 and
t

z(1) = / Ut,s)f (S, Zp(s5,25+xs) +xp(S,zs+xs)) ds

0
t

+/ U(t,s)g (S’ Zp(s,z5+x5) +xp(s,zs+xs)) ds.
0

Let B ={z€ B :20=0€ B}.
We define for t € J the operators F,G: B%. — B, by
t
F(z)(1) = / U(t,9)f (8 2p(s.zgrny) +Xp(s.z,4x0)) A,
0

and
t

G(z)(t) = / Ul(t,s)g (s, Zp(s,254%s) +xp(s,zs+xs)) ds.
0

Obviously the operator N has a fixed points is equivalents to F + G has one, so
it turns to prove that F + G has a fixed point. The proof will be given in serval
steps.

Step 1: We show the continuity of F. Let(z,), be a sequence in BY_, such that
zn — z € BY_, by the hypothesis (H1), we obtain

IF(tzn)(t) - F(2)(1)] <

</||U(t, $)sE) |f(5» an(s,zm+xs)+Xp(s,zm+xs)) _f(S’ Zp(s,zs+xs)+xp(s,zs+xs))| ds
0

t
<M / | (51 Znp(s.2msx0) FEp(s.2mets)) = (82 Zp(s.z,4,) FXp(s.204x) ) .
0

Since f is continuous. By dominated convergence theorem of Lebesgue, we get
|F(20)(t) = F(2)(1)] = 0 if n — +oo.

So that F' is continuous.
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Step 2: Show that F transforms any bounded of Bgm in a bounded
set. For any d > 0, there exists a positive constant o such that
for all ze€By={ze B, :|lzll. <d} we get [[F(2)ll, < o, where
By={z€B%, :|zll. <d}. Let z € By. By the hypotheses (H1) and (H2),
we have for all 7 € [0, n]

t
|F(2)()] < / IUE ) f (5 2p(s.2005) + Xp(s.zrry) 1ds
0

t
< M/ p(s)y (||Zp(s,zs+xs) T Xp(s,25+x5) |3) ds.
0

From (Hy), Corollary 1 and Assumption (A1), we have for every ¢ € [0, n]
||Zp(s,zs+xs) +xp(s,z,s+xs)||z; <

< N zp(sizgra) 18 + 1Xp(s,2,4x,) |8

< Kulz ()| + (My + L lz0lls + Knlx(8)] + (M, + L)) |1x0]l5

< Kulz(s)| + KullU (s, 0) | () |9 (0)] + Ku|U (s, 0) 1y [ o ()]

+ (My+ L)I#lls + (M, + L)@

< Kulz(s)| + Ko M|p(0)] + K M[ho(y) (M, + L)) [16]l5 + w].

Using (ii), we get

5 < Kalz2(s)| + K,MD| || + K,DMw
+(My+ L) (185 + @)
< Kalz(s)| + (M, + L + K,MD)[[I¢]lg + w].

||Z,0(S,ZS+XS) + XP(S,Zs‘HCs)

Setcy = (My+ L +K,MD)|14llg + (My+ L) + K, DM)w and 5, := Kyd + .
Then

||Zp(sazs+xs) +xp(5sls+-xs) B < Knd TCn=6n. (7)

Using the nondecreasing character of ¢, we get for each ¢ € [0, n]

F(2)(0)] < i / ()0 (6n)ds
0

< My (sy) / p(s)ds
0

< My (s)lpllL = o
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So there exists a positive constant o such that ||[F'(z)||, < o. Hence F(By) C B,.
Step 3: F maps bounded sets into equicontinuous sets of BY_,. We consider By as
in Step 2 and we show that F'(B) is equicontinuous. Let 71, 7> € J with 1, > 7
and z € By.

|F(2)(12) - F(2)(11)] <

T]
< / 1U (52, 8) = Ut )l LS (5 2ots.mvmesy + Xo(smsns) |
0

()
; / 1U 22 ) 1308) 1 (5. 2pts.esams) +Xp(s.cveny) |

Tl

T
< / ||U(T2a S) - U(Tla S)||B(E)P(S)lﬂ (”Zp(s,zs+xs) +xp(s,zs+xs)”8) ds
0

iyl
+ i / PV (12ptsmsmns) +Xo(s.mces) 1) ds.

T1

By (7) and using the nondecreasing character of ¢, we get

|F(2)(12) = F(2) ()] < %lf(gn)/ 1U(72,8) = U(71,5) sy p(s)ds
0

4 B (6) / p(s)ds.

Observing that |F(z)(m) — F(z)(71)| tends to zero as 7, — 7 — 0 indepen-
dently of z € B;. T he right-hand side of the above inequality tends to zero as
7, — 11 — 0. Since U(t, s) is a strongly continuous operator and the compactness
of U(t, s) for t > s implies the continuity in the uniform operator topology. As a
result of Steps 1 to 3 together with the Arzeld-Ascoli theorem it suffices to show
that the operator F maps By into a pre-compact set in E.

Let r € J be fixed and let € be a real number such that 0 < € < ¢. For z € By
we define

t—e€

FG(Z) (t) = U(t’t - E) / U(t -6 S)f (S’ Z,D(S,Zsﬂs) +x,0(5’zs+xs)) ds.
0
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Since U(t, s) is a compact operator, the set Z.(t) = {F¢(z)(t) : z € By} is
pre-compact in E for every € sufficiently small, 0 < € < ¢. Moreover, using and
the nondecreasing character of ¢, we have

t
F@O - RO < 0G5 [ p(s)ds.
t—€
Therefore, the set {F(z)(t) : z € By} is pre-compact in E. So we deduce from

Steps 1, 2 and 3 that F' is a continuous compact operator.

Step 4: We shall show now that the operator G is a contraction.
Indeed, let z,Z7 € BY.,. By the hypotheses (H1) and (H3), we get for all ¢ € [0, n]
andn € N

t
|G (2)(1) = G(2)(1)] < / WU, )11 BE)|8 (5: Zp(s,200xs) F Xp(s.204x0))
0
- g (S’ Z‘D(S,Es"'xs) +x/)(5,zs+xs)) |ds
t
< / T 12ps.0am) = Zotsz,any 5.
0

Using (7), to obtain

1G(2)(1) =G R)(D)] < /Mn(s)Knlz(s) —z(s)|ds
0

< / 1n(5) €40 | [e75) [2(5) ~ Z(s)]] ds
J |
t
_eT L;(s) ’ —
</ ] ds |1z =zl
-
)

1. _
<= e D)z =7,

-,]

Therefore,

_ 1 _
IG(z) =G|l < - Iz =zl

So, the operator G is a contraction for all n € N.
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Step 5: To apply Theorem 1, we must check the statement (Av2): i.e. it remains
to show that the following set

F:{zeBgm: z:/lF(z)+/lG(%) forsomeO</l<1}.

is bounded. Let z € I'. By (H1)—(H3), Corollary (1) and inequality (7), we have
for each t € [0, n]

|2(1)]
P

t
</||U(t, S)”B(E)lf (Sa Zp(s,z5+xs) +xp(s,zs+xs)) |ds

ds

( ZP(S,Zs+xs) + xp(s,zs+x5) )

t
+ (105 ooy e 5 -
0

P(S)lﬁ(llzp(s,zsm) + Xp(s,25+Xs) ”B)ds

0
t

+/A2
0

< i / ()0 (Kol2(s)] + c) ds + / in(s)
0 0

ds

z ax) X X
. (s, sosn * pwﬁxé)) ~ (5.0) +g(5.0)

ZP(S,ZS+)CS) + xp(s,zs+xs)
A

ds
B

+A2/|g(s,0)|ds
t

<M [ p()¥ (Knlz(s)] + co) ds + M / n(s) (%z(m + ) ds
0

0

n
+ M/Lg(s, 0)|ds.

We consider the function u(¢) := sup |z(6|) defined for r € J with the fact that
O0<A<l1.

%u(t) +cp<cpt / (s)¥ (—u(s) + cn) ds

0

/ 1(s) (—u<s> +cn) ds + K,il / 12(5,0)]ds.

0
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n
Setoy, :==c, + KnM/ lg(s,0)|ds. Then, we have
0

1t
K ~ K
Tnu(t) +cp <ou+t KnM/ p(s) ¥ (Tnu(s) + cn) ds
0

1
—~ K,
+ KnM/ U(S) (TM(S) +Cn) ds.
0
We consider the function u(t) defined by
Ky
pu(r) = { sup M+cn} 0 <1< +oo.

sefoy] A

x o _ Knlu(r™)] o .
Let t* € [0, 7] be such that u(¢*) = — + ¢, by the previous inequality

and the nondecreasing character of ¢, we have r € [0, n]

u@<w+mﬂfp®wmmM+mM/mmmm&
0 0

Let us take the right-hand side of the above inequality as v(¢). Then, we have
u(t) <v(t) forall r € [0,n].

From the definition of v, we have

v(0) =0, and V(1) = K,M [p(t)y (v(1)) + n(t)v(1)] ae. t € [0,n].

This implies that for all # € [0, n] and using theorem(2) we get

v(t) t
ds ~
< KxM [ max (p(s);n(s))ds
0

s+u(s)

On

<&M/mM@®m®mS
0

</s$Ly

On
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Thus, for every ¢ € [0, n], there exists a constant ®,, such that v(7) < ®,, and
hence u(t) < ®,. Since ||z, < u(t), we have||z||, < ®,. This shows that the
set I" is bounded. Then the statement (Av2) in Theorem 1 does not hold. The
nonlinear alternative of Avramescu implies that (Av1) is satisfied, we deduce that
the operator F + G has a fixed point z*. Then y*(¢) = z"(¢) + x(t), t € R is the
fixed point of the operator N which is a mild solution of the problem (1)—(2).

4. Existence results for neutral perturbed evolution equations

In this section, we give an existence result for the problem (3)—(4). Firstly we
define the concept of the mild solution for that problem.

Definition 4. We say that the function y : R — E is a mild solution of the problem
(3)—(4) if y(t) = ¢(t) — he(y) for all t < 0 and y satisfies the following integral
equation

y(1) = U(1,0)[¢(0) = ho(y) = Q(0, )] + Q (2, y, (2, y1))

t

+/U(t, $)A(5)Q (s, yp(s,yx))ds"'/U(t’ $) S (5. Yp(s.ys))ds

0 0
t
+ /U(t, 5)8(8,Yp(s,y,))ds forall teJ. (8)
0

We consider the hypotheses (Hg), (H1)—(H4) and we will need the following
assumptions

(H5) There exists a constant M > 0 such that
A (0)]lpE) < Mo
forallzr € J.

1
(H6) There exists a constant 0 < L < ﬁ such that
0

|A()Q (1. )| < L(ll¢llz +1)

forallr € J forevery ¢ € B.
(H7) There exists a constant L, > 0 such that

A(9)Q(s5,) = ADQG. D) < Lo (15 =31+ (6 - Flls.)

for all 5,5 € J forevery ¢, € B.
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Theorem 3. Assume that (H¢), (H1)—(H7) are satisfied and moreover for all

n>0
+00
/ ds /ma(()L+())d 9)
X Ky s N
s+w(s) 1—M0LK b !
with
é‘:}’l = Cn+Kl’l$’
1 — MyLK,
and
= (MK, + M, + L) Nl + (MK, D + My + £0)
and

Yo = Mo L(M + 1) +nML + MoL (Mn + L0+ M(K,D + 1)) 16115
+ﬁoL(KnDM+Mn+L;’:)w+M/|g(s,0)|ds.

Then, the nonlocal neutral perturbed evolution problem (3)—(4) has at least one
mild solution on R.

Proof. We consider the operator N: By — B defined by:

¢(1) — hi(y), if 1<0;
U(z,0) [¢(0) — ho(y) = Q(0,8)]1 + QO (£, ¥p(ey))

Nyw=q ¥ / Ut )ASQ (5, ¥p(s.yy)) ds + / U(t.5) (5. ¥p(s.3)) ds

0 0
t

+ / U(t, $)g (8, Yp(s,yy)) dss if tel.
0

Then, fixed points of the operator N are mild solutions of the problem (3)—(4).
For ¢ € B, we consider the function x(.): R — E defined as below by

(") = ¢(1) — hi(y), if <
00 0)8(0) = UG, 0)ho(y), if 1€ J.
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Then xo = ¢(0) — ho(y) for each function z € B set y(r) = z(¢) + x(¢). It
obvious that y satisfies (8) if and only if zo = 0 and

Z(t) = Q (t, Zp(t,z+x;) +xp(l,z,+x,)) - U(t’ O)Q(O, ¢)
t
+/ U(t, S)A(S)Q (sa 2p(s,25+x5) +xp(s,zs+xs)) ds

0
t

+/ U(t’ S)f(s’ ZP(S,Z‘V'HC&) +'xp(572s+xs))ds

0
t

+/ U(t’ S)g (S’ ZP(S,Zs‘FXs) +xp(s,zs+xs)) ds'
0

Let BY, = {z € Byoo : 20 = 0.} Define the operator F, G : B, — B by

t

Hmnifwmvmwmmu%mwym
0

and

G(2)(1) = O (1, Zp(r.zxs) + Xp(t.zex)) — U(2,000(0, ¢)
t
+ / U(t, $)A($)Q (S, Zp(s.zytxy) + Xp(s.zptxy)) S
0
t
+ / Ul(t,s)g (s, Zp(s,25+%5) +xp(s,zs+xs)) ds.
0

Obviously the operator N having a fixed points is equivalent to F'+ G having one,
so it turns to prove that F + G has a fixed point. We have shown that the operator
F is continuous and compact as in Section 3. It remains to show that the operator
G is a contraction.

Let z,Z € B{™. By (H1), (H3) and (H5), (H7), we have for each ¢ € [0, 7]
andn € N
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|5(Z) (t) - G(E) (t)| < |Q (l, Zp(t,z:4x;) +xp(t,zt+x,)) - Q (t’ Zp(t,2t+xt) +xp(t,2,+x,))|
t
v / WU 5 A [Q (5. p(svens) + Xp(s.cvens)
0
— O (8, Zp(s.200s) + Xp(s.z0x) ] [ds

t
; / MU ) 3|8 (7 2psmsins) + Xpsersns)
0

~ 8 (% Zp(szvtny) + Xp(szany)) [d5
< 1A71O 5 |AMQ (1 2p.c0m) + Xp(rrnxn)

- A()Q (” Zp(t,7,4+x) +xp(t,2t+Xz)) |
t
+ /M|A(S)Q (S, ZP(S’ZS"'XS) +x,0(S,Zs+Xs))
0
- A(S)Q (S’ Ep(s,ZS+xS) +xp(s,ZS+xS)) |dS

t
+ / TN 2ptseosny — Zosccsns 5 ds
0
t
< MoL\|zp(r.z4x,) = Zpezexn B + /ML*”Zp(s,zsﬂcs) — Zp(sz.4xy) llgds
0

t
+/M77(s)||zp(s,zs+xs) _zp(s,Zﬁxs)”ﬂds-
0

By (7), we have

1G (2) (1) — G(2)(1)] < MoL.Ky|z(t) — 7(t)| + / ML.Ky)z(s) - 2(s)|ds
0

+ | My(s)K,lz(s) —Z(s)|ds
/

< MoL.K,|z(t) = 7(1)| + | MK, (L. +1(s)) |z(s) = Z(s)|ds.
0
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Set 1,(7) = MK,Z[L* + 17(¢)] for the family of semi norms {||.||,, } sen, then

t

IG(2)(t) = G(D) ()] < MoL.K,|z(r) = Z(t)| + / In(s)|z(s) = Z(s)|ds
0
< (MoL.Kye™ D) (e D 2(1) - 7(1)|)
+ / (n()e™5 ) (e 2 (5) — Z(s)) d s
0

TL; (s)

< TIoL. K™ O||z — 7], + /
0

_ 1 N
B (MOL*Kn N —) L0 |2~ 7]l
T

] dsllz = Zll

Therefore,

~ ~ _ 1 3
|6 -G < (MOL*Kn ¥ ;) 1z = 2.

_ 1 -
Let us fix 7 > 0 and assume that MyL.K, + — < 1. Then the operator G is a
T
contraction for all n € N.

For applying Theorem 1, we must check the statement (Av2): i.e. it remains
to show that the following set

Fz{zeBgm: z:/lF(z)+/16(§) for some 0 < A < 1}

is bounded.
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LetzeI. By the (H1)-(H3), (H5)—(HT7), we have for each r € [0, n]

21|
P

<A O NsE) [ADQ (£ 2p(r.zi0x) + Xp(r.z4x0) )|
+M|IATH(0)]| 1A(0)Q(0, )]
t

+M / [A(S)Q (S, Zp(s,2,x,) + Xp(s,250x0)) |
+M/p(s)‘//(||zp(s,zs+x5)+xp(s,zx+xs)||B)dS

+ M/ P(S Z;"'xs) +xp(s,Zs+xs)) — g(s, O)|ds + M/ |g(5, 0)|dS
< Mo L (I1zp(r.204x) + Xp(rcee |8 + 1) + MMoL (||l + 1)
t

+ ML/ ”Zp(s,zﬁxx) +xp(s,zs+x5)”3 + 1ds

+M/?@ww@mmgfwMMMMMs

+M/mw

<MoL(M+1)+MLn+ MMyL||$||s +M/ lg(s,0)|ds

Zp(s Sp(s, ) +xs)

ds+M/|g(s 0)|ds

(s =4, )”B

+ VO L”Zp(t,z,+x,) + Xp(t,7:4x;) ||B +ML / ||Zp(s,zy+xs) + Xp(s,25+%5) ”Bds

+M/?mwm@mmm+%@mmmms

+M/m>

p(S +x€)
T T (s, B )”B
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Using Corollary 1 and inequality (7)

p(s = 4x, ) 1
T X p(s = +xg) ”Zp(s —+xv)”B + ”xp(s —+xv)||B
B
¢
K, M, + L
< S+ ———"lzolls + Kulxs| + My + L) 1ol 5
K

< 2|+ KU (s, 0)ll5r) [6(0) = ho(0)] + (M + L) I¢ = ol 5

Bk.a

< =z(9)] + (KMD + My + L)l + (K,MD + M, + L) .

o~

Hence
Zp( s, _+xb )

K
1 +X Xo(s, 1) 3 Tnlz(s)l"'cn- (10)

Use the function u(.) and the nondecreasing character of i to get

t — —~ —~— —~
?<MOL(M+1)+nML+MM0L||¢||g+M/|g(s,0)|ds

+ Mo L (Kyu(t) +c,) + ML/ (Knu(s) +cp) ds
0

+ ]\2/ p(s¥ (Kyu(s) +c,)ds

t
_ K,
+ M/ n(s) (TM(S) +cn) ds
0
< MoL(M + 1) + nML + ML (M,, + L0+ M(K,D + 1)) ll¢lls

n
+ Mo L(K,MD + My, + L)@ +M/ lg(s,0)|ds

t
— K, ~ K,
+ M, LTM(I) + ML/ (TM(S) + cn) ds

0

~ : K ~ : K
+M | p(s)y (—nu(s) + cn) ds+M [ n(s) (—nu(s) + cn) ds
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Set

Yn= Mo L(M + 1) +nML + MoL (Mn + L0+ M(K,D + 1)) 16115
+ VOL(KnM@+Mn+L§)w+M/ lg(s,0)|ds.

Then

t

t t ~ K
%)—MOLK ? )(n+ML/ (Tnu(s)+cn) ds
0

+ 1\2/ p(s)w (%u(s) +cn) ds

/ n(s) (—u(s> + )
0

Hence, multiplying by K,,, we obtain

t

K — ~ K,
7”(1 — MyLK,)u(t) < Kan+KnML/ (Tu(s) +cn) ds
0

+ KnM/ p(s)y (%u(s) + cn) ds
0

+ KnM/ n(s) (%u(s) + cn) ds
0

< Kn)(+Kn]\7I/ (L +n(s)) (%u(s) + cn) ds
0

+ KnM/ p(s)y (%u(s) + cn) ds
0
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K
Set &, = L—Xn + c,. Then
1-MyLK,
t
KD o, < gy e KM / (L+7(s)) (—u(s> . cn)
A 1 - MO LK,
t
K, M K,
—— | p(s)y (—nu(s) + cn) ds
1 — My LK, ) A

We consider the function u defined by:

K,
,u(t):sup{Tu(t)+cn:0<s<t} 0 <t < +oo.

Kn E3 . .
Lett* € [0, ¢] be such that u(r) = 7u(t ) + ¢, by the inequality, we have for
€ [0,n]

u() < &+ m / (L+n(s)) p(s)ds
K,M :
+ m p(s)¥(u(s))ds.

Let us take the right-hand side the above inequality as v(¢). Then we have
u(t) <v(r) forallr € [0, n].

From the definition of v, we get v(0) = &, and

V(D) = Kbl [(L+n()v(t) +p()y(v(1)].
1 - MyLK,
Therefore,
v(t)
ds
/S+w(s) l—MOLK /max(p(s) L+n(s))ds
i ds
< m/max(p(s) L+n(s))ds < / ST

&n
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Thus, for every ¢ € [0, n], there exists a constant @, such that v(7) < < @, and
hence u(r) < ®,. Since ||zll, < p(t), we have||z|l, < ®,. This shows that the
set I" is bounded. Then the statement (Av2) in Theorem 1 does not hold. The
nonlinear alternative of Avramescu implies that (Av1) is satisfied, we deduce that
the operator F + G has a fixed point z*. Then y*(¢) = z"(¢) + x(¢), t € R is the
fixed point of the operator N which is a mild solution of the problem (3)—(4).

5. Examples

To illustrate the previous results, we give in this section two examples.

5.1. Example 1.

Consider the partial perturbed evolution equations

ov
5 16 = fz(r LE) +ap(t,E)v(t,€)
0 b8 T
+ [ ai(s—1)w |s—p1(Dp2| | a2(0)v(z,0)>d6 |, €] ds,
Jerleon{fiamuora)
1+ [ ass=0w|s—piDp2| | ax(®)lv(z,0)d6|,&]| ds, 1D
Justmmpononlf |
t>0, &€ 0,n]
v(t,0) =v(t,m) =0, t>0,

p
v(0,8)+ ) ev(0+17,6) =v(6,6), —e0<0<0, £€[0,m],
j=1

where ag : R* x [0,7] — R is a continuous function and is uniformly Holder
continuous in t; aj,a3 : R_. - Randa : [0,71] > R, p; : R* > Rfori=1,2
cj, j=1,---,p,are given constants and 0 < 7; < --- <1, < +00.

Let E = L?*([0,7],R), and the operator A : D(A) ¢ E — E given by
Aw = w” with domain

D(A):={weE:w"eE,w0)=w(r) =0}

Thus A is the infinitesimal generator of an analytic semigroup {7'(#)};>0 on E.
Furthermore, A has discrete spectrum with eigenvalues —n2, n € N, and corre-
sponding normalized eigenfunctions give by

) = | L sintu)
T
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In addition, {y, : n € N} is an orthonormal basis of E and

(o]

T(t)x = Z e_”zt(x,yn)yn xeE,;t>0.

n=1

It follows from this representation that 7(¢) is compact for every ¢t > 0 and
that
IT(¢)|| < e foreveryt > 0.

On the domain D (A), we define the operators A(z) : D(A) C E — E by
A(1)x(§) = Ax(§) + ao(t,£)x(£).

By assuming that ag(+) is continuous and that ao(¢,&) < =g (69 > 0) for
every t € R, ¢ € [0, ], it follows that the system
w'(t)=Au(t) t=>s,
u(s)y=x ek,

has an associated evolution family given by
t

U(t,s)x(&) = |T(t—s)exp /ao(T,g)dT x| (&).

N

From this expression, it follows that U(z, s) is a compact linear operator and that
U2, 5)|| < 09 for every (2, 5) € A

Theorem 4. Let B = BUC(R_;E) and ¢ — h; € B. Assume that condition
(Hg) holds. Suppose that the functions ay,a3 : R™ = R, ay : [0,71] — R* and
pi - RY = R, i = 1,2, are continuous. Then there exists a mild solution of partial
perturbed evolution equation with state dependent delay (11) is on R.

Proof. From the assumptions, we have that
0

F0)() = / a1 ()0 (s, £)ds, 150, £ € [0,7].

—00

Ve

p(t’ l//)(é:) =1 _Pl(t)P2 /a2(9)|$(07§:)|2d9 > t>0, é‘: € [0’ 7T]’

0
0

g (1.0 (&) = / a3(s)0 (s, €)ds, 150, £ € [0,7].

—00
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and
p
h()(€) = Y ev(t+1),€), £ <0, £€[0,],
j=1
¢(1)(&) =vo(t,6), 1<0, £€[0,n],

are well defined functions, which permit to transform system (11) into the abstract
system (1)—(2). Moreover, the functions f and g are bounded and linear. Now, the
existence of mild solutions can be deduced from a direct application of Theorem 2.
From Remark 3.2, we have the following result

Corollary 2. Let ¢ — h; € B be continuous and bounded. Then the problem (11)
has a mild solution on R.
5.2. Example 2.
Consider the neutral perturbed evolution equation

0

2 e - / asls — v(s — p1(1)p2A / ax (O)lv(1.0)d0).£) ds

—00

- = 52 5 () a0l OV (1. 0

T

; / ai(s -1 |s - p1(1)p2 / ax(O)v(1.0)2d0 | ¢ ds

—00 | 0
0 [ bid ]
+/a3(s -t |s—pi(t)p2 /a2(6)|v(t, 0)do |,&| ds,t >0, £ € [0, 7]
b(1.0) = v(t.7) = 0, ’ ' £ 0,
)4
v(0,€)+ D civ(0+1,€) = vo(6,6), ~00 <0 <0, £€[0,7],
J=1

(12)
where a4: R_ — R is a continuous function.

Theorem 5. Let 8 = BUC(R_,E) and ¢ — h; € B. Assume that the condition
(Hy) holds. Suppose that the functions ai,as,as : R. — R, ar : [0,71] - R
and p; : R — R fori = 1,2 are continuous. Then there exists a mild solution of
(12) on R.
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Proof. From the assumptions, we have that

0

F(10)() = / a1 ()0 (s, £)ds, 150, £ € [0.7].

—00

/e

p(t0)(E) = 1 = pr(1)p2 / @O (0,6Pd6|, 10, £<[0,x].

0
0(1.0)(€) = / as() (s, €)ds, 150, ¢ € [0.x],
00
g (1) (€) = / a3(s) (s.€)ds. 150, £ € [0.x],
and
)4
h()(€) = ) vt +1;,€), £<0, £ € [0,7],
=1
‘p(t)(é:) = VO(I’ é‘:)’ I < 0’ f € [0’ ﬂ-]’

are well defined functions, which permit to transform system (12) into the abstract
system (3)—(4). Moreover, the functions f, g and & are bounded and linear. Now,
the existence of mild solutions can be deduced from a direct application of
Theorem 3. We have the following result

Corollary 3. Let ¢ — h; € B be continuous and bounded. Then there exists a
mild solution of (12) on R.
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