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1. Introduction

In the literature, various models of a projectile’s motion are 
discussed:
●	 the point mass trajectory model [1, 2];
●	 the rigid body trajectory model [1, 3–5];
●	 the modified point mass trajectory model [2, 6–9].

This paper is focused on the last one – moderately complex and 
able to describe the motion of the projectile sufficiently. This 
model has four degrees of freedom (three coordinates of the 
center of mass and angular rate around the axis of symmetry) 
– one degree more than the simplest point mass motion model. 
It was pointed out that this model was originally written in the 
implicit form. The comparison of the results and simulation 
time of the projectile’s flight calculated using the modified point 
mass trajectory model in its implicit form and rigid body motion 
model can be found in [7] and [10]. The system of equations 
is as follows

x ̇  = u, (1a)

 m ¢ u ̇  = DF + LF + MF + mg + mΛ =
m ¢ u ̇  = AF + EF,

 (1b)

Ix ¢ p ̇  = SDM, (1c)

where x = [x, y, z] (Fig. 1) is the three–dimensional position 
vector, u is the velocity vector with respect to a ground refer-
ence system, p is the angular velocity of the spinning motion, 
SDM is the torque slowing down the spin
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• the rigid body trajectory model [1, 3–5];
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This paper is focused on the last one – moderately complex
and able to describe the motion of the projectile sufficiently.
This model has four degrees of freedom (three coordinates of
the center of mass and angular rate around the axis of sym-
metry) – one degree more than the simplest point mass motion
model. It was pointed out that this model was originally written
in the implicit form. The comparison of the results and simula-
tion time of the projectile’s flight calculated using the modified
point mass trajectory model in its implicit form and rigid body
motion model can be found in [7] and [10]. The system of equa-
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ẋ = u, (1a)

m · u̇ = DF+LF+MF+mg+mΛΛΛ
= AF+EF, (1b)

Ix · ṗ = SDM, (1c)

where x= [x,y,z] (Fig. 1) is the three–dimensional position vec-
tor, u is the velocity vector with respect to a ground reference
system, p is the angular velocity of the spinning motion, SDM
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is the torque slowing down the spin

SDM =
ρv2

2
Sd Cspin

pd
v

, (2)

and DF, LF, MF, mg, mΛΛΛ are the drag force, lift force, Magnus
force, gravitational force, Coriolis force respectively.

DF =−ρv2

2
S
(
CD0 +CDα2 ·α2

e
) v

v
, (3a)

LF =
ρv2

2
S
(
CLα +CLα3 ·α2

e
)

αααe , (3b)

MF =−ρv2

2
S

pd
v

Cmag−f αααe ×
v
v
. (3c)

AF denotes the sum of all the partial aerodynamic forces
(DF, LF, MF) and EF – total external forces (mg, mΛΛΛ). Co-
efficients of aerodynamic forces used in Eqs. (3):

CD0 drag force coefficient,
CDα2 induced drag force coefficient,
CLα lift force coefficient,
CLα3 cubic lift force coefficient,
Cmag−f Magnus force coefficient,
Cspin spin damping coefficient.

The trouble with this model lies within the expression for the
yaw of repose vector αααe. In order to calculate the αααe it has to
satisfy the equality condition between the overturning aerody-
namic moment of force and the stabilizing torque of the gyro-
scopic precession [2, 7]:

ρv2

2
Sd

(
CMα +CMα3 ·α2

e
)

αααe =−Ix p
v× u̇

v2 . (4)

In the above equation: CMα is the overturning moment coeffi-
cient and CMα3 is the cubic overturning moment coefficient. It is
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and DF, LF, MF, mg, mΛ are the drag force, lift force, Magnus 
force, gravitational force, Coriolis force respectively.
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AF denotes the sum of all the partial aerodynamic forces (DF, 
LF, MF) and EF – total external forces (mg, mΛ). Coefficients 
of aerodynamic forces used in Eqs. (3):

CD0 drag force coefficient,
CDα2 induced drag force coefficient,
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namic moment of force and the stabilizing torque of the gyro-
scopic precession [2, 7]:

ρv2

2
Sd

(
CMα +CMα3 ·α2

e
)

αααe =−Ix p
v× u̇

v2 . (4)

In the above equation: CMα is the overturning moment coeffi-
cient and CMα3 is the cubic overturning moment coefficient. It is
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easily seen that vector αααe depends on u̇, which makes the dif-
ferential equation being defined by an implicit function. There-
fore, the main objective of the study [11] was to present a way
to obtain an explicit form of the modified point mass model.
The explicit form of the mathematical motion model was de-
rived under some additional assumptions:
• in the equations for the aerodynamic forces only the terms

up to O(α2
e ) order are being considered;

• the wind velocity derivative is set to zero

ẇ ≡ 0, (5)

which means that the wind is constant along the projectile’s
flight path.

Furthermore, the Cartesian coordinate system for the velocity
vector v was changed into spherical coordinate system, which
was the key factor to develop the explicit form of the modi-
fied point mass model. The final form of the explicit system
of ODEs (equivalent to the modified point mass model) is as
follows (Eqs. (62a)–(62d) in [11])

ẋ = v+w, (6)

where x is the three-dimensional position vector,

ṗ =
ρ v2

2 Ix
SdCspin · p̂, S =

π d2

4
, (7)

v̇ =−ρv2

2m
S

(
CD0 +ĈDα2

(
2mg
ρ v2 S

)2

Î2
x p̂2 cos2(γa)(

1− Îx p̂2 Ĉmag− f

)2
+
(

Îx p̂ĈLα

)2


−gsin(γa) , (8)

[
γ̇a

χ̇a cos(γa)

]
=−g

v
cos(γa)

(1− Îx p̂2 Ĉmag− f )2 +(Îx p̂ĈLα)2

[
1− Îx p̂2 Ĉmag− f

Îx p̂ĈLα

]
, (9)

Îx =
Ix

md2 , p̂ =
pd
v

,

ĈDα2 =
CDα2

CMα
2 , ĈLα =

CLα

CMα
, Ĉmag−f =

Cmag−f

CMα
,

Ix axial moment of inertia,
γa elevation of the velocity vector in the global reference

frame,
χa azimuth of the velocity vector in the global reference

frame.
The derivation of the model presented in [11] was conducted
for homogeneous wind (5). This paper focuses on the model’s
equation derivation for the non–constant wind.

The derived explicit trajectory model can be used in Fire
Control Systems. Its improved form (with comparison to the
implicit form) is suitable for fast algorithms [12] for projectile
impact point calculation, as well as for projectile aerodynamic
characteristics identification [13].

In 1990 J.W. Bradley [14] made an attempt to derive explicit
form of the modified point mass trajectory model presented
in [6]. However, the report lacks depth in both describing the
problem as well as in solving it. It is important to notice differ-
ences between this paper and the report by J.W. Bradley:
1. Bradley derived the model based on the implicit form of

the Lieske model presented in [6], where the coefficients
of the lift force and the overturning moment are linearly
dependent on the yaw of repose. Bradley, in order to derive
the explicit form of the model, omitted the Magnus force
coefficient in the formula for yaw of repose.
The model presented in this paper was derived based on the
implicit form of the modified point mass trajectory model
presented in [2], where coefficients for the lift force and
the overturning moment depend non–linearly on the yaw of
repose.

2. Bradley derived vector equations. Authors present also the
scalar form of the model in the reference system associated
with projectile’s velocity.

3. Bradley did not take into account the influence of the inho-
mogeneous wind, which is the main subject of this article.

2. Broader view: including non-homogeneous
wind, discussing generalizations

2.1. Preliminaries: general wind. Through current study, the
wind will be considered variable other than what was previ-
ously considered [11] (i.e. ẇ ≡ 0). Now this assumption will
be dropped, and it will be shown that morally nothing changes
with the M-model. In some sense, all the effects of the wind
will be incorporated into the external forces EF. At the begin-
ning let us stress that one needs to be careful and must not mix
v and u, the former is the velocity of the air-flow, whereas the
latter – the velocity of the projectile with respect to a ground
reference system. It holds that

v = u−w, (10)
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which obviously implies

u̇ = v̇+ ẇ. (11)

Recall that in general terms the implicit differential system was

ẋ = u , (12)

m u̇ = AF+EF(0) , (13)

Ix ṗ = SDM . (14)

The external forces have been ornamented by a superscript
which tells that those are the original external forces – in a mo-
ment wind corrections to external forces will be derived. More-
over, authors decided to use the direction of v to define the air-
frame reference system. Thus, the second equation needs to be
modified:

ẋ = v+w , (15)

m v̇ = AF+EF(0)−m ẇ , (16)

Ix ṗ = SDM . (17)

The derivation in [11] (specifically Eq. (26) in [11]) assumed
that αααe was proportional to êvvv × v̇, where

êvvv =




cosγa cos χa

cosγa sin χa

sinγa


 . (18)

This was due to the fact that v̇ was the same as u̇ which is no
longer true. The task is to calculate êvvv × u̇ because (recall (4))

CMα ·αααe =− 2m
ρv2 S

Îx p̂ êvvv × u̇. (19)

However, to cope with this let us first discuss the general wind.
The general wind is a function w(x, t). Therefore

ẇ = (∇∇∇x w) · ẋ+ ∂ w
∂ t

= (∇∇∇x w) ·u+
∂ w
∂ t

= (∇∇∇x w) · (v+w)+
∂ w
∂ t

. (20)

By using (11) one gets that

êvvv × u̇ = êvvv × v̇+ êvvv × ẇ (21)

and when confronted with (20) one notices that the second sum-
mand does not depend on u̇ nor v̇! Thanks to this the previous
derivation still holds, there is only a need for some redefinitions.

First, using (20)

CMα ·αααe =− 2m
ρv2 S

Îx p̂ êvvv × u̇

=− 2m
ρv2 S

Îx p̂ (êvvv × v̇+ êvvv × ẇ)

= CMα ·
(

ααα(0)
e +ααα(ẇ)

e

)
. (22)

Both LF and MF are linear with respect to αααe thus the wind-
term can be shifted toward the external forces EF.

2.2. Modified external forces. In (22) it was argued that the
vector αααe in the case of general wind is the sum of the ho-
mogeneous part and the ẇ-part, which was zero in case of the
homogeneous wind. Now the aerodynamic forces take the form

LF =−m ĈLα Îx p̂ (êvvv × v̇+ êvvv × ẇ)

= LF(0) +LF(ẇ), (23)

MF =−m Ĉmag−f Îx p̂2 êvvv × (êvvv × v̇+ êvvv × ẇ)

= MF(0) +MF(ẇ). (24)

the paper introduced the convention that AF are aerodynamic
forces dependent on αααe, this notion needs to be more precise,
namely AF will stand for all the forces that depend implicitly
on u̇, i.e. on ααα(0)

e . Therefore

AF
(
x, u, p; w, ααα(0)

e
)
= DF+LF(0) +MF(0) (25)

and

EF
(
x, u, p; w

)
= EF(0) +LF(ẇ) +MF(ẇ)−m ẇ

= EF(0) +EF(ẇ) . (26)

Above, in (26) the symbol EF(0) stands for the initial forces
excluding the interaction with the wind, e.g. the gravitational
force, the Coriolis force, the global corrections etc. As before
the explicit form of EF(0) is irrelevant to the derivation. The
ẇ-part of the external forces is

EF(ẇ) =−mÎx p̂
(

ĈLα êvvv × ẇ+

+p̂ Ĉmag−f êvvv × (êvvv × ẇ)
)
−m ẇ

=−mÎx p̂
(

ĈLα êvvv × ẇ+

−p̂ Ĉmag−f (ẇ− (êvvv ◦ ẇ) · êvvv)
)
−m ẇ

=−mÎx p̂ · êvvv ×
(

ĈLα ẇ+

+p̂ Ĉmag−f êvvv × ẇ
)
−m ẇ . (27)

From the form (27) of the wind correction EF(ẇ) one notices at
first that

EF(ẇ) ◦ êvvv =−m ẇ◦ êvvv . (28)
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which obviously implies

u̇ = v̇+ ẇ. (11)

Recall that in general terms the implicit differential system was

ẋ = u , (12)

m u̇ = AF+EF(0) , (13)

Ix ṗ = SDM . (14)

The external forces have been ornamented by a superscript
which tells that those are the original external forces – in a mo-
ment wind corrections to external forces will be derived. More-
over, authors decided to use the direction of v to define the air-
frame reference system. Thus, the second equation needs to be
modified:

ẋ = v+w , (15)

m v̇ = AF+EF(0)−m ẇ , (16)

Ix ṗ = SDM . (17)

The derivation in [11] (specifically Eq. (26) in [11]) assumed
that αααe was proportional to êvvv × v̇, where

êvvv =




cosγa cos χa

cosγa sin χa

sinγa


 . (18)

This was due to the fact that v̇ was the same as u̇ which is no
longer true. The task is to calculate êvvv × u̇ because (recall (4))

CMα ·αααe =− 2m
ρv2 S

Îx p̂ êvvv × u̇. (19)

However, to cope with this let us first discuss the general wind.
The general wind is a function w(x, t). Therefore

ẇ = (∇∇∇x w) · ẋ+ ∂ w
∂ t

= (∇∇∇x w) ·u+
∂ w
∂ t

= (∇∇∇x w) · (v+w)+
∂ w
∂ t

. (20)

By using (11) one gets that

êvvv × u̇ = êvvv × v̇+ êvvv × ẇ (21)

and when confronted with (20) one notices that the second sum-
mand does not depend on u̇ nor v̇! Thanks to this the previous
derivation still holds, there is only a need for some redefinitions.

First, using (20)

CMα ·αααe =− 2m
ρv2 S

Îx p̂ êvvv × u̇

=− 2m
ρv2 S

Îx p̂ (êvvv × v̇+ êvvv × ẇ)

= CMα ·
(

ααα(0)
e +ααα(ẇ)

e

)
. (22)

Both LF and MF are linear with respect to αααe thus the wind-
term can be shifted toward the external forces EF.

2.2. Modified external forces. In (22) it was argued that the
vector αααe in the case of general wind is the sum of the ho-
mogeneous part and the ẇ-part, which was zero in case of the
homogeneous wind. Now the aerodynamic forces take the form

LF =−m ĈLα Îx p̂ (êvvv × v̇+ êvvv × ẇ)

= LF(0) +LF(ẇ), (23)

MF =−m Ĉmag−f Îx p̂2 êvvv × (êvvv × v̇+ êvvv × ẇ)

= MF(0) +MF(ẇ). (24)

the paper introduced the convention that AF are aerodynamic
forces dependent on αααe, this notion needs to be more precise,
namely AF will stand for all the forces that depend implicitly
on u̇, i.e. on ααα(0)

e . Therefore

AF
(
x, u, p; w, ααα(0)

e
)
= DF+LF(0) +MF(0) (25)

and

EF
(
x, u, p; w

)
= EF(0) +LF(ẇ) +MF(ẇ)−m ẇ

= EF(0) +EF(ẇ) . (26)

Above, in (26) the symbol EF(0) stands for the initial forces
excluding the interaction with the wind, e.g. the gravitational
force, the Coriolis force, the global corrections etc. As before
the explicit form of EF(0) is irrelevant to the derivation. The
ẇ-part of the external forces is

EF(ẇ) =−mÎx p̂
(

ĈLα êvvv × ẇ+

+p̂ Ĉmag−f êvvv × (êvvv × ẇ)
)
−m ẇ

=−mÎx p̂
(

ĈLα êvvv × ẇ+

−p̂ Ĉmag−f (ẇ− (êvvv ◦ ẇ) · êvvv)
)
−m ẇ

=−mÎx p̂ · êvvv ×
(

ĈLα ẇ+

+p̂ Ĉmag−f êvvv × ẇ
)
−m ẇ . (27)

From the form (27) of the wind correction EF(ẇ) one notices at
first that

EF(ẇ) ◦ êvvv =−m ẇ◦ êvvv . (28)
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Moreover, by elementary algebra

EF(ẇ) ◦ êγγγ = mÎx p̂
(

p̂ Ĉmag−f ẇ◦ êγγγ+

− ĈLα ẇ◦ êχχχ

)
−m ẇ◦ êγγγ , (29)

EF(ẇ) ◦ êχχχ = mÎx p̂
(

ĈLα ẇ◦ êγγγ+

+ p̂ Ĉmag−f ẇ◦ êχχχ

)
−m ẇ◦ êχχχ . (30)

By using the same matrices M and K as defined in [11]
(Eqs. (33) and (35) in [11]):

M =

[
p̂ Ĉmag−f −ĈLα

ĈLα p̂ Ĉmag−f

]
, (31)

K = 1− Îx p̂M

=

[
1− Îx p̂2 Ĉmag−f Îx p̂ ĈLα

−Îx p̂ ĈLα 1− Îx p̂2 Ĉmag−f

]
, (32)

it stands that

[
EF(ẇ) ◦ êγγγ

EF(ẇ) ◦ êχχχ

]
=−m

(
1− Îx p̂M

)[ ẇ◦ êγγγ

ẇ◦ êχχχ

]

=−mK

[
ẇ◦ êγγγ

ẇ◦ êχχχ

]
. (33)

Recall the equation

[
γ̇a

χ̇a cosγa

]
=

1
mv

1
detK

KT ·

[
EF◦ êγγγ

EF◦ êχχχ

]
, (34)

which was derived in [11] (Eq. (39)). If the wind correction (26)
is applied, then:

[
γ̇a

χ̇a cosγa

]
=

1
mv

1
detK

KT

([
EF(0) ◦ êγγγ

EF(0) ◦ êχχχ

]
+

[
EF(ẇ) ◦ êγγγ

EF(ẇ) ◦ êχχχ

])
. (35)

Using (33) and the fact that K ·KT = detK ·1, Eq. (35) becomes

[
γ̇a

χ̇a cosγa

]
=

1
mv

1
detK

KT ·

[
EF(0) ◦ êγγγ

EF(0) ◦ êχχχ

]
+

− 1
v

[
ẇ◦ êγγγ

ẇ◦ êχχχ

]
. (36)

Then, ααα2
e can be obtained based on Eqs. (22) and (47) in [11]

‖CMα ·αααe‖2 =
∥∥∥CMα ·

(
ααα(0)

e +ααα(ẇ)
e

)∥∥∥
2

=

(
2 Îx p̂
ρ v2 S

)2
1

detK
((

EF(0) ◦ êγγγ

)2
+
(

EF(0) ◦ êχχχ

)2
)
. (37)

The effect of the inhomogeneous wind on the motion of the
projectile has been discussed and analyzed carefully. Now it
is time to sum-up results and present the M-model including
general wind. Maybe one does not notice yet, after this cum-
bersome proof, but the wind effect shows itself as very simple.

2.3. Final form of the M-model with general wind. The
derivation of the explicit M-model has been refined to in-
clude a general wind. The form is almost the same as in [11]
(Eqs. (49a)–(49d) in [11]) where the results in case of ẇ ≡ 0
have been presented. The key observation here is that includ-
ing the general wind into the model requires us only to mod-
ify the external forces EF. Below, EF(0) should be treated as
the original external forces one wanted to have acting on the
projectile–excluding the wind corrections.

The differential equations for the M-model with general wind
are as follow:

ẋ = v+w , (38)

ṗ =
ρ v2

2 Ix
Sd Cspin · p̂ , (39)

v̇ =−ρv2

2m
S


CD0 + ĈDα2

(
2 Îx p̂
ρ v2 S

)2

(
EF(0) ◦ êγγγ

)2
+
(

EF(0) ◦ êχχχ

)2

detK


+

+
1
m

EF(0) ◦ êvvv − ẇ◦ êvvv , (40)

and
[

γ̇a

χ̇a cosγa

]
=

1
mv

1
detK

KT·

[
EF(0) ◦ êγγγ

EF(0) ◦ êχχχ

]
− 1

v

[
ẇ◦ êγγγ

ẇ◦ êχχχ

]
. (41)

To define the system (38)–(41) the same definitions as in [11]
were used. That is

KT =

[
1− Îx p̂2 Ĉmag−f −Îx p̂ ĈLα

Îx p̂ ĈLα 1− Îx p̂2 Ĉmag−f

]
(42)
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and
detK =

(
1− Îx p̂2 Ĉmag−f

)2
+
(

Îx p̂ ĈLα

)2
. (43)

Moreover
Îx =

Ix

md2 , p̂ =
pd
v

. (44)

The dimensionless “hatted” coefficients are again given as

ĈDα2 =
CDα2

CMα
2 , ĈLα =

CLα

CMα
,

Ĉmag−f =
Cmag−f

CMα
.

(45)

Also recall that v is the velocity of the air-flow and v = u−w.
Thus one should not forget to subtract the wind from the initial
velocity of the projectile.

Let us only recall the meaning of ααα(0)
e and ααα(ẇ)

e . Again, it
holds that

CMα ·αααe = CMα ·
(

ααα(0)
e +ααα(ẇ)

e

)

=
2 Îx p̂
ρ v2 S

1
detK

[
êχχχ −êγγγ

]
KT

[
EF(0) ◦ êγγγ

EF(0) ◦ êχχχ

]
(46)

and

‖CMα ·αααe‖2 =

(
2 Îx p̂
ρ v2 S

)2

(
EF(0) ◦ êγγγ

)2
+
(

EF(0) ◦ êχχχ

)2

detK
. (47)

It is worth to recall then, that

CMα ·ααα(ẇ)
e =

2mÎx p̂
ρ v2 S

ẇ× êvvv . (48)

The system (38)–(41) is an extension to the one presented
in [11] including general wind. However, the physical effects
of this details might not even be important but nevertheless for
the sake of the completeness of the presentation authors feel the
need to elaborate on this matter.

2.4. Example of an M-model: projectile motion influenced
by constant gravitational force with altitude-dependent
wind. In this section an example for an inhomogeneous wind
is presented. To simplify, as one should do when showing ex-
amples, altitude-dependent cross-wind will be considered, i.e.
y-wind. Assumption:

w(x, t) =




0
wy(z, t)

0


= wy(z, t) · êyyy . (49)

Exactly in the same way as in the [11] it will be considered that
the average gravitational acceleration to be the only source of

acceleration. Thus

EF(0) =−mg êzzz =−mg
(
sinγa êvvv + cosγa êγγγ

)
. (50)

2.4.1. The system of differential equations. Finally, after il-
lustrating all assumptions used in this example system of equa-
tions can be written in full extent. First, the explicit expression
for ẇ will be presented. Recall, that (Eq. (20))

ẇ = (∇∇∇x w) · (v+w)+
∂ w
∂ t

. (51)

It is true that in the example under consideration

∇∇∇x w =
∂ wy

∂ z
· êyyy ⊗ êT

zzz =
∂ wy

∂ z
·




0 0 0
0 0 1
0 0 0


 . (52)

Then

ẇ =
∂ wy

∂ z
· (v◦ êzzz +w◦ êzzz) · êyyy +

∂ w
∂ t

, (53)

which then simplifies to the final

ẇ =

(
v sinγa

∂ wy

∂ z
+

∂ wy

∂ t

)
· êyyy . (54)

The explicit form of the needed scalar products can be quickly
computed. It stands that

ẇ◦ êvvv =

(
v sinγa

∂ wy

∂ z
+

∂ wy

∂ t

)
· cosγa sin χa , (55)

ẇ◦ êγγγ =

(
v sinγa

∂ wy

∂ z
+

∂ wy

∂ t

)
· sinγa sin χa , (56)

ẇ◦ êχχχ =

(
v sinγa

∂ wy

∂ z
+

∂ wy

∂ t

)
· cos χa . (57)

The example can be now stated.
An M-model in constant gravitational field with altitude-

dependent cross-wind is

ẋ = v · êvvv +wy(z, t) · êyyy , (58)

ṗ =
ρ v2

2 Ix
Sd Cspin · p̂ , (59)

v̇ =−ρv2

2m
S

(
CD0 + ĈDα2

(
2mg
ρ v2 S

)2

Î2
x p̂2 cos2 γa(

1− Îx p̂2 Ĉmag−f
)2

+
(
Îx p̂ ĈLα

)2

)
+

−g sinγa+

−
(

v sinγa
∂ wy

∂ z
+

∂ wy

∂ t

)
· cosγa sin χa (60)
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and
detK =

(
1− Îx p̂2 Ĉmag−f

)2
+
(

Îx p̂ ĈLα

)2
. (43)

Moreover
Îx =

Ix

md2 , p̂ =
pd
v

. (44)

The dimensionless “hatted” coefficients are again given as

ĈDα2 =
CDα2

CMα
2 , ĈLα =

CLα

CMα
,

Ĉmag−f =
Cmag−f

CMα
.

(45)

Also recall that v is the velocity of the air-flow and v = u−w.
Thus one should not forget to subtract the wind from the initial
velocity of the projectile.

Let us only recall the meaning of ααα(0)
e and ααα(ẇ)

e . Again, it
holds that

CMα ·αααe = CMα ·
(

ααα(0)
e +ααα(ẇ)

e

)

=
2 Îx p̂
ρ v2 S

1
detK

[
êχχχ −êγγγ

]
KT

[
EF(0) ◦ êγγγ

EF(0) ◦ êχχχ

]
(46)

and

‖CMα ·αααe‖2 =

(
2 Îx p̂
ρ v2 S

)2

(
EF(0) ◦ êγγγ

)2
+
(

EF(0) ◦ êχχχ

)2

detK
. (47)

It is worth to recall then, that

CMα ·ααα(ẇ)
e =

2mÎx p̂
ρ v2 S

ẇ× êvvv . (48)

The system (38)–(41) is an extension to the one presented
in [11] including general wind. However, the physical effects
of this details might not even be important but nevertheless for
the sake of the completeness of the presentation authors feel the
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· êyyy ⊗ êT
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ẋ = v · êvvv +wy(z, t) · êyyy , (58)
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CD0 + ĈDα2

(
2mg
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Î2
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)2
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)2
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and
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)2
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−
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∂ wy
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∂ t
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sinγa sin χa
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]
. (61)

2.4.2. The initial condition. The initial condition does not re-
quire discussion as the ideology is exactly the same as in the ex-
ample presented in [11] (Eqs. (64)–(68) in [11]). If it is defined
that

w0 = w(t0), (62)

then the initial conditions are exactly the same as before. Recall

v0 = ‖v0‖= ‖u0 −w0‖ , (63)

v0 sinγa0 = v0 ◦ êzzz , (64)

tan χa0 =
v0 ◦ êyyy

v0 ◦ êxxx
. (65)

The initial position x0 is arbitrary and p0 needs to be known a
priori or approximated. Thus, the mathematical model of pro-
jectile motion for this example is complete.

3. Projectile’s parameters and simulation tests
results

This section presents projectile’s parameters and chosen results
of the simulations conducted with the use of both explicit and
implicit forms of the modified point mass trajectory model.

3.1. Parameters of the model of training projectile. In the
analysis, authors used simulations of firing of a 35 mm anti–
aircraft TP–T training projectile (projectile presented in the
Fig. 2). The mass–inertia characteristics of the projectile (mass,
center of mass and axial moments of inertia) were determined

Fig. 2. Basic dimensions and solid model of the 35-mm TP-T projectile

by the theoretical method, using the capabilities of modern de-
sign support tools (CAD software). A general view of the pro-
jectile with the basic dimensions used to determine the geomet-
ric characteristics as well as the model developed in Solid Edge
ST3 are shown in Fig. 2. The basic geometric and mass charac-
teristics of the training missile:
• projectile mass m = 0.55 kg;
• length of a projectile with a fuse L = 0.180 m;
• projectile calibre d = 0.035 m;
• projectile axial moment of inertia Ix = 0.97 ·10−4 kgm2.

The aerodynamic characteristics of the the projectile were cal-
culated using the capabilities of the commercial program PRO-
DAS Version 3.5.3 from Arrow Tech, which is a specialized
tool for broadly understood computer-aided design of combat
means.

The results of calculations of aerodynamic characteristics,
assuming the cross-section of the projectile as the characteristic

surface S =
π d2

4
are given in Table 1.

Table 1
Aerodynamic characteristics of a 35 mm TP–T training projectile

Ma CD0 CDα2 CLα CLα3 Cmag− f Cspin CMα

[–] [–] [–] [–] [–] [–] [–] [–]

0.010 0.182 4.01 1.80 −2.03 −0.380 −0.0128 3.259

0.400 0.186 4.02 1.80 −2.03 −0.380 −0.0130 3.234

0.600 0.187 4.00 1.79 −2.03 −0.380 −0.0129 3.253

0.700 0.187 4.22 1.77 −2.26 −0.385 −0.0128 3.270

0.800 0.196 4.42 1.79 −2.43 −0.395 −0.0126 3.386

0.900 0.232 4.82 1.88 −2.71 −0.425 −0.0124 3.514

0.950 0.290 5.20 1.91 −3.00 −0.545 −0.0121 3.679

0.975 0.331 5.41 1.90 −3.18 −0.485 −0.0121 3.705

1.000 0.374 5.62 1.87 −3.38 −0.445 −0.0122 3.681

1.025 0.398 5.82 1.83 −3.59 −0.425 −0.0120 3.692

1.050 0.414 6.05 1.82 −3.82 −0.410 −0.0116 3.685

1.100 0.407 6.50 1.87 −4.23 −0.380 −0.0108 3.683

1.200 0.389 6.93 1.98 −4.56 −0.345 −0.0098 3.753

1.350 0.365 6.47 2.12 −3.99 −0.310 −0.0090 3.782

1.500 0.347 6.02 2.21 −3.46 −0.295 −0.0085 3.601

2.000 0.287 5.11 2.46 −2.36 −0.265 −0.0076 3.266

2.500 0.239 4.72 2.57 −1.91 −0.260 −0.0066 3.038

3.000 0.204 4.29 2.58 −1.51 −0.260 −0.0061 2.891

The coefficients of aerodynamic drag, lift force and spin
dumping moment are interpolated using polynomials in the fol-
lowing form [15, 16]:

C(Ma) = (1+ s)A(r)+(1− s)B(r), (66)

A(r) = a0 +a1 r+a2 r2, (67)

B(r) = b0 +b1 r+b2 r2, (68)
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3. Projectile’s parameters and simulation tests
results
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implicit forms of the modified point mass trajectory model.
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DAS Version 3.5.3 from Arrow Tech, which is a specialized
tool for broadly understood computer-aided design of combat
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r =
(
Ma2 −K

)
/
(
Ma2 +K

)
, (69)

s =

(
Ma2 −K

)
/
(
Ma2 +K

)
√
(1−L2)r2 +L2

, (70)

where C(Ma) is an aerodynamic coefficient dependent on the
Mach number and a0, a1, a2, b0, b1, b2, K, L are polynomials’
parameters. Gridded data piecewise cubic Hermite interpola-
tion (MATLAB griddedInterpolant class) was used to represent
induced drag and Magnus force coefficients.

The simulations were carried out in the Earth’s system
(Fig. 1) with the beginning in the cross–section of the gun bar-
rel. It was assumed that the flight takes place in a standard at-
mosphere, but taking into account the variable wind and the
following initial conditions:
• nominal initial velocity of the projectile – v0 = 1180 m/s,
• nominal rotational speed:

p0 =
2π v0

27.57d
, (71)

where the number 27.57 reflects the length of the revolution of
the rifling in caliber units.

3.2. Results. The results of the main numerical studies in-
clude:
• the differences in position along the trajectory of the pro-

jectile calculated for the maximum range of the projectile –
Fig. 4;

• time needed for calculating trajectories for different eleva-
tion angles (10 to 710 mil with the step of 20 mil) – in this
procedure the fourth order Runge–Kutta method with adap-
tive step is used – Fig. 5;

The stopping condition for numerical integration was the mo-
ment when the projectile reached the point of fall.

The research was carried out in Matlab’s environment. In
[12], the authors presented results for constant wind. In the
current work, variable wind was considered. Figures 4 and 5
present examples of calculations for the case of side wind vary
with height, which is described by the following formula:

w(t) = 0.01 · [0, z(t), 0]T. (72)

The wind profile is shown in Fig. 3.

Fig. 3. The profile of the wind used in calculations

It can be seen in Fig. 4 that differences between projectile’s
position in consecutive time steps calculated for both, implicit
and explicit, forms of the model are of the order 10−8. The dif-
ferences are the result of the precision1 used in simulations.
From that it can be concluded that both forms of the model give
the same result.

Fig. 4. Differences in projectile’s position between explicit and im-
plicit form of the model

In Fig. 5 it can be seen that utilizing explicit form of the
model for inhomogeneous wind, the projectile’s trajectory can
be calculated up to 30% faster. This is an important feature with
respect to software development for Fire Control Systems. It is
important to remember that the results obtained for the calcula-
tion time are highly dependent on the hardware and algorithms

Fig. 5. Calculation time vs elevation angle

1Tolerance set for the integration method is a measure of the error relative to
the size of each solution component. Roughly, it controls the number of correct
digits in all solution components.
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the same result.
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plicit form of the model

In Fig. 5 it can be seen that utilizing explicit form of the
model for inhomogeneous wind, the projectile’s trajectory can
be calculated up to 30% faster. This is an important feature with
respect to software development for Fire Control Systems. It is
important to remember that the results obtained for the calcula-
tion time are highly dependent on the hardware and algorithms
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that are used for trajectory calculation. Nevertheless, the ex-
plicit form always has significantly better performance as there
is no need for applying iterative algorithms for the yaw of re-
pose calculation.

Additional calculations were made to demonstrate differ-
ences in the calculation of the projectile’s path in the occur-
rence of variable wind obtained as a result of using an incorrect
mathematical model. Figures 6 and 7 present calculated projec-
tile’s trajectories in conditions of variable wind (see Eq. (72)),
using the model contained in the current work and the model
from [11].

Calculations were made for three different values of the ele-
vation angle (denoted as QE): 150, 400 and 650 mils. The re-
sults of calculations according to the dependence of the arti-
cle with constant wind [11] were marked with the index m1,
while calculations according to the dependence of the current
article for the variable wind were marked with the index m2.
Of course, in the case of cross-wind, the differences in ranges
are insignificant (Fig. 6), but in the lateral deviation they are
large and depend on elevation angle (as can be seen in Fig. 7).

Fig. 6. Projectile flight paths taking into account variable wind for
three angles of elevation (QE = 150, 400, 650 mils) – in vertical plane

Fig. 7. Projectile flight paths taking into account variable wind for
three angles of elevation (QE = 150, 400, 650 mils) – in horizontal

plane

In the case of longitudinal wind, as expected, the situation is op-
posite, the differences in ranges were large while in the lateral
deviation were insignificant.

4. Summary

This paper presented the explicit form of the modified point–
mass model for the inhomogeneous wind occurring along the
trajectory of the projectile. As it was pointed out in Sec. 2.3,
taking into account the general wind one only needs to modify
only the external forces EF. Therefore, the explicit form of the
projectile’s flight model can be easily used in the case of con-
stant as well as inhomogeneous wind. And again, concluding
the considerations contained in [11] and in this paper, the pre-
sented form of the modified point–mass model (considering the
terms of aerodynamic coefficients up to O(α2

e ) order) is much
more robust and suitable for applications than its implicit form.
As it was shown in Sec. 3 using the explicit form of the model
can significantly decrease computational time which is a cru-
cial factor when developing software for modern Fire Control
Systems.
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