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Abstract: As for a single line-to-ground fault in an ungrounded distribution system, the
power-frequency current is too low to detect the fault. The transient current is more palpable
than that at a power-frequency of 50 or 60 Hz. It is an effective method to estimate the fault
using the transient fault current. To analyze and calculate the transient current of single
line-to-ground faults, an equivalent circuit is proposed in this paper. This model is based on
distributed parameters of power lines. And it contains positive, negative and zero sequence
information. The transient equivalent circuit consists of equivalent resistance, equivalent
inductance and equivalent capacitance. And the method of calculation the equivalent ele-
ments is also submitted. MATLAB simulation results show that the new transient equivalent
circuit has higher accuracy and stronger adaptability compared with the traditional one.
Key words: power distribution faults, single line-to-ground fault, transient characteristics,
ungrounded distribution system

1. Introduction

Ungrounded medium voltage (MV) distribution systems are still widely used in China. The
fault current during a single line-to-ground fault condition is usually much less than 10 amps [1].
In overhead distribution circuits, the main advantage of an ungrounded system is that temporary
faults clear themselves without opening a breaker or recloser. The ungrounded system can operate
for a prolonged time with a single line-to-ground fault, and the arc can self-extinguish. So,
ungrounded systems have higher reliability [2].

There are two types of methods commonly used to selectively detect ground faults on un-
grounded systems, steady state methods and transient methods. Both methods use zero sequence
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fault currents to identify the faulted circuit. When a single line-to-ground fault occurs in an
ungrounded system, there is no flow of a substantial fault current, merely an imbalance in the sys-
tem charging currents [3]. The capacitive current flows from the upfaulted circuits to the faulted
circuit. Therefore, the direction of the capacitive current can be used to determine the faulted
circuit [4, 5]. Since the current is based on circuit capacitance to ground, it is significantly less
than the load current and difficult to be detected. Another type of method is to use the transient
voltage and current for fault diagnosis [6, 7]. The fault transient current and voltage are more
stable and strong, thus better for identifying the faulted circuit.

For analyzing the transient voltage and current characteristics of the single line-to-ground
fault, an equivalent circuit is necessary. The traditional transient equivalent circuit [1, 8] is
a resistor–inductor–capacitor (RLC) series circuit consisting of zero-sequence network lumped
parameter equivalent resistance, inductance and ground distributed capacitance. This model is
only related to the zero sequence loop, ignoring positive and negative sequence networks, and
lacking the parameter calculation method. The equivalent circuit [9, 10] using the Karrenbauer
transformation is also proposed. This method has high accuracy, but the parameters calculation is
too complex and difficult to apply in engineering practice. In this paper, based on the symmetric
component method, a simplified transient equivalent circuit is given. The method of fault location
based on the principal resonant frequency is given by combining the parameters of an overhead
power line, and the simulation is carried out using MATLAB to verify the feasibility of the
method.

2. MV Distribution networks

Electric power distribution systems deliver electricity from the highly meshed, high-voltage
transmission circuits to retail customers through overhead lines or underground cables. Primary
distribution circuits are medium-voltage circuits, typically 10 kV in China. Along most roads and
streets, distribution circuits may be found. They are mainly underground in urban, overhead in
rural, and mixed in suburban districts.

2.1. Distribution circuits

Distribution circuits are radial or looped. It generally starts with a switching device, located in
a substation and extends to a set of open points (radial circuit), or to a second substation (looped
circuit). The normal operation is radial, that is, there is only one power source for a specific user.
A feeder is one of the circuits out of the substation. The main feeder is the backbone of the circuit,
which is also called the mainline. The mainline is normally a modestly large conductor such as
a 120 or 400 mm2 aluminum or copper conductor. Utilities often design the main feeder for 400
ampere or above. Branching of the mainline consists of one or more laterals, which are also called
branches, or branch lines.

Distribution systems in China are similar to that of Europe. They are designed and operated
as three-phase three-wire ungrounded or ungrounded systems. Distribution circuits are overhead
or underground. Generally, the overhead lines are cheaper than the underground cables. A distri-
bution feeder has four electrical parameters: series resistance (R), series inductance (L), shunt
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conductance (G), and shunt capacitance (C). Since conductance G is very small, neglecting it
has little effect on the transient process of fault analysis, so it can be ignored.

2.2. Overhead lines

Most conductors of overhead lines are either aluminum or copper. Aluminum is widely used
for an overhead system. It is lighter and less expensive than the copper one. Copper has very good
properties that limit corrosion in the presence of salts, so it is installed in coastal and corrosive
areas. Most of overhead lines are bare conductors. They are exposed to the direct contact with the
atmosphere. To limit tree faults and improve safety for residents, covered conductors are widely
used in recent years, such as an aerial cable. An aerial cable has a covering of insulation capable of
withstanding phase to ground voltages. It reduces the probability of a fault if tree branch bridges
have two or more conductors.

In China, MV distribution overhead lines are three-wire systems (with no neutral). The
parameters of overhead lines can be calculated according to the formula, or be checked against
the engineering manual. For most urban areas, an all-aluminum conductor (AAC) is a good
choice. It has sufficient strength and good thermal characteristics. In rural applications, smaller
conductors and longer pole spans are used, so a higher-strength conductor as an aluminum
conductor, steel reinforced (ACSR), is more appropriate. At present, utilities in China standardize
on a set of following conductors: utilities use 120 mm2, 150 mm2, 185 mm2 and 240 mm2 cables
for mainlines and 50 mm2, 70 mm2, 95 mm2, 120 mm2 cables for branch lines. The electrical
parameters of lines can be calculated or looked up against the handbook. For example, AAC
overhead line parameters with a conductor size of 150 mm2, the average distance between wires
1.25 m, the electrical parameters are shown in Table 1.

Table 1. Electrical parameters of overhead line

R L C
(Ω/km) (mH/km) (nF/km)

Positive-sequence 0.222 1.09 10.76

Negative-sequence 0.222 1.09 10.76

Zero sequence 0.367 5.06 4.13

2.3. Underground cables

Much of the new distribution circuits are underground in urban areas. Underground cables are
hidden from view, and are more reliable than overhead lines. They are also safer to the public than
overhead lines. Underground cables are typically used for mainline feeders, network feeders, and
other high current applications. Underground cables have significant capacitance, much larger
than overhead lines. The fault current during line-to-ground fault conditions in underground
systems is much stronger than that of an overhead line. So, underground cables are limited when
used in an ungrounded distribution system.
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3. Equivalent circuit and simplification

During single line-to-ground faults (such as phase A), the voltage in the faulted phase drops
to near zero and in the unfaulted phases (phase B and C) rises to

√
3 times the nominal value.

3.1. Compound sequences network model
A single line-to-ground fault is a type of unbalanced fault. The calculation of the current

values involves the use of the method of symmetrical components, which requires the calculation
of three independent system components. For a single line-to-ground fault in phase A, as shown in
Fig. 1(a), the equivalent circuit for compound sequences (includes the positive sequence, negative
sequence and zero sequence) is given in Fig.1(b), where:

– Z1Σ is the impedances of the system for the positive sequence.
– Z2Σ is the impedances of the system for the negative sequence.
– Z0Σ is the impedances of the system for the zero sequence.
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(a) Line-to-ground fault on phase A (b) Compound sequences equivalent circuit

Fig. 1. Line-to-ground fault on ungrounded system

In distribution networks, loads are distributed on the distribution circuits in turn. The
impedance of the load is much higher than the impedance of the line and the short-circuit
impedance at the fault point. For the simplification of the calculation, the influence of the load is
ignored in the simplification of the model. It is considered that:

– Three-phase loads are completely balanced, and distribution lines are completely symmet-
rical without the coupling of the positive sequence, negative sequence and zero sequence.
Z1Σ is equal to Z2Σ.

– The ends of lines are open.

3.2. Positive (negative) sequence network
As shown in Fig. 1(a), we call the transformer of the substation to the fault point as fault

upstream and the fault point to the line end as fault downstream. So, the positive sequence
impedance Z1Σ is the result of paralleling the positive sequence impedance of the fault upstream
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(Z1Σ−u) and the positive sequence impedance of the fault downstream (Z1Σ−d). In the upstream
of the fault point, each unfaulted line (Z1Σ−1, Z1Σ−2, . . .) and transformer (Z1T ) are connected
in parallel (Z1T //Z1Σ−1//Z1Σ−2//, . . .), and then connect with the positive sequence impedance
of the fault line upstream (Z1− f u). (Z1Σ−d) is simply equal to the fault line downstream positive
sequence impedance (Z1−fd). So, the Z1Σ is:

Z1Σ =
(
(Z1T //Z1Σ−1//Z1Σ−2// . . .) + Z1− f u//Z1− f d

)
, (1)

where: Z1Σ−1 is the positive sequence impedance of the first line, Z1Σ−2 is the positive sequence
impedance of the second line.

Regardless of the influence of loads, the positive sequence impedance of the unfaulted line is much
larger than the positive sequence impedance of the transformer. So, (Z1T //Z1Σ1//Z1Σ2//...)≈Z1T .
Furthermore, ignoring the loads, the end of the fault line is open. So, Z1− f d is much greater than
Z1T + Z1− f u , that is (Z1T + Z1− f u)//Z1− f d ≈ Z1T .

Z1Σ = Z1T + Z1− f u . (2)

The upstream impedance of the fault point (Z1− f u ) is the impedance of the line between
the fault point and the transformer in the substation. Z1− f u is the product of resistance per unit
length (Ru1) and length (l f u), R1− f u = Ru1 l f u . Equation (2) can be simplified as an equivalent
inductance and an equivalent capacitance. So,

R2Σ = R1Σ = RT1 + Ru1l f u
L2Σ = L1Σ = LT1 + Lu1l f u

 , (3)

where: l f u is the length of the line between the fault point and the transformer in the substation.

3.3. Zero sequence network

For the zero sequence networks of Fig. 1, the zero-sequence impedance Z0Σ is equal to the
parallel of the upstream zero sequence impedance Z0Σ−u and the downstream zero sequence
impedance at the Z0Σ−d . The zero sequence impedance of all unfaulted lines (Z0Σ−1, Z0Σ−2, . . .)
is parallel to each other, and then connected with the upstream zero sequence impedance (Z0− f u).
The downstream of the fault is only the fault line, so Z0− f d is equal to the downstream fault line
zero sequence impedance (Z0− f d). So, the Z0Σ is:

Z0Σ =
(
(Z0Σ−1//Z0Σ−2// . . .) + Z0− f u

)
//Z0− f d , (4)

where: Z0Σ−1 is the zero sequence impedance of the first line, Z0Σ−2 is the zero sequence impedance
of the second line.

In the zero-sequence networks, the distributed capacitors are the main components of an
unfaulted line. The whole capacitance of an unfaulted line can be expressed as the product of
the capacitance per unit length and the length of the line, C0 = Cu0 l. The line upstream of
the fault point can be equivalent to the comprehensive influence of resistance, inductance and
capacitance. The line downstream of the fault point is mainly the effect of distributed capacitance
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to the ground. The calculation of the capacitor is the same as that of the healthy line. In summary,
the zero sequence networks can be simplified as:

R0Σ = Ru0 l f u

L0Σ = Lu0 l f u

C0Σ = Cu0 lΣ


, (5)

where: l f u is the length of the line between the fault point and the transformer in the substation,
lΣ is the whole length of all lines at the same bus.

3.4. Equivalent circuit

According to the simplification results as shown before, the circuits of the compound se-
quences in Fig. 1(b) can be simplified as in Fig. 2(a). Further, simplifying the resistance (RΣ),
inductance (LΣ) and capacitance (CΣ), it can simplify the circuit as shown in Fig. 2(b). In Fig. 2(b),
R is the resistance of the equivalent circuit, L is the equivalent inductance, and C is the equivalent
capacitance. E1 is the power supply, E1 = Vm sin(ωnt + ϕ), where: ωn is the nominal frequency,
100π (in China).
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Fig. 2. Equivalent circuit for transient calculation

In addition, the equivalent in Fig. 2(b), represented by R, L, C is shown as:

R = 3Rf + 2
(
Rul l f u + RT1

)
+ Ru0l f u

L = 2
(
Lul l f u + LT1

)
+ Lu0l f u

C = Cu0 lΣ


. (6)
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4. Transient analysis of a single line-to-ground fault

Using a transient equivalent circuit as in Fig. 2(b), the characteristic equation of a single line
-to-grounding fault can be established, and the transient process can be analyzed.

4.1. Characteristic equation of equivalent circuit
The transient process of a single line-to-ground fault can be simplified to a second-order

circuit as shown in Fig. 2(b), which is mainly composed of series resonance between inductors
and capacitors. Using the voltage of the capacitor C(vc) as a variable, the transient equation of
Fig. 2(b) is:

LC
d2vc

dt2 + RC
dvc
dt
+ vc = E1

i = C
dvc
dt

vc (0−) = 0

i (0−) = 0


. (7)

Equation (7) is a second-order differential equation whose solution consists of two parts,
a general solution and a special solution. The general solution can be obtained according to the
characteristic equation. Its characteristic equation is as follows:

LCp2 + RCp + 1 = 0. (8)

Its characteristic root can be evaluated by:

p1,2 =
−R
2L
±

√(
R

2L

)2
− 1

LC
. (9)

We set:
δ =

R
2L
, ω2

0 =
1

LR
, ω2

s = ω
2
0 − δ2, Im = VmωnC

and then
p1,2 = −δ ±

√
δ2 − ω2

0 . (10)

Corresponding to different resistors R, the solutions of their characteristic roots are different,
which can be divided into under-damped, critically damped and over-damped.

The special solution of (8) is:

vcp = A1 sin (ωnt + ϕ1) , (11)

where

A1 =
Vm/(ωnC)√

R2 + (ωnL − 1/(ωnC))2
, ϕ1 = ϕ −

π

2
− arctan

ωnL − 1/(ωnC)
R

.
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For an overhead line, the capacitive reactance is much larger than the resistance and the
reactance of the line. That is

1
ωnC

≫ ωnL,
1
ωnC

≫ ωnR.

So, A1 and ϕ1 can be simplified as:

A1 =
Vm/(ωnC)√

R2 + (ωnL − 1/(ωnC))2
≈ Vm/(ωnC)√

R2 + (−1/(ωnC))2
≈ Vm

and
ϕ1 = ϕ −

π

2
− arctan

ωnL − 1/(ωnC)
R

≈ ϕ − π
2
− arctan(−1/(ωnC)) ≈ ϕ.

So, the voltage and current of capacitor C is

vcp = Vm sin (ωnt + ϕ)

icp = Im cos (ωnt + ϕ)

 . (12)

4.2. Underdamped
If R < 2

√
L/C, characteristic Equation (8) has two complex conjugate solutions. For overhead

lines
√

L/C is approximately equal to its characteristic impedance, about 300 ∼ 400 Ω. So,
according to (6), if the grounding resistance Rf is less than 200 ohms, the voltage and current of
capacitor C will oscillate. They are composed of the transient component attenuated with time
and the steady component of constant amplitude sine oscillations, as (13).

vc = Vm (K1 sin(ωst) − sin ϕ cos(ωst)) e−δt + vcp
)

K1 = (−δ sin ϕ − ωn cos ϕ) /ωs

ic = Im (K2 sin(ωst) − cos ϕ cos(ωst)) e−δt + i
)

K2 =
1/(LC)
ωnωs

sin ϕ +
δ

ωs
cos ϕ


, (13)

where: ωs is the principal resonant frequency, ωn is the power frequency ωn = 2π f , f = 50 Hz.
The principal resonance has the lowest frequency, the largest energy, and the most obvious

feature. The principal frequency is:

ωs =

√
− 1

LC
−

(
R

2L

)2
, (14)

where L, R, C can be calculated by (6).
It can be seen that the principal resonant frequency is determined by the line-to-ground

distributed capacitance, the distance from the fault point to the transformer of the substation,
the grounding resistance of the fault point, and the impedance of the transformer. For metal
grounding, Rf = 0, the principal resonant frequency can be further simplified:

ωs ≈
1
√

LC
=

1√(
2Lu1l f u + 2LT1 + Lu0l f u

)
Cu0lΣ

. (15)
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It can be seen that the larger the distributed capacitance of the phase to ground and the
farther the fault point is from the transformer, the smaller the principal resonance frequency. For
a system, the line-to-ground distributed capacitance Cu0lΣ is constant and does not change with
the location of the fault point. The inductance of the transformer LT1 is also determined. So,
the principal resonant frequency depends on the distance from the fault point to the transformer
of the substation. Exploiting this property, the fault point can be located. The principal resonant
frequency can be calculated according to the typical overhead line parameters, such as in Table 1.
For example, total length of the distribution line is 100 km, LT1 = 1.1 mH. It can be calculated
that when the fault point is 1 km away from the transformer, the principal resonant frequency is
2550 Hz, and when the fault point is 10 km away from the transformer, the principal resonant
frequency is 907 Hz. The relationship between the location of the fault points and the principal
resonant frequency is shown in Fig. 3.

Fig. 3. Resonant frequency varies
with the fault location

The attenuation factor δ is:

δ =
R

2L
=

3Rf + 2
(
Ru1l f u + RT1

)
+ Ru0l f u

2
(
2Lu1l f u + 2LT1 + Lu0l f u

) ≈

≈ 2Ru1 + Ru0

2 (2Lu1 + Lu0)
+

3Rf

2 (2Lu1 + Lu0) l f u
.

(16)

The value of δ is affected by the distance from the fault point to the transformer and the
grounding resistance Rf . When the grounding resistance is constant, ignoring the influence of
the resistance and inductance of the transformer, the attenuation factor changes with the distance
from the fault point to the transformer. Therefore, as the distance increases, δ decreases gradually.
The attenuation factor reflects the duration of the transient process. The larger the attenuation
factor, the faster the attenuation speed, making fault detection more difficult. For overhead lines,
the attenuation factor is generally high. As the grounding resistance Rf = 1 Ω, the fault point
1 km away from the transformer, δ is 241 (1/s) and the corresponding attenuation time is 4.1 ms;
the fault point 10 km away from the transformer, δ is 76 and the corresponding attenuation time
is 13.2 ms.
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5. Simulation verification

We built a typical 10 kV distribution network circuit. The simulation was carried out by using
MATLAB, and the distributed parameter model was used as a reference. Different equivalent
circuits were used for comparison verification.

5.1. Simulation model
The simulation power distribution system includes an 110 kV power source, a 110/10.5 kV

transformer, 8 overhead lines, and the total length of the line is 80 km. The transformer with
capacity 50 MVA, impedance 10.5% is a three-phase two-winding transformer. There are 8 lines
connected to the same transformer, and their lengths are 3 km, 5 km, 6 km, 9 km, 10 km, 12 km,
15 km, and 20 km, respectively. The impedance parameters of the lines are selected from Table 1.
The fault occurred on the line which length is 15 km.

MATLAB is used to simulate and verify. With the reference of the distributed parameter
model, the frequency, amplitude and attenuation factor of the principle resonant component of
the transient current of a single-phase to ground fault are analyzed by using different equivalent
circuits, such as distributed parameter circuits, a traditional equivalent circuit and equivalent
circuit in this paper.

5.2. Traditional model
The traditional equivalent circuit only considers the zero sequence circuit of the fault line,

and the calculation of the equivalent resistance, inductance and capacitance are mainly based on
the zero sequence circuit as (17).

R0Σ = Ru0l f + 3Rf

L0Σ = Lu0l f

C0Σ = Cu0lΣ


, (17)

where: l f is the length of the fault line, lΣ is the whole length of all lines at the same bus.

5.3. Simulation verification
For example, a fault point is located on a 15 km line, and grounding resistance is 1 Ω. The fault

point is located at a distance of 5 km, 10 km from the substation, and the transient zero-sequence
current waveforms of each model are shown in Fig. 4.

As can be seen from Fig. 4, the transient zero sequence current of the model proposed in this
paper has a higher degree of compliance with the results of the distributed parameter model. It
can well reflect the change process of the zero sequence current.

When the fault point is at different positions (0.5 ∼ 15 km from the substation) on the line of
15 km, different models (distributed parameter model (Dis)), the model proposed in this paper
(New), traditional model (Old)) are used to calculate the transient zero-sequence current of the
fault line. The frequency, amplitude, and attenuation factor of the zero-sequence current are shown
in Fig. 5.
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(a) Fault point distance of substation 5 km (b) Fault point distance 10 km

Fig. 4. Fault current of different models

(a) Frequency of zero sequence current (b) Attenuation factor of zero sequence current

Fig. 5. Principle resonance of zero sequence current for different models

It can be seen from Fig. 5:
1. The equivalent circuit established in this paper simulates the transient zero-sequence current

significantly better than the traditional equivalent circuit. For faults near the substation, the
effect of the simulation is closer to the result of the distributed parameters due to the
influence of the positive (negative) sequence inductance considered.

2. The simulation of the zero sequence current in the transient equivalent circuit established
in this paper has high precision and is less affected by the distance from the fault point to
the substation, which has strong applicability.
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6. Conclusions

The transient equivalent circuit of a single line-to-ground fault in an ungrounded distribution
system can be used to analyze and simulate the principal resonant component of the transient
state of zero sequence current, which is the basis of fault transient analysis. The traditional
transient equivalent circuit ignores the positive (negative) sequence components, which are too
rough. In this paper, a transient equivalent circuit of a series RLC is developed to simulate the
transient process of a zero sequence current single phase to ground fault. In the new model,
the equivalent resistance is the sum of the upstream fault line compound sequence (positive,
negative and zero sequence) resistance, the transformer resistance and the grounding resistance.
The inductance is also the sum of the upstream fault line compound sequence (positive, negative
and zero sequences) inductance and the transformer inductance. The capacitance is the zero
sequence distributed capacitance of the three phases to ground. The relevant parameters of the
model are simple and can meet the engineering needs. A large number of simulation experiments
and theoretical analysis were carried out to verify that the transient equivalent circuit has high
simulation accuracy and strong adaptability to the principal resonance components of the transient
zero sequence current of a single line-to-ground fault.
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