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A new approach to passive electromagnetic modelling of coupled-cavity quantum cascade lasers is pre-
sented in this paper. One of challenges in the rigorous analysis of such eigenvalue problem is its large
size as compared to wavelength and a high quality factor, which prompts for substantial computational
efforts. For those reasons, it is proposed in this paper to consider such a coupled-cavity Fabry-Perot res-
onant structure with partially transparent mirrors as a two-port network, which can be considered as a
deterministic problem. Thanks to such a novel approach, passive analysis of an electrically long laser can
be split into a cascade of relatively short sections having low quality factor, thus, substantially speed-
ing up rigorous electromagnetic analysis of the whole quantum cascade laser. The proposed method
allows to determine unequivocally resonant frequencies of the structure and the corresponding spec-
trum of a threshold gain. Eventually, the proposed method is used to elaborate basic synthesis rules of
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Introduction For those reasons, the aim of this paper is to propose a general

The idea of semiconductor lasers with a single edge-emitting
cavity split in two cavities coupled via an air gap was first demon-
strated in Ref. 1. One of major advantages of such splitting is in
the possibility to suppress the whole bunch of spurious modes
occurring within a broad gain spectrum of an active medium and
maintaining only selected longitudinal mode of interest. That kind
of splitting can be easily made in a single bulk cavity with reactive
ion etching [2] or focused ion beam [3]. Since the first demonstra-
tion of cavity splitting, a lot of research has been undertaken to
study experimentally the impact of coupled cavities on the perfor-
mance of various kinds of lasers [4-6]. One of specific applications
are quantum cascade lasers (QCLs), which are usually in the form
of an edge-emitting Fabry-Perot (FP) cavity with an active het-
erostructure made of a stack of semiconductor multiple quantum
wells. QCLs operate either in the infrared or terahertz spectral range
[7], although the latter one still requires cryogenic temperatures to
achieve stable generation [8]. However, despite obvious advantages
of using coupled FP cavities, only a little effort has been under-
taken, so far, to elaborate systematically the analysis and synthesis
rules of such structures, which in turn hardens the efforts toward
establishing common design rules.
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approach to the analysis of coupled FP cavities, which will then
be used to elaborate basic synthesis rules. Section 2 shows novel
methodology for electromagnetic analysis of coupled FP cavities,
while Section 3 addresses major properties of coupled FP cavities,
which have the influence on spectral characterization of the lon-
gitudinal modes. It is assumed without loss of generality that the
QCL operates in the infrared spectrum.

Electromagnetic analysis of coupled cavities

It has been shown in Ref. 9 that resonant frequencies of a single
section of a FP cavity of the length L can be uniquely determined
from the following measure resulting from the summation of a dis-
crete series of an infinite number of reflections of electromagnetic
(EM) wave from mirrors terminating the cavity:

A=1-rre 7, (1)

where rq (r,) stands for the reflectivity of the left (right) mirror, and
y is the complex propagation factor.

That concept has been extended in Ref. 10 where the authors
have shown that a can be calculated by splitting resonant cavity
into two non-resonating sections, as shownin Fig. 1, and calculating
reflection coefficients of each section of the divided cavity:

A=Ef_1 =1-5111511rs (2)

where E; represents the forward-propagating wave inside the cav-
ity, and Sjq1, S11g are the reflection coefficients of the left- and
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Fig. 1. Longitudinal cross-section of a single section of an FP cavity built of a metal-metal waveguide terminated with etched planes divided for computational reasons into
two low Q-factor sections which can be analyzed separately for complex reflection coefficients: S11; and Sy1g.
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Fig.2. Magnitude (top) and phase (bottom) of the forward-propagating wave Er as a
function of frequency computed for a single GaAs block (n=3.6) of length L=150 um
terminated with air (n=1). Resonances (anti-resonances) are indicated with green
(red) markers.

right-hand side section of the structure, respectively. In principle, it
means that the eigenvalue resonant problem can be split into two
deterministic non-resonant problems with a much lower quality
factor (Q-factor). This is of crucial importance if, for some reason,
time-domain numerical methods, which are not well suited to the
analysis of structures exhibiting a high Q-factor due to prohibitively
long computing time, are supposed to be used in the EM analysis.
According to Ref. 10, two conditions must be met at resonance,
namely, the minimum of the magnitude ’Ef‘ and zero of the phase

(1), (2),

(3);

ZEy. That property can be shown on a simple one-dimensional
example consisting of a single block of lossless GaAs dielectric
(n =3.6) of length L = 150 um terminated with air (n=1). It can
be expected that resonances, corresponding to consecutive multi-
ples of the half of the wavelength between the mirrors, will occur
at:
c
f = Nm s

where N=1,23,..., c is the speed of light, and n is the refrac-
tive index of GaAs. To confirm that, the structure was split into
two equal sections and, subsequently, the corresponding reflection
coefficients were calculated using a transfer-matrix method [11].
Spectral characteristics of the forward-propagating wave obtained
with Eq. (1) is shown in Fig. 2, which indicates that a good agree-
ment with theoretical resonant frequencies, as given in Eq. (3), has
been obtained.

Unfortunately, the aforementioned splitting method is unequiv-
ocal only for structures consisting of a single homogeneous
resonant section. In case of coupled cavities [12,13], the global
measure of the forward-propagating wave E; becomes ambigu-
ous, as in fact each cavity section contains different forward- and
backward-propagating waves. Figure 3 shows the view of an exem-
plary structure consisting of three GaAs blocks (n=3.6), each of
length L =50 pm, separated by two 2.5 um long air gaps (n=1). The
structure has been split at three different planes: in the middle of
the first dielectric slab, in the middle of the second dielectric slab
and in the middle of the first air gap. As it can be noticed in Fig. 4,
the frequency of anti-resonances, corresponding to the maximum

(3)

Fig. 3. Three GaAs blocks (grey area), each of length L =50 m, separated by two 2.5 wm long air gaps (blue area). The structure has been split at three different planes: in the
middle of the first dielectric slab (plane 1), in the middle of the second dielectric slab (plane 3) and in the middle of the first air gap (plane 2), for which the splitting method

is presented.
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Fig. 4. Magnitude (top) and phase (bottom) of the forward-propagating wave E as
a function of frequency computed for three GaAs blocks, each of length L = 50 um,
separated by two 2.5 wm long air gaps. The structure has been split at three different
planes (see Fig. 3): in the middle of the first dielectric slab (blue line), in the middle
of the second dielectric slab (red) and in the middle of the first air gap (orange line).
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Fig. 5. Two-port network representation of a FP cavity.
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of |Ef ‘ seems to be uniquely determined, although the shape of the
function is varying. On the contrary, the position of resonances sub-
stantially depends on the splitting plane, thus, making the method
hardly useful in spectral analysis of coupled cavities.

For thatreason, an alternative novel approach is proposed in this
paper to the analysis of coupled cavities, which lacks drawbacks
of the splitting approach. The formulation of the new approach
starts from reciprocity theorem [14], which states that spectral and
angular properties of any radiating structure (or transmitter) are
kept unchanged if that structure is considered as termination (or
receiver). As a result, the laser embedded in an FP resonant struc-
ture, which is radiating EM field outside the cavity through both
mirrors, like the QCL with coupled cavities, can be considered as
a two-port network driven with the signal at one port and termi-
nated on the other side. Such a network can be represented with
the scattering matrix [S] as shown in Fig. 5.

Let us consider at first the choice of input and output impedances
in the model shown in Fig. 5. Since in radiation regime, the cav-
ity is loaded at both sides with radiation impedance representing
partial leakage of energy generated inside the cavity, it is straight-
forward to apply exactly the same termination impedances at both
ends of the two-port network. Spectral characteristics of radiation
impedance can be computed rigorously using full-wave electro-
magnetic modelling tools based on such numerical methods as
finite-difference time-domain (FDTD) [15,16]. Consider, for exam-
ple, a transverse electromagnetic mode propagating along one of
external GaAs coupled cavities, as shown in Fig. 3, which is open
to the free space. If the height of the GaAs block is 8 pum, as in
Ref. 1, radiation impedance will be equal to Z;, = Z,y+ = 369.8677 —
j19.11419 £2 in the 30 THz - 33 THz frequency range.

Figure 6 shows a transmission coefficient S,1, computed for cou-
pled cavities discussed earlier (compare Fig. 3) assuming that the
structure is terminated with Z;, = Z,yr = 12077 £2 (see blue line)
and, subsequently, with the already calculated complex radiation
impedance (see orange line). Unlike in the splitting method (com-
pare Fig. 4), the maximum of |Sy;| corresponds uniquely to the
resonant frequencies of the structure.

frequency (THz)

Fig. 6. Magnitude of a transmission coefficient of three GaAs blocks, each of length
L = 50 pum, separated by two 2.5 wm long air gaps surrounded by air located in a
parallel plate line (blue line) or surrounded by unbounded free space (red line).
Resonances are indicated with arrows.
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Fig. 7. Cavity losses (blue line) and threshold gain (red line) computed for three
GaAs blocks n = 3.6, o = 3S/m), each of length L = 50 wm, separated by two 2.5 um
long air gaps.
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Fig. 8. Gain threshold computed with the algorithm proposed in this paper (solid
line) compared with Ref. [19] (dots). Computed geometry consists of two GaAs active
region blocks (1800 wm and 125 wm long) separated bya 4 pm-long air gap placed
on a thin (300 nm) Alg5GagsAs layer and a semi-insulating GaAs substrate.

Another important parameter of coupled FP cavities that needs
to be addressed is a threshold gain defined as:

() = S 2NT2) (4)

where « represents the effective losses inside a cavity and I is the
confinement factor. Effective losses of the cavity can be obtained
from the previously computed scattering matrix [S] using Nicolson
- Ross - Weir algorithm [17,18], which allows to extract complex
refractive index of effective medium from [S] parameters repre-
senting the whole cavity. Let us consider again the example of
coupled cavities shown in Fig. 3 but with additional medium losses,
for example: o = 3S/m. The resulting cavity losses and a thresh-
old gain, assuming that I"=1 (all EM field is contained within the
active medium), are presented in Fig. 7. It can be noticed that the
minimum threshold gain corresponds to the maximum of trans-
mission shown in Fig. 6 achieved at resonance. A smaller and much
narrower local dip in the threshold gain has been also achieved at
anti-resonances, where the transmission through the cavity is at
the minimum.

Figure 8 shows comparison between gain threshold computed
using the approach proposed in this paper (blue line) as compared
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Fig. 9. Coupled cavities consisting of N GaAs blocks separated by N-1 air gaps.
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Fig. 10. Typical spectrum of the magnitude of a transmission coefficient, |Sy;|, of
the structure presented in Fig. 9.

with the alternative approach [19] (orange dots). The geometry
under study consists of two GaAs active region blocks (1800 pm
and 125 pm long) separated by the 4pm-long air gap and placed
onathin (300 nm) Alg 5Gag sAs layer deposited on a semi-insulating
GaAs substrate. First of all, it can be noticed that periodicity of the
characteristics is very similar. However, the method proposed in
this paper accounts also for a multipath effect contributing to the
presence of the periodic ripples visible in the characteristics. Period
of those ripples is equal to 24 GHz and corresponds with length of
half-wavelength in longer active region block.

In conclusion of this Section, the method applicable to the analy-
sis of coupled FP cavities has been proposed and validated on simple
examples. The method takes the advantage of the fact that the FP
cavity can be represented as a two-port network using the scatter-
ing matrix [S]. It has been shown that the proposed method allows
to unequivocally derive basic properties of the coupled cavities, like
the spectrum of a threshold gain. Such an approach to the analysis
of coupled FP cavities has never been proposed before. In the next
Section, the proposed analysis method will be applied to elaborate
the synthesis procedure of a Fabry-Perot QCL consisting of coupled
cavities.

Electromagnetic synthesis of coupled cavities

As it has been shown in Ref. [19], spectral shape of total losses of
the QCL composed of two coupled cavities separated by an air gap
varies substantially with geometry. However, there are still lacking
specific synthesis rules that would enable realization of the QCL
coupled cavities with a priori specified characteristics. Therefore,
a new methodology for design of such coupled structures will be
presented in this Section.

Let us assume that the geometry consists of N GaAs blocks sep-
arated by N-1 air gaps, as presented in Fig. 9. A typical spectrum of
the magnitude of a transmission coefficient |Sy1| of such structure is
shown in Fig. 10. With analogy to RF filter design rules, periodically
repeated bands with a high transmission level are called passbands,
while the portion of the spectrum with low transmission is called
stopband, although such notions are not commonly used if a cavity
is considered from its inside, where laser generation takes place in
the middle of the passband. In general, the number of poles in the
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Fig. 11. Passband width as a function of the number of dielectric sections N calcu-
lated for various refractive indices.
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Fig. 12. Passband width as a function of the length of dielectric sections normalized
to the half of the wavelength.

passband is associated with the number of coupled cavities. Lengths
of air gap (l;) and dielectric (I;) sections depend on the expected
position of the passband and can be determined using following
formulas:

)\.0 C
la:(2P-|—1)I:(2P-i—1)4—f0 (5)
A c
ly=M3 =My e, (6)

where fj is the center frequency of the passband calculated as the
arithmetical mean of f, and f3 indicated in Fig. 10, and M and P are
natural numbers. As it can be noticed, the length of dielectric sec-
tions should be equal to the multiple of the half of the wavelength,
while air gap sections should function as impedance inverters, so
their length is quarter of the wavelength (or its odd multiple) [20].
Subsequently, the relation between the number of dielectric sec-
tions N and a passband width has been evaluated for various values
of the refractive index of dielectric material (see Fig. 11). It can
be noticed that the passband generally increases with N and con-
verges for relatively large N. Convergence of the passband width
occurs faster with N if the contrast between refractive indices of the
dielectric section and the gap becomes larger. Moreover, the largest
passband width can be obtained if the refractive index contrast is
smaller. Similar behaviour can be observed for the stopband.
Next, Figure 12 shows the impact of the length of dielectric sec-
tions normalized to the half of the wavelength (M) on the passband
width, assuming that N=10 and n = 3.6. The number of dielectric
sections (N) is large enough to assume that the passband only little
depends on N (compare Fig. 11). Consequently, it can be concluded
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case, the total length of the laser is assumed as Ly = 0.5 mm.
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Fig. 14. Stopband (blue line) and passband (orange line) widths as a function of the
number of equally long dielectric sections, assuming that the total length of the laser
should be approximately equal to Ly, =0.5 mm.

from Fig. 12 that the passband decreases logarithmically with M, as
could be expected.

If N is large enough so that the passband width no longer
depends on N (see Fig. 11), the air gap length multiplication factor
M can be estimated upon required spectral data in the following
way:

_lfo
T2 f3—f

Practically, it means that one can narrow spectral width of a
reduced threshold gain, Af = f3 - f,_ centred at fy, at the expense
of the increased electric length of dielectric sections. However, the
scale of reduction of the spectral width of a low-threshold gain is
limited as the distance between consecutive passbands is equal to
21{%, which should be much larger than a relatively broad spectral
width of gain of the active medium to avoid laser generation at
frequencies other than fy.

In practice, it is quite common that the total length of the laser
is roughly imposed by manufacturing technology. In that case,
there is limited freedom of choice of the number of coupled sec-
tions that will satisfy the aforementioned length-to-wavelength
rules. Assuming that the total length of all dielectric sections is
imposed, the increase of the number of coupled cavities results in
the decrease of their individual lengths and, consequently, in the
increase of the passband and stopband widths (see Fig. 13).

In Fig. 14, the width of stop- and pass-bands as a function of the
number of equally long sections is shown, assuming that the total
length of the laser should be approximately equal to Lyt = 0.5 mm. It
can be noticed that both bandwidths are almost linearly increasing
with the number of coupled cavities N, provided that N is relatively
small, which is in agreement with Fig. 11. At some point, however,
further increase of N no longer shapes the bandwidth and the only
reason for step changes of the bandwidth is the need to further

P

1). (7)

Table 1
QCL stack as presented in Ref. 7.

Material Height [um] Doping n [cm*]
GaAs 1 6-10'8
GaAs 3.5 4.10'8
Active region 1.62
GaAs 35 4.10'°
GaAs 1 6-10'®
GaAs 1 2.10'®
GaAs 450 2.10"8

Table 2

Materials parameters as presented in Refs. 21 and 22.
Material n [cm*] T [ps] Ecore S [THz] fc[THz]
GaAs 4x10' 0.5 12.4 6.9375 2
GaAs 6x10'® 0.1 12.4 84.9669 10
GaAs 2x 108 0.1 12.4 49.0557 10

decrease the normalized length of cavities M in order to keep the
total length fixed.

Inreal scenarios, which will be addressed in the next Section, the
minimum number N of coupled laser sections has to be established
to meet the requirements for the spectral shape of a gain threshold.

Example

A QCL made in the form of a double-plasmon Al-free GaAs
waveguide for planar optical confinement will be considered in
this Section. An active region consists of 36 sequences of an injec-
tor and 3 quantum-well segments. Geometrical properties of the
considered stack [7] are presented in Table 1.

EM modelling of a QCL can be undertaken in two steps. At
first, the parameters of the propagating mode, such as confine-
ment factor and effective permittivity, should be determined at
the cross-section of the structure and, subsequently, one dimen-
sional simulation can be executed to consider the propagation of a
given mode along the laser in order to establish spectrum of a gain
threshold.

Effective parameters of the QCL structure

Material properties of the exemplary QCL geometry [7] are pre-
sented in Table 2. In the mid-infrared, GaAs semiconductor can be
described with a Drude model:

ner “’;l
glw)=¢ W)+ i———————— =Ecore — ————, 8
( ) core( )+ a)m*(] _ la)f) core wz + le ( )

where ecore is the relative permittivity at infinite frequency, w =
27tf is the angular frequency, n is the semiconductor doping level,
T is the relaxation time, m* is the effective mass of electron, wp =
27fp is the plasma angular frequency and I" = 27f is the collision
angular frequency.

Effective properties of a TMgy mode propagating in the pre-
sented geometry computed with FDTD at f=31THz (1y=9.68
wm) is n = 3.551+j2.27 x 1074, confinement factor I"=21.81%,
confinement loss L = 6.73?—#; and effective dielectric loss tané =
1.238 x 1074,

Design of QCL coupled cavities

Subsequently, the cavity is split into coupled sections in order to
shape the threshold gain according to the requirements presented
in Table 3.



www.czasopisma.pan.pl P N www.journals.pan.pl
N

M. Krysicki, B. Salski and P. Kopyt ] Opto-Eléctronics Review 27 (2019) 268-274 273

Table 3
Design parameters used in the presented example.

Maximum total length Lot =0.25mm

31.35-31.65THz
31.00 - 31.35 and 31.65 - 32.00 THz
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Fig. 15. Transmission (blue line) of a TMyo mode through four GaAs sections, each
of length L = 60.31 m, separated by 2.38 wm long air gaps. Resonant poles within
passband of coupled cavities are marked with yellow circles. Green (red) areas are
required passband (stopband) widths.
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Fig. 16. Cavity losses (blue line) and threshold gain (red line) computed for three
GaAs blocks (n = 3.6, o = 3S/m), each of length L =50 pum, separated by two 2.5 pm
long air gaps.

Radiation impedance terminating the QCL open to the free
space, as computed with FDTD, is equal to Z=399.4 - j19.97 £2.
Maximum number of coupled half wavelength dielectric slabs
at the centre frequency fp was calculated to be Nmax=67. Next,
the minimum order Nmin=4 of such filter that still meets design
requirements was found using a bi-section algorithm. Eventually,
length of each dielectric section (air gap)is L=60.31 um (2.38 wm),
which leads to the total length of the cavity equal to 248.38 m,
was established. Results are presented in Figs. 15 and 16. It can be
noticed that design requirements, indicated with shaded regions
in Fig. 15, are well satisfied which results in a decrease of effective
cavity losses by over one order of magnitude at the frequency of
laser generation.

Conclusions

In conclusion, a new approach to the analysis of coupled Fabry-
Perot cavities has been demonstrated. It has been shown that a
resonant structure with partially transparent mirrors can be con-
sidered as a two-port filter network fed from and terminated with
radiation impedance. The method allows to determine unequivo-
cally resonant frequencies of the structure and the corresponding
spectrum of a threshold gain. These figures of merit are computed
in this paper using a widely known transfer matrix method. The
advantage is that instead of solving an eigenvalue problem, which is
often cumbersome and may require dedicated solvers based on, e.g.,
mode-matching techniques, the proposed method is fully deter-
ministic and can be split into several low-quality-factor problems.

Subsequently, essential properties of coupled Fabry-Perot cav-
ities have been presented. First of all, it has been shown that the
length of air gaps should be odd multiple of the quarter of the wave-
length long so they can operate as impedance inverters known in
filter synthesis rules. Simultaneously, the length of dielectric sec-
tions should be multiple of the half of the wavelength to become
transparent from the impedance transformation point of view. Sec-
ondly, it has been shown that over a dozen of dielectric sections is
usually enough to extend spectrum of the low-threshold gain to
the maximum available for given refractive index of the dielec-
tric section. The maximum bandwidth can be narrowed if higher
refractive index is applied. However, the total number of dielectric
sections should not be too large to avoid unwanted broadening of
the low-threshold gain spectrum width. Practically, the spectrum
of the low-threshold gain can be easily adjusted in a broad range
by changing the length of the air gaps.
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