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This paper presents a numerical investigation of unsteady, two-dimensional mag-
netohydrodynamic (MHD) mixed convection flow and heat transfer over a permeable
stretching cylinder embedded in a porous medium. The governing conservation equa-
tions of mass, momentum, and energy are formulated by incorporating the effects
of viscous dissipation, temperature-dependent thermal conductivity, Joule heating,
thermal radiation, and a uniform transverse magnetic field (with negligible induced
effects). Additionally, slip velocity and variable surface heat flux are also considered to
enhance the model’s applicability to engineering systems. Through appropriate simi-
larity transformations, the governing partial differential equations are reduced to a set
of nonlinear ordinary differential equations, which are solved using MATLAB’s bvp4c
scheme. The influence of key dimensionless parameters on velocity and temperature
distributions, skin friction coefficient, and Nusselt number is thoroughly examined.
Comparative analysis between the stretching cylinder and the flat sheet configurations
reveals that the cylinder’s curvature significantly thickens the momentum and thermal
boundary layers, while enhancing the surface shear stress and heat transfer rate. These
findings offer useful implications for the design of thermal systems involving curved
geometries, such as cylindrical heat exchangers and pipes.
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Nomenclature
a positive constant (s~ l) Nu, Nusselt number
A1 constant (Kg/s3 ) Pr Prandtl number
B magnetic field (Tesla) Q(> 0or < 0) heat source/sink coefficient
b characteristic velocity (m/s) Qo constant
By constant (Tesla) qr radiative heat flux (Kg/mz)
By velocity slip coefficient (s/m) qw(x,t) surface heat flux (Kg/s3)
cp  specific heat (m?/s’K) R radius of the cylinder
Cf, skin-friction coefficient Re, Reynols number
f  non-dimensional stream function T fluid temperature (K)
g gravitational acceleration (m/sz) t time (s)
k*  absorption coefficient Tw ambient temperature of the fluid (K)
ko  constant (m?) U, (x,1) stretching velocity of the cylinder (m/s)
kp,  permeability of porous medium (m?) X, r cylindrical coordinates

L characteristic length (m)
Greek symbols

Bo thermal expansion coefficient (K™ Y stream function

€ thermal conductivity parameter p  fluid density (Kg/m®)

u,v velocity components (m/s) o electrical conductivity (S/m)
thermal conductivity (Kgm/s’K) 0" Stefan-Boltzman constant

Ke ambient thermal conductivity (Kgm/s’K) 6

p fluid viscosity (Kg/ms) e

v kinematic viscosity (m?/s)

non-dimensional temperature
dimensionless variable

List of abbreviations

2-D Two-dimensional ODE Ordinary differential equation
MHD Magnetohydrodynamic FDM Finite difference method

BLF  Boundary layer flow BVP  Boundary value problem

TP Temperature profile IVP  [Initial value problem

MBL  Momentum boundary layer VP Velocity profile

VHF  Variable heat flux TBL  Thermal boundary layer

PDE  Partial differential equation

1. Introduction

The investigation of Newtonian fluid flow over a stretching surface is crucial in
theoretical fluid mechanics and various industrial applications, including polymer
extrusion, glass manufacturing, and the cooling of metallic sheets. Newtonian flu-
ids, characterized by constant viscosity that remains independent of applied shear
stress, demonstrate distinct boundary layer behavior when subjected to uniformly
stretching surfaces. The problem of fluid flow over a stretching surface was first
examined by Crane [1], who introduced the concept of a linearly stretching sheet
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in his pioneering work. Furthermore, fluid flow and heat transfer over a stretching
cylinder have numerous engineering applications, including cylindrical heat pipes,
biosensors, pipe fabrication, and food processing. Wang [2] was the pioneer in an-
alyzing this flow configuration. Since then, numerous studies have been conducted
on stretching cylinders under the effect of various governing parameters to high-
light their industrial relevance. Ishak et al. assessed MHD [3] and suction/blowing
effect [4]; Mukhopadhyay and Gorla [5] examined slip effects; Vajravelu et al. [6]
considered variable properties and heat sources/sinks; Munawar et al. [7] addressed
unsteady prescribed and variable heat flux; Poply et al. [8] evaluated thermal radia-
tion; Mehdy [9] studied Joule heating and viscous dissipation; and Mukhopadhyay
[10] investigated mixed convection effect in porous media.

Magnetohydrodynamic (MHD) flow is significant for controlling electrically
conducting fluids using magnetic fields, with applications in power generation,
metal processing, aerospace systems, and boundary layer management [11]. El-
bashbeshy et al. [12] studied boundary layer flow (BLF) over a stretching cylinder
and found that a stronger magnetic field reduces velocity while increasing the
temperature profile (TP). Viscous dissipation and Joule heating act as internal
heat sources that significantly influence TP and heat transfer in conducting fluids.
Swain et al. [13] investigated MHD flow and heat transfer over a stretching sheet in
a porous medium, highlighting that increased viscous dissipation and Joule heat-
ing elevate fluid temperature and thermal boundary thickness. Their findings are
relevant to applications in heating systems, polymer processing, and food indus-
tries. Kumar et al. [14] studied Williamson fluid flow over a permeable stretching
cylinder, emphasizing that viscous dissipation and Joule heating significantly affect
temperature and heat transfer. Sinha et al. [15] investigated MHD flow of Jeffrey
fluid over a wedge using the Keller-Box method, showing that viscous dissipation
and Joule heating notably affect temperature and heat transfer characteristics. Khan
et al. [16] studied MHD flow over a stretching cylinder with thermal radiation, re-
vealing that suction/blowing notably affects flow and heat transfer, which is crucial
in boundary layer control applications like film cooling and fiber coating.

Most of the above studies focus on steady flows. Megahed et al. [17] exam-
ined unsteady flow over a stretching surface with variable fluid properties and heat
flux, finding that the unsteadiness parameter reduces boundary layer temperature.
Similarly, Khan et al. [18] analyzed unsteady stretching sheet flow with thermal
radiation and viscous dissipation in a porous medium, highlighting its effect on
thermal behavior. Qayyum et al. [19] studied unsteady hybrid nanofluid flow be-
tween rotating stretching disks, highlighting the impact of convective boundaries
on heat and mass transfer. Megahed [20] studied Carreau fluid flow over a nonlinear
sheet, showing that variable thermal conductivity reduces surface temperature and
affects heat transfer. Variable thermal conductivity significantly influences heat
transfer performance, particularly in temperature-dependent fluid flows. Waseem
etal. [21] analyzed the flow of hybrid nanofluid over a nonlinear stretching surface,
highlighting that an increase in the thermal conductivity parameter enhances the
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system’s heat as well as the Nusselt number. Numerous studies have explored its
effects on different geometries and flow conditions to enhance the accuracy of
thermal analysis [22-26].

Mixed convection, arising from the combined effects of buoyancy and forced
flow, has vital applications in numerous fields such as solar energy systems, elec-
tronics cooling, nuclear reactor safety, heat exchangers, and building ventilation. It
also plays a key role in environmental and geophysical processes like atmospheric
and oceanic flows [27]. Several researchers have analyzed the impact of mixed con-
vection on BLF under different physical scenarios. Ismail et al. [28] showed that
magnetic fields influence unsteady mixed convection flow over a cylinder by delay-
ing flow separation. Lim et al. [29] reported that increasing the mixed convection
parameter thickens the momentum boundary layer (MBL), reducing skin friction.
Abbas et al. [30] found that it enhances velocity while lowering temperature in
Williamson fluid flow over a stretched cylinder.

Velocity slip, a deviation from the classical no-slip condition, occurs when fluid
near a solid boundary does not match the surface velocity. This phenomenon plays
a crucial role in enhancing flow behavior and heat transfer, with applications in
biomedical devices like artificial heart valves, precision manufacturing techniques,
and tribological systems such as engines and bearings. Tamoor [31] showed that slip
affects both velocity and temperature profiles over a nonlinearly stretching cylinder.
Das et al. [32] found that slip reduces shear stress and heat transfer in radiative flow
over a vertical cylinder. Recently, Bansal and Yadav [33] reported that increasing
slip decreases skin friction and Nusselt number while enhancing temperature in
porous media flow. Several studies have explored the influence of velocity slip on
flow and heat transfer characteristics, including the works of Nandeppanavar et al.
[34] on a moving plate, Cham and Mustafa [35] on viscoelastic fluid, and Ullah et
al. [36] on Casson fluid over a stretching cylinder.

Curvature significantly influences boundary layer behavior, with cylindrical
surfaces exhibiting distinct flow and heat transfer characteristics compared to flat
geometries. An increase in curvature typically enhances thermal gradients and
modifies skin friction. Sadighi et al. [37] investigated MHD flow over a permeable
stretching cylinder and observed that curvature notably increases the skin friction
coeflicient and Nusselt number compared to a stretching sheet. Similarly, Reddy
et al. [38] reported that a higher curvature parameter strengthens the temperature
gradient in the boundary layer around the cylinder. Several researchers have con-
ducted comparative studies on flow and heat transfer over stretching sheets and
cylinders by varying the curvature parameter [39—-41].

Although several studies have addressed boundary layer flow and heat trans-
fer over stretching surfaces, a detailed and unified analysis incorporating multiple
physical phenomena for cylindrical configurations is still limited. The present work
offers a comprehensive investigation by simultaneously accounting for the effects of
magnetic field, mixed convection, porous medium, viscous dissipation, Joule heat-
ing, thermal radiation, unsteadiness, temperature-dependent thermal conductivity,
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heat source/sink, velocity slip, suction/blowing, and variable heat flux. Notably,
very few studies consider unsteady flow with variable thermal conductivity over a
stretching cylinder, and comparative studies between flat and curved surfaces under
identical physical scenarios are rarely explored.

The novelty of this study lies in its extensive comparative analysis of fluid flow
over both stretching sheets and cylinders under the influence of a wide range of
realistic physical parameters. This enables a deeper understanding of how surface
curvature affects momentum and thermal boundary layers, skin friction, and heat
transfer performance. The outcomes are expected to contribute significantly to
the design of advanced thermal systems involving curved geometries, such as in
polymer extrusion, wire coating, and cooling of cylindrical electronic components.

2. Mathematical formulation

2.1. Flow description

In this problem, we consider an unsteady, axisymmetric, 2-D boundary layer
laminar flow of viscous incompressible electrically conducting fluid due to a per-
meable stretching cylinder of radius ‘R’ aligned along the x-axis. We assume a
coordinate system (x, r), where the x-axis is aligned with the cylinder’s axis and
the r-axis extends radially outward (see Fig. 1). The flow is driven by the stretching
of the cylinder surface with a velocity

Un (1) = 7 bx (1)

(1-at)

As a result, a momentum boundary layer develops along the radial direction.
Simultaneously, thermal effects induce a thermal boundary layer adjacent to the
surface. In the present study, we made the following assumptions:

* Newtonian fluid model is considered.

* Viscous dissipation, thermal radiation, Joule heating, heat source/sink effect

with Q = (IQ—Ot) are employed in the energy equation.
—-a
* Flow is considered within a porous medium with permeability k,(t) =

ko(1 — at).

* The impact of slip velocity and variable heat flux is taken at the boundary.

* A uniform magnetic field B = By applied in the radial direction, while the
effects of the induced magnetic field are disregarded.

* The fluid’s thermophysical properties are considered constant, except for
thermal conductivity, which depends on temperature in the energy equation,
and density variations that introduce a buoyant force term in the momentum
equation.
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Fig. 1. Flow model of the problem
2.2. Governing equations

Using Boussinesq approximation, the governing equations (mass, momentum,
and energy conservation) for the present problem are [22, 24, 37, 42]:

o(ri) N o(rv)

=0 2
Ox or ’ @
on on  _Ou p(o*n 10u u o B?
ta—+v—=C == - Lo T-Tw), @3
ar ox Var T (6r2 +r6r) pkp ! p i+ 8ol 3
T T 4T 1 1 T ' 1 g,
OF GO GO _ L 10 ), 00, £ (20 94r ,
ot 0x dr pcpror or pcp \Or pcp ay
BZ
Bipy H 2y Lot 4
pCp pcpkp pCp

The relevant boundary conditions are:

. on or  (x\2 1
M:UW+B]VE, V:Vw, qw=—KE: (—) m, at r=R, (5)
n—0, T—>T, as r — oo, (6)

Where B; = Bv/(1 —at) is the slip velocity coefficient and g,, is the VHF on
the surface, which varies with distance x and time ¢, A; is the constant wall heat
flux, iz and v are velocity components in x and r-directions, o represents electrical
conductivity, k represents thermal diffusivity and y is the viscosity of the fluid.
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In this model, the radiative heat flux ¢, is given by Rosseland approximation

assuming temperature as a linear function [43]:
160*T.> 0T
= 7
qr % ar (7

The fluid’s thermal conductivity is assumed to have a linear variation with temper-
ature, expressed as [22]:
K = Koo (1 + €6), )

where € is the thermal conductivity parameter.

2.3. Similarity transformations
To solve the governing PDEs (2)-(4) with boundary conditions (5)-(6), we use
the following transformations:

1 1

r2 — R? b 2 by 1
2R (vL(l—m)) ’ “’(X’”z(m) xR, O

g:

L aw vL(1 — at)

T =T
Koo b

6(2). (10)

Where ¢ is the similarity variable, and f({) and 6(() are the dimensionless stream

function and temperature. The dimensional stream function is ¥ (x, r) which iden-

10 10
tically satisfies the continuity equation with & = ——w, V= ———,’b. The governing

r or
PDEs (2)-(4) are reduces into non-linear dimensionless ODEs as

¢

(L+260) f"" +26f" + ff” —f’2 —S(f’+ Ef”) —(Ha+Da)f +p6 =0, (11)

(1+Rd +€0)(1+250)0" + [2(1 + €6) + Rd] 66" + (1 +250) e’ >+

Pr[(f@’—Zf’Q)—S(ZH + g@’)+ Ec(1426¢) f""*+ Ec(Ha + Da) f"*+ y6| =0.
(12)

The reduced boundary conditions are:

fO)=s, f/(0)=1+1f7(0), 6'(0)= at =0, (13)

-1
1+€6(0)°
1§ —0, 6()—>0 as ¢ — . (14)

The dimensionless paraeters appearing in Eqs. (11)—(14) are summarized in
Table 1.
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Table 1. Dimensionless parameters

b L
Velocity slip parameter A= B’1 2 Darcy number Da= A=
L pkob
[vL(1 - at 160 Too
Curvature parameter 0= % Radiation parameter Rd = %
Koo
L U2
Heat source/sink parameter y = QL Eckert number Ec= —%
pcpb cp(Ty —Two)
L Bo?L(1 - at
Unsteadiness parameter S = % Hartmann number | Ha = O-Ob—(a)
0
L(1—at c
Suction/blowing parameter |s = —V,, % Prandtl number Pr= Ep
\4 Koo
. . er x3
Mixed convection parameter B= R_2 Grashof number |Gry = gBy(Tyw — Teo) =
ey v

2.4. Physical quantities

To determine the flow behavior and heat transfer characteristics, the vital
physical quantities having engineering application are the coefficient of skin friction
(Cf,) and Nusselt number (Nuy) given as [37]:

Tw Xqw
Cf, = , Nuy=—70r—, 15
fx pr2 Uy Koo(Tw _ Too) ( )
ou . T
where 1, = —) is the surface shear stress and g, (x,t) = (—K— + qr)
F'Jyr=r or r=R

is the surface heat flux.
Now, introducing Egs. (9)—(10) in Eq.(15), the dimensionless form of the Cf, and
Nu, for the present problem is

(16)

R 1
Cf Re, % = £7(0), NuxRex_l/2=(1+ d )

1+€6(0)] 6(0)°

3. Method of solution

3.1. Numerical method

The highly nonlinear momentum and energy equations (PDEs) from Eq.
(3)—(4) with boundary conditions (5)—(6) are transformed into a system of ODEs,
given by Eq. (11)—(12) with boundary conditions (13)—(14). Due to the strong
nonlinearity and coupled nature of these equations, obtaining an exact analytical
solution is not feasible. Therefore, the MATLAB built-in numerical solver bvp4c
is employed to obtain the solution, and the corresponding flow chart of the nu-
merical procedure is shown in Fig. 2. This solver, which utilizes a collocation
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[ BVP Eq. (2) - Eq. (4) with Boundary Condition (5)(PDEs) ]

BVP Eq. (9) - Eq. (10) with Boundary Condition (11)
(ODEs)

[ IVP with initial guess condition ]

Apply
Bvp4C method
to solve IVP

Modified the
initial guess

If residual

less than
error
tolerance

Calculate
residuals
at the boundary

If residual
greater than
error tolerance

Final
solution

Y

Fig. 2. Flow chart of numerical method

method based on the finite difference approach and the Lobatto Illa formula, en-
sures fourth-order accuracy while automatically refining the computational mesh
to resolve steep gradients effectively. One key advantage of bvp4c is its ability to
handle stiff, nonlinear boundary value problems without requiring initial guesses
for the missing boundary conditions, which often complicate shooting methods.
Additionally, its adaptive mesh adjustment improves solution accuracy near bound-
ary layers compared to traditional finite difference or finite element techniques with
fixed grids. To implement this method, the original boundary value problem is con-
verted into a system of first-order ordinary differential equations by introducing
suitable auxiliary variables:

Zi=f(), Za=['"(0), Zzs=f"()), Zs=0(0), Zs=0(). (17)

Then the system of IVP:
Zi =2, Zi(0)=s,

Zy=273  Z(0) = 1+1Z;(0),
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’

1 4
Z :—[22+S Zo+ 27| + (Ha+Da)Zy — 2675 — Z, Zs — BZa).
V= T+250 12 (223)(3 a)Zs 3= 2123 - B2y

(18)
Z3(0) = Sor,
Zy=7s, Z4(0)=Sn,
7! = ! [Pr(zzz 27+ 5 (22,4 7
ST (1+Rd+eZy)(1+260) 204 TS 1T
Ec(1 +26¢)Z3* — Ec(Ha + Da)Z,* — yz4) — (2(1 + €Z4) + Rd) 6Z5
1
(1426 zz], Z500) = - ——
(1+260)€eZs 5(0) T+ ¢Z:0)
and additional conditions
Zr(0) =0, Zs(c0) =0. (19)

Now, suitable initial guesses Z3(0) = So; and Z4(0) = S, for the missing boundary
conditions are made to ensure the system is integrated correctly. The numerical
integration extends over an interval [0,15], where =15 with step size 0.01 to ensure
the boundary conditions are satisfied asymptotically.

3.2. Validation of method

In this section, To ensure the accuracy of the numerical method using the
bvp4c solver, the results were compared to the exact solutions obtained by Sina
Sadighi et al. [37] using the confluent hypergeometric function. The comparison

was conducted for various ¢ values of —f”'(0) and 90)° keeping the parameters
s =-30,Ha=1,Pr=8,Rd =1,y = -1, Da = 0.5, and Ec = 1 consistent with
their study [37] while ignoring the parameters 1 = 8 = § = € = 0, as shown in
Table 2. The results matched up to six decimal places, confirming the precision and
reliability of the bvp4c solver to solve complex nonlinear differential equations.
This high level of agreement validates the numerical approach and demonstrates
that the method can accurately capture the system’s behavior, even when compared
to exact solutions.

1
Table 2. Comparison of — f”/(0) and m values with Sadighi et al.[37] when s = -30, Pr = 8,
Ha=1,Rd=1,y=-1,Ec=1,Da=0.5,5 =1 =€ = g =0 for different values of &

o Sadighi et al. [37] Current work
1’ 1 1’ 1
o g | 0| oG

0.000 | 0.083103 | 0.095129 | 0.083103 | 0.095129
0.001 | 0.083108 | 0.095130 | 0.083108 | 0.095130
0.002 | 0.083114 | 0.095131 | 0.083114 | 0.095131




www.czasopisma.pan.pl P N www.journals.pan.pl
N
POLS KADEMIA NAUK

Unsteady MHD mixed convective flow over a permeable stretching cylinder: impact... 573

4. Results and discussion

A comparative analysis has been performed to investigate the influence of
various factors in the governing flow equations for the stretching cylinder and
sheet. Numerical computations have been carried out to evaluate and illustrate the
effects of several physical parameters by varying the non-dimensional quantities:
Ha, Da, Ec, €, 4,7, 6, Rd, B, s, S on the flow and heat transfer behavior. The impact
of these controlled parameters on VP and TP for the cylinder and sheet is depicted
in Figs. (3)—(13).

4.1. Velocity and temperature profile

The geometry of the stretching surface notably influences the VP and TP, as
evident from all figures. The curvature parameter ¢, which is inversely related to
the cylinder’s radius, distinguishes the two configurations: ¢ = 0 for a flat sheet and
¢ = 0.5 for the stretching cylinder. For the cylinder, the velocity near the surface
is initially lower but eventually exceeds that of the sheet farther from the wall
due to reduced resistance, resulting in a thicker MBL. A similar trend is observed
in TP, where limited surface contact initially reduces heat transfer, but enhanced
convection increases the temperature away from the wall.

The influence of Da on VP and TP is illustrated in Figs. 3a and 3b. The
lower values of Da corresponds to higher permeability, facilitating easier fluid
flow, as expressed by Da = % When Da increases, it signifies a reduction in
the permeability of the porouéo rr?edium. This increased flow resistance leads to a
decline in the fluid’s velocity. As a result, the momentum boundary layer becomes
thinner because the fluid attains the free-stream velocity more rapidly. In contrast,
when the Darcy number rises, indicating lower permeability, the fluid moves more
slowly, allowing for greater heat diffusion from the surface into the fluid which
leads to a thicker TBL.

0.8 T T r v
Velocity distribution for Da Temperature distribution for Da
Sheet 0.6 Sheet
o6 e Cylinder y Cylinder
Pr=1,Rd=02 Ec=02, 04l Pr=1,Rd=0.2, Ec=0.2,
0.4t v=02,5=05,5=02, 1 S&™N A=02,7=02,5=0.5,
& Ha=02,¢e=0.2,S=0.8, > 3 3=0.2,Ha=0.2,
oz & A=02, o2k €=02,5=0.38
7|\ pa=00,0510,15 s Da=00,0.5, 1.0, 1.5
NS i3 0 ______ »
0 5 10 15 0 5 10 15
¢ ¢
(@ (b)

Fig. 3. Impact on (a) velocity and (b) temperature with ¢ for different Da
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0.8l Velocity distribution for 3 sheet 1 06 Temperature distribution for 3

------- Cylinder
Pr=1,Rd=0.2,Ec=0.2, ]
4=02,5=0.5Da=02, ] GO4[
Ha=02,6=02,S=08, {1
, A=02,
\./68=00,05,1.0, 1.5

Sheet
————————— Cylinder
Pr=1,Rd=0.2,Ec=0.2, |
A=02,7=02,5=0.5,
Da=0.2,Ha=0.2,
€=02,S=0.8

,£=0.0,0.5,1.0, 1.5

15 0 5 10 15

(@ (b)
Fig. 4. Impact on (a) velocity and (b) temperature with ¢ for different 8

The influence of the parameter S on the VP and TP is depicted in Figs. 4a and
4b. An increase in 8 enhances the velocity profile due to stronger buoyancy forces
that induce a favorable pressure gradient, thereby accelerating the flow within the
boundary layer and resulting in a thicker MBL. In contrast, the temperature profile
diminishes with rising 8, leading to a thinner thermal boundary layer owing to
the increased temperature gradient near the surface. Consequently, the surface heat
transfer rate improves with higher values of S.

The impact of Ha on VP and TP is presented in Figs. 5a and 5b. The interaction
between the magnetic field and the conducting fluid generates a Lorentz force that
opposes the flow, reducing fluid momentum and leading to a thinner velocity
boundary layer. As Ha increases, this magnetic damping effect becomes more
significant, causing a notable drop in flow velocity. Additionally, Joule heating
raises the temperature within the boundary layer, but the reduced convective flow
limits heat transfer efficiency. As a result, TBL becomes thicker, and the Nusselt
number decreases.

0.8 " : —
Velocity distribution for Ha Temperature distribution for Ha

Sheet 0.6
------- Cylinder
Pr=1,Rd=0.2,Ec=0.2,
7=02,5=0.5Da=02, | G04[
$=08,e=02,5=0.2, 5y
A=02

\A
021§/ Ha=0.0,0.5,1.0,15

Sheet

_________ Cylinder
Pr=1,Rd=0.2,Ec=0.2,
v=0.2,s=0.5,Da=0.2, ]
$=08,e=0.2,3=0.2
A=02

0.6

S04}
o

. /Ha=0.0,0.5, 1.0, 1.5

(@) (b)

Fig. 5. Impact on (a) velocity and (b) temperature with ¢ for different Ha

The effects of the unsteadiness parameter S on the VP and TP are shown in
Figs. 6a and 6b. As S increases, both VP and TP decrease due to stronger unsteady
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Fig. 6. Impact on (a) velocity and (b) temperature with ¢ for different §

effects, leading to thinner velocity and thermal boundary layers. The impact of S is
more significant on TP than on VP. Additionally, the surface temperature decreases
with higher S, resulting in an increased Nusselt number, indicating better heat
transfer. The skin friction coefficient also rises with increasing S, due to steeper
velocity gradients near the surface. These effects are crucial for optimizing cooling
systems in unsteady flow conditions, such as heat exchangers or manufacturing
processes involving moving surfaces.

The influence of A on both VP and TP leads to noticeable effects that can be
seen in Figs. 7a and 7b. As A increases, the VP decreases due to the diminished
friction between the fluid and the stretching surface, which causes the fluid to
slip instead of fully adhering to the surface. This results in a thinner MBL, as the
fluid’s velocity near the surface decreases. On the other hand, the TP increases
with increasing A, as the slip condition weakens the direct interaction between the
surface and the fluid, reducing convective heat transfer and allowing more heat to
diffuse into the thermal boundary layer. This increase in heat diffusion raises the
surface temperature and causes TBL to thicken, which in turn lowers the Nusselt
number.
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Fig. 7. Impact on (a) velocity and (b) temperature with { for different A
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The suction/blowing parameter s has a notable impact on both VP and TP
which can be seen in Figs. 8a and 8b. As the suction parameter (s > 0) increases,
fluid is extracted from the boundary layer, which lowers the velocity near the surface
and decreases the VP. Similarly, TP is reduced because suction brings cooler fluid
toward the surface, thinning the TBL. In contrast, the blowing parameter s < 0
produces the opposite effect.
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Fig. 8. Impact on (a) velocity and (b) temperature with ¢ for different s

The impact of the heat source/sink parameter y is more prominent on the TP
than on VP, as can be seen in Figs. 9a and 9b. When y > 0, representing a heat
source, TP increases because additional heat is introduced into the fluid, increases
the temperature within the boundary layer, and thickens the TBL. Conversely, for
v < 0, indicating a heat sink, the temperature profile declines as heat is removed
from the fluid, leading to a thinner TBL.
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Fig. 9. Impact on (a) velocity and (b) temperature with ¢ for different y
The thermal conductivity parameter € has a negligible effect on VP but sig-

nificantly affects TP, shown in Fig. 10. Near the surface, the temperature decreases
with increasing € due to more efficient heat conduction. However, further into the
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boundary layer, the temperature rises as enhanced thermal conductivity of the fluid
allows more heat to diffuse into the fluid, thickening the thermal boundary layer.

The thermal radiation parameter Rd has a notable impact on TP and Nu, (see
Fig. 11). With increasing Rd, the thermal boundary layer thickens, and TP rises as
radiative heat transfer intensifies. The radiation effect increases the fluid’s internal
energy, leading to elevated temperatures within the boundary layer. Also, surface
heat transfer rises as the radiation parameter increases, leading to a marked increase
in the Nusselt number.
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Fig. 10. Impact on temperature with ¢ Fig. 11. Impact on temperature with ¢
for different € for different Rd

Fig. 12 shows the influence of Ec on TP. As Ec increases, the thickness of
TBL and the TP also increase significantly. This behavior can be attributed to
enhanced viscous dissipation, where kinetic energy from the flow is converted into
thermal energy, raising the fluid temperature within the boundary layer. However,
this increase in temperature leads to a reduction in the Nusselt number, indicating
less efficient heat transfer from the surface to the fluid.

The Prandtl number Pr signifies the relationship between momentum diffu-
sivity and the thermal diffusivity. As shown in Fig. 13, an increase in Pr results
in a thinner TBL due to the decreased thermal diffusivity, which slows the rate of
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Fig. 12. Impact on temperature with £ Fig. 13. Impact on temperature with ¢
for different Ec for different Pr
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heat diffusion. As a result, TP reduces, keeping the heat concentrated closer to the
surface. This behavior enhances the Nusselt number, reflecting more efficient heat
transfer from the surface to the fluid.

4.2. Skin-friction coefficient and Nusselt number

The numerical results highlighting the influence of key engineering quan-
tities, namely the skin-friction coefficient (Cf x\/lgx) and the heat transfer rate
(Nu,Re, =), are illustrated in Figs. 14—15. The effects of velocity slip parameter
(1) and curvature parameter () on the skin-friction coefficient (Cfx\/lrcx) and
Nusselt number (Nu,Re, ") are illustrated in Figs. 14a and 14b, respectively. A
noticeable reduction in absolute values of Cf x\/lgx is observed with increasing
A, indicating that slip at the wall significantly reduces shear stress. In contrast, the
influence of ¢ on skin friction is relatively minor. For heat transfer, Nu,Re X_O'S
increases with higher values of ¢, confirming the positive role of curvature in
enhancing thermal transport, whereas it decreases gradually with increasing A.
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Fig. 14. Variations in (a) —Cf ,vRe, and (b) NuyRe, ™% with 2 and &
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Fig. 15. Variation on NuxRex_O‘5 with € and Ec
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Fig. 15 presents the variation in the Nusselt number with thermal conductivity
parameter € and Eckert number Ec. It is evident that NuxRex_O'5 increases with e,
indicating enhanced heat transfer. However, increasing Ec leads to a reduction in
Nu,Re, "%, which reflects the adverse effect of viscous dissipation that raises the
internal energy of the fluid and lowers the effectiveness of surface heat transfer.

5. Conclusions

This study analyzed the unsteady, axisymmetric, 2-D boundary layer flow
of a viscous, electrically conducting fluid over a permeable stretching cylinder,
contrasting it with a stretching sheet. The research accounted for complexities like
porous medium effects, variable thermal conductivity, heat flux, and the influence
of viscous dissipation, thermal radiation, Joule heating, and slip velocity. Using
the Bvp4c MATLAB method to solve the derived nonlinear differential equations,
this investigation highlights the significant role of curvature on thermal and flow
properties, particularly for the stretching cylinder. Key findings are as follows:

1. The stretching cylinder develops thicker MBL and TBL, along with higher
skin-friction coeflicient and Nusselt number, compared to a flat surface.
This is useful in cylindrical heat exchangers and extrusion systems.

2. The parameters S, A, s, Da, and Ha significantly influence the VP. Specifi-
cally, f’({) increases with 3, but decreases with A, s, Da, and Ha.

3. The dimensionless TP 6(¢) is strongly affected by S, A, Rd, s, y, and Ec; it
rises with increasing A, v, Rd, and Ec, while it declines with higher values
of S and s.

4. Increasing € enhances thermal conductivity, which results in a thicker TBL
and greater heat transfer rate. This behavior is applicable in cooling tech-
nologies involving nanofluids, particularly in curved geometries such as
cylindrical heat exchangers, microchannels, or heat pipes, where efficient
thermal regulation is critical.

5. The skin friction coefficient decreases with increasing A, while the Nusselt
number reduces with higher A and Ec, but rises as € increases. These trends
are relevant in industrial processes such as wire coating, polymer extrusion
over heated cylinders, and thermal surface treatment, where control of
surface drag and heat transfer rate is essential for product quality and
process efficiency.
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