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Application of the Lagrange-Sylvester formula to the computation
of the solutions of state equations of fractional linear systems

Tadeusz KACZOREK™
Faculty of Electrical Engineering, Bialystok University of Technology, Wiejska 45D, 15-351 Biatystok, Poland

Abstract. The Lagrange-Sylvester formula is applied to the computation of the solutions of state equations of fractional continuous-time and
discrete-time linear systems. The solutions are given as finite sums with their numbers of components equal to the degrees of the minimal
characteristics polynomials of state matrices of the systems. Procedures for computations of the solutions are given and illustrated by numerical

examples of continuous-time and discrete-time fractional linear systems.
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1. Introduction

The first definition of the fractional derivative was introduced
by Liouville and Riemann at the end of the 19th century [1-3]
and another one was proposed in the 20th century by Caputo
[1-5]. This idea has been used by engineers for modeling dif-
ferent processes [4,5]. Mathematical fundamentals of fractional
calculus are given in the monographs [1, 3]. The positive frac-
tional linear systems have been investigated in [4, 6—13]. The
positive linear systems with different fractional orders have
been addressed in [7, 8, 13]. The solution to the state equa-
tion of descriptor fractional continuous-time linear systems
with two different fractional orders has been introduced in [8].
The decentralized stabilization of descriptor fractional positive
continuous-time linear systems with delays has been investi-
gated in [14] and the stabilization of positive descriptor frac-
tional discrete-time linear systems with two different fractional
orders by a decentralized controller in [13].

In this paper, the Lagrange—Sylvester formula will be applied
to the computation of state equations of fractional continuous-
time and discrete-time linear systems.

The paper is organized as follows. In Section 2 some pre-
liminaries concerning fractional linear continuous-time and
discrete-time systems are recalled and solutions to the state
linear equations are given. The Lagrange—Sylvester formula is
presented in Section 3. The main result of the paper, the appli-
cation of the Lagrange—Sylvester formula to the computation of
the solutions to state equations of the fractional linear systems is
given in Section 4. Concluding remarks are given in Section 5.

The following notation will be used: R — the set of real num-
bers; R —the set of n x m real matrices; I, — the n x n identity
matrix; AT denotes the transpose of the matrix A.
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2. Preliminaries

Consider the continuous-time fractional linear system

d(X

Wx(t) = Ax(t) + Bu(t),

0<a<l, (1)

where x(1) € R" is the state vector; u(t) € R™ is the input vec-
tor; and A € R B € R In this paper the Caputo definition
will be used [1, 3,4]

t

(n)
! dr,

d |
el = T(n—a) 0/ (t—rt)atin )

n—l<oa<neN={1,2,...},

where o € R, is the order of fractional derivative; £ (1) =
a"f(x)
dr"

Re(x) > 0.
The solution to Eq. (1) has the form [4, 5]

and I'(x) = / e't"'dr is the gamma function;
0

1

(1) = Do (t)x0(0) + / ®(r — 7)Bu(t)dT, 3)
0
where
oo Ak[ka
cp(’(t):k;)r(kaﬂ)’ @

oo Akg(k+1)o—1

PH)=) ———. (5)
k;) Il(k+1)a]
Consider the fractional discrete-time linear system
Ao‘xi+1:Axi+Bui, i€Z+:{0,1,...}, O<a<l, (6)
1
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where ' In this case the matrix f(A) is well-defined and it is given by
A%y, — Xl: (_1)k ((X)x' . the Lagrange—Sylvester formula [15, 16]
I~ 1—K»
k=0 k
(a> 1 for k=0 ZZuf )+ Zin f M (ki) +
=yala—1)...(a—k+1) ) B
k 0 for k=1,2,... +Zim,-f(m’ 1)(7Li), (15)

is the o order difference and x; € R”, u; € R™ are the state and
input vectors, A € R, B € R,
Substituting (7) into (6) we obtain

i+1

Xiy1+ Z

( >Xik+1—Axi+Bui, i€Zy (8

and
i+1 a
Xit1 =AgXi+ Z (=1 (k)x:’—kﬂ +Bu;, i€Zy, (9
k=2

where Aq, = A+ al,.
Theorem 1. [1,4] The solution to Eq. (9) has the form

i—1

xi=®ixo+ Y, P 4 1Bu, (10)
k=0
where the matrices ®; are determined by the equation
i+1 (@
D =Ag®i+ ) (-1 <k)q>i—k+1a Dy =1,. (1)
k=2
Using (11) fori =1,2,... itis easy to show that
i i-2 o\ i3
CID,-:Aa—(l—l)(2>A +(l—2)(3>Aa -
(-1t <°,‘>1,, for i=1,2,... (12)
i

3. Lagrange-Sylvester formula

Consider the matrix A € R"*" with the minimal characteristic
polynomial

(L) =

where A1, As,...
r

A=A (A —A)™ (A —A)™,  (13)

, A, are the eigenvalues of the matrix A and

Y mi =m < n. 1t is assumed that the function f(1) is well-
i=1

defined on the spectrum oy = {A1,4;,...,4,} of the ma-

trix A, i.e.
df(A
). 1000 = S|
k=1,....,r (14
B dmk [f( ) ) 9 )
(me=1) () =
f ( k) dam—1 iy

are finite [15,16].

where

_m,-—l ‘I’( )(A Kl)k dh=J+l1 1
Zij = Z (k—j+D)I(j—1)! dAk—T+1 [T"(A)Lu:)q’ (16)

k=j—1
and
¥(A) _
(1) T i=1,...r (17)
In a particular case when the eigenvalues A;, A5, ..., 4, of
the matrix A are distinct (A; # A;, i # j) and
P(A)=¥Y(A)=A—-A)A—2A)...(A =), (18)
then the formula (15) has the form
=Y Zif (M), (19)
k=1
where
A— /I I 20)

157
z;ék

It is easy to show [16] that the matrices (16) satisfy the equal-
ities

Y zi=1, 2D
i=1
ZijZkl =0 for i 7é k, (22)
Z,'lzklzzij f0ri:1,...,r,J:1, ,m, (23)
7 =7 fork=12...,i=1,....r, (24)
1 .
e A AYeY

le_(j*l)!(A Inlz) Zzl

forl,....r,j=1,...,m, (25)

In particular case the matrices (20) satisfy the equalities

n
Y Zi=1n, (26)
k=1
ZiZj=0 for i#j, i,j=1,...,n, (27)
Zk=27; for k=12,....i=1,....n (28)
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4. Computation of the solutions to the state
equations of fractional linear systems

4.1. Continuous-time linear systems. In this section, the
Lagrange—Sylvester formula will be applied to compute the so-
lution (3) to Eq. (1). Let the minimal characteristic polynomial
of matrix A has the form (13). Applying the Lagrange—Sylvester
formula (15) to (3) we obtain

Zztl

l,,t,xo)-i-M (2,”[,1/!)}

+z,-2[ )(Aist,x0) + MY (l,,t,u)}+
iy (MY Qo) + MY Qitw)] L 290)
where Z;; is defined by (16) and
> ko d/pk
At _ .
( (3 7)(:()) ; (kOC—|—1) dA«/ )':A[XO)
t
() o[ (= nkhert
MY (i t,u) = /
i (dist,u) k;) Cka+1)a (29b)
=00
irk
1.5¢x] 4 )L. Bu(t)drt
dAJ |52,
for j=0,1,....mi—1, i=1,...,r

The solution (3) to Eq. (1) can be computed by the use of the
following procedure:

Procedure 1.

Step 1. Compute the minimal characteristic polynomial (13)
of the matrix A and its eigenvalues A, ...,A, and
miy...,Mmy.

Step 2. Compute the matrices Z;; defined by (16).

Step 3. Using (29a) compute the desired solution (3) to
Eq. (1).

In a particular case when the minimal characteristic polyno-
mial of the matrix A has the form (18) then the solution (3) to

Eq. (1) is given by

x(t) =Y Zi[Mo(Ait,x0) + M (A, u)], (30a)
i=1
where
o /'thja
M A‘ 7t7 - -k )
0(Ak,t,x0) J;)F(]a+1>XO
(30b)

and Z; is defined by (20).
From (16) the following conclusion follows.

Conclusion 1. The matrices Z;; depend only on the matrix A.
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Example 1. Using Procedure 1 compute the solution (3) to
Eq. (1) with the matrices

-2 1 1

Casel. A= , B = , O<a<l1, (3la)
2 -3 2
-2 1 1

Case2. Ar= 0 2], BZ[I], O<a<l1, (31b)

the constant input u(r) = 1 and nonzero initial conditions
xo=[1,2]".

Applying Procedure 1 in Case 1 we obtain:

Step 1. The characteristic (minimal) polynomial of the matrix
A given by (31a) has the form
A+2 -1
det[br—A]=| * 7
-2 A+3
=A% 451 +4 (32)
and its eigenvalues are: A} = —1, 4, = —
Step 2. Using (20) we compute the matrices
1 1121
V4 —h) == ,
1= o A kA 3[21]
(33)

1 11 =1
7, = Al —DbA] = = .
2 QLZ—QLI[ 1—bh=3 [—2 2]

Step 3. Using (30b), the matrix B, u and the initial condition
Xp wWe compute
2 (1)t
My(A1,t,x0) = Y ————X0,
0(A1,1,%0) j;ol“(]a—l—l) 0
= (—4pp
My(Ar,t,x0) = Y ————X0,
0(42,1,%0) j;)l“(]oc—i—l) 0
t
[ a—guthet
M(?Ll,t,u)j;o/ L
; (34)
i 1 (—1)/l+De
S 2] G+ Da—1T((+Da]’
t .
= [ (4 Ut
M(Ay,t,u) = / - Bu(t)dt
Gt = 0 |G g
i 1 (—4)/glithe
S 2| [G+Da— 1T+ 1)a]’
The desired solution is given by
x(t) =7 [Mo(l],l‘,)q)) —i—M(?Ll,t,u)]
+ 25 [Mo(Az,t,x0) +M(Az,t,u)] . (35)
3
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Similarly, applying Procedure 1 in Case 2 we obtain:

Step 1. The characteristic (minimal) polynomial of the matrix
A given by (31b) has the form

A+2 -1 5
det[bA —Aj] = =(A+2 36
et[l 2] ‘ 0 A42 (A+2)°  (36)
and its eigenvalues are: A} = A, = —
Step 2. Using (16) we compute the matrices
Y ) ant [
Z11 = Y (A)A—-AD [ :|
k=0 d)Lk lpl(l) k:ll
|1 o
o 1|’
(37)
Y A
Zip = 1 A—MD l: :|
=1 dART [¥1(A) [y,
A [0 1]
0 0
: C(A-1)?%
since ¥ (1) = A1) L.

Step 3. Using (30b), the matrix B, u and the initial condition
Xp wWe compute

> (=2)7t%(j+1
Moy(A1,1,x0) jz(’)ﬂx—f-]l))xm
= M1 | (—2)/~1(1 —2) gl D1 (38)
M(/ll,hu):jz%)[llo/ Mot D) dr.
The desired solution is given by
x(t) = ZnMo(Ay,t,x0) + Zi1aM (A, t,u). (39)

4.2. Discrete-time linear systems. In this section, the Lag-
range—Sylvester formula will be applied to compute the solu-
tion (10) to Eq. (9). Let the minimal characteristic polynomial
of the matrix A have the form (13). Applying the Lagrange—
Sylvester formula (15) to (10) we obtain

Xi = Z Zkl |:M](£) (lk,i,xo) +Ml(cg) ()L’/ﬂia ui)i|
k=1

+ Zio |:M]((2 (A,k,[,X()) +M (;{,k,l,u)} +.

+ Zm, {MkTL )(lk,l,xo)-i-M,(d )(kk,i,u,»)}

for i=1,2,..., (402)

where Z;; is defined by (16) and
=) a » a\ .,
) i) = [14-1)(§) 34

+ (i—2)<a>7bli_3—...+(—l)i_l(?)]XO»

i—1

Mk2 )’jvlaul Z |:A’l e l_k 2) ((;))“/ikz (40b)

j=0

_ o i—k—=3
(i—k-3 <3>l
Ni—k—2 o '

for j:Oalwumk_l,k:l,...ﬂ"

W

The solution (10) to Eq. (7) (or (9)) can be computed by the
use of the following procedure:
Procedure 2.
Step 1. Compute the minimal characteristic polynomial (13)
of the matrix A and its eigenvalues and my,...,m,.

Step 2. Compute the matrices Z;; using (16).

Step 3. Using (40a) to compute the desired solution (10) to

Eq. (7).
In a particular case when the minimal characteristic polyno-
mial of the matrix A has the form (18) then the solution (10) to

Eq. (7) is given by

Xi= Y Zi[Mo(Ae.isx0) +M(Aiu)], i=12,.... (4la)
k=1
where
B A,;’(il)( >/I’ 24 (i— )(?)Aﬁ
MO(}.k,l.7X0) = X0,

Ho (=1 (‘j‘)

i—1

M(st,u) =} [%ﬁ“ —(i—1-2) (‘;) 1)

=0

F(i—1-3) (Z)A,;'—l—“
R

fori=1,2,..., k=1,...,n,

Example 2. Using Procedure 2 compute the solution (10) to
Eq. (9) with the matrices

_ 0.1 02 . B— 1 =03,
0.05 0.1 1

(42)
04 02
Ag =A+100 =
’ " [0.05 0.4]
the constant input u; = 1 and nonzero initial conditions

X0 = [2, Z}T.
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Applying Procedure 2 we obtain:
Step 1. The characteristic (minimal) polynomial of the matrix
A given by (42) has the form

A—-04 -02
det[hA — Ay =

24 —Aa] ‘ —0.05 A—04

=A%2-0.81+0.15 (43)
and its eigenvalues are: A; = 0.3, 4, =0.5.
Step 2. Using (42) we compute the matrices
7 Ag —DbAy - 0.5 -1
"TTA -4 | 025 05|’

(44)

7, — Ag —DbA _ 0.5 1
Ao — Ay 025 05

Step 3. Using (30b), the matrix B, u; = 1 and the initial condi-
tion xp we compute

Mo(Ak,i,%0) = [/I]’ —(—1) (g) A2

(-2) (Z‘) A3 (-1 (‘j‘)] Xo,

i—1

M(2j,iu) =Y [A}” —(i-1-2) (‘;) A @)

=0

+ (ilS)(Z))L}"“‘...
+ (_1)(i_‘;‘_1>}3u,, =12

and the desired solution

xXi=12 [MO(A'I 7iax0) +M(/’{’1 )L u)}

+ Z2 [MO(AQ?ier) +M(A’27i7 M)} . (46)

5. Concluding remarks

The Lagrange—Sylvester formula has been applied to the
computation of the solutions of state equations of fractional
continuous-time and discrete-time linear systems. The solutions
have been given as the finite sums of the components with their
numbers equal to the degrees of the minimal characteristic poly-
nomials of the state matrices of the systems. Procedures for
computations of the solutions have been given and illustrated
by numerical examples of continuous-time and discrete-time
fractional linear svstems. The considerations can be extended

Bull. Pol. Acad. Sci. Tech. Sci. 69(2) 2021, e136729

to fractional linear systems with delays and to different frac-
tional orders continuous-time and discrete-time linear systems.
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