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Abstract

Shaft-stator rub and cracks on rotors, which have devastating effects on the industrial equipment, cause non-

linear and in some cases chaotic lateral vibrations. On the other hand, vibrations caused by machinery faults

can be torsional in cases such as rub. Therefore, a combined analysis of lateral and torsional vibrations and

extraction of chaotic features from these vibrations is an effective approach for rotor vibration monitoring. In

this study, lateral and torsional vibrations of rotors have been examined for detecting cracks and rub. For this

purpose, by preparing a laboratory model, the lateral vibrations of a system with crack and rub have been

acquired. After that, a practical method for measuring the torsional vibrations of the system is introduced.

By designing and installing this measurement system, practical test data were acquired on the laboratory

setup. Then, the method of phase space reconstruction was used to examine the effect of faults on the chaotic

behaviour of the system. In order to diagnose the faults based on the chaotic behaviour of the system, largest

Lyapunov exponent (LLE), approximate entropy (ApEn) and correlation dimension were calculated for a

healthy system and also for a system with rub and a crack. Finally, by applying these parameters, the chaotic

feature space is introduced in order to diagnose the intentionally created faults. The results show that in this

space, the distinction between the various defects in the system can be clearly identified, which enables to

use this method in fault diagnosis of rotating machinery.

Keywords: rotor vibrations, crack, rub, fault detection, chaos features, largest Lyapunov exponent, approxi-

mate entropy, correlation dimension.
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1. Introduction

Rotors are one of the most critical parts in almost all types of rotating machinery. Normally,

they transfer the generated torque from a driver to a driven machine. Most of the industrial rotors

are heavy and rotate at high speeds that store significant kinetic energy in them. Any fault or

disturbance in normal operation of the system can release a part or all of this energy and results

in a catastrophic event. One of the common faults in rotors is crack. Cracks grow gradually and

result in a sudden fracture of a rotor. Another common fault in rotors is the occurrence of rub

between stators and rotors or any rotating part, which is installed on it (e.g. blades). It can be

caused by bending, misalignment, unbalance, poor lubrication, etc. To protect rotors from failures
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initiated by faults like crack and rub, several fault detection and diagnosis techniques have been

proposed.

Although the symptoms of faults can be observed through applying many vibration analysis

techniques such as spectrum analysis, wavelet analysis, order tracking etc. [1, 12, 24], a large

number of studies have been carried out based on the extraction of a series of features from

vibration signals and applying artificial intelligence to fault diagnosis [2, 3, 5]. Commonly,

time, frequency or time-frequency domain features are extracted from a machinery vibration

signal. These techniques and features are effective for simple systems and faults. More complex

systems and faults that show nonlinear or chaotic behaviour need applying innovative processing

techniques and vibration features. The theoretical model and practical analysis of a number of

faults demonstrate nonlinear or chaotic behaviour [7, 8, 11]. Therefore, chaotic parameters have

been used in rotating machinery as diagnosis tools, recently.

One of the informative chaotic parameters is the “correlation dimension”. Wang et al. [21]

used correlation dimension in detecting rub between a rotor and its stator. They ameliorated the

G-P algorithm, which had been used for calculating correlation dimension. They also decreased

the computation time by proposing a new method for computing distances between vectors.

In another study, Wang et al. [22] examined the simultaneous use of correlation dimension and

spectrum analysis in fault diagnosis of rotating machinery. They studied the feasibility of applying

chaotic parameters in intelligent diagnosis systems. Zhihong and Yongqiang [25] used nonlinear

dynamics for fault diagnosis of a wheelset bearing. In addition to the correlation dimension,

they used a method of phase space reconstruction to diagnose different fault conditions. The

correlation dimension showed more promising results. Shuting et al. [16] proposed a method

for fault diagnosis of a turbine-generator based on correlation dimension and artificial neural

network (ANN). They found that the vibration spectra in healthy and faulty conditions are almost

the same, while the values of correlation dimension are different in the three fault conditions.

Therefore, they used it as the input to an ANN. Correlation dimension is not the only feature used

in this field and there are similar features as well.

Another common chaotic parameter that has been used in vibration-based diagnosis is ApEn

of the signal. Yan and Gao [23] examined the feasibility of applying ApEn in condition monitoring

of machinery. They tried to find a quantitative tool for evaluating the relation between the signal

complexity (defined as the number of its frequency components and its noise level) and the

change in the value of entropy. In their research, they studied the effect of dimension, tolerance

and data length on the value of entropy and the diagnosis results. He and Zhang [6] used ApEn in

fault diagnosis of rolling element bearings and studied its sensitivity to the fault condition. They

implemented their method on both simulation and test signals. The effects of working conditions

such as radial load, speed and fault level on the value of ApEn of a vibration signal were also

examined. In a similar study, Zhou et al. [26] and Sadooghi and Kadem [15] used nonlinear

features including ApEn for health assessment of roller bearings.

The next parameter in this field is Lyapunov exponent. Wang et al. [20] applied it to fault

diagnosis of roller bearings. They studied the change in the value of the largest Lyapunovexponent

extracted from the vibration signal of a bearing in different fault conditions and found it sensitive

to the faults. Lu et al. [9] also used Lyapunov exponent in addition to correlation dimension

and ApEn to diagnose bearings. Soleimani and Khadem [17] extended these studies by applying

chaotic parameters to fault diagnosis of a gearbox. They studied the change in the value of

parameters for different fault conditions.

Most of the aforementioned research on crack and rub detection was based on the measurement

of only the lateral vibrations of a rotor despite the fact that the torsional vibrations also include

useful information. The torsional vibration measurement is helpful especially in detecting faults
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such as rub that induce significant torsional vibrations. Vance and French [19] measured and

analysed the torsional vibrations of several laboratory test setups. They proposed a method of

“time of arrival” for torsional vibration measurement. Maynard and Trethewey [10] examined

the feasibility of applying this method of torsional vibration measurement to crack detection

in turbine blades. They tried to measure the change in the natural frequency of a blade caused

by cracks in the blade through measuring the torsional vibrations of the rotor. Resor et al. [13]

studied the effects of defects in the encoders and shaft speed variations on the measured torsional

vibrations. They used an averaging method to compensate for the caused errors. Trethewey et

al. [18] studied the impact of the type of encoder on the measured vibrations of a rotor. They

proposed a minimally intrusive method in their research.

As discussed in this section, in most of the previous studies, vibration behaviour of a cracked

rotor or a rotor with rub have been studied extensively, but separately. However, a crack in rotor

usually results in more flexibility and higher vibration amplitudes. This increase in vibration

amplitudes increases the probability of rub between rotor and stator and makes the fault diagnosis

more complicated. In this research, the case of simultaneous occurrence of rub and crack in a

rotor was examined, in addition to the separate cases of rub or crack. A laboratory test setup for

simulating crack and rub was prepared. Lateral and torsional vibration signals of a rotor were

recorded in normal conditions, rotor-stator rub, rotor crack and a condition of combined rub and

crack. In order to detect these two faults, first the phase space of the system was reconstructed

using the rotor vibration signals. Then, a number of chaotic features were extracted from the

reconstructed phase space. After that, the values of the extracted features in each fault condition

were plotted. The changes in the values of these features in faulty cases compared with those

obtained in the normal condition are significant. The feature space was also plotted for the studied

health conditions.The results show the effectiveness of the extracted features and also the potential

use of torsional vibrations in crack and/or rub detection of rotors.

2. Theory

2.1. Phase space reconstruction

The state space of a dynamical system shows the behaviour and condition of that system. In

machinery vibration monitoring, normally a one-dimensional time series is recorded by using

only one type of sensor installed in each specific measurement point. Therefore, the time series

has to be extended to a higher-dimensional phase space. It can be performed by using the theorem

of embedding. This theory presents that the measurements of a state of a system have enough

information on other states of the system. As a result, using an appropriate transformation the

state space of the system can be reconstructed in a way that is based on the information of the

original system. Based on Taken’s theorem, if a time series xi of a dynamical system is available,

where i = 1, 2, . . . , N and N is the length of the time series, then the vector of the state space of

the system can be constructed as:

Yj =
[

xj, xj+T , xj+2T , . . . , xj+(d−1)T

]

, (1)

where:

j = 1, 2, . . . , N − (d − 1)T . (2)

In (1) and (2), d is the embedding dimension and T is the time delay. In fact, the embedding

dimension is the number of vectors in the matrix shown in (1), which is equal to the dimensions
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of the reconstructed state space. The time delay is the time difference between two corresponding

elements of these two vectors.

2.2. Determining embedding dimension and time delay

In order to find the values of embedding dimension and time delay, the fact is used that

trajectories of a dynamical system do not intersect. Actually, embedding dimension is the mini-

mum number of dimensions needed for reconstruction of the phase space in such a way that no

intersection occurs in the extended phase space. One of the common methods for determining

the embedding dimension is counting the false nearest neighbours. According to [20], here, the

minimum value of the embedding dimension is considered as d = 2. The value of time delay

has to be determined as well. The method of average mutual information is used in the current

study to find the best value for time delay. The mutual information between xi and xi+T is defined

as [20]:

I(T ) =
∑

i

P[xi, xi+T ] log2

[

P[xi, xi+T ]

P[xi]P[xi+T ]

]

, (3)

where I(T ), xi and xi+T are the average mutual information function, the original time series and

the delayed time series, respectively. P[xi] and P[xi+T ] are the probabilities of occurrence of xi
and xi+T , respectively. P[xi, xi+T ] is the joint probability of occurrence of xi and xi+T . The value

of T at which the first minimum of I(T ) function is observed is considered as the optimum delay

time.

2.3. Chaotic features

2.3.1. Largest Lyapunov exponent

Lyapunov exponent is a parameter that characterizes the rate of separation of two close

trajectories in the phase space of a system. Rosenstein et al. [25] proposed an expression for

calculating the largest Lyapanov exponent (LLE) of a time series as:

λ1 =
1

∆t × M

M
∑

j=1

ln
L(tj )

L(tj−1)
, (4)

where ∆t and L are the sampling time and the minimum distance between two points of the time

series, respectively. M is the number of reconstructed points and is defined as:

M = N − (d − 1)T . (5)

2.3.2. Correlation dimension

Correlation dimension is an index of complexity of a dynamical system and can be used

to detect chaotic behaviour. It is calculated by using a correlation integral function, C(r, N),

which is defined as the ratio of the number of close points in the sphere of radius r to the total

number of points (N). From all the available algorithms for calculating the correlation function,

Grassberger-Procaccia’s algorithm is applied more often than others [26]. In this algorithm, a

set of points {Xi, i = 1, 2, . . . , N is considered on the attractor, and the correlation function is
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defined as:

C(r) = lim
N→∞

2

N2

N
∑

i, j=1
i,j

H
(

r −
⌊

Xi − Xj

⌋ )

, (6)

where r is the radius of a sphere with Xi or Xj as its centre. Xi is a point on the attractor and

the Heaviside function H
(

r −
⌊

Xi − Xj

⌋ )

checks its distance to Xj , and if it is located in the

sphere, adds it to the other points used in calculating the correlation function. The correlation

dimension, v, for a specific embedding dimension is defined as:

v = lim
r→0
N→∞

log C(r)

log r
. (7)

2.3.3. Approximate entropy (ApEn)

ApEn is an approximation of the complexity of a time series and determines the degree of

unpredictability of a signal. Low values of ApEn show that the time series is predictable and

high values of ApEn mean the time series is unpredictable. The first step of calculating ApEn is

defining a vector as:

X(i) = {x(i), x(i + 1), x(i + 2), . . . , x(i + d − 1)} , i = 1, 2, . . . , N−d+1, (8)

where d is the embedding dimension and N is the length of the time series. The distance between

two vectors is defined as the maximum difference between its elements:

d [X(i), X( j)] = (|x(i + k − 1)| − |x( j + k − 1)|) ,

i = 1, 2, . . . , N−d+1, j = 1, 2, . . . , N−d+1.
(9)

Now, Cd
i
(r) is defined as:

Cd
i (r) =

1

N − (d − 1)

∑

j,i

Θ {r − d [X(i), X( j)]} , j = 1, 2, . . . , N−d+1, j , i, (10)

where Θ{x} is a unit step function, and:

r = k × std(X). (11)

In (15), std(X) is the standard deviation of X , and k is a constant. Then, φd(r) is defined as:

φd(r) =
1

N − d + 1

N−d+1
∑

i=1

ln
[

Cd
r (i)

]

. (12)

Finally, the ApEn of a time series is defined as:

AE(d, r, N) = φd(r) − φd+1(r). (13)

3. Laboratory setup

A series of laboratory tests were carried out on a rotor shown in Fig. 1 in order to evaluate the

performance of the proposed approach. This system comprises two discs that are fixed to a shaft.
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An electrical motor drives the shaft. In order to simulate a crack, a flange is placed in the middle

of the shaft (the shaft has two parts that are attached through the flange). By removing a number

of screws out of the six screws of the flange, a crack can be simulated (Fig. 2). Rotor-stator rub is

simulated by attaching a hard plastic part to the flange and its collision with a rigid and fixed rod

in each shaft rotation. By applying a radial force to point (6) of Fig. 1 using a belt under tension,

the crack behaviour is obtained.

Fig. 1. A schematic view of the test setup: (1) and (2) discs; (3) flange; (4) coupling; (5) electrical

motor; (6) radial force; (7) and (8) fiber-optic sensors; (9) and (10) displacement sensors.

Fig. 2. A photo of the test setup: (1) hard plastic part for rub simulation; (2) flange;

(3) and (4) fiber-optic sensors; (5) and (6) displacement sensors.

Lateral vibrations of the rotor are recorded by using two noncontact displacement sensors. The

IN-085 B&K displacement sensors are installed to measure the horizontal and vertical vibrations

of the rotor close to a simulated crack. The outputs of these sensors are provided into a conditioner

and its output is acquired by the B&K Pulse data acquisition system. The torsional vibrations are

also measured. For that purpose, two zebra tapes are attached to the two discs and one of OPTEX

NF-DB01 fibre-optic sensors is installed in front of each tape. Each zebra tape has 50 white

and 50 black lines. Optical fibre sensors send the corresponding pulse-train signals of the colour

switching of the zebra tape to a Saleae 8ch – 24 MHz logic analyser. The analyser is connected to

a computer and the pulse trains are recorded with a sampling rate of 2 MHz. A screen shot of the

software of the analyser is shown in Fig. 3. The torsional vibration is extracted from the recorded

pulse trains with the method discussed in the next section. The data are recorded at two different

rotational speeds of 600 rpm and 1200 rpm. At each speed, the fully fastened flange and partially

fastened flange (cracked rotor) are tested.
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Fig. 3. Recorded signals of the encoders.

4. Torsional vibration measurement

In this study, the time of arrival is used to measure the torsional vibrations of the system.

This method is based on measurement of the moments when the encoder divisions pass a specific

location and comparing these moments with a reference signal. When the rotor is rotating with a

constant speed and without torsional vibrations, theoretically the time intervals between passage

times of the encoder divisions remain constant. In the case of torsional vibrations, speed variations

result in oscillations in the value of arrival time step. By measuring the arrival times of white

and black lines on a zebra tape (in an optical encoder) a rectangular wave can be plotted like

that shown in Fig. 4. In this figure, tref(n) and tenc(n) represent the arrival times of the reference

encoder and the second encoder, respectively.

Fig. 4. Recorded signals of the encoders and the arrival times.

Using the arrival times, the time difference between passages of each two preceding divisions

can be calculated as:

∆t(n) = tenc(n) − tref(n)(s), (14)

tenc and tref are the measured times of the rectangular wave shown in Fig. 4, and the torsional

vibration can be calculated by using the time difference vector as:

θ(n) = 360∆t(n) fshaft , (15)

where fshaft is the angular speed of the rotor in Hz. The resulting sampling frequency in this

method is:

fsamp = fshaft × Ne . (16)
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5. Results

Figure 5 shows the result of applying the method of average mutual information to the vertical

vibrations at 600 rpm and 1200 rpm. The first local minimum in each figure is considered as the

best time delay for reconstruction of the phase space at that speed. Fig. 6 shows the reconstructed

a) b)

Fig. 5. Diagrams of average mutual information vs. time delay for vibrations in the vertical direction:

a) 600 rpm; b) 1200 rpm.

a) b)

c) d)

Fig. 6. Reconstructed phase planes of the system at 600 rpm: a) healthy system; b) cracked rotor;

c) rotor-stator rub; d) cracked rotor with rub.
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phase planes of the system for different faults at 600 rpm. In this figure, the change in the system

behaviour from an almost periodic in the healthy condition to nonlinear and chaotic for a defective

system is seen. This shows the nonlinear natures of the cracks and rub.

Figures 7a and 7b show the LLEs at 600 rpm and 1200 rpm, respectively. It is observed from

Fig. 7 that a fault in the system increases the value of LLE of the vibration signal. The difference

between the values of LLEs for the non-defective and faulty conditions are significant. The change

in the value of LLE is also noticeable for most of the fault cases comparing with for the health

condition. The increase in the value of LLE shows the complexity of the vibration signals that are

caused by faults in the system. Another point noticed by comparing the two parts of Fig. 7 is that

the calculated value of LLE for rub at 1200 rpm has a significant increase comparing with that

at 600 rpm. This can be a result of higher vibration amplitudes at 1200rpm and a more severe

contact between the rotor and stator, which have a constant air gap between them. Fig. 8 shows

the values of correction dimension for different health conditions of the system and speeds of

600 rpm and 1200 rpm.

a) b)

Fig. 7. The values of LLE during the tests: a) 600 rpm; b) 1200 rpm. (N and C stand for non-defective and cracked rotor,

respectively. CB, Rub and CR stand for cracked rotor under radial force, intact rotor with rub and rotor with rub and crack,

respectively).

a) b)

Fig. 8. The values of correlation dimension: a) 600 rpm; b) 1200 rpm.
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It is observed from Fig. 8 that the calculated values of this parameter are increased for all

the fault conditions comparing with that for the healthy condition. This is a result of increases

in complexity and unpredictability of the vibration signal of a defected system. The difference

between the curves of the healthy and defected systems is noticeable. By applying the radial force

to point#6 in Fig. 1, almost the same results is obtained.

According to the equations of the previous section, it is obvious that the process of calculating

ApEn depends on two parameters: the embedding dimension d and the coefficient k. Based on

the references [12, 13, 15] the values of these parameters are considered as d = 2 and k = 0.4. As

a result, the values of ApEn for different types of fault and different speeds are shown in Fig. 9.

For ApEn, because of more frequency components and complexity of the vibration signal in a

faulty system the values of ApEn are higher comparing with that in the fault-free system.

a) b)

Fig. 9. The values of ApEn: a) 600 rpm; b) 1200 rpm.

After extracting the chaotic features and examining their values for different conditions, a

feature space is prepared. It comprises the extracted features. This feature space is then plotted for

all the faults and all the shaft speeds of 600 rpm, 900 rpm, 1200 rpm and 1500 rpm in Fig. 10. In

this figure, three axes represent values of LLE, correlation dimension and ApEn, respectively. It is

observed that the clusters of different fault conditions have no interference. There is also enough

Euclidean distance between the centers of different clusters. Therefore, these features can be used

as effective features in fault detection and diagnosis of rotors in combination with different types

of vibration features or analysis techniques.

In order to evaluate the complexity of this diagnosis case and also check the effectiveness

of the features, three conventional time-domain features (RMS, crest factor and kurtosis) are

also extracted from the signals. These three simple statistical features, which have been used in

many machinery diagnosis research studies, can be used to classify different fault conditions in

low-complexity cases. Their advantage over complex features is the fast algorithm of calculation,

although in many cases their values do not give a reasonable clue to the users as how to find the

fault condition.

Therefore, in order to evaluate these features, first the values of each of these features are

calculated for each shaft speed. These values are plotted versus sample numbers in Fig. 11 to

Fig. 13. It is apparent that, unlike the chaotic features, the values of these statistical features

do not change according to the changes in the health condition of the rotor. The RMS value at

the normal condition varies in the same range as the RMS value for a cracked or rubbing rotor.

According to Fig. 12, it is inferred that kurtosis value has a less promising pattern, where except
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a) b)

c) d)

Fig. 10. Fault diagnosis in a feature space of chaotic features: a) 600 rpm; b) 900 rpm; c) 1200 rpm; d) 1500 rpm.

a) b)

Fig. 11. The values of RMS during the tests: a) 600 rpm; b) 1200 rpm.
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for its values for a rubbing rotor at 1200 rpm, the curves for other conditions intersect. Fig. 13

shows that Crest Factor is not an effective feature for fault diagnosis of this system. There is no

specific level for the value of Crest Factor in each fault condition. In summary, evaluating each of

these three statistical features does not give any powerful discriminating tool for fault diagnosis.

Therefore, their combination has to be considered.

a) b)

Fig. 12. The values of kurtosis: a) 600 rpm; b) 1200 rpm.

a) b)

Fig. 13. The values of Crest Factor: a) 600 rpm; b) 1200 rpm.

As said before, studying the feature space determines whether a combination of features forms

an effective feature set for classification of fault conditions. Therefore, the values of kurtosis,

Crest Factor and RMS are assigned to three components in a 3-dimensional coordinate system. In

Fig. 14, the feature spaces for four different shaft speeds are shown. Because the feature is based

on the values of the features for each condition and speed, which were studied for two speeds in

Fig. 11 to Fig. 13, the clusters have overlaps and most of them are not clearly separated. There

are two groups of clusters. One has two clusters and the other has three. The clusters in each

group are mixed. It means also that a combination of these three statistical features is not suitable

for diagnosing the fault type. These feature spaces show the importance of the proposed chaotic

features in classification of the five fault conditions.
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a) b)

c) d)

Fig. 14. Fault diagnosis in a feature space of statistical features: a) 600 rpm; b) 900 rpm; c) 1200 rpm; d) 1500 rpm.

In the next step, the same feature space is formed based on torsional vibrations. This feature

space is shown for different speeds of the rotor in Fig. 11. Similar to the lateral vibrations, torsional

vibrations have separate clusters in the feature space that show a potential capability of applying

a) b)

Fig. 15. Fault diagnosis in a feature space of chaotic features extracted from torsional vibrations: a) 600 rpm; b) 900 rpm;

c) 1200 rpm.
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these features to crack and rub detection of rotors. The normal case shows completely different

values of features. It is also observed that all the fault conditions have a unique range of values

for each feature. This leads to an accurate classification, which is seen as completely separated

clusters with close nodes in each cluster.

In all the studied cases, the feature spaces are plotted, which show the effectiveness of the

chaotic features. The clusters of fault conditions are separated if the chaotic features are used,

which means an unknown condition can be identified by calculating the values of features in that

condition and examining its distance to the obtained clusters. In more complicated cases with

lower levels of signal to noise ratios, applying other features in addition to the chaotic ones and

using an artificial neural network as a classifier increases the diagnosis accuracy. There are also

feature selection algorithms, which can reduce the number of input features in order to boost

the classification success and speed. All these techniques can be applied as a combination if the

system faults and their symptoms are not clearly identified.

6. Conclusions

In summary, a method for examining the lateral and torsional vibrations of rotors caused by

cracks or rub was proposed. A test setup was prepared and the behaviour of a rotor with cracks

and rub was studied, practically. In order to measure the lateral vibrations, non-contact probes

were used. Torsional vibrations were also measured by designing a measurement system based on

fibre-optic sensors. The phase-space reconstruction method was used for examining the influence

of the faults on the chaotic behaviour of the system. Then, the phase plane of the system was

studied in each health condition of the system. The changes in the phase plane of the system in

different health conditions were noticeable. ApEn, correlation dimension and LLE in each fault

condition were calculated and used as chaotic features for fault diagnosis. These features showed

significant changes in their values in different health condition of the system. The values of three

common statistical features were also compared with the proposed chaotic features, which showed

the superiority of the proposed features. By creating a feature space, the health conditions of the

system for different samples were easily classified as separate clusters. Therefore, the phase plane

and the introduced chaotic features can be used as classification features for fault detection and

diagnosis in rotors, especially in the case of rub or cracks.
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