
 

1. Introduction 

A nanofluid is a type of fluid that contains nanoparticles uni-

formly dispersed throughout a base liquid, creating a stable col-

loidal mixture. Typical base fluids include water, ethylene gly-

col and various oils, while the nanoparticles are often made of 

metals, metal oxides, carbides or carbon nanotubes. The term 

"nanofluid" was first introduced by Choi [1] to describe this 

novel class of fluids. Nanofluid is essentially a mixture of con-

ventional low-thermal-conductivity fluid and nanoparticles 

smaller than 100 nm. It can also be defined as a suspension of 

tiny particles within a base fluid. The most widely used nano-

particles in nanofluids include carbon nanotubes, metals, oxides 

and carbides. These fluids are synthetically engineered to ex-

hibit enhanced thermal conductivity compared to their base flu-

ids. The thermal conductivity of nanofluids can be further im-

proved by incorporating nanoparticles such as gold, copper and 

silver. Buongiorno [2] investigated the factors contributing to 

this enhancement and found that the increase in thermal conduc-

tivity is primarily influenced by Brownian motion and the ther-

mophoresis effect. Nanofluids have diverse applications across 

various industries. In the heavy vehicle and information technol- 
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Abstract 

A numerical investigation has been conducted on the flow of a nanofluid over an exponentially stretching surface, a configu-
ration relevant to many industrial heat and mass transfer applications. By applying appropriate similarity transformations, the 
governing partial differential equations are reduced to a set of dimensionless ordinary differential equations. These nonlinear 
equations are solved numerically using the fourth-order Adams–Moulton method integrated with a shooting technique to 
ensure accuracy and stability. The validity of the computed results is established by benchmarking them against previously 
published findings in the literature. Key parameters influencing the flow are illustrated and discussed through graphical rep-
resentations. The study's overall findings support the conclusion that increasing the Hartmann number, Schmidt number and 
thermal stratification parameter reduces the thermal boundary layer thickness. Moreover, enhanced solutal stratification and 
chemical reaction parameters are found to suppress the nanoparticle concentration. Engineering quantities like the skin friction 
coefficient, Nusselt number and Sherwood number are also computed and analysed, providing insights into optimising 
nanofluid-based thermal systems under complex boundary conditions. 
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Nomenclature 

B0 ‒ magnetic flux density, T 

C ‒ concentration, kg/m3 

Cf ‒ skin friction coefficient 

D ‒ diffusion coefficient, m2/s 

Ec ‒ Eckert number 

M ‒ Hartmann number 

Nb ‒ Brownian motion parameter 

Nt ‒ thermophoresis parameter  

Nu ‒ Nusselt number 

P ‒ pressure, Pa 

Pr ‒ Prandtl number 

R ‒ thermal radiation parameter 

Sc ‒ Schmidt number 

Sh ‒ Sherwood number 

Sm ‒ thermal solutal stratification parameter 

St ‒ thermal stratification parameter 

T ‒ temperature of the fluid, K 

u ‒ velocity in x-direction, m/s 

𝑣 ‒ velocity in y-direction, m/s 

x, y ‒ Cartesian coordinates, m 

 

Greek symbols 

α – thermal diffusivity, m2/s 

γ – chemical reaction parameter 

θ – dimensionless temperature 

κ – thermal conductivity, W/(m K) 

λr – porosity parameter  

μ – fluid dynamic viscosity, Pa s 

ν – kinematic viscosity, m2/s 

ρ – fluid density, kg/m3 

σ – electrical conductivity, S/m 

 – nanoparticle volume fraction 

 

Abbreviations and Acronyms 

KVL – Khanafer-Vafai-Lightstone (model) 

MHD – magnetohydrodynamics 

ODEs – ordinary differential equations 

OHAM – optimal homotopy asymptotic method 

PDEs – partial differential equations 

 

 

ogy sectors, they are used as coolants to improve heat dissipa-

tion. Additionally, nanofluids play a crucial role in industrial, 

biomedical and technological fields, making them a valuable in-

novation. 

Other characteristics of the nanofluids, such as volume con-

centration, particle agglomeration, thermophoresis, Brownian 

motion, surface area, particle shape, etc., should be considered 

for the nanofluids to perform more effectively due to their nu-

merous remarkable uses in a variety of industrial and scientific 

fields, including the production of rubber and plastic sheets, ge-

othermal energy extraction, fiber glass, hot rolling, etc. The fluid 

dynamics community has given the study of boundary layer 

nanofluid flow a great deal of attention. To investigate the rotat-

ing flow of nanofluids induced by an exponentially stretched 

layer, Mushtaq et al. [3] carried out a numerical analysis. 

The word magnetohydrodynamics originates from magneto, 

meaning magnetic field; hydro, referring to fluid; and dynamics, 

which denotes motion. These three concepts are combined to 

form the term magnetohydrodynamics (MHD). The magnetic 

characteristics of an electrically conducting fluid are examined 

via hydromagnetic flow. When a conducting fluid moves 

through a magnetic field, it generates an electric current, leading 

to the formation of the Lorentz force, which alters the fluid’s 

motion. The MHD effect plays a crucial role in regulating cool-

ing rates and achieving desired material properties. Shit et al. [4] 

analysed unsteady MHD nanofluid flow and heat transfer over 

an exponentially stretching surface with radiation and porous 

medium effects. Numerical results show that Brownian motion, 

thermophoresis and magnetic field enhance thermal boundary 

layers, while unsteadiness reduces them. Entropy generation is 

strongly influenced by magnetic field, dissipation, radiation and 

Biot number.  

Reddy and Chamkha [5] examined the MHD nanofluid flow 

of Al₂O₃–water and TiO₂–water past a stretching sheet within 

a porous medium, accounting for radiation, chemical reaction 

and heat source/sink effects. Their work employed a validated 

finite element approach to solve the governing equations and as- 

sessed the impact of critical parameters on velocity, temperature 

and concentration distributions. 

Additionally, Gupta et al. [6] analysed MHD stagnation 

point flow of a non-Newtonian nanofluid past an inclined 

stretching sheet, incorporating chemical reaction, thermal radia-

tion, Brownian motion and thermophoresis. By applying the op-

timal homotopy asymptotic method (OHAM), they examined 

the influence of various parameters on flow and heat transfer, 

confirming the method’s superiority over conventional tech-

niques. More recently, Gireesha et al. [7] studied unsteady 

nanofluid flow with dust particles over a stretching sheet under 

Hall current effects. Using the Khanafer-Vafai-Lightstone 

(KVL) model and similarity transformations, they reported that 

dust suspension and Hall current significantly enhance heat 

transfer and the Nusselt number. 

For a continuous surface that is stretching exponentially, 

Magyari and Keller [8] outlined the features of mass and trans-

mission of heat in the boundary layer. Other pertinent research 

studies were conducted by Vajravelu [9]. Cortell [10] studied 

how viscous dissipation via a nonlinear stretching affected the 

thermal boundary layer. Narender et al. [11] contemplated the 

radiation effects in the presence of heat generation/absorption 

and magnetic field on the magnetohydrodynamics (MHD) stag-

nation point flow over a radially stretching sheet using a Casson 

nanofluid. Narender et al. [12] explored the impacts of external 

magnetic field inclinations and viscous dissipation due to heat 

generation or absorption parameter on MHD mixed convective 

flow of Casson nanofluid. Murugesan and Kumar [13] also elu-

cidated the same effect but with the flow of nanofluid over the 

exponentially stretching sheet. Hayat and Nadeem [14] exam-

ined hybrid nanofluids in a 3D rotating stretching sheet with ra-

diation, heat generation and chemical reaction, showing that 

they achieve higher heat transfer rates than conventional 

nanofluids. This topic was then continued by Hayat et al. [15], 

who investigated the influence of MHD, heat generation/absorp-
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tion and nanoparticle concentration on hybrid nanofluid flow 

over a rotating stretching surface. They analysed the effects on  

velocity, skin friction and heat transfer, showing that hybrid 

nanofluids outperform conventional nanofluids. Other research-

ers [16–19] have studied boundary layer flow over a stretching 

sheet, where the velocity increases linearly from a fixed point. 

Chemical reactions are crucial components in numerous liv-

ing and non-living processes. Examples of their applications in-

clude burning fuels, the production of glass and pottery, iron 

smelting and food processing. Chemical reactions are catego-

rised as homogeneous and heterogeneous, with the rate at which 

they occur depending on the concentration of the participating 

reactants. At the heart of chemical engineering, chemical reac-

tions are employed to produce high-quality substances from nat-

ural raw materials. It is crucial to streamline a reaction, thereby 

optimising its quality and yield while minimising the use of re-

actants, energy and hazardous by-products. Researchers, engi-

neers and academicians are increasingly showing a keen interest 

in developing efficient and sustainable chemical reaction sys-

tems. Researchers led by Swapna examined the flow of a mag-

neto-micropolar nanofluid above a heated, permeable sheet that 

stretches, incorporating nonlinear radiation, chemical reaction 

and viscous dissipation effects [20]. Researchers led by Reddy 

et al. [21] investigated the influence of an inclined magnetic pa-

rameter on the unsteady, two-dimensional flow of an incom-

pressible, viscous fluid confined between parallel plates.  

The field of heat generation/absorption is a collaborative ef-

fort, essential in managing the heat transfer performance. This 

has led to numerous investigations into the effects of heat gen-

eration/absorption on nanofluids. These studies have consist-

ently shown that increased heat generation leads to a rise in the 

temperature profile. Notably, Thirupathi et al. [22] conducted 

a comprehensive study on a nonlinear stretching sheet, examin-

ing thermal radiation, viscous dissipation, heat source and chem-

ical reaction in Casson nanofluid flow. Eid and Nafe [23] 

showed that Fe₃O₄–Cu/EG (ethylene glycol) hybrid nanofluid 

enhances heat transfer over shrinking/stretching sheets, with ef-

fects influenced by nanoparticle concentration, flow type and 

MHD conditions. The relevant literature for these studies can be 

found in [24−26]. 

Our study examines nanofluid flow over an exponentially 

stretching sheet, with particular attention to the effect of chemi-

cal reaction. Since these conditions have not been studied to-

gether in prior research Hayat et al. [27], we aim to analyse the 

flow behaviour under this unique configuration. The series ex-

pressions for velocity, temperature and nanoparticle concentra-

tion are developed by the method of Adams-Moulton of fourth 

order with a shooting technique. The numerical solutions are ob-

tained by the software FORTRAN Language program. The or-

ganisation of this article is structured as: Section 2 outlines the 

problem formulation and the essential physical quantities of in-

terest. Section 3 describes the application of the Adams-Moul-

ton method to the proposed problem. Section 4 reviews the re-

sults, whereas Section 5 is reserved for concluding observations. 

1.1. Core objectives of the thermal transport analysis 

The core objectives are: 

 To model the flow and heat transfer characteristics of a na- 

nofluid over an exponentially stretching sheet, incorporat-

ing magnetic field effects, chemical reactions and heat gen-

eration or absorption. 

 Also, explore how significant physical parameters influ-

ence the velocity, temperature and concentration profiles 

within the boundary layer. 

 Utilise the Adams–Moulton method with a shooting tech-

nique for solving the governing equations. 

 Analyse critical engineering indicators, such as local skin 

friction and Nusselt number, to evaluate heat transfer per-

formance and surface resistance. 

 Consider the practical insights into improving thermal per-

formance in engineering applications by evaluating the 

combined impact of magnetic, thermal and chemical ef-

fects on nanofluid behaviour. 

1.2. Novel contributions and significance of the study 

 To our knowledge, this study offers the framework of 

nanofluid flow over a stretching sheet in which chemical 

reaction and radiative heat transfer are included. 

 The incorporation of chemical reactions into the model 

adds greater physical fidelity and enhances its applicability 

to real-world thermal systems where reactive processes are 

significant. 

 This work obtains coupled ODEs from highly nonlinear 

governing PDEs through similar transformations and, con-

sequently, makes numerical analyses easier to perform. 

 The study is applicable to advanced technologies such as 

electronic cooling systems, biomedical applications, waste 

heat recovery and environmental systems. 

2. Problem statement and mathematical formu-

lation 

Let us consider the steady fully developed incompressible 

nanofluid flow along a continuously exponentially stretching 

sheet subject to a transverse magnetic field of strength B0 in the 

presence of thermal radiation and chemical reaction.  

The x-axis is aligned with the sheet length, while the y-axis 

is normal to it. The stretching sheet velocity is uw = U0‧ex/L. The 

flow is confined to y > 0. Figure 1 illustrates the schematic of 

our study.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Configuration of the flow. 
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The temperature and concentration at the wall and  

away from it are regarded to be exponentially stratified  

Tw = T0 + bex/2L, Cw = C0 + aex/2L, T∞ = T0 + cex/2L,  

C∞ = C0 + dex/2L, respectively (a, b, c and d constants). 

The considered formulations for this system, expressed us-

ing the equations of continuity, momentum, energy and nano-

particle concentration, are as follows [17,27]: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

 𝜌 (𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = 𝜇

𝜕2𝑢

𝜕𝑦2
−

𝜇

𝐾
𝑢 − 𝜎𝐵0

2𝑢, (2) 

 

𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
=

𝑘

(𝜌𝐶𝑝)𝑓

(
𝜕2𝑇

𝜕𝑥2
+

𝜕2𝑇

𝜕𝑦2
) +

+
(𝜌𝐶𝑝)𝑝

(𝜌𝐶𝑝)𝑓

[𝐷𝐵
𝜕𝐶

𝜕𝑦

𝜕𝑇

𝜕𝑦
+

𝐷𝑇

𝑇∞
(
𝜕𝑇

𝜕𝑦
)
2

] +

+
16𝜎∗𝑇∞

3

𝑘∗(𝜌𝐶𝑝)𝑓

𝜕2𝑇

𝜕𝑦2
+

𝜇

(𝜌𝐶𝑝)𝑓

(
𝜕𝑢

𝜕𝑦
)
2

,
}
  
 

  
 

 (3) 

 𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
= 𝐷𝐵 (

𝜕2𝐶

𝜕𝑥2
+

𝜕2𝐶

𝜕𝑦2
) +

𝐷𝑇

𝑇∞

𝜕2𝑇

𝜕𝑦2
− 𝐾1(𝐶 − 𝐶∞), (4) 

along with:  

y = 0: 

 

𝑢 =  𝑢𝑤 = 𝑈0𝑒
𝑥

𝐿,
𝑣 =  0,

𝑇 = 𝑇𝑤 = 𝑇0 + 𝑏𝑒
𝑥

2𝐿,

𝐶 =  𝐶𝑤 = 𝐶0 + 𝑎𝑒
𝑥

2𝐿,}
 
 

 
 

 (5a) 

y → ∞: 

 

𝑢 → 0,
𝑣 →  0,

𝑇 =  𝑇∞ = 𝑇0 + 𝑐𝑒
𝑥

2𝐿,

𝐶 = 𝐶∞ = 𝐶0 + 𝑑𝑒
𝑥

2𝐿 .}
 
 

 
 

 (5b) 

Equations (1) to (4) show how mass, momentum and energy 

are conserved in the system and include the equation for how 

concentration changes. In these equations, 𝑢 and 𝑣 are flow 

speeds in the 𝑥 and y  directions; T is temperature;  - nanopar-

ticle volume fraction; density is denoted by ρ; electrical conduc-

tivity by σ; the kinematic viscosity by ν; μ - dynamic viscosity; 

K - porous medium permeability; (Cp)f - fluid heat capacity; 

(Cp)p - nanoparticle heat capacity; DB - Brownian diffusion coef-

ficient; DT - thermophoresis coefficient; and T∞ - ambient tem-

perature. 

The radiative heat flux vector can be described as: 

 𝑞𝑟 =
−4𝜎∗

3𝑘∗

𝜕𝑇4

𝜕𝑦
, (6) 

where σ* and k* denote the Stefan-Boltzmann constant and the 

mean absorption coefficient, respectively, and is linearised via  

a Taylor series expansion about T∞, from which we get: 

 ⇒
𝜕𝑇4

𝜕𝑦
= 4𝑇∞

3 𝜕𝑇

𝜕𝑦
. (7) 

Using Eq. (7) in Eq. (6) and differentiating, we have the fol-

lowing form: 

 
𝜕𝑞𝑟

𝜕𝑦
= −

16𝜎∗𝑇∞
3

3𝑘∗

𝜕2𝑇

𝜕𝑦2
. (8) 

To find the solution of our model, we use the following sim-

ilarity transformation [13,27]: 

 

𝜂 = 𝑦√
𝑈0

2𝜈𝑓𝐿
𝑒
𝑥

2𝐿 ,

𝑣 = −√
𝜈𝑓𝑈0

2𝐿
𝑒
𝑥

2𝐿 [𝑓(𝜂) + 𝜂𝑓′(𝜂)],

𝑢 = 𝑈0𝑒
𝑥

2𝐿𝑓′(𝜂),

𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇0
 ,   (𝜂) =

𝐶−𝐶∞

𝐶𝑤−𝐶0
 . }
 
 
 

 
 
 

 (9) 

Using Eq. (9), the governing equations (2-4) transform to 

new equations: 

 𝑓 ′′′ − (𝑀 + 𝜆)𝑓 ′ − 2(𝑓 ′)2 + 𝑓𝑓 ′′ = 0, (10) 

 

(1+
4𝑅

3
)

Pr
𝜃 ′′ + 𝑁𝑏𝜃 ′𝜙 ′ + 𝑁𝑡(𝜃 ′)2 + Ec +

−𝑓 ′(𝑆𝑡 + 𝜃) + 𝜃 ′𝑓 = 0,
}, (11) 

 𝜙 ′′ +
𝑁𝑡

𝑁𝑏
𝜃 ′′ + Sc(𝑓𝜙 ′ − 𝑓 ′𝜙) − Sc(𝑆𝑚𝑓 ′ − 𝛾𝜙) = 0, (12) 

together with: 

 𝑓′(0) = 1,      𝑓(0) = 0,      𝑓′(∞) = 0,  

 𝜃(0) = 1 − 𝑆𝑚,       𝜃(∞) = 0, (13) 

 𝜙(0) = 1 − 𝑆𝑡,        𝜙(∞) = 0.  

Different parameters used in the ordinary differential equa-

tions (ODEs) (10−12) and boundary conditions (13) have been 

listed in Table 1. 

The local skin friction, Nusselt number and Sherwood num-

ber can be defined: 

 𝐶𝑓 = [
𝜏𝑤

(
1

2
)𝜌𝑈0

2𝑒
2𝑥
𝐿

]

𝑦=0

,  

 Nu =
−𝑥𝑞𝑤

𝑘(𝑇𝑤−𝑇∞)
,  

 Sh =
−𝑥𝑞𝑚

𝐷𝐵(𝐶𝑤−𝐶∞)
,  

𝐶𝑓√
Re𝑥

2
= 𝑓 ′′(0),

NuRe𝑥
−1/2

√
2𝐿

𝑥
= −

1

1−𝑆𝑡
𝜃 ′(0),

ShRe𝑥
−1/2

√
2𝐿

𝑥
= −

1

1−𝑆𝑚
𝜙 ′(0),

}
  
 

  
 

                    (14) 

where Re𝑥 =𝑈0𝑒
𝑥

𝑙
𝑥

𝜈
 is the local Reynolds number.
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3. Implementation of the numerical scheme 

The ODEs (10–12) along with boundary conditions (BCs) stated 

in (13) have been explored numerically via a shooting technique. 

After performing successive iterations, the bounded domain  

[0, ηmax] has been considered instead of [0, ∞] for an appropriate 

value of ηmax, the value after which the solution converges as-

ymptotically. The variable f is denoted by y1, θ by y4 and  by 

y6. The boundary value problem (BVP) (10)−(13) in new varia-

bles is converted into an initial value problem (IVP): 

 

𝑦1
′ = 𝑦2,                                                        𝑦1(0) = 0,

𝑦2
′ = 𝑦3,                                                        𝑦2(0) = 1,

𝑦3
′ = [2𝑦2

2 − 𝑦1𝑦3 + (𝑀 + 𝜆)𝑦2],           𝑦3(0) = 𝑠,

𝑦4
′ = 𝑦5 ,                                              𝑦4(0) = 1 − 𝑆𝑚,

𝑦5
′ = −

3Pr

(3+4𝑅)
[
𝑦1𝑦5 +𝑁𝑏 𝑦5𝑦7 + 𝑁𝑡 𝑦7

2 +

+Ec(𝑓′′)2 − 𝑦2(𝑆𝑡 + 𝑦4)
] ,

                                                  𝑦5(0) = 𝑡,

𝑦6
′ = 𝑦7,                                           𝑦6(0) = 1 − 𝑆𝑡,

𝑦7
′ =

𝑁𝑡

𝑁𝑏
𝑦5
′ − 𝑆𝑐(𝑦1𝑦7 − 𝑦2𝑦6) + 𝑆𝑐𝑆𝑚𝑦2 + 𝑆𝑐𝛾𝑦7,

                                                    𝑦7(0) = 𝑢 . }
 
 
 
 
 

 
 
 
 
 

 (15) 

The above equations are solved using the shooting technique 

along with the Adams-Moulton method of order 4 with an initial 

guess s, t and u. The missing initial conditions s, t, u are chosen 

such that:  

 𝑦2(𝜂, 𝑠, 𝑡, 𝑢) = 0,   𝑦4(𝜂, 𝑠, 𝑡, 𝑢) = 0,     𝑦6(𝜂, 𝑠, 𝑡, 𝑢) = 0.  

(16) 

To solve the system of algebraic equations (16), we use 

Newton’s method. The iterative process is repeated until the fol-

lowing criteria is met: 

 max{|𝑦2(𝜂max) − 0| , |𝑦4(𝜂max) − 0|, |𝑦6(𝜂max) − 0|} < 𝜉.  

Throughout this work,   has been taken as 10−7 unless oth-

erwise mentioned. 

4. Analysis of results and validation 

To clearly provide physical insight into the heat and mass 

transfer of an MHD nanofluid in the presence of viscous dissi-

pation, thermal radiation parameter, hear generation/absorption 

and chemical reaction. In this complex geometry, we focused on 

the impact of the Hartmann number, the porosity parameter 

(0 ≤ M, λ ≤ 1), the Brownian motion parameter (1.0 ≤ Nb ≤ 1.6), 

the thermophores parameter (0.1 ≤ Nt ≤ 0.6), thermal stratifica-

ion parameter (0.1 ≤ St ≤ 0.4), thermal radiation parameter  

Table 1. Various dimensionless parameters utilised in the governing ODEs and their typical ranges of variation. 

Model parameter Definition Significance Typical ranges used 

Porosity parameter (λ)  
𝜈𝑓𝐿

𝐾𝑈0
𝑒−

𝑥
𝐿  

Impact on the material’s ability to 

store and transport fluids 

0.2 to 0.7. For example, sandstones typically have a po-

rosity of 10−40% (0.1−0.4), while peats can exceed that 

of 50% (0.5). 

Hartmann number (M)  
2𝜎𝐵0

2(𝑥)𝐿

𝜌𝑓𝑈0
 

The ratio of Lorentz force to viscous 

force in the fluid. 

0 to 100, often in the range of 0.1 to 10 for many theo-

retical studies on MHD flows. 

Prandtl number (Pr)  
𝜈𝑓(𝜌𝐶𝑝)𝑓

𝑘𝑓
 Momentum to thermal diffusivity 

A Prandtl number of Pr = 1.7 corresponds to water at rel-

atively high temperatures, such as near its boiling point  

Thermal radiation parameter (R)  
4𝜎∗𝑇∞

3

𝑘0𝑘
 

Ratio of radiative heat flux to con-

ductive heat transfer. 

Often investigated in the range of 0.1 to 10, with higher 

values signifying more dominant radiation effects, com-

mon in high-temperature processes like those in furnaces 

or solar collectors. 

Viscous parameter  

(Eckert number) (Ec)  

𝑈0
2𝑒

𝑥
2𝐿

(𝑐𝑝)(𝑇𝑓 − 𝑇∞)
 

The relationship between a flow's 

kinetic energy and the boundary 

layer enthalpy difference. 

Values can vary widely depending on the flow speed, 

from very small (Ec<<1) for low-speed flows to values 

near 1.0 for high-speed flows where viscous heating be-

comes significant. 

Thermal stratification  

parameter (St)  

𝑐

𝑏
 

Buoyancy forces to mixing forces in 

a fluid system 

The effect is significant in situations where the tempera-

ture varies, with values ranging from 0.0 to 1.0 or more, 

with 0.0 indicating no stratification. 

Thermal solutal stratification  

parameter (Sm)  

𝑑

𝑎
 

Ratio of thermal buoyancy forces to 

solutal buoyancy forces 

Similar to thermal stratification, it is typically investigated 

in the range of 0.0 to 1.0 or more, with 0.0 representing 

a uniform concentration 

Brownian motion  

parameter (Nb) 

𝜏𝐷𝐵(𝐶𝑤 − 𝐶∞)

𝜈
 

The effect of random thermal fluctu-

ations on the diffusion of nanoparti-

cles in a fluid. 

Typically studied within the range of 0.1 to 1.0, though 

some studies use values up to 5.0 to explore pronounced 

effects. 

Thermophoresis  

parameter (Nt)  

𝜏𝐷𝑇(𝑇𝑤 − 𝑇0)

𝜈(𝑇∞)
, 

The ratio of thermophoretic forces 

to viscous forces. 

Generally considered in the range of 0.1 to 1.0 in most 

nanofluid studies. 

Schmidt number (Sc)  
𝜈

𝐷𝐵
 

The ratio of momentum diffusivity 

(viscosity) to mass diffusivity 

For gases, it's typically close to 1.0 (around 0.2 to 4.0). 

For liquids, values are much higher, ranging from 200 to 

1500, indicating that momentum diffuses much faster 

than mass. 

Chemical reaction  

parameter (γ)  

𝐾0𝐿

𝑈
 

Ratio of reaction rate to transport 

rate (diffusion or convection) 

Ranges from small values (approaching 0 for slow reac-

tions) to higher values (e.g., 1.0 to 5.0) for moderate to 

fast reactions. 
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(0.1 ≤ R ≤ 0.4), Eckert number (0 ≤ Ec ≤ 1.1), the Schmidt  

number (0.9 ≤ Sc ≤ 1.3), the solutal stratification parameter 

(0.1 ≤ Sm ≤ 0.8) and the chemical reaction parameter 

(0.1 ≤ γ ≤ 0.4) on the flow structures, velocity, temperature and 

concentration of the nanoparticles. For validation, the results of 

this study show the Schmidt number compared with previously 

published findings by Hayat et al. [27]. The numerical values of 

−fʺ (0) are computed and compared in Table 2 for the case of 

M = λ = 0. We observe that the present and previous results are 

found to be in reasonable correlation. Thus, we guarantee that 

the technique, as well as the results provided in this present 

study, are valid and acceptable. Table 3 provides numerical res-

ults for the Nusselt number and Sherwood number for different 

flow impact factors. As anticipated, the Nusselt number reduces 

as the Schmidt number (Sc), the solutal stratification parameter 

(Sm) and chemical reaction parameter (γ) rise, while the opposite 

phenomenon is identified for the Sherwood number. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 illustrates the impact of the Hartmann number (M) 

on the velocity field f '.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As M increases, a noticeable decrease in the velocity profile 

is observed. This reduction occurs because the presence of 

a magnetic field generates a resistive force known as the Lorentz 

force. The Lorentz force acts as a damping mechanism by op-

posing the motion of the fluid, thereby reducing its velocity. 

Physically, this force arises due to the interaction between the 

induced electric currents within the fluid and the applied mag-

netic field, leading to an increase in the resistive effect. Conse-

quently, as M  increases, the influence of the Lorentz force be-

comes more significant, further suppressing the fluid's motion 

and causing a more pronounced decline in the velocity profile. 

Figure 3 presents the temperature field for varying values of 

the Brownian motion parameter (Nb) and the thermophoresis pa-

rameter (Nt).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The figure reveals that as the values of Nb and Nt increase, 

both the temperature profile and the thermal boundary layer 

thickness exhibit significant enhancement. This increase occurs 

because Brownian motion, which describes the random move-

ment of nanoparticles in the fluid, contributes to increased ther-

Table 2. The comparison between the previous and present results  

of −fʺ (0) for M = λ = 0.  

Value of Hayat et al. [27] Present 

−fʺ (0) 1.281808 1.2818170 

f(∞) 0.905639 0.9050169 

 

Table 3. Nusselt number and Sherwood number for M = 0.1, λ = 0.1, Ec = 0.5, Pr = 1.7, Nt = Nb = 0.8, R = 0.4 and different values of  Sc, St, Sm, γ. 

Sc St Sm γ −𝜽′(𝟎) −
𝜽′(𝟎)

(𝟏 − 𝑺𝒕)
 −𝝓′(𝟎) −

𝝓′(𝟎)

(𝟏 − 𝑺𝒕)
 

1.1 
1.2 
1.5 

0.1 0.1 0.1 
0.3952224 
0.3885755 
0.3719586 

0.4391360 
0.4317505 
0.4132873 

0.7880001 
0.8556961 
1.042329 

0.8755557 
0.9507734 
1.1581430 

1.1 
0.2 
0.3 
0.5 

0.1 0.1 
0.4570068 
0.5208401 
0.6548117 

0.5712585 
0.7440573 
1.3096230 

0.6412907 
0.4927663 
0.1901195 

0.7125453 
0.5475181 
0.2112439 

1.1 0.1 
0.2 
0.3 
0.5 

0.1 
0.3322426 
0.2690218 
0.1417351 

0.3691584 
0.2989132 
0.1574834 

0.8856008 
0.9830891 
1.1778130 

1.1070010 
1.4044130 
2.3556250 

1.1 0.1 0.1 0.1 
0.2936075 
0.2507791 
0.1275781 

0.3262306 
0.2786434 
0.1417534 

0.8585148 
0.8873966 
0.9683428 

0.9539053 
0.9859962 
1.0759360 

1.1 0.1 0.1 
0.2 
0.3 
0.5 

0.2398219 
0.2360424 
0.2302854 

0.2664688 
0.2622693 

0.25587260 

1.0439920 
1.1074420 
1.2173230 

1.1599910 
1.2304910 
1.3525810 

 

 

Fig. 2. Variation in f '(η) with M. 

 

Fig. 3. Variation in θ(η) with Nb and Nt. 
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mal energy transport, thereby raising the temperature distribu-

tion. Similarly, thermophoresis, which refers to the movement 

of particles due to temperature gradients, leads to the migration 

of nanoparticles from hotter to cooler regions, further influenc-

ing heat transfer. As a result, the combined effect of higher Nb 

and Nt leads to a more pronounced thermal boundary layer, in-

dicating an overall rise in the temperature profile throughout the 

flow region. 

Figure 4 illustrates the concentration profile for different val-

ues of Nb and Nt.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As the Brownian motion parameter (Nb) increases, the ran-

dom movement of particles intensifies, enhancing diffusion and 

promoting a more uniform distribution. This increased disper-

sion reduces localised particle accumulation, leading to a lower 

overall concentration. Conversely, a higher thermophoresis pa-

rameter (Nt) results in greater particle accumulation in cooler 

regions. Thermophoresis drives particles away from hotter areas 

due to temperature-induced force imbalances, causing them to 

concentrate in lower-temperature zones. Unlike Brownian mo-

tion, which enhances mixing, thermophoresis induces direc-

tional transport, leading to localised clustering. The balance be-

tween these effects governs the overall particle distribution in 

the fluid. 

Figure 5 illustrates the effect of the thermal stratification pa-

rameter (St) on temperature, showing that as St increases, the 

overall temperature decreases and the temperature difference 

between the surface and the surrounding fluid diminishes.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Physically, a higher St represents stronger thermal stratifica-

tion, which enhances heat dissipation and restricts heat retention 

near the surface. This leads to a more uniform temperature dis-

tribution, reducing thermal gradients and limiting heat transfer 

between layers. 

As observed in Fig. 6, the dimensionless temperature in-

creases with a higher radiation parameter (R). Physically, this 

occurs because an increase in R  corresponds to a decrease in 

the mean absorption coefficient (k*), which reduces the fluid's 

ability to absorb radiation. However, at the same time, the over-

all rate of radiative heat transfer to the fluid increases, thereby 

supplying additional thermal energy and raising the fluid tem-

perature. The enhanced radiative heat transfer leads to a more 

uniform temperature distribution and thicker thermal boundary 

layer, reducing temperature gradients and slowing heat dissipa-

tion. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
The fluid viscosity is highly sensitive to temperature chan-

ges, and as shown in Fig. 7, the temperature increases with the 

increasing Eckert number (Ec) due to the effect of resistive 

forces.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The Eckert number represents the conversion of kinetic en-

ergy into internal energy as the fluid works against viscous 

stresses, leading to heat generation within the system. This pro-

cess, known as viscous dissipation, contributes to increasing the 

fluid temperature, particularly in high-speed or high-shear 

flows. As a result, the thickness of the thermal boundary layer 

increases, allowing heat to spread more effectively within the 

fluid. The presence of viscous dissipation plays a significant role 

in determining the temperature distribution, making it a crucial 

factor in high-speed flows, lubrication systems and thermal en-

ergy management. 

 

Fig. 4. Variation in (η) with Nb and Nt. 

 

Fig. 5. Variation in θ(η) with St. 

 

Fig. 6. Variation in θ(η) with R. 

 

Fig. 7. Variation in θ(η) with Ec. 
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Figure 8 exhibits the consequences of changing Sc. The 

Schmidt number (Sc) significantly affects the concentration pro-

file by influencing the mass diffusion rate in the fluid.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A higher Sc indicates lower mass diffusivity, meaning that 

particles diffuse more slowly, leading to a steeper concentration 

gradient and a thinner concentration boundary layer. Con-

versely, a lower Sc corresponds to higher diffusivity, allowing 

particles to spread more quickly and resulting in a more uniform 

concentration distribution. This effect is particularly important 

in applications such as chemical mixing, pollutant dispersion 

and mass transfer processes, where controlling the diffusion rate 

is essential for efficiency and effectiveness of the processes. 

Figure 9 illustrates the effect of the solutal stratification pa-

rameter (Sm) on the concentration profile.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This parameter influences the concentration profile by af-

fecting the mass transfer resistance within the fluid. As the strat-

ification parameter increases, the difference in solute concentra-

tion between various layers of fluid becomes more pronounced, 

which restricts mass diffusion. This leads to a decrease in the 

overall concentration and the formation of a thinner solutal 

boundary layer. Increased stratification stabilises the concentra-

tion gradient, which is essential for ocean mixing, pollutant dis-

persion and chemical processing applications, where the con-

trolled solute distribution is essential. 

Figure 10 illustrates the influence of the chemical reaction 

parameter (γ) on the concentration profile (η). It is observed 

that, as γ increases, the concentration (η) decreases due to the 

enhanced rate of chemical reactions. Physically, a higher γ indi-

cates more intense chemical activity, leading to a faster conver-

sion of reactants into products. This rapid consumption of reac-

tants reduces the overall concentration, particularly in regions 

where reactions are most active, such as reaction fronts. Addi-

tionally, a larger γ limits mass diffusion, resulting in a thinner 

concentration boundary layer. This effect plays a crucial role in 

chemical and industrial processes where reaction rates signifi-

cantly impact mass transfer and fluid behaviour. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 11 presents the skin-friction coefficient as a function 

of the magnetic interaction parameter M for various values of 

the porosity parameter λ. An increase in M reduces the skin-fric-

tion coefficient, and a higher λ further decreases it. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions 

 

This research investigates, through numerical analysis, the ef-

fects of double stratification on nanofluid flow over an exponen-

tially stretching surface. A two-dimensional, steady magnetohy-

drodynamic boundary layer flow of a thermo-solutally stratified 

nanofluid past an exponentially stretching sheet embedded in 

a porous medium is analysed. Using the shooting method, se-

ries-form solutions for the velocity, temperature and concentra-

tion profiles are derived. The numerical results are portrayed for 

several parameters. Similarity transformations and a strong nu-

merical method – the shooting technique combined with the Ad-

ams–Moulton scheme were used to analyse the fluid behaviour. 

 

 

Fig. 8. Variation in (η) with Sc. 

 

Fig. 9. Variation in (η) with Sm. 

 

Fig. 10. Variation in (η) with γ. 

 

Fig. 11. Variation in skin friction with M and λ. 
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Main results: 

 An increase in the magnetic interaction parameter leads to 

a noticeable suppression of the velocity profile due to the 

enhanced Lorentz force opposing the flow. 

 Elevated values of the thermal stratification parameter re-

duce the fluid temperature, while the solutal stratification 

parameter causes a decline in nanoparticle concentration, 

both effects attributed to the resistance against thermal and 

solutal diffusion. 

 The thermal radiation parameter is found to negatively in-

fluence the Nusselt number, indicating reduced heat trans-

fer efficiency in the presence of strong radiative effects. 

 Heat transfer performance is enhanced with the increasing 

Schmidt number, Eckert number, thermophoresis parame-

ter and Brownian motion parameter, reflecting enhanced 

energy transport due to mass diffusivity, viscous dissipa-

tion and nanoparticle dynamics. 

 A rise in the chemical reaction parameter results in a lower 

nanoparticle volume fraction, which can be attributed to 

chemical dissipation processes occurring within the 

nanofluid. 
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