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Abstract. The above-threshold operation of a Fabry-Perot laser with a nonlinear PT (parity time) mirror is investigated. For the first time, the 
analysis accounts for gain saturation of an active medium as well as gain and loss saturation effects in the PT mirror. The obtained laser output 
intensity characteristics have been demonstrated as a function of various PT mirror parameters such as: the ratio of the PT structure period to laser 
operating wavelength, number of PT mirror primitive cells, and gain and loss saturation intensities of the PT mirror gain and loss layers. Two 
functional configurations of the laser have been considered: laser operating as a discrete device, and as a component of an integrated circuit. It 
has been shown that, in general, the laser operation depends on the PT mirror orientation with respect to the active medium of the laser. More-
over, when the laser radiation is outcoupled through the PT mirror to the free space, bistable operation is possible, when losses of the mirror’s 
loss layer saturate faster than gain of the gain layer. Furthermore, for a given saturation intensity of the mirror loss layers, the increase of the 
saturation intensity of the mirror gain layers causes increasing output intensity, i.e., the PT mirror additionally amplifies the laser output signal.
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1. INTRODUCTION
Parity-time (PT)-symmetric structures have been investigated
since the end of the last century. The elementary studies of
Bender and Boettcher demonstrated that even non-Hermitian
Hamiltonians can exhibit entirely real spectra as long as they
meet conditions of the PT-symmetry [1]. In photonics, PT-
symmetric devices are created from balanced gain and loss arti-
ficial materials. These one-dimensional nonreciprocal gratings
exhibit strong amplification at the resonance wavelength [2],
provide unidirectional reflective functionality [3, 4], and offer
several interesting features such as nonreciprocity of light prop-
agation and beam refraction [5, 6], or coherent perfect absorp-
tion [7].

Optical PT structures were first investigated in [8]. They are
formed as periodic structures of N bilayer primitive cells. Each
cell is composed of an amplifying (exhibiting gain) and ab-
sorbing (lossy) layer (for simplicity, further referred to as gain
and loss layers, respectively). Their complex index of refrac-
tion along the optical z-axis should satisfy the following con-
dition: n∗(−z) = n(z), where the asterisk denotes a complex
conjugate. Given that the refractive index is a complex quantity
described by n = nR + inI , the PT symmetry is obtained when
nR(z) = nR(−z) and nI(z) =−nI(−z). This implies that gain of
an active layer (nI < 0) and losses of an absorbing layer (nI > 0)
must be equal with respect to their absolute values, as long as
the real parts of refractive indices are equal.
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So far, a variety of applications for optical PT structures
was proposed and theoretically analyzed: in lasers as a gain
medium [3, 9, 10], as well as an output mirror providing inten-
sity enhancement and concentration of the emitted beam [11]
and improving power efficiency of the lasing structure [12].
The application of PT-symmetric grating in PT DFB lasers has
also been theoretically studied, where a stronger modal dis-
crimination has been observed as compared to conventional
DFB lasers, enhancing performance of a single-mode opera-
tion [13].

The optical switching and bistability (and even multista-
bility) in periodic PT-symmetric structures has been already
showed in [14–16] and [17]. In the first two papers, Phang et
al. discussed the effect of gain saturation in the PT-symmetric
Bragg gratings without considering the evolution of the field
amplitudes inside the primitive cell. Moreover, constant satu-
ration in the whole investigated structure was assumed. Addi-
tionally, the authors used an assumption that only one type of a
medium surrounds the PT structure. In [15–17], the Kerr non-
linearity is considered as the main cause of bistability and is
stronger than the influence of the gain/loss saturation effect in
the PT structure.

In this paper, the above-threshold operation of a Fabry–Perot
laser with a nonlinear PT-mirror is analyzed considering gain
saturation in the active medium, as well as gain/loss satura-
tion effects in the PT-mirror. It has been shown that the in-
terplay of the saturation effects in the active medium and PT-
mirror can also lead to the bistable operation in the consid-
ered laser structure without the Kerr nonlinearity. The presented
model of nonlinear laser operation is general and thus appli-
cable to a wide range of material compositions. However, for
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the purposes of numerical evaluation of the laser characteris-
tics, typical laser parameters for structures fabricated in indium
phosphide (InP) technological platform were assumed. InP does
not demonstrate the Kerr nonlinearity [18] and is commonly
used for fabrication of Bragg grating reflectors [19, 20], inte-
grated photonic circuits [21], including optical telecommuni-
cation devices [22]. For such purposes, the PT mirror can be
produced as a periodic grating of gain and loss layers (consti-
tuting a bilayer primitive cell of the grating), where amplifica-
tion and absorption are controlled by selectively applied bias-
ing voltage [23]. Similarly, the gain in the active medium fab-
ricated in indium phosphide can be controlled with an external
biasing.

As a result of the presented analysis, output intensity char-
acteristics were numerically calculated for two PT laser struc-
tures, where the output laser beam is outcoupled through the PT
mirror either to the free space or to the semiconductor medium.
The former case corresponds to the laser structure operating as
a discrete device (further referred to as a discrete configuration),
and in the latter case the laser structure can be considered as a
component of an integrated circuit (integrated configuration).
For both cases, two different PT mirror positions are analyzed,
i.e., when the loss layer of the PT mirror is faced toward the
active medium (further referred to as setup 1 – Fig. 1a) or the
gain layer of the PT mirror is faced toward the active medium
(further referred to as setup 2 – Fig. 1b). For the purposes of
numerical simulations, the InP refractive index of 3.165 is as-
sumed and the laser operates at λ = 1.55 µm.

In the next section, the analysis describing transmission and
reflection of the linear finite PT mirror located between an ac-
tive medium and either air or a semiconductor medium is pre-
sented. The method used for the analysis of nonlinear operation
of the laser with nonlinear PT mirror is also described. In Sec-
tion 3, the characteristics showing reflection and transmission
coefficients of the PT mirror and the output intensity of the laser
are shown. Section 4 gives the conclusions.

2. THEORETICAL ANALYSIS
The laser structure under investigation, presented in Fig. 1, is
composed of a Fabry–Perot resonator bounded by a classical
mirror and a PT-symmetric mirror. The classical mirror ampli-
tude coefficients of reflection and transmission are r and t, re-
spectively, with |r|2+ |t|2 = 1 (i.e., mirror losses are neglected).
The PT mirror is a periodic structure with primitive cells con-
sisting of gain and loss layers of widths wa and wb, respectively,
where both layers have the same width, i.e., wa = wb. Gain and
absorption layers are characterized by complex refractive in-
dices n1 and n2, respectively:

n1 = n1R − in1I , n2 = n2R + in2I , (1)

where n1R = n2R.
The period of the PT structure is denoted by Λ=wa+wb and

the length of the entire PT structure is L(PT ) = NΛ, where N is
the number of primitive cells. The electric field complex ampli-
tudes of waves travelling in opposite directions in gain and loss
layers of the n-th PT primitive cell are denoted by (an, bn) and
(cn, dn), respectively, see Fig. 1.

Reflection and transmission amplitude coefficients of the PT-
symmetric mirror depend on the PT mirror’s orientation with
respect to the active medium of the laser. Those are denoted
by r({α,g})

N and t({α,g})
N , respectively, where superscript (α) cor-

responds to setup 1, see Fig. 1a, while superscript (g) is used
for setup 2, Fig. 1b. These coefficients will be calculated for
linear and nonlinear PT mirror with the help of a modified
transfer matrix. It is worth noting that, in contrast to a classi-
cal mirror, the energy conservation relation cannot be applied
here, thus |r({α,g})

N |2 + |t({α,g})
N |2 �= 1. The active medium of

the laser is characterized by refractive index na, a normalized
distributed loss coefficient α0L, and a normalized small-signal
gain coefficient g0L. The laser beam is outcoupled through the
PT-symmetric mirror to the medium of refractive index ns. The
length of the laser cavity is equal L.

Fig. 1. Laser structure under investigation: (a) setup 1 of the laser; (b) setup 2 of the laser. List of symbols: r and t – classical mirror amplitude
coefficients of reflection and transmission; L – length of laser cavity; na – refractive index of active medium; α0L – normalized distributed loss
coefficient; g0L – normalized small-signal gain coefficient; R({α,g})(z) and S({α,g})(z) – field amplitudes of waves incident on and reflected from
PT mirror; r({α,g})

N and t({α,g})
N – reflection and transmission amplitude coefficients of PT mirror; wa and wb – widths of gain and loss layers;

Λ – period of PT structure; N – number of PT primitive cells; NΛ – length of PT structure; n1 and n2 – complex refractive indices of gain and
loss layers; g(PT )

0 and α(PT )
0 – small-signal gain and loss coefficients of PT mirror layers; a1...N and b1...N – electric field complex amplitudes

of waves travelling in opposite directions in gain layers; c1...N and d1...N – electric field complex amplitudes of waves travelling in opposite
directions in loss layers; ns – refractive index of surrounding medium; Iout – output intensity of laser
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2.1. Linear PT mirror analysis
A PT mirror linear structure is examined with the help of a mod-
ified transfer matrix method [24], where gain and loss saturation
effects are neglected, and n1I = n2I . The imaginary parts of the
refractive indices are related to the small-signal gain coefficient
g(PT )

0 in the mirror gain layer and to the small-signal loss coef-

ficient α(PT )
0 in the mirror loss layer as follows:

n1I =
∣∣∣g(PT )

0

/
k0

∣∣∣ , n2I =
∣∣∣α(PT )

0

/
k0

∣∣∣ , (2)

where k0 is the wave number in free space corresponding to the
lasing wavelength.

The total transfer matrices M({α,g}) for a PT mirror, relating
incident and output field amplitudes, also depend on its orien-
tation with respect to the active medium. For a PT mirror con-
sisting of a single bilayer (i.e., N = 1), the transfer matrices
M({α,g}) are:

M(α) = Ja1P1J12P2J2s , (3a)

M(g) = Ja2P2J21P1J1s , (3b)

for setup 1 and setup 2, respectively. For N > 1, corresponding
total transfer matrices can be written in the following form:

M(α) = Ja1

(
N−1

∏
1

P1J12P2J21

)
P1J12P2J2s , (3c)

M(g) = Ja2

(
N−1

∏
1

P2J21P1J12

)
P2J21P1J1s , (3d)

where:
• Ja1 and Ja2 are matrices describing behavior of the electro-

magnetic wave at the boundary between the active medium
of a laser and either the first PT mirror gain layer or the first
PT mirror loss layer, respectively, facing the active medium;

• J1s and J2s matrices denote electromagnetic wave transfer
through the boundary between the last PT mirror’s loss
layer and gain layer, respectively, and the external medium
(free space or semiconductor medium);

• J12 and J21 define transfer of the electromagnetic wave
through the boundary between gain and loss layer of the
PT mirror, where J12 describes the wave transfer from gain
layer to loss layer, while J21 defines a similar wave transfer,
but in the opposite direction;

• P1 and P2 matrices describe the wave propagation through
the PT mirror’s gain and loss layer, respectively;

• the matrices Ja1, Ja2, J1s, J2s, J12 and J21 as well as P1 and
P2 are defined in the Appendix, see equations (A.2)–(A.5).

Field amplitudes at the boundaries between the active medium
and the PT mirror can thus be related in the following way:

[
R(α)(L)
S(α)(L)

]
= Ja2

[
c1

d1

]
, (4a)

[
R(g)(L)
S(g)(L)

]
= Ja1

[
a1

b1

]
, (4b)

where R({α,g})(L) and S({α,g})(L) are field amplitudes of the
waves incident on and reflected from the PT mirror, respec-
tively. a1 and b1 denote corresponding field amplitudes in the
first PT mirror gain layer in setup 2, while c1 and d1 describe
field amplitudes in the first loss layer in setup 1.

Similarly, relations between field amplitudes at the bound-
aries between the PT mirror and the surrounding medium are as
follows:

[
cN

dN

]
= J2s


R(g)

out

S(g)out


 , (5a)

[
aN

bN

]
= J1s


R(α)

out

S(α)
out


 , (5b)

aN and bN denote field amplitudes in the last PT mirror gain
layer adjacent to the external medium, cN and dN describe field
amplitudes in the last PT mirror loss layer adjacent to the ex-
ternal medium, and R({α,g})

out and S({α,g})
out are the corresponding

output field amplitudes in the external medium.
Moreover, the amplitude reflection and transmission coeffi-

cients of the two PT-mirror can be expressed with total transfer
matrix components in the following way:

r({α,g})
N =

M({α,g})
21

M({α,g})
11

, t({α,g})
N =

1

M({α,g})
11

. (6)

It is worth noting that transmission coefficients t(α)
N and t(g)N

are equal, which is confirmed by the mirror characteristics pre-
sented in Section 3 (for additional reference and comparison,
see [25]).

Finally, using components of the total transfer matrices
M({α,g}), it is possible to define a related scattering matrix
S({α,g}) in the following way:

S({α,g}) =




M({α,g})
21

M({α,g})
11

M({α,g})
21 −

M({α,g})
12 M({α,g})

21

M({α,g})
11

1

M({α,g})
11

−M({α,g})
12

M({α,g})
11



. (7)

The eigenvalues λ1 and λ2 of the matrix allow to determine con-
ditions under which the PT structure has either a PT-symmetric
phase, |λ1| = |λ2| = 1, or a broken symmetry phase, |λ1| =
1/|λ2| or |λ1|< 1, |λ2|> 1.

2.2. Nonlinear PT mirror analysis
The modified transfer matrix method can be also applied to in-
vestigations of nonlinear behavior of PT mirrors, where gain
and loss saturation effects are taken into account. In such a case,
the imaginary parts of the refractive indices evolve inside a PT
mirror’s primitive cell, therefore each layer of such cell is di-
vided into narrow sublayers (see Fig. 2).
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vestigations of nonlinear behavior of PT mirrors, where gain
and loss saturation effects are taken into account. In such a case,
the imaginary parts of the refractive indices evolve inside a PT
mirror’s primitive cell, therefore each layer of such cell is di-
vided into narrow sublayers (see Fig. 2).
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2.1. Linear PT mirror analysis
A PT mirror linear structure is examined with the help of a mod-
ified transfer matrix method [24], where gain and loss saturation
effects are neglected, and n1I = n2I . The imaginary parts of the
refractive indices are related to the small-signal gain coefficient
g(PT )

0 in the mirror gain layer and to the small-signal loss coef-

ficient α(PT )
0 in the mirror loss layer as follows:

n1I =
∣∣∣g(PT )

0

/
k0

∣∣∣ , n2I =
∣∣∣α(PT )

0

/
k0

∣∣∣ , (2)

where k0 is the wave number in free space corresponding to the
lasing wavelength.

The total transfer matrices M({α,g}) for a PT mirror, relating
incident and output field amplitudes, also depend on its orien-
tation with respect to the active medium. For a PT mirror con-
sisting of a single bilayer (i.e., N = 1), the transfer matrices
M({α,g}) are:

M(α) = Ja1P1J12P2J2s , (3a)

M(g) = Ja2P2J21P1J1s , (3b)

for setup 1 and setup 2, respectively. For N > 1, corresponding
total transfer matrices can be written in the following form:

M(α) = Ja1

(
N−1

∏
1

P1J12P2J21

)
P1J12P2J2s , (3c)

M(g) = Ja2

(
N−1

∏
1

P2J21P1J12

)
P2J21P1J1s , (3d)

where:
• Ja1 and Ja2 are matrices describing behavior of the electro-

magnetic wave at the boundary between the active medium
of a laser and either the first PT mirror gain layer or the first
PT mirror loss layer, respectively, facing the active medium;

• J1s and J2s matrices denote electromagnetic wave transfer
through the boundary between the last PT mirror’s loss
layer and gain layer, respectively, and the external medium
(free space or semiconductor medium);

• J12 and J21 define transfer of the electromagnetic wave
through the boundary between gain and loss layer of the
PT mirror, where J12 describes the wave transfer from gain
layer to loss layer, while J21 defines a similar wave transfer,
but in the opposite direction;

• P1 and P2 matrices describe the wave propagation through
the PT mirror’s gain and loss layer, respectively;

• the matrices Ja1, Ja2, J1s, J2s, J12 and J21 as well as P1 and
P2 are defined in the Appendix, see equations (A.2)–(A.5).

Field amplitudes at the boundaries between the active medium
and the PT mirror can thus be related in the following way:

[
R(α)(L)
S(α)(L)

]
= Ja2

[
c1

d1

]
, (4a)

[
R(g)(L)
S(g)(L)

]
= Ja1

[
a1

b1

]
, (4b)

where R({α,g})(L) and S({α,g})(L) are field amplitudes of the
waves incident on and reflected from the PT mirror, respec-
tively. a1 and b1 denote corresponding field amplitudes in the
first PT mirror gain layer in setup 2, while c1 and d1 describe
field amplitudes in the first loss layer in setup 1.

Similarly, relations between field amplitudes at the bound-
aries between the PT mirror and the surrounding medium are as
follows:

[
cN

dN

]
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R(g)

out

S(g)out
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aN

bN
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out

S(α)
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 , (5b)

aN and bN denote field amplitudes in the last PT mirror gain
layer adjacent to the external medium, cN and dN describe field
amplitudes in the last PT mirror loss layer adjacent to the ex-
ternal medium, and R({α,g})

out and S({α,g})
out are the corresponding

output field amplitudes in the external medium.
Moreover, the amplitude reflection and transmission coeffi-

cients of the two PT-mirror can be expressed with total transfer
matrix components in the following way:

r({α,g})
N =

M({α,g})
21

M({α,g})
11

, t({α,g})
N =

1

M({α,g})
11

. (6)

It is worth noting that transmission coefficients t(α)
N and t(g)N

are equal, which is confirmed by the mirror characteristics pre-
sented in Section 3 (for additional reference and comparison,
see [25]).

Finally, using components of the total transfer matrices
M({α,g}), it is possible to define a related scattering matrix
S({α,g}) in the following way:

S({α,g}) =
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21

M({α,g})
11

M({α,g})
21 −

M({α,g})
12 M({α,g})

21

M({α,g})
11

1

M({α,g})
11

−M({α,g})
12

M({α,g})
11



. (7)

The eigenvalues λ1 and λ2 of the matrix allow to determine con-
ditions under which the PT structure has either a PT-symmetric
phase, |λ1| = |λ2| = 1, or a broken symmetry phase, |λ1| =
1/|λ2| or |λ1|< 1, |λ2|> 1.

2.2. Nonlinear PT mirror analysis
The modified transfer matrix method can be also applied to in-
vestigations of nonlinear behavior of PT mirrors, where gain
and loss saturation effects are taken into account. In such a case,
the imaginary parts of the refractive indices evolve inside a PT
mirror’s primitive cell, therefore each layer of such cell is di-
vided into narrow sublayers (see Fig. 2).
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where:
• Ja1 and Ja2 are matrices describing behavior of the electro-

magnetic wave at the boundary between the active medium
of a laser and either the first PT mirror gain layer or the first
PT mirror loss layer, respectively, facing the active medium;

• J1s and J2s matrices denote electromagnetic wave transfer
through the boundary between the last PT mirror’s loss
layer and gain layer, respectively, and the external medium
(free space or semiconductor medium);

• J12 and J21 define transfer of the electromagnetic wave
through the boundary between gain and loss layer of the
PT mirror, where J12 describes the wave transfer from gain
layer to loss layer, while J21 defines a similar wave transfer,
but in the opposite direction;

• P1 and P2 matrices describe the wave propagation through
the PT mirror’s gain and loss layer, respectively;

• the matrices Ja1, Ja2, J1s, J2s, J12 and J21 as well as P1 and
P2 are defined in the Appendix, see equations (A.2)–(A.5).

Field amplitudes at the boundaries between the active medium
and the PT mirror can thus be related in the following way:
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where R({α,g})(L) and S({α,g})(L) are field amplitudes of the
waves incident on and reflected from the PT mirror, respec-
tively. a1 and b1 denote corresponding field amplitudes in the
first PT mirror gain layer in setup 2, while c1 and d1 describe
field amplitudes in the first loss layer in setup 1.

Similarly, relations between field amplitudes at the bound-
aries between the PT mirror and the surrounding medium are as
follows:

[
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aN and bN denote field amplitudes in the last PT mirror gain
layer adjacent to the external medium, cN and dN describe field
amplitudes in the last PT mirror loss layer adjacent to the ex-
ternal medium, and R({α,g})

out and S({α,g})
out are the corresponding

output field amplitudes in the external medium.
Moreover, the amplitude reflection and transmission coeffi-

cients of the two PT-mirror can be expressed with total transfer
matrix components in the following way:

r({α,g})
N =

M({α,g})
21

M({α,g})
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, t({α,g})
N =

1
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It is worth noting that transmission coefficients t(α)
N and t(g)N

are equal, which is confirmed by the mirror characteristics pre-
sented in Section 3 (for additional reference and comparison,
see [25]).

Finally, using components of the total transfer matrices
M({α,g}), it is possible to define a related scattering matrix
S({α,g}) in the following way:

S({α,g}) =
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The eigenvalues λ1 and λ2 of the matrix allow to determine con-
ditions under which the PT structure has either a PT-symmetric
phase, |λ1| = |λ2| = 1, or a broken symmetry phase, |λ1| =
1/|λ2| or |λ1|< 1, |λ2|> 1.

2.2. Nonlinear PT mirror analysis
The modified transfer matrix method can be also applied to in-
vestigations of nonlinear behavior of PT mirrors, where gain
and loss saturation effects are taken into account. In such a case,
the imaginary parts of the refractive indices evolve inside a PT
mirror’s primitive cell, therefore each layer of such cell is di-
vided into narrow sublayers (see Fig. 2).
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where k0 is the wave number in free space corresponding to the
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The total transfer matrices M({α,g}) for a PT mirror, relating
incident and output field amplitudes, also depend on its orien-
tation with respect to the active medium. For a PT mirror con-
sisting of a single bilayer (i.e., N = 1), the transfer matrices
M({α,g}) are:

M(α) = Ja1P1J12P2J2s , (3a)
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where:
• Ja1 and Ja2 are matrices describing behavior of the electro-

magnetic wave at the boundary between the active medium
of a laser and either the first PT mirror gain layer or the first
PT mirror loss layer, respectively, facing the active medium;

• J1s and J2s matrices denote electromagnetic wave transfer
through the boundary between the last PT mirror’s loss
layer and gain layer, respectively, and the external medium
(free space or semiconductor medium);

• J12 and J21 define transfer of the electromagnetic wave
through the boundary between gain and loss layer of the
PT mirror, where J12 describes the wave transfer from gain
layer to loss layer, while J21 defines a similar wave transfer,
but in the opposite direction;

• P1 and P2 matrices describe the wave propagation through
the PT mirror’s gain and loss layer, respectively;

• the matrices Ja1, Ja2, J1s, J2s, J12 and J21 as well as P1 and
P2 are defined in the Appendix, see equations (A.2)–(A.5).

Field amplitudes at the boundaries between the active medium
and the PT mirror can thus be related in the following way:
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where R({α,g})(L) and S({α,g})(L) are field amplitudes of the
waves incident on and reflected from the PT mirror, respec-
tively. a1 and b1 denote corresponding field amplitudes in the
first PT mirror gain layer in setup 2, while c1 and d1 describe
field amplitudes in the first loss layer in setup 1.

Similarly, relations between field amplitudes at the bound-
aries between the PT mirror and the surrounding medium are as
follows:
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aN and bN denote field amplitudes in the last PT mirror gain
layer adjacent to the external medium, cN and dN describe field
amplitudes in the last PT mirror loss layer adjacent to the ex-
ternal medium, and R({α,g})

out and S({α,g})
out are the corresponding

output field amplitudes in the external medium.
Moreover, the amplitude reflection and transmission coeffi-

cients of the two PT-mirror can be expressed with total transfer
matrix components in the following way:

r({α,g})
N =

M({α,g})
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, t({α,g})
N =

1

M({α,g})
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. (6)

It is worth noting that transmission coefficients t(α)
N and t(g)N

are equal, which is confirmed by the mirror characteristics pre-
sented in Section 3 (for additional reference and comparison,
see [25]).

Finally, using components of the total transfer matrices
M({α,g}), it is possible to define a related scattering matrix
S({α,g}) in the following way:

S({α,g}) =
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The eigenvalues λ1 and λ2 of the matrix allow to determine con-
ditions under which the PT structure has either a PT-symmetric
phase, |λ1| = |λ2| = 1, or a broken symmetry phase, |λ1| =
1/|λ2| or |λ1|< 1, |λ2|> 1.

2.2. Nonlinear PT mirror analysis
The modified transfer matrix method can be also applied to in-
vestigations of nonlinear behavior of PT mirrors, where gain
and loss saturation effects are taken into account. In such a case,
the imaginary parts of the refractive indices evolve inside a PT
mirror’s primitive cell, therefore each layer of such cell is di-
vided into narrow sublayers (see Fig. 2).
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Fig. 2. Scheme of n-th primitive cell of the PT mirror divided in sublayers. List of symbols: n1 and n2 – complex
refractive indices of gain and loss layers; Λ – period of PT structure; wa and wb – widths of gain and loss layers;
a(1...Q)

n and b(1...Q)
n – electric field complex amplitudes of waves travelling in opposite directions in gain sublayers;

c(1...Q)
n and d(1...Q)

n – electric field complex amplitudes of waves travelling in opposite directions in loss sublayers;
g0 and α0 – small-signal gain and loss coefficients of PT mirror layers; Q – number of sublayers in gain and loss

layers

In each sublayer, imaginary parts of refractive indices (with
saturation effects included) can be described with the following
equations [25]:

n(i)1I =

∣∣∣g(PT )
0

/
k0

∣∣∣

1+
(∣∣∣a(i)n

∣∣∣
2
+
∣∣∣b(i)n

∣∣∣
2
)/

Isg

, (8a)

n(i)2I =

∣∣∣α(PT )
0

/
k0

∣∣∣

1+
(∣∣∣c(i)n

∣∣∣
2
+
∣∣∣d(i)

n

∣∣∣
2
)/

Isα

, (8b)

where a(i)n , b(i)n , c(i)n and d(i)
n are the field complex amplitudes for

the i-th sublayer of the n-th primitive cell (see Fig. 2). These
amplitudes are normalized in such a way that the expressions
(|a(i)n |2 + |b(i)n |2) and (|c(i)n |2 + |d(i)

n |2) describe the power den-
sity in the related sublayer. Moreover, Isg and Isα are saturation
intensities of the PT mirror gain and loss layers, respectively.
Note that Q, the number of sublayers in gain and loss layers (de-
termining the accuracy of the calculation method [25]) should
be sufficiently large to justify the assumption that the imaginary
part of the refractive indices is approximately constant within a
single sublayer.

Complex field amplitudes in subsequent sublayers are related
by elementary propagation matrices P(i)

1 and P(i)
2 , i.e.:


a(i−1)

n

b(i−1)
n


= P(i)

1


a(i)n

b(i)n


 , (9a)


c(i−1)

n

d(i−1)
n


= P(i)

2


c(i)n

d(i)
n


 , (9b)

where P(i)
1 and P(i)

2 are related to the imaginary parts of the re-
fractive indices for the i-th sublayer, see equation (A.5) in the
Appendix. Thus, the propagation matrices P1 and P2 describing
the wave propagation through the PT mirror’s single gain and
loss layer, respectively, become a product of elementary matri-
ces of all the sublayers, i.e.:


a(0)n

b(0)n


=

Q

∏
i=1

P(i)
1


a(Q)

n

b(Q)
n


= P1


a(Q)

n

b(Q)
n


 , (10a)


c(0)n

d(0)
n


=

Q

∏
i=1

P(i)
2


c(Q)

n

d(Q)
n


= P2


c(Q)

n

d(Q)
n


 , (10b)

and the total transfer matrices M({α,g}) for a nonlinear PT mir-
ror are defined with equations (3c), (3d), with P1 and P2 de-
scribed in equation (10). This matrix, in accordance with equa-
tion (6), also determines the mirror’s transmission (t(α)

N , t(g)N )

and reflection (r(α)
N , r(g)N ) coefficients in the nonlinear regime.

2.3. Nonlinear laser operation
This analysis includes gain and loss saturation effects in the
PT mirror along with gain saturation in the active medium. In
the presented model, steady-state single mode operation is con-
sidered, and an assumption is present, that the gain line of the
active medium as well as the line of gain and absorption of the
PT mirror layers are homogenously broadened and the lasing
wavelength is tuned to their center (or equivalently, the gain and
loss linewidths are infinite). To determine the output intensity
Iout with a PT mirror as a function of the active medium small-
signal gain coefficient g0L, the following procedure scheme is
proposed. In the first step, an initial value of the output field
amplitude R({α,g})

out and the small-signal gain coefficient of the
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active medium g0L, are assumed. Moreover, to satisfy the las-
ing condition, the output field amplitude S({α,g})

out has to be zero.
Next, the electric field distribution inside the PT mirror is cal-
culated with the help of a total transfer matrix M({α,g}) for a
nonlinear PT mirror using equations (3a)–(3d), depending on
the PT mirror orientation with respect to the gain medium, with
propagation matrices P1 and P2 defined in equation (10). In
these calculations, the intensity saturations of gain and loss lay-
ers, Isg and Isα , (treated as parameters) are fixed. As a result,
the electric field amplitudes R({α,g})(L) and S({α,g})(L) are ob-
tained (see Fig. 1a and 1b). Those are the initial values required
to find numerically the electric field distribution in the active
nonlinear medium, whereby a similar procedure is applied as in
the case of the analysis of a nonlinear PT mirror. Thus again,
the active medium is divided into K narrow sublayers, each
described by elementary propagation matrices P(i)

a , see equa-
tion (A.7). Number K is sufficiently large to hold assumption
that the saturated gain is constant within each sublayer. The
saturation intensity Is in the active medium is treated as a pa-
rameter.

Finally, the field amplitudes R({α,g})(0) and S({α,g})(0) on
the totally reflecting classical mirror are determined by means
of the output field amplitudes R({α,g})

out as follows:
[

R({α,g})(0)
S({α,g})(0)

]
= PaM({α,g})

[
R({α,g})

out

0

]
, (11)

where Pa, being a product of P(i)
a , is the propagation matrix

describing field transfer through the whole nonlinear active
medium (for explicit formula for Pa see equation (A.7)).

The procedure, which is outlined in equation (11), is re-
peated for the assumed output field amplitude R({α,g})

out until
such a value of the active medium small-signal gain coeffi-
cient g0L is found, for which the amplitudes of waves inci-
dent on and reflected from a classical mirror become equal, i.e.,
R({α,g})(0) = S({α,g})(0) (since the classical mirror is totally re-
flecting with no phase shift assumed) fulfilling the amplitude
lasing condition.

It is worth noting that the phase condition can be fulfilled by
changing the position of the classical mirror by the distance no
greater than half a wavelength. This shift does not remarkably
affect the amplitude conditions nor the output intensity charac-
teristic of the laser. Thus, in calculations to follow, the phase
condition can be neglected, remarkably simplifying the above-
threshold analysis of the laser operation, where gain and loss
saturations are taken into account. In the next section, the re-
sults of numerical evaluation are discussed.

3. NUMERICAL RESULTS
First, the transmission and reflection characteristics of the linear
PT mirror structure are evaluated. In this case, the gain and loss
saturation effects are neglected. The calculations are performed
under assumption that the real part of the refractive index is
nR = 3.165 and its imaginary part is nI = 0.1 for the gain and
loss layers of the PT structure [26].

Three sets of the grating periods Λ/λ and the minimal num-
ber of periods N, which provide maximal reflection of the PT
mirror, are established. These correspond to two mirror setups
as well as two laser structures considered. The sets of mirror
parameters define the PT mirrors used in the nonlinear analy-
sis and are chosen to obtain a low laser threshold. It is worth
noting that, in general, the applied transfer matrix method en-
ables analysis of a finite PT mirror placed between arbitrary
media (for an approach suitable for an infinite PT grating, see,
e.g., [25]).

Next, the saturation effects are taken into account in the ac-
tive medium as well as in the PT mirror, and laser character-
istics of the above-threshold operation are obtained. The nu-
merical analysis is performed for the following two configu-
rations of the laser structure. In the first configuration, the PT
mirror is located between the active medium of a laser with re-
fractive index na = 3.165 and the free space, i.e., ns = 1. In
this case the laser structure is a discrete device, hereinafter re-
ferred to as a discrete configuration. In the second configura-
tion, the laser structure can be considered as a component of
the integrated circuit and the corresponding refractive indices
are na = ns = 3.165. This laser structure will be referred to as
an integrated configuration.

3.1. Linear PT mirror
The analysis of the linear PT mirror allows to determine its ge-
ometrical parameters, which provide the highest values of the
mirror reflectivity (and hence the lowest lasing threshold). Us-
ing the modified transfer matrix method, the intensity reflection
|r({α,g})

N |2 and transmission coefficients |t({α,g})
N |2 characteris-

tics are obtained.
Figures 3 and 4 are obtained for the discrete configuration:

Figs. 3(a–d) for setup 1, Figs. 4a–4d for setup 2. Figs. 3a and 3b
show the intensity reflection coefficient |r(α)

N |2 and intensity
transmission coefficient |t(α)

N |2, respectively, as functions of the
number of primitive cells N, and the ratio of the grating pe-
riod to the operating wavelength Λ/λ for the electro-magnetic
wave incident on the mirror loss layer faced toward the active
medium. In Figs. 3c and 3d, similar characteristics for |r(g)N |2

and |t(g)N |2 are presented for the electromagnetic wave incident
on the other side of the PT mirror, i.e., on the mirror’s gain layer
adjacent to the free space.

The obtained characteristics of reflection and transmission
coefficients show maxima for two numbers of the primitive
cells, approximately equal N ≈ 20 and N ≈ 60 in the pre-
sented range of parameters. Periodic distribution of these max-
ima results from Bragg resonances [19] along the Λ/λ axis and
from longitudinal distribution of the field inside the PT struc-
ture along the N axis, see the Appendix. It worth noting that
the transmission coefficients are equal for both directions of the
electromagnetic wave incidence. In the analysis to follow, only
the PT structure with lower number N of the primitive cells,
i.e., N ≈ 20, will be considered, as a less complicated case for
potential fabrication. For this case, the precisely calculated val-
ues of the intensity reflection coefficients, |r(α)

N |2 and |r(g)N |2,
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active medium g0L, are assumed. Moreover, to satisfy the las-
ing condition, the output field amplitude S({α,g})

out has to be zero.
Next, the electric field distribution inside the PT mirror is cal-
culated with the help of a total transfer matrix M({α,g}) for a
nonlinear PT mirror using equations (3a)–(3d), depending on
the PT mirror orientation with respect to the gain medium, with
propagation matrices P1 and P2 defined in equation (10). In
these calculations, the intensity saturations of gain and loss lay-
ers, Isg and Isα , (treated as parameters) are fixed. As a result,
the electric field amplitudes R({α,g})(L) and S({α,g})(L) are ob-
tained (see Fig. 1a and 1b). Those are the initial values required
to find numerically the electric field distribution in the active
nonlinear medium, whereby a similar procedure is applied as in
the case of the analysis of a nonlinear PT mirror. Thus again,
the active medium is divided into K narrow sublayers, each
described by elementary propagation matrices P(i)

a , see equa-
tion (A.7). Number K is sufficiently large to hold assumption
that the saturated gain is constant within each sublayer. The
saturation intensity Is in the active medium is treated as a pa-
rameter.

Finally, the field amplitudes R({α,g})(0) and S({α,g})(0) on
the totally reflecting classical mirror are determined by means
of the output field amplitudes R({α,g})

out as follows:
[

R({α,g})(0)
S({α,g})(0)

]
= PaM({α,g})

[
R({α,g})

out

0

]
, (11)

where Pa, being a product of P(i)
a , is the propagation matrix

describing field transfer through the whole nonlinear active
medium (for explicit formula for Pa see equation (A.7)).

The procedure, which is outlined in equation (11), is re-
peated for the assumed output field amplitude R({α,g})

out until
such a value of the active medium small-signal gain coeffi-
cient g0L is found, for which the amplitudes of waves inci-
dent on and reflected from a classical mirror become equal, i.e.,
R({α,g})(0) = S({α,g})(0) (since the classical mirror is totally re-
flecting with no phase shift assumed) fulfilling the amplitude
lasing condition.

It is worth noting that the phase condition can be fulfilled by
changing the position of the classical mirror by the distance no
greater than half a wavelength. This shift does not remarkably
affect the amplitude conditions nor the output intensity charac-
teristic of the laser. Thus, in calculations to follow, the phase
condition can be neglected, remarkably simplifying the above-
threshold analysis of the laser operation, where gain and loss
saturations are taken into account. In the next section, the re-
sults of numerical evaluation are discussed.

3. NUMERICAL RESULTS
First, the transmission and reflection characteristics of the linear
PT mirror structure are evaluated. In this case, the gain and loss
saturation effects are neglected. The calculations are performed
under assumption that the real part of the refractive index is
nR = 3.165 and its imaginary part is nI = 0.1 for the gain and
loss layers of the PT structure [26].

Three sets of the grating periods Λ/λ and the minimal num-
ber of periods N, which provide maximal reflection of the PT
mirror, are established. These correspond to two mirror setups
as well as two laser structures considered. The sets of mirror
parameters define the PT mirrors used in the nonlinear analy-
sis and are chosen to obtain a low laser threshold. It is worth
noting that, in general, the applied transfer matrix method en-
ables analysis of a finite PT mirror placed between arbitrary
media (for an approach suitable for an infinite PT grating, see,
e.g., [25]).

Next, the saturation effects are taken into account in the ac-
tive medium as well as in the PT mirror, and laser character-
istics of the above-threshold operation are obtained. The nu-
merical analysis is performed for the following two configu-
rations of the laser structure. In the first configuration, the PT
mirror is located between the active medium of a laser with re-
fractive index na = 3.165 and the free space, i.e., ns = 1. In
this case the laser structure is a discrete device, hereinafter re-
ferred to as a discrete configuration. In the second configura-
tion, the laser structure can be considered as a component of
the integrated circuit and the corresponding refractive indices
are na = ns = 3.165. This laser structure will be referred to as
an integrated configuration.

3.1. Linear PT mirror
The analysis of the linear PT mirror allows to determine its ge-
ometrical parameters, which provide the highest values of the
mirror reflectivity (and hence the lowest lasing threshold). Us-
ing the modified transfer matrix method, the intensity reflection
|r({α,g})

N |2 and transmission coefficients |t({α,g})
N |2 characteris-

tics are obtained.
Figures 3 and 4 are obtained for the discrete configuration:

Figs. 3(a–d) for setup 1, Figs. 4a–4d for setup 2. Figs. 3a and 3b
show the intensity reflection coefficient |r(α)

N |2 and intensity
transmission coefficient |t(α)

N |2, respectively, as functions of the
number of primitive cells N, and the ratio of the grating pe-
riod to the operating wavelength Λ/λ for the electro-magnetic
wave incident on the mirror loss layer faced toward the active
medium. In Figs. 3c and 3d, similar characteristics for |r(g)N |2

and |t(g)N |2 are presented for the electromagnetic wave incident
on the other side of the PT mirror, i.e., on the mirror’s gain layer
adjacent to the free space.

The obtained characteristics of reflection and transmission
coefficients show maxima for two numbers of the primitive
cells, approximately equal N ≈ 20 and N ≈ 60 in the pre-
sented range of parameters. Periodic distribution of these max-
ima results from Bragg resonances [19] along the Λ/λ axis and
from longitudinal distribution of the field inside the PT struc-
ture along the N axis, see the Appendix. It worth noting that
the transmission coefficients are equal for both directions of the
electromagnetic wave incidence. In the analysis to follow, only
the PT structure with lower number N of the primitive cells,
i.e., N ≈ 20, will be considered, as a less complicated case for
potential fabrication. For this case, the precisely calculated val-
ues of the intensity reflection coefficients, |r(α)

N |2 and |r(g)N |2,
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Fig. 3. Reflection |r({α,g})
N |2 and transmission |t({α,g})

N |2 coefficients
of a linear PT mirror in discrete configuration for setup 1. These coef-
ficients are plotted as a function of the number N of primitive cells and
the ratio Λ/λ . In (a) and (b), the electromagnetic wave is incident on
the loss layer. In (c) and (d), the electromagnetic wave is incident on

the gain layer

Fig. 4. Reflection |r({α,g})
N |2 and transmission |t({α,g})

N |2 coefficients
of a linear PT mirror in discrete configuration for setup 2. These co-
efficients are plotted as a function of the number N of primitive cells
and the ratio Λ/λ . In (a) and (b), the electromagnetic waveis incident
on the gain layer. In (c) and (d), the electromagnetic wave is incident

on the loss layer

the intensity transmission coefficients |t(α)
N |2 and |t(g)N |2, as well

as the resulting mirror length L(PT ) are shown in Table 1. The
PT mirror parameters providing maximal mirror reflection (and
therefore a high Q-factor of the cavity), resulting in low laser
operation threshold, are highlighted. The nonlinear operation of
a laser with a PT mirror so defined will be further considered.

The reflection and transmission characteristic presented in
Figs. 4a–4d are repeated for setup 2 i.e., the PT mirror is re-
versed in comparison to the previous case. Again, in Figs. 4a

Table 1
PT mirror parameters for the laser configuration as in Fig. 3

Λ/λ N L(PT )

[µm] |r(α)
N |2 |r(g)N |2 |t({α,g})

N |2

0.15627 22 5.33 9 049.67 3 538.67 5 611.26

0.47199 21 15.36 69 583.41 35 842.79 50 089.63

0.78770 20 24.42 37 133.55 25 341.63 30 799.26

1.10340 19 32.50 16 978.34 15 417.02 16 089.60

1.41890 17 37.39 584.13 634.02 627.19

1.41910 18 39.60 773.96 937.11 830.98

1.73450 16 43.02 27 912.16 40 115.45 33 600.65

and 4b, the intensity reflection and transmission coefficients,
|r(g)N |2 and |t(g)N |2 are shown, as a function of N and Λ/λ ra-
tio, and the electromagnetic wave is incident on the mirror
gain layer faced toward the active medium, while Figs. 4c
and 4d show the intensity reflection and transmission coeffi-
cients, |r(α)

N |2 and |t(α)
N |2 for the electromagnetic wave incident

on the other side of the PT mirror, i.e., on the mirror loss layer.
Similarly to the previous case, the maximum of reflection

|r(g)N |2 obtained for the lower number N of the primitive cells,
i.e., N ≈ 22, is taken into account. For this case, the precise cal-
culations of the PT mirror parameters are presented in Table 2,
and highlighted parameters define the PT mirror structure con-
sidered further in the nonlinear analysis.

Table 2
PT mirror parameters for the laser configuration as in Fig. 4

Λ/λ N L(PT )

[µm] |r(α)
N |2 |r(g)N |2 |t({α,g})

N |2

0.15958 22 5.44 5792.88 1592.69 3072.62

0.47542 22 16.21 2322.14 454.44 1047.30

0.79126 22 26.98 4175.79 588.34 1591.85

1.10710 22 37.75 133673930.32 13731667.55 42846619.69

1.42300 21 46.32 3515.22 244.03 944.72

1.73880 21 56.60 5667.60 293.84 1271.27

Finally, Figs. 5a–5d present the transmission and reflection
characteristics of the linear PT mirror in the integrated con-
figuration. Because of the symmetry, it is sufficient to analyze
only two cases: Figs. 5a and 5b for setup 1, Figs. 5c and 5d for
setup 2. Figures 5a and 5b show the behavior of the intensity re-
flection coefficient |r(α)

N |2 and intensity transmission coefficient
|t(α)

N |2, respectively, as a function of N and Λ/λ . The similar
mirror characteristics are presented in Figs. 5c and 5d for |r(g)N |2

and |t(g)N |2, respectively, for reversed mirror structure.

Again, the maximal intensity reflections |r(α)
N |2 and |r(g)N |2 re-

veal a periodic dependence on the mirror primitive cell number
N and the lower value of N ≈ 24 is further considered.

Table 3 summarizes precise calculations of reflection (|r(α)
N |2

and |r(g)N |2) and transmission (|t(α)
N |2 and |t(g)N |2) coefficients, as
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Fig. 5. Reflection |r({α,g})
N |2 and transmission |t({α,g})

N |2 coefficients
of a linear PT mirror in integrated configuration. These coefficients are
plotted as a function of N and Λ/λ for setup 1 in (a) and (b), for setup 2

in (c) and (d)

Table 3
PT mirror parameters for the laser configuration as in Fig. 5

Λ/λ N L(PT )

[µm] |r(α)
N |2 |r(g)N |2 |t({α,g})

N |2

0.15798 25 6.12 8365.52 10202.46 9239.96

0.47393 25 18.36 1097.62 1991.77 1479.59

0.78989 24 29.38 10061.27 27161.85 16532.26

1.10580 23 39.42 581.44 2335.12 1166.27

1.42180 23 50.69 468.56 2799.96 1146.39

1.73780 22 59.26 341.44 3034.97 1019.09

well as the PT mirror length L(PT ) for Λ/λ and N corresponding
to the chosen peak of reflection.

Moreover, for the chosen mirror parameters highlighted in
Tables 1–3, the symmetry of the PT mirror is investigated. For
this purpose, the calculation of the eigenvalues λ1 and λ2 of the
S({α,g}) matrix, defined in equation (7), has been performed. In
general, the PT mirror meets the conditions for PT-symmetry
when the eigenvalues λ1 and λ2 are unimodular (i.e., satisfy
the condition |λ1| = |λ2| = 1). On the other hand, it has a
broken symmetry phase, when |λ1| = 1/|λ2| and |λ1| < 1 or
|λ2| > 1 [19]. The results obtained are illustrated in Figs. 6a–
6f, where the eigenvalues |λ1| and |λ2| are plotted versus Λ/λ
for the primitive cell number N highlighted in Tables 1–3,
respectively. The figures presented in the right column, i.e.,
Figs. 5b, 5d, and 5f, show more precisely the behavior of the
eigenvalue highest maxima observed in the corresponding fig-
ures presented in the left column, i.e., in Figs. 5a, 5c, and 5f,
respectively. These maxima of |λ1| and |λ2| shown in Figs. 5a
and 5b, Figs. 5c and 5d, and Figs. 5e and 5f correspond to the
reflection and transmission coefficients highlighted in Table 1,
Table 2, and in Table 3, respectively.

Fig. 6. Eigenvalues λ1, λ2 shown as a function of ratio Λ/λ for PT
mirror structures. Figures on the right side show more precisely the be-
havior of the eigenvalue highest maxima observed in the correspond-
ing figures presented on the left side. Figsures (a)–(d) characteristics
are plotted for a PT mirror in discrete configuration (a) and (b) for
setup 1 and parameters highlighted in Table 1; (c) and (d) for setup 2
and parameters highlighted in Table 2. Figures (e) and (f) show char-
acteristics for the PT mirror in integrated configuration of a laser for

parameters highlighted in Table 3

As can be noticed, for the PT mirror located between the ac-
tive medium (i.e., semiconductor) and the free space, none of
the symmetry conditions is met for the mirror parameters high-
lighted in Table 1. Such situation is observed in Figs. 6a and 6b
(Λ/λ = 0.4720, N = 21) for setup 1, and in Fig. 6c and 6d
(Λ/λ = 1.1071, N = 22) for setup 2, where the PT mirror is re-
versed. Thus, in this case, the PT mirror providing high cavity
Q-factor loses its PT symmetry.

A different situation is observed for the PT mirror struc-
ture located between the active medium and the semiconductor
medium, see Figs. 6e and 6f. This structure meets the conditions
of a broken symmetry phase for the reflection and transmission
maxima obtained for mirror parameters highlighted in Table 3
(Λ/λ = 0.7899, N = 24).

In the next section, the nonlinear operation a laser with a PT
structure as an output mirror, defined by the parameters high-
lighted in Tables 1–3, is analyzed.

3.2. Laser with nonlinear PT mirror
This analysis includes gain and loss saturation effects in the
PT mirror along with gain saturation in the active medium.
In the presented model, single mode operation is considered,
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Fig. 5. Reflection |r({α,g})
N |2 and transmission |t({α,g})

N |2 coefficients
of a linear PT mirror in integrated configuration. These coefficients are
plotted as a function of N and Λ/λ for setup 1 in (a) and (b), for setup 2

in (c) and (d)

Table 3
PT mirror parameters for the laser configuration as in Fig. 5

Λ/λ N L(PT )

[µm] |r(α)
N |2 |r(g)N |2 |t({α,g})

N |2

0.15798 25 6.12 8365.52 10202.46 9239.96

0.47393 25 18.36 1097.62 1991.77 1479.59

0.78989 24 29.38 10061.27 27161.85 16532.26

1.10580 23 39.42 581.44 2335.12 1166.27

1.42180 23 50.69 468.56 2799.96 1146.39

1.73780 22 59.26 341.44 3034.97 1019.09

well as the PT mirror length L(PT ) for Λ/λ and N corresponding
to the chosen peak of reflection.

Moreover, for the chosen mirror parameters highlighted in
Tables 1–3, the symmetry of the PT mirror is investigated. For
this purpose, the calculation of the eigenvalues λ1 and λ2 of the
S({α,g}) matrix, defined in equation (7), has been performed. In
general, the PT mirror meets the conditions for PT-symmetry
when the eigenvalues λ1 and λ2 are unimodular (i.e., satisfy
the condition |λ1| = |λ2| = 1). On the other hand, it has a
broken symmetry phase, when |λ1| = 1/|λ2| and |λ1| < 1 or
|λ2| > 1 [19]. The results obtained are illustrated in Figs. 6a–
6f, where the eigenvalues |λ1| and |λ2| are plotted versus Λ/λ
for the primitive cell number N highlighted in Tables 1–3,
respectively. The figures presented in the right column, i.e.,
Figs. 5b, 5d, and 5f, show more precisely the behavior of the
eigenvalue highest maxima observed in the corresponding fig-
ures presented in the left column, i.e., in Figs. 5a, 5c, and 5f,
respectively. These maxima of |λ1| and |λ2| shown in Figs. 5a
and 5b, Figs. 5c and 5d, and Figs. 5e and 5f correspond to the
reflection and transmission coefficients highlighted in Table 1,
Table 2, and in Table 3, respectively.

Fig. 6. Eigenvalues λ1, λ2 shown as a function of ratio Λ/λ for PT
mirror structures. Figures on the right side show more precisely the be-
havior of the eigenvalue highest maxima observed in the correspond-
ing figures presented on the left side. Figsures (a)–(d) characteristics
are plotted for a PT mirror in discrete configuration (a) and (b) for
setup 1 and parameters highlighted in Table 1; (c) and (d) for setup 2
and parameters highlighted in Table 2. Figures (e) and (f) show char-
acteristics for the PT mirror in integrated configuration of a laser for

parameters highlighted in Table 3

As can be noticed, for the PT mirror located between the ac-
tive medium (i.e., semiconductor) and the free space, none of
the symmetry conditions is met for the mirror parameters high-
lighted in Table 1. Such situation is observed in Figs. 6a and 6b
(Λ/λ = 0.4720, N = 21) for setup 1, and in Fig. 6c and 6d
(Λ/λ = 1.1071, N = 22) for setup 2, where the PT mirror is re-
versed. Thus, in this case, the PT mirror providing high cavity
Q-factor loses its PT symmetry.

A different situation is observed for the PT mirror struc-
ture located between the active medium and the semiconductor
medium, see Figs. 6e and 6f. This structure meets the conditions
of a broken symmetry phase for the reflection and transmission
maxima obtained for mirror parameters highlighted in Table 3
(Λ/λ = 0.7899, N = 24).

In the next section, the nonlinear operation a laser with a PT
structure as an output mirror, defined by the parameters high-
lighted in Tables 1–3, is analyzed.

3.2. Laser with nonlinear PT mirror
This analysis includes gain and loss saturation effects in the
PT mirror along with gain saturation in the active medium.
In the presented model, single mode operation is considered,
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and an assumption is present, that the gain line of the active
medium as well as the line of gain and absorption of the PT
mirror layers are homogenously broadened and the lasing wave-
length is tuned to their center (or equivalently, the gain and loss
linewidths are infinite).

The investigated laser with a nonlinear PT mirror is shown
in Fig. 1. The numerical evaluation of the output intensity
I({α,g})
out = |R({α,g})

out |2 is performed for the discrete and integrated
configuration. The following parameters of the laser structure
are assumed: the classical mirror of the resonator is totally re-
flective, |r|2 = 1, and provides no phase shift; the PT mirror
is defined by the mirror parameters highlighted in Tables 1–3,
the active medium distributed loss coefficient normalized to the
length of the resonator is α0L = 0.01, and the saturation inten-
sity of the active medium equals Is = 103 W/cm2, which is a
realistic value for an InP laser structure [27].

All the laser characteristics presented in Figs. 7 are plotted
for the laser structure in discrete configuration. In this case, for
the assumed PT mirror parameters, it does not reveal any PT-
symmetry conditions. They show the dependence of the output
intensity I({α,g})

out as a function of the normalized small-signal
gain coefficient g0L for various saturation intensities Isα and Isg
of the PT mirror loss and gain layers, respectively. In is worth
noting that the assumed range of saturation parameters Isα and
Isg used for calculations is also realistic and available in InP
active and passive structures [28]. The characteristics presented
in the left column, i.e., Figs. 7a, 7c, 7e, and 7g, showing the
dependence of I(α)

out on g0L for various Isα and Isg, are obtained
for setup 1 of a laser, while in the right column Figs. 7b, 7d,
and 7h, illustrate the behavior of I(g)out for the reversed PT mirror
structure, i.e., setup 2. Moreover, the characteristics in the left
column and in the right column are obtained for the PT-mirror
parameters highlighted in Table 1 and Table 2, respectively.

In general, as can be noticed, the output intensity increases
with an increasing gain coefficient g0L. Such behavior is ob-
served for a classical F-P laser when an increase of the pumping
level causes an increasing output intensity.

For a lower pumping level of the active medium, i.e., smaller
values of g0L, the dependence of I({α,g})

out on g0L is determined
considering the active medium gain saturation and the mu-
tual relation between the saturation intensity levels of gain and
losses in the gain and loss layers of the PT mirror.

For setup 1, when the mirror gain layer is an output of the
whole laser structure (the characteristics in the left column of
Fig. 7), the output intensity is greater than for the opposite ori-
entation of the PT mirror (the characteristics in the right column
of Fig. 7). It is caused by the fact that the PT mirror orientation
significantly affects the output intensity level.

In general, in Figs. 7a–7f, for a given saturation intensity of
the mirror loss layers Isα , the increase of the saturation intensity
of the mirror gain layers Isg causes increasing output intensity.
This is the result of an increasing involvement of the PT mirror
in the amplification process of the whole laser. Moreover, it is
worth noting that, for a given Isg, the increase of Isα results in a
decreasing output intensity and decreasing involvement of the
PT mirror in the amplification process.

Fig. 7. Output intensity I({α,g})
out of the laser in discrete configura-

tion, plotted as a function of normalized small-signal gain coefficient
g0L for various loss Isα and gain Isg saturation intensities of the mir-
ror loss and gain layers: (a) and (b) Isα = 1 W/cm2 and Isg = 1, 10,
100 W/cm2; (c) and (d) Isα = 10 W/cm2 and Isg = 1, 10, 100 W/cm2;
(e) and (f) Isα = 100 W/cm2 and Isg = 1, 10, 100 W/cm2; (g) and
(h) Isg = Isα = 1, 10, 100 W/cm2. Characteristics in the left column

– for setup 1, right column – setup 2

As can be noticed in Figs. 7c–7f, when the saturation inten-
sity of the mirror loss layers Isα is greater than the saturation
intensity Isg of the mirror gain layers, and both are lower than
the active medium gain saturation Is, a bistable operation of the
laser takes place. In this case, the PT mirror acts as a saturable
absorber since the PT mirror loss layers saturate more slowly
than the gain layers and the PT mirror provides an additional
net loss to the laser structure. As a result, the hysteresis loops
in the output intensity characteristic appear.

In the case where the saturation intensities of the mirror gain
and loss layers are equal, i.e., Isα = Isg, see Figs. 7g and 7h, the
output intensity increases together with an increase in both sat-
uration intensities. Such behavior is similar as in a classical F-P
laser because the increase of the saturation intensity Isg causes
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an increased output intensity. Moreover, for small pumping lev-
els (i.e., smaller values of g0L), the difference between output
intensity characteristics are smaller than for characteristics in
Figs. 7a–7f.

In Figs. 7a–7h, for large values of gain coefficient g0L, the
output intensity characteristics I({α,g})

out tend to overlap, regard-
less of the setup, or the gain and loss saturation levels in the PT
mirror. In this regime, the PT mirror becomes linear, since the
generated laser beam intensity is high enough to saturate gain
and losses in the PT mirror layers (for the assumed range of Isα
and Isg).

All the characteristics presented in Figs. 8a–8h, for the laser
in integrated configuration, show the dependence of the output
intensity I({α,g})

out as a function of the normalized small-signal

Fig. 8. Output intensity I({α,g})
out of the integrated configuration, plot-

ted as a function of normalized small-signal gain coefficient g0L
for various loss Isα and gain Isg saturation intensities of the mirror
loss and gain layers: (a) and (b) Isα = 1 W/cm2 and Isg = 1, 10,
100 W/cm2; (c) and (d) Isα = 10 W/cm2 and Isg = 1, 10, 100 W/cm2;
(e) and (f) Isα = 100 W/cm2 and Isg = 1, 10, 100 W/cm2; (g) and
(h) Isg = Isα = 1, 10, 100 W/cm2. Characteristics in the left column

– for setup 1, right column – setup 2

gain coefficient g0L for various saturation intensities Isα and
Isg of the PT mirror loss and gain layers, respectively. In this
case, the PT mirror is defined using parameters highlighted in
Table 3 and the conditions of a broken PT-symmetry phase are
fulfilled. Again, the figures presented in the left column, i.e.,
Figs. 8a, 8c, 8e, and 8g, are obtained for setup 1 while in the
right column, i.e., Figs. 8b, 8d, 8f, and 8h, for the reverse mirror
structure, i.e., setup 2.

Behavior of characteristics in Fig. 8, due to the change of the
saturation intensities Isα and Isg, is likewise as in Fig. 7. Sim-
ilarly, the output intensity I({α,g})

out increases with an increasing
normalized small-signal gain coefficient g0L; for a given sat-
uration intensity Isα , an increase of the saturation intensity Isg
causes an increasing output intensity; for a given saturation in-
tensity Isg, an increase of the saturation intensity Isα causes a
decreasing output intensity.

Moreover, the influence of the PT mirror orientation on the
output intensity value is negligibly small and does not affect the
output intensity level. Thus, the laser characteristics on the left
and right column almost overlap.

It is worth noting, that bistable behavior is not observed in
such a laser configuration, where the output laser beam is out-
coupled through the PT mirror to the semiconductor medium.
This is caused by a small difference in refractive indices of a
semiconductor medium and the PT mirror. Moreover, in this
case, the nonreciprocal response is not present.

Additionally, the value of the normalized small-signal gain
coefficient g0L, with which the laser characteristics begin to
overlap, is greater than that for the characteristics in Fig. 7. Such
behavior is caused by a small difference in refractive indices
between the PT mirror and the surrounding media. It results in
decreasing electromagnetic field intensity inside the mirror and
increasing gain coefficient g0L, for which the PT mirror gain,
and loss layers start to saturate.

4. CONCLUSIONS
This work shows the output intensity of a laser with a PT-
symmetric mirroring structure, as a function of the normalized
small-signal gain coefficient for the ratio of the PT structure pe-
riod to the laser operating wavelength and the number of primi-
tive cells constituting PT mirror, treated as parameters. The lin-
ear analysis of the PT mirror allowed to select such PT struc-
ture’s geometrical parameters, which were used in the design of
the PT laser structure operating as discrete device as well as a
component of an integrated circuit. Considering gain and loss
saturation effects, the modified transfer matrix method was ap-
plied to obtain the relationship between the output intensity and
the gain coefficient.

As a result of the nonlinear analysis, the output intensity
characteristics were numerically calculated for two configura-
tions of the PT laser structures, where the output laser beam
was coupled either to the free space or to the semiconduc-
tor medium. All the presented characteristics increased with
increasing normalized small-signal gain coefficient (i.e., for
higher pumping levels) and tended to overlap for large values of
the gain coefficient, regardless of the type of the PT layer facing
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an increased output intensity. Moreover, for small pumping lev-
els (i.e., smaller values of g0L), the difference between output
intensity characteristics are smaller than for characteristics in
Figs. 7a–7f.

In Figs. 7a–7h, for large values of gain coefficient g0L, the
output intensity characteristics I({α,g})

out tend to overlap, regard-
less of the setup, or the gain and loss saturation levels in the PT
mirror. In this regime, the PT mirror becomes linear, since the
generated laser beam intensity is high enough to saturate gain
and losses in the PT mirror layers (for the assumed range of Isα
and Isg).

All the characteristics presented in Figs. 8a–8h, for the laser
in integrated configuration, show the dependence of the output
intensity I({α,g})

out as a function of the normalized small-signal

Fig. 8. Output intensity I({α,g})
out of the integrated configuration, plot-

ted as a function of normalized small-signal gain coefficient g0L
for various loss Isα and gain Isg saturation intensities of the mirror
loss and gain layers: (a) and (b) Isα = 1 W/cm2 and Isg = 1, 10,
100 W/cm2; (c) and (d) Isα = 10 W/cm2 and Isg = 1, 10, 100 W/cm2;
(e) and (f) Isα = 100 W/cm2 and Isg = 1, 10, 100 W/cm2; (g) and
(h) Isg = Isα = 1, 10, 100 W/cm2. Characteristics in the left column

– for setup 1, right column – setup 2

gain coefficient g0L for various saturation intensities Isα and
Isg of the PT mirror loss and gain layers, respectively. In this
case, the PT mirror is defined using parameters highlighted in
Table 3 and the conditions of a broken PT-symmetry phase are
fulfilled. Again, the figures presented in the left column, i.e.,
Figs. 8a, 8c, 8e, and 8g, are obtained for setup 1 while in the
right column, i.e., Figs. 8b, 8d, 8f, and 8h, for the reverse mirror
structure, i.e., setup 2.

Behavior of characteristics in Fig. 8, due to the change of the
saturation intensities Isα and Isg, is likewise as in Fig. 7. Sim-
ilarly, the output intensity I({α,g})

out increases with an increasing
normalized small-signal gain coefficient g0L; for a given sat-
uration intensity Isα , an increase of the saturation intensity Isg
causes an increasing output intensity; for a given saturation in-
tensity Isg, an increase of the saturation intensity Isα causes a
decreasing output intensity.

Moreover, the influence of the PT mirror orientation on the
output intensity value is negligibly small and does not affect the
output intensity level. Thus, the laser characteristics on the left
and right column almost overlap.

It is worth noting, that bistable behavior is not observed in
such a laser configuration, where the output laser beam is out-
coupled through the PT mirror to the semiconductor medium.
This is caused by a small difference in refractive indices of a
semiconductor medium and the PT mirror. Moreover, in this
case, the nonreciprocal response is not present.

Additionally, the value of the normalized small-signal gain
coefficient g0L, with which the laser characteristics begin to
overlap, is greater than that for the characteristics in Fig. 7. Such
behavior is caused by a small difference in refractive indices
between the PT mirror and the surrounding media. It results in
decreasing electromagnetic field intensity inside the mirror and
increasing gain coefficient g0L, for which the PT mirror gain,
and loss layers start to saturate.

4. CONCLUSIONS
This work shows the output intensity of a laser with a PT-
symmetric mirroring structure, as a function of the normalized
small-signal gain coefficient for the ratio of the PT structure pe-
riod to the laser operating wavelength and the number of primi-
tive cells constituting PT mirror, treated as parameters. The lin-
ear analysis of the PT mirror allowed to select such PT struc-
ture’s geometrical parameters, which were used in the design of
the PT laser structure operating as discrete device as well as a
component of an integrated circuit. Considering gain and loss
saturation effects, the modified transfer matrix method was ap-
plied to obtain the relationship between the output intensity and
the gain coefficient.

As a result of the nonlinear analysis, the output intensity
characteristics were numerically calculated for two configura-
tions of the PT laser structures, where the output laser beam
was coupled either to the free space or to the semiconduc-
tor medium. All the presented characteristics increased with
increasing normalized small-signal gain coefficient (i.e., for
higher pumping levels) and tended to overlap for large values of
the gain coefficient, regardless of the type of the PT layer facing
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the active medium. Moreover, all the characteristics strongly
depend on the gain and loss saturation intensities levels in the
PT mirror. For a given saturation intensity of the mirror loss
layers Isα , the increase of the saturation intensity of the mirror
gain layers Isg causes increasing output intensity of the overall
laser structure. In this case, the PT mirror acts as an additional
amplifier.

The obtained laser characteristics showed bistable behavior
only when (1) the output laser beam was coupled to the free
space (i.e., the laser operates as a discrete device and the PT
mirror is placed between two media of remarkably different
refractive indices), (2) the loss layer saturation intensity was
greater than gain layer saturation intensity, but smaller than the
active medium saturation intensity (i.e., the losses of the loss
layer saturate faster than the gain of the gain layer), and (3) the
output laser beam left the laser structure through the loss or gain
mirror layer.

The model proposed in this paper can be useful for model-
ing laser structures with a PT mirror. Investigation of such PT
structures may open doors to next-generation laser sources for
telecommunication systems and optical computing.

A. APPENDIX
The electric field distribution inside the primitive cell of the
PT mirror is expressed as a sum of two counter-running plane
waves along the z direction:

E1(z) = aneik0n1z +bne−ik0n1z. (A.1a)

E2(z) = cneik0n2z +dne−ik0n2z. (A.1b)

The junction matrices Ja1 and Ja2 describing transfer of the
electromagnetic wave from the active medium with refractive
index na to the first PT mirror gain and loss layer of refractive
indices n1 and n2 respectively, are of the following form:

Ja{1,2} =




na +n{1,2}
2na

na −n{1,2}
2na

na −n{1,2}
2na

na +n{1,2}
2na


 . (A.2)

The matrices J1s and J2s, defining transfer of the electromag-
netic wave from the last PT mirror gain or loss layer of refrac-
tive indices n1 and n2, respectively, to the free space or the semi-
conductor medium, respectively, of refractive index ns, are as
follows:

J{1,2}s =




n{1,2}+ns

2n{1,2}

n{1,2} −ns

2n{1,2}
n{1,2} −ns

2n{1,2}

n{1,2}+ns

2n{1,2}


 . (A.3)

Matrix J12 express transfer of the electromagnetic wave from
the gain (with the refractive index n1) to the loss layer (with
the refractive index n2) of the PT structure, while matrix J21

defines a similar electromagnetic wave transfer in the opposite
direction:

J{12,21} =




n{1,2}+n{2,1}
2n{1,2}

n{1,2} −n{2,1}
2n{1,2}

n{1,2} −n{2,1}
2n{1,2}

n{1,2}+n{2,1}
2n{1,2}


 . (A.4)

Propagation matrices P1 and P2 describe transfer of the elec-
tromagnetic wave through the PT mirror gain (with the refrac-
tive index n1) and loss (with the refractive index n2) layer, re-
spectively, as follows:

P{1,2} =

[
e−ik0n{1,2}w{a,b} 0

0 eik0n{1,2}w{a,b}

]
. (A.5)

In the case of a nonlinear PT mirror, the elementary matrix
P(i)

1 of the i-th sublayer of the gain layer with complex refractive
index defined in equation (A.5a) and the elementary matrix P(i)

2
of the i-th sublayer of the loss layer with complex refractive
index defined in equation (A.5b), have the following form:

P(i)
1 =


 e−ik0

(
n1R−in(i)1I

)
wa
Q 0

0 eik0

(
n1R−in(i)1I

)
wa
Q


 , (A.6a)

P(i)
2 =


 e−ik0

(
n2R+in(i)2I

)
wb
Q 0

0 eik0

(
n2R+in(i)2I

)
wb
Q


 . (A.6b)

The transfer matrix method is also used to describe wave
propagation in the active medium. For such medium, the prop-
agation matrix Pa is expressed as:

Pa =
K

∏
i=1

P(i)
a

=
K

∏
i=1




e
−ik0

(
na+i α0−g(i)

k0

) L
K 0

0 e
ik0

(
na+i α0−g(i)

k0

)
L
K


 , (A.7)

where the saturated gain in the active medium is described as:

g(i) =
g0

1+
(∣∣R({α,g})(i)

∣∣2 + ∣∣S({α,g})(i)
∣∣2)/Is

,

R({α,g})(i) and S({α,g})(i) are the electric longitudinal field’s
complex amplitudes travelling in opposite directions in the ac-
tive medium of the laser.

The following figure shows two examples of the longitudinal
field distribution of counter running waves in the PT structure
(discrete configuration for setup 1) as a function of the number
of primitive cells N. First plot, shown in Fig. 9a, is obtained
for the PT structure parameters highlighted in Table 1, provid-
ing maximal mirror reflection and transmission coefficients (see
Fig. 3). Second plot, Fig. 9b, is drawn for Λ/λ = 0.62985, the
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Fig. 9. Longitudinal field distribution of counter running waves |an|,
|bn|, |cn|, |dn|, inside the linear PT mirror structure in discrete config-
uration for setup 1, as a function of the number of primitive cells N for

Iout = 1 W/cm2 and (a) Λ/λ = 0.47199, (b) Λ/λ = 0.62985

value between two neighboring maxima in Table 1 (second and
third row), resulting in the mirror reflection and transmission
coefficients lower than unity.

As can be seen, the longitudinal field distribution shown in
Fig. 9 is a periodic function of N. This distribution affects the
values of reflection and transmission coefficients. In Fig. 9a,
for marked N = 21 and N = 63, the amplitude of right travel-
ling wave reaches minima, and left travelling – maxima, which
corresponds to the maximum values of reflections and trans-
missions coefficients (see Fig. 3). Comparing with the previ-
ous case, in Fig. 9b, the amplitudes of travelling waves change
slightly with the value of N, and therefore the reflection and
transmission coefficients are very low.
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Fig. 9. Longitudinal field distribution of counter running waves |an|,
|bn|, |cn|, |dn|, inside the linear PT mirror structure in discrete config-
uration for setup 1, as a function of the number of primitive cells N for

Iout = 1 W/cm2 and (a) Λ/λ = 0.47199, (b) Λ/λ = 0.62985

value between two neighboring maxima in Table 1 (second and
third row), resulting in the mirror reflection and transmission
coefficients lower than unity.

As can be seen, the longitudinal field distribution shown in
Fig. 9 is a periodic function of N. This distribution affects the
values of reflection and transmission coefficients. In Fig. 9a,
for marked N = 21 and N = 63, the amplitude of right travel-
ling wave reaches minima, and left travelling – maxima, which
corresponds to the maximum values of reflections and trans-
missions coefficients (see Fig. 3). Comparing with the previ-
ous case, in Fig. 9b, the amplitudes of travelling waves change
slightly with the value of N, and therefore the reflection and
transmission coefficients are very low.
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value between two neighboring maxima in Table 1 (second and 
third row), resulting in the mirror reflection and transmission 
coefficients lower than unity.

As can be seen, the longitudinal field distribution shown in 
Fig. 9 is a periodic function of N. This distribution affects the 
values of reflection and transmission coefficients. In Fig. 9a, 
for marked N = 21 and N = 63, the amplitude of right travel-
ling wave reaches minima, and left travelling – maxima, which 
corresponds to the maximum values of reflections and trans-
missions coefficients (see Fig. 3). Comparing with the previ-
ous case, in Fig. 9b, the amplitudes of travelling waves change 
slightly with the value of N, and therefore the reflection and 
transmission coefficients are very low.
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