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1. INTRODUCTION
Recently, there has been a systematic increase in interest in
the use of magnetorheological (MR) fluids with viscosity con-
trolled by an electric signal; these fluids can be found in dif-
ferent types of devices, including linear dumpers [1, 2], ro-
tary dumpers [3, 4], shock absorber [5], active suspensions [6],
brakes [7–11], clutches [6,12–14], and valves [15,16] and seem
to be especially useful in automotive and motorcycle drive sys-
tems and automotive disengagement auxiliaries [6,7,10,14,17].
Descriptions of the constructed and launched prototypes of
such devices, measuring stations for testing their properties
[13,17,18], and analytical and field methods for their modelling
and design [19], including optimisation calculations [10, 19],
can be found in the literature.

A promising field for the application of MR fluids can be
considered to be clutches because of the ease of the coupling
and decoupling process and the possibility of operating at a con-
stant slip state. In addition, an MR clutch can act as an overload
protection system [6].

The devices with MR fluids presented in the literature can
be classified into different types, namely cylindrical (drum)
[13,20], disc [10], or hybrid [14]. A comparison of the different
MR brake types from the viewpoint of maximum torque and
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constrained volume is given in [21]. For devices with a disc
structure (used in brakes and clutches), the possibility of a dif-
ferent number of discs (from one to five) is indicated, and each
number of discs is associated with different properties with re-
spect to the overall dimensions, geometrical proportions, and
values of the maximum torque per volume ratio Tmx/V , and
maximum torque per mass ratio Tmx/m [8–10]. These numer-
ous possibilities of varying the geometrical proportions of de-
vices and increasing the values of the above-mentioned ratios
by selecting different numbers of discs appear to be a particu-
larly promising advantage. However, they also generate the re-
quirement to develop an effective method for designing multi-
disc constructions. The design methods presented in the liter-
ature are largely based on time-consuming field calculations
[7, 10, 12, 21], and the articles related to optimisation calcula-
tions do not contain information on the selection of parameters,
geometrical dimensions, and winding data for the first initial
variant. Articles [7, 23] are excellent examples of optimal de-
signs that use magnetic circuit analysis.

Based on the experience related to the design of electrical
machines and actuators [22, 24], different devices with smart
materials (including MR linear-rotary brakes 2DoF [25], and
linear actuators with shape memory alloys (SMAs) [26, 27]),
the authors undertook the development of a novel integrated
analytical-field method for designing multi-disc MR clutches
that included two stages, namely analytical and field stages. The
essential advantage of such a two-stage method is the satisfac-
tory accuracy of the first analytical stage of the design proce-
dure (including only 36 algebraic formulas) and the rapid con-

Bull. Pol. Acad. Sci. Tech. Sci. 69(6) 2021, e139392 1

BULLETIN OF THE POLISH ACADEMY OF SCIENCES
TECHNICAL SCIENCES, Vol. 69(6), 2021, Article number: e139392
DOI: 10.24425/bpasts.2021.139392

XXX

Integrated analytical-field design method of multi-disc
magnetorheological clutches for automotive

applications
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These minor differences among the radii are dictated by the
fine fit requirements. For further design calculations, we assume
that

r1i ∼= rbi ∼= rs . (7)

For the proper positioning of the discs along the shaft, the
discs must be spaced apart by distance rings with a thickness of
∆1 made of non-magnetic steel (see the inset in the upper part
of Fig. 2b). The length of the distance rings ldr is determined at
the end of the next section.

2.2. Choice of thickness of MR fluid gap, thickness of
discs, and internal radius of secondary member discs

To select the correct thickness of the MR fluid gap g, two op-
posing criteria for different characters must be considered:
• electromagnetic criterion – ensuring the maximum value of

the magnetic field in the MR fluid-gaps and consequently,
the maximum value of the clutching torque;

• mechanical criterion – preventing the mechanical effect of
clutch seizure.

We begin with our considerations based on the first criterion.
The B-H curve for typical magnetic steel forming a ferromag-
netic core is depicted in Fig. 3a and the B-H curve for MR fluid
MRF-140CG is depicted in Fig. 3b [29].

Fig. 3. B-H curves for magnetic steel and MR fluid MRF-140CG.
a) B-H curves for ferromagnetic steel [30]; b) B-H curves for MR fluid

MRF-140CG [29]

Both these curves exhibit nonlinear characteristics and in-
clude three peculiar regions, namely the linear part, knee, and
saturation. The relative magnetic permeabilities of magnetic
steel versus magnetic flux density for ferromagnetic steel µFe
and for MR fluid MRF-140CG µMR are depicted in Fig. 4.

Fig. 4. Relative magnetic permeabilities for magnetic steel and MR
fluid MRF-140CG. a) Relative magnetic permeability characteristics
µFe(B) for ferromagnetic steel [30], b) Relative magnetic permeability

characteristics µMR(B) for MT fluid MRF-140CG [29]

Comparing the values of magnetic permeabilities µFe and
µMR for a magnetic flux density equal to 0.7T (which is the
recommended value of magnetic flux density in the MR fluid
gaps) [8], it can be concluded that the magnetic properties of
the MR fluid are approximately 1800 times worse than those of
steel. This leads to the conclusion that the thickness of the MR
fluid gaps has a decisive influence on the total reluctance of the
entire magnetic core, and that from the magnetic field point of
view, the thickness of the gaps should be as small as possible.
By minimising the MR fluid-gap thickness, the magnetic field
and clutching torque are maximised (at a fixed magnetomotive
force).

The second criterion imposes a large MR fluid gap. There
are numerous different reasons that can lead to a seized clutch,
including shaft bending, eccentricity of the shaft arrangement
due to damage or natural wear of the bearings, and buck-
ling of the discs. In all these cases, a large fluid gap reduces
the risk of clutch seizing. The aforementioned problem of the
proper selection of the gaps is widely known, e.g., in asyn-
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vergence of the second field stage of the design procedure based
on the FEM.

The main view of an exemplary two-disc (N = 2) MR clutch
(the simplest case of a multi-disc MR clutch) is illustrated in
Fig. 1. Owing to its symmetry, it is sufficient to present only a
quarter of the entire construction. The figure consists of three
sections and indicates successively a primary member (con-
nected to the driving motor), a secondary member (connected
to the driven device), and an assemblage of both members con-
stituting the entire device.

Fig. 1. Exemplary two-disc MR clutch (N = 2) – general view and
introductory terminology

The numbers 1, 2, 3, . . . , 10 indicate the consecutive con-
structional parts: 1 – non-magnetic housing, 2 – coil, 3 – discs
of primary member, 4 – cover yoke, 5 – cylinder yoke, 6 – bear-
ings, 7 – non-magnetic shaft of primary member, 8 – discs of
secondary member, 9 – MR fluid gaps, 10 – non-magnetic shaft
of secondary member.

Particular care must be taken to prevent the leakage of mag-
netorheological fluid in the coupling. It is necessary to use an
appropriate sealing system, the selection of which is dictated by
the operating conditions.

Note that the terminology proposed by the authors is influ-
enced by the theory of transformers and rotating electrical ma-
chines.

2. DETERMINATION OF SHAFT AND DISC DIMENSIONS
– BEGINNING OF ANALYTICAL STAGE OF DESIGN
PROCEDURE

2.1. Determination of shaft radius rs and inner radius
of primary member discs r1i

The radius of a shaft rs depends mainly on the maximum value
of the developed clutching torque Tmx. Clutching torque causes
torsional stress in the shaft, whose maximum value divided by
the torsional circular section-modulus Wo must be less than or
equal to the allowable stress ks for the selected type of steel.

Tmx

Wo
≤ ks , (1)

where

Wo =
π · r3

s

2
. (2)

In general, the designer introduces an additional safety fac-
tor ksafe

ksafe ·Tmx

Wo
≤ ks . (3)

Consequently, the minimum shaft radius rsmin is determined by
the following inequality resulting from equation (4):

rsmin =
3

√
2 · ksafe ·Tmx

π · ks
. (4)

Knowing the value of the minimum shaft radius rsmin, one
can fit the suitable bearings (their type and size). The inner ra-
dius of the bearings rbi must satisfy the following inequality:

rbi ≥ rsmin (5)

and must be correlated with the list of standard bearing sizes
(3.5; 4; 4.5; 5; 6; 7.5; 8.5; 10; 12.5; ... mm) [28] with the
appropriate tolerance.

We denote the selected radius of the shaft resulting from in-
equality equation (5) and from the list of standard sizes by rs
(see Fig. 2a). Note that throughout this article, the following
rule for marking dimensions is used in subsequent drawings:
black – currently calculated dimensions, grey and dashed lines
– dimensions related to completed calculations or future calcu-
lations.

Fig. 2. Relationships among radii: rs; rbi, and r1i. a) Shaft radius of
MR fluid clutch rs, b) inner radius of bearings rbi and internal radius

of primary member discs r1i

The primary member discs are placed on the shaft; their inner
radius r1i depends on the manner in which they are mounted on
the shaft. As can be observed in Fig. 2b, the inner radius of
primary member discs r1i is marginally greater than the inner
radius of bearings rbi, and the inner radius of bearings rbi is
marginally greater than the radius of shaft rs:

rs ≤ rbi ≤ r1i . (6)

2 Bull. Pol. Acad. Sci. Tech. Sci. 69(6) 2021, e139392



3

Integrated analytical-field design method of multi-disc magnetorheological clutches for automotive applications

Bull. Pol. Acad. Sci. Tech. Sci. 69(6) 2021, e139392

Integrated analytical-field design method of multi-disc magnetorheological clutches for automotive applications

These minor differences among the radii are dictated by the
fine fit requirements. For further design calculations, we assume
that
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For the proper positioning of the discs along the shaft, the
discs must be spaced apart by distance rings with a thickness of
∆1 made of non-magnetic steel (see the inset in the upper part
of Fig. 2b). The length of the distance rings ldr is determined at
the end of the next section.

2.2. Choice of thickness of MR fluid gap, thickness of
discs, and internal radius of secondary member discs

To select the correct thickness of the MR fluid gap g, two op-
posing criteria for different characters must be considered:
• electromagnetic criterion – ensuring the maximum value of

the magnetic field in the MR fluid-gaps and consequently,
the maximum value of the clutching torque;

• mechanical criterion – preventing the mechanical effect of
clutch seizure.

We begin with our considerations based on the first criterion.
The B-H curve for typical magnetic steel forming a ferromag-
netic core is depicted in Fig. 3a and the B-H curve for MR fluid
MRF-140CG is depicted in Fig. 3b [29].

Fig. 3. B-H curves for magnetic steel and MR fluid MRF-140CG.
a) B-H curves for ferromagnetic steel [30]; b) B-H curves for MR fluid

MRF-140CG [29]

Both these curves exhibit nonlinear characteristics and in-
clude three peculiar regions, namely the linear part, knee, and
saturation. The relative magnetic permeabilities of magnetic
steel versus magnetic flux density for ferromagnetic steel µFe
and for MR fluid MRF-140CG µMR are depicted in Fig. 4.

Fig. 4. Relative magnetic permeabilities for magnetic steel and MR
fluid MRF-140CG. a) Relative magnetic permeability characteristics
µFe(B) for ferromagnetic steel [30], b) Relative magnetic permeability

characteristics µMR(B) for MT fluid MRF-140CG [29]

Comparing the values of magnetic permeabilities µFe and
µMR for a magnetic flux density equal to 0.7T (which is the
recommended value of magnetic flux density in the MR fluid
gaps) [8], it can be concluded that the magnetic properties of
the MR fluid are approximately 1800 times worse than those of
steel. This leads to the conclusion that the thickness of the MR
fluid gaps has a decisive influence on the total reluctance of the
entire magnetic core, and that from the magnetic field point of
view, the thickness of the gaps should be as small as possible.
By minimising the MR fluid-gap thickness, the magnetic field
and clutching torque are maximised (at a fixed magnetomotive
force).

The second criterion imposes a large MR fluid gap. There
are numerous different reasons that can lead to a seized clutch,
including shaft bending, eccentricity of the shaft arrangement
due to damage or natural wear of the bearings, and buck-
ling of the discs. In all these cases, a large fluid gap reduces
the risk of clutch seizing. The aforementioned problem of the
proper selection of the gaps is widely known, e.g., in asyn-
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chronous machines, where it is related to the suitable choice
of the air gap between the stator and rotor. This problem also
occurs in other specific electromechanical devices, such as MR
brakes and motor pumps. Based on the design experience and
industrial practice relating to small and middle power induc-
tion machines [31], MR brakes [10], and motor pumps [32],
it can be concluded that the recommended MR value of the
MR fluid gaps should be within the range of 0.5–1 mm, i.e.,
g = (0.5−1) mm [8, 31–33].

Returning to the multi-disc MR clutches, it is assumed that
the thickness of the main MR fluid gaps g among the neigh-
bouring discs and thickness of the side-fluid gaps (also known
as annular ducts [10]) are the same (there is no evident rea-
son why their values should be differentiated). Considering the
above assumption, the internal radius of the secondary member
discs r2i can be determined as the following sum:

r2i = r1i +∆1 +g, (8)

where g is the selected thickness of the MR fluid gap common
to the main gaps of the discs and side gaps.

The next essential parameter is the thickness of discs d. It is
assumed that the thickness of the primary member discs d1 is
equal to the thickness of the secondary member discs d2; thus,
d1 = d2 = d. The thickness of the discs d results from the mate-
rial strength calculation and requires consideration of the shaft
speed, centrifugal forces, and required disc stiffness.

The length of the distance rings ldr between the discs is equal
to the sum

ldr = d +2g, (9)

as indicated in Fig. 2b.

2.3. Choice of working points at B-H curves and yield
stress vs. magnetic field density curve

As mentioned above, the MR clutch includes two types of mag-
netic materials. The B-H curves for both magnetic materials,
ferromagnetic steel and MR fluid, and additional curves indi-
cating the dependence of the relative magnetic permeabilities
of steel µFe and MR fluid µMR on magnetic flux density B are
depicted in Fig. 3a, b and Fig. 4a, b, respectively. As can be
observed in Fig. 4a, the maximum value of the magnetic per-
meability for steel appears in the range of 0.5–0.8 T.

Typically, the recommended value of the magnetic flux den-
sity B0 in the movement region of electromechanical devices,
i.e., in the air gaps of induction motors [33], fluid gaps of MR
brakes, or fluid gaps of MR clutches [10, 23] is equal to 0.7T .
In a multi-disc MR clutch, the movement region consists of the
MR fluid gaps and ferromagnetic discs. If the magnetic field
density in the MR fluid gaps and discs is 0.7T , then the relative
magnetic permeability is approximately 10 000 in the ferromag-
netic discs and approximately 5.5 in the MR fluid gaps. As can
be observed, the magnetic permeability of the ferromagnetics in
the movement region is approximately 1800 times greater than
that in the MR fluid gaps.

In other parts of the magnetic circuit, outside the movement
region, there are regions with a significantly smaller cross-

section. For instance, in induction motors, these critical regions
are located in the stator and rotor teeth regions, and possibly
in the stator and rotor yokes. The locations of the critical re-
gions in MR brakes and MR clutches are indicated in [7, 8]
and [12], respectively. It is of utmost importance to ensure that
while the magnetic induction in the movement region is equal
to B0, the maximum value of magnetic flux density Bmx at the
critical point of the ferromagnetic core is less than the satura-
tion point, which is approximately 1.6T and is associated with
the appearance of the knee on the steel B-H curve (Fig. 3a).
Most frequently, designers of electromagnetic devices use val-
ues of magnetic flux density in the most saturated fragments of
the magnetic circuit Bmx at level Bmx = (1.1−1.3)T .

Next, we focus our attention on the B-H curve for the MR
fluid (Fig. 3b) and on the curve presenting the relative magnetic
permeability of MR fluid vs. magnetic flux density (Fig. 4b).
The knee for MR fluid occurs at approximately 0.8T . Hence, we
can conclude that the selection of the magnetic flux density in
the movement region at the level of 0.7T is fully justified from
the viewpoint of the magnetic properties of the MR fluid (this
value is less than the above-indicated knee at the B-H curve for
the MR fluid).

The characteristics that play a key role in generating the
clutching torque are the curves representing the yield stress of
the MR fluid τ as a function of the magnetic flux density B µMR
(Fig. 5a) and as a function of the relative magnetic permeabil-

Fig. 5. Yield stress characteristics τ(B) and τ(µMR) for MR fluid
MRF-140CG [29]. a) Yield stress characteristics τ(B) for MRF-
140CG, b) Yield stress characteristics τ(µMR) for MRF-140CG – elab-

orated by authors on the basis in Figs. 4b and 5a
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ity for the MR fluid (Fig. 5b). We intend to obtain a high yield
stress value τy (Fig. 5a) with a small decrease in the value of
magnetic permeability µMR (Fig. 5b). From this point of view,
the value of the magnetic flux density in the MR fluid gaps ap-
pears to be the most appropriate: τy(B0 = 0.7T ) = 45.7 kPa,
µMR = f−1[τy(B0 = 0.7T )] = 5.55 (Fig. 5a, b).

In summary, the selected working points for all essential
curves are located in the upper part of the linear region and
below the knee.

2.4. Clutching torque Tc

We determine the clutching torque T acting on one side of the
secondary member disc of an N-disc MR clutch under the as-
sumption that a uniform magnetic field B0 passes through the
layers of the MR fluid and discs (perpendicular to their frontal
surfaces) and transforms the MR fluid in the gaps into a semi-
solid body with significantly increased viscosity, making the
relative displacement of the discs impossible.

Such behaviour of the MR fluid is described by the Bingham
model in the form of the following conditional equality [7]:

|τ (γ̇,B)|= τy(B)+η |γ̇| if τy(γ̇,B)≥ τ(γ̇,B), (10)

where τ(γ̇,B) is the total shear stress, τy(B) is the field-
dependent yield stress, η is the fluid viscosity, γ̇ is the shear
stress rate, and η |γ̇| is the viscous friction.

The graphical interpretation of the above relation for Bing-
ham plastics is depicted in Fig. 6.

Fig. 6. Bingham model – graphical representation

As can be observed, the MR fluid can resist the sheer up to
a certain controllable value of yield stress τy(B); on exceeding
this value, it behaves as a fluid. In a clutch functioning in shear
mode, the primary and secondary member discs do not move
relative to each other γ̇ = 0 and, consequently, the developed
clutching torque depends only on the magnetic flux density B
and yield stress τy(B); thus, T = f [τy(B)].

The value of the clutching torque can be determined based
on the reasoning presented below and considering Fig. 7 and
Fig. 8.

These images demonstrate that the generation of the clutch-
ing torque occurs in the space between the overlapping surfaces

Fig. 7. Single disc – geometrical denotations for calculating clutching
torque

Fig. 8. Neighbouring discs of primary and secondary clutch members
and their overlapping surfaces

of the primary and secondary member discs. These overlapping
surfaces are bounded by an inner circle of radius r1e and outer
circle of radius r2i. In the area of the remaining non-overlapping
parts of the discs, the magnetic flux density rapidly decreases
and approaches zero [10, 12]. This can be observed later in the
article in the figures presenting the results of the FEM calcula-
tions (Section refSample design: 2-discs).

In the polar coordinate system, the elementary force dF
and elementary torque dT acting on the incremental surfaces
dS = r · dφ · dr (where r is the current radius, dϕ is the angle
increment, ND dr is the radius increment) can be expressed as
follows:

dT = r ·dF = r · τy(B0)dS = r2τy(B0) ·dφdr. (11)

By integrating, one can determine the clutching torque acting
on one side of the secondary member disc Tos:

Tos =

r1e∫

r2i

2π∫

0

dT =

=
π
3
· τy(B0) ·

(
r3

1e − r3
2i
)
, (12)
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ity for the MR fluid (Fig. 5b). We intend to obtain a high yield
stress value τy (Fig. 5a) with a small decrease in the value of
magnetic permeability µMR (Fig. 5b). From this point of view,
the value of the magnetic flux density in the MR fluid gaps ap-
pears to be the most appropriate: τy(B0 = 0.7T ) = 45.7 kPa,
µMR = f−1[τy(B0 = 0.7T )] = 5.55 (Fig. 5a, b).

In summary, the selected working points for all essential
curves are located in the upper part of the linear region and
below the knee.

2.4. Clutching torque Tc

We determine the clutching torque T acting on one side of the
secondary member disc of an N-disc MR clutch under the as-
sumption that a uniform magnetic field B0 passes through the
layers of the MR fluid and discs (perpendicular to their frontal
surfaces) and transforms the MR fluid in the gaps into a semi-
solid body with significantly increased viscosity, making the
relative displacement of the discs impossible.

Such behaviour of the MR fluid is described by the Bingham
model in the form of the following conditional equality [7]:

|τ (γ̇,B)|= τy(B)+η |γ̇| if τy(γ̇,B)≥ τ(γ̇,B), (10)

where τ(γ̇,B) is the total shear stress, τy(B) is the field-
dependent yield stress, η is the fluid viscosity, γ̇ is the shear
stress rate, and η |γ̇| is the viscous friction.

The graphical interpretation of the above relation for Bing-
ham plastics is depicted in Fig. 6.

Fig. 6. Bingham model – graphical representation

As can be observed, the MR fluid can resist the sheer up to
a certain controllable value of yield stress τy(B); on exceeding
this value, it behaves as a fluid. In a clutch functioning in shear
mode, the primary and secondary member discs do not move
relative to each other γ̇ = 0 and, consequently, the developed
clutching torque depends only on the magnetic flux density B
and yield stress τy(B); thus, T = f [τy(B)].

The value of the clutching torque can be determined based
on the reasoning presented below and considering Fig. 7 and
Fig. 8.

These images demonstrate that the generation of the clutch-
ing torque occurs in the space between the overlapping surfaces

Fig. 7. Single disc – geometrical denotations for calculating clutching
torque

Fig. 8. Neighbouring discs of primary and secondary clutch members
and their overlapping surfaces

of the primary and secondary member discs. These overlapping
surfaces are bounded by an inner circle of radius r1e and outer
circle of radius r2i. In the area of the remaining non-overlapping
parts of the discs, the magnetic flux density rapidly decreases
and approaches zero [10, 12]. This can be observed later in the
article in the figures presenting the results of the FEM calcula-
tions (Section refSample design: 2-discs).

In the polar coordinate system, the elementary force dF
and elementary torque dT acting on the incremental surfaces
dS = r · dφ · dr (where r is the current radius, dϕ is the angle
increment, ND dr is the radius increment) can be expressed as
follows:

dT = r ·dF = r · τy(B0)dS = r2τy(B0) ·dφdr. (11)

By integrating, one can determine the clutching torque acting
on one side of the secondary member disc Tos:

Tos =

r1e∫

r2i

2π∫

0

dT =

=
π
3
· τy(B0) ·

(
r3

1e − r3
2i
)
, (12)
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The N-disc MR clutch has 2N surfaces; therefore, the resul-
tant torque value is ultimately equal to

T =
4π
3

·N · τy(B0) ·
(
r3

1e − r3
2i
)
. (13)

Analysing the transient states of the MR clutch or consider-
ing its operation at constant slip (when primary and secondary
member discs are moving relative to each other), it is necessary
to consider the extended formula for torque containing a vis-
cous torque component proportional to the relative velocity of
the discs:

T =
4π
3

·N ·
(
r3

1e − r3
2i
)
·
(

τy(B0)+η
dγ
dt

)
. (14)

Note that the correctness of the simplifying assumptions re-
ferring to the uniform distribution of the magnetic field passing
through the MR gaps and discs is confirmed by the FEM calcu-
lations in Section 4.1.

Assuming a uniform distribution of the magnetic field den-
sity, we can also determine the value of the magnetic flux Φ0,
leaving the movement region and entering the cover and cylin-
drical yokes:

Φ0 = πB0 ·
(
r2

1e − r2
2i
)
. (15)

Next, we analyse equation (13). The most suitable value of
magnetic flux density B0 in the MR fluid gaps was selected in
Section 2.3, (B0 = 0.7T ). The yield stress τ(B0) can be deter-
mined from the curve in Fig. 5a (τ0 = τ(B0) = 0.7T = 40kPa)
and the radius r2i was determined in Section 2.1 (equation (8)).
This implies that the expression for the maximum clutching
torque Tmx is a function of two variables Tmx(B0) = f (N,r1e).
It is clear that the radius r1e has a significant influence on the
outer diameter of the entire clutch.

To select the correct number of discs N, different aspects
must be considered, the most important of which is the torque
density ratio (torque per volume Tmx/V , where V is the total
volume of the clutch) and the limitations imposed on the outer
dimensions or operating parameters of the clutch specified by
the user based on the planned or expected application (e.g.,
outer length, outer diameter, total clutch volume, total clutch
mass, and total inertia moment of the rotating part). All the
above-mentioned dimensions or parameters are obtained at the
end of the entire design process.

The introductory selected number of discs is typically a com-
promise between the volume (mass) of the clutch that decreases
with the number of discs and the technological complexity of
the clutch, which increases with the number of discs. This prob-
lem was considered in detail in [8,12,34]. The number of discs
recommended in these studies was two (N = 2) or three (N = 3).
Following the introductory selection of the number of discs, one
can continue with further design calculations.

The external radius of the primary member discs r1e can
be determined based on the following formula resulting from
equation (16):

r1e =
3

√
3Tmx

4πNτy(B0)
− r3

2i . (16)

As can be observed in Fig. 9, the external radius of secondary
member discs r2e is, in relation to the external radius of pri-
mary member discs r1e, increased by the thickness of the MR
fluid gap g and depth s of the mounting socket made in a non-
magnetic ring with a thickness of ∆2 (its purpose is to separate
the movement region from the coil).

r2e = r1e +g+ s (17)

Fig. 9. Non-magnetic separating ring – geometrical denotation

3. DETERMINATION OF COIL WINDING DATA, COIL
DIMENSIONS, AND YOKE DIMENSIONS ASSUMING
KNOWLEDGE OF YOKE FACTOR – FURTHER
ANALYTICAL STAGE OF DESIGN PROCEDURE

3.1. Determination of required magnetomotive force (MMF)
The magnetic flux produced by the current I flowing in the coil
composed of z turns (magneto motive force Θ equals I ·z) passes
through the 2N fluid gaps, (2N − 1) ferromagnetic discs, two
ferromagnetic cover yokes, and cylindrical yoke (Figs. 1, 2, 11).

The magnetomotive force can be divided into two compo-
nents: magnetomotive force Θmr associated with the movement
region composed of the MR fluid gaps and discs, and the mag-
netomotive force ΘY connected with the remaining parts of the
magnetic circuit composed of two cover yokes and a cylinder
yoke (these parts are required for closing the path for the mag-
netic flux).

Θ = Θmr +ΘY . (18)

The former component Θmr is dominant; its value can be de-
termined based on the calculated geometrical dimensions and
the selected value of the magnetic flux density B0 (B0 = 0,7T ).

Θmr = 2Ng · B0

µ0µMR(B0)︸ ︷︷ ︸
Θmr(MR)

+(2N −1)d · B0

µ0µFe(B0)︸ ︷︷ ︸
Θmr(Fe)

, (19)

where Θmr(MR) is the magnetomotive force associated with the
MR fluid gaps, Θmr(Fe) is the magnetomotive force associ-
ated with the discs, µMR(B0) is determined from the curves in
Fig. 4b, and µFe(B0) is determined from the curve in Fig. 4a.
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As indicated earlier in Section 2.3, the magnetic properties
of the MR fluid are approximately 1800 times worse than those
of steel. Consequently, the MMF drop across the ferromag-
netic discs is hundreds of times less than that across the MR
fluid gaps:

Θmr(Fe) � Θmr(MR) , (20)

which implies that its value can be neglected in further design
calculations:

Θmr ≈ Θmr(MR) . (21)

As previously mentioned, magnetomotive force ΘY is required
to set up the magnetic flux in the two cover yokes and one cylin-
drical yoke. It is convenient to assume its value with respect to
the MMF drop Θmr in the form of a ratio, which is referred to
as the yoke factor kY :

kY =
Θmr +ΘY

Θmr
. (22)

It is worth mentioning that the proposed yoke factor kY corre-
sponds to the so-called saturation factor used in designing of in-
duction motors. For properly designed electromechanical con-
vertors its value should by in the range 1.1–1.3 (recommended
values are given in books devoted to design of electrical ap-
paratus e.g. in [35]). It results from the fact that magnetic en-
ergy stored in the movement region participates in electrome-
chanical conversion of electrical energy into mechanical energy,
whereas magnetic energy stored in the yokes does not partici-
pate in this conversion process (yokes are required for closing
path for magnetic flux Φ0).

Assuming the introductory value kY (the recommended ini-
tial value of the yoke factor kY for the first analytical stage of
the calculations (i = 0) is kY = 1.1−1.2), we can continue the
design calculations. The total MMF required to set up the de-
sired magnetic flux Φ0 (equation (15)) in the entire magnetic
circuit is equal to

Θ = kY ·Θmr =
Θmr +ΘY

Θmr
·Θmr, (23)

where Θmr is the value known at this stage of design (see
equation (19))and kY is the introductory assumed value of the
yoke factor (the initial point for the calculation loop depicted in
Fig. 13).

3.2. Coil design
Next, we consider the coil design. As indicated in Section 2.4,
the movement region is separated from the coil by a non-
magnetic steel ring with a thickness of ∆2 (Fig. 9). Hence, the
inner diameter of coil rci is determined by the following sum:

rci = r1e +g+∆2 . (24)

The coil is wound on a carcass with a thickness of ∆3. The car-
cass is considered part of the coil (Fig. 10).

Fig. 10. Dimensions of coil. a) Outer dimensions of coil: Lc, rci, and
rce. b) Layers and conductors of coil

Regarding the length of the coil Lc (composed of conductors
and carcass), its value depends on the number of MR fluid gaps
and discs (Fig. 10).

Lc = [N +(N −1)] ·d +2Ng = (2N −1) ·d +2Ng . (25)

Typically, the approximate value of the excitation current I∗

feeding the coil is known; its value results from the proper-
ties of the supply system. The current density in the coil must
be selected such that a satisfactory efficiency can be obtained
without excessive temperature increase. Assuming that the al-
lowable current density for the given insulation class of wound
wires is j∗cu = 4.5 A/mm2, one can calculate the values of cross-
sectional area S∗cu and diameter of a bare conductor d∗

cu.

S∗cu =
I∗

j∗cu
, d∗

cu =
2

√
4 ·S∗cu

π
. (26)

The nominal cross-sections and diameters of the bare con-
ductors Scu0 and dcu0, and the insulated conductors Scu and dcu
that are used to wind the coil can be found in the AWG Interna-
tional Standard Specification [36]. These are the closest values
greater than S∗cu and d∗

cu.
The corrected value of supplying current I∗ is determined by

the formula
I∗ = Scu · j∗cu . (27)

Using the value of the total MMF (equation (23)) and current
I∗, one can easily calculate the desirable number of turns z∗

from the following relation:

z∗ =
Θ
I∗

, (28)
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vertors its value should by in the range 1.1–1.3 (recommended
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paratus e.g. in [35]). It results from the fact that magnetic en-
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Assuming the introductory value kY (the recommended ini-
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the calculations (i = 0) is kY = 1.1−1.2), we can continue the
design calculations. The total MMF required to set up the de-
sired magnetic flux Φ0 (equation (15)) in the entire magnetic
circuit is equal to

Θ = kY ·Θmr =
Θmr +ΘY

Θmr
·Θmr, (23)

where Θmr is the value known at this stage of design (see
equation (19))and kY is the introductory assumed value of the
yoke factor (the initial point for the calculation loop depicted in
Fig. 13).

3.2. Coil design
Next, we consider the coil design. As indicated in Section 2.4,
the movement region is separated from the coil by a non-
magnetic steel ring with a thickness of ∆2 (Fig. 9). Hence, the
inner diameter of coil rci is determined by the following sum:

rci = r1e +g+∆2 . (24)

The coil is wound on a carcass with a thickness of ∆3. The car-
cass is considered part of the coil (Fig. 10).

Fig. 10. Dimensions of coil. a) Outer dimensions of coil: Lc, rci, and
rce. b) Layers and conductors of coil

Regarding the length of the coil Lc (composed of conductors
and carcass), its value depends on the number of MR fluid gaps
and discs (Fig. 10).

Lc = [N +(N −1)] ·d +2Ng = (2N −1) ·d +2Ng . (25)

Typically, the approximate value of the excitation current I∗

feeding the coil is known; its value results from the proper-
ties of the supply system. The current density in the coil must
be selected such that a satisfactory efficiency can be obtained
without excessive temperature increase. Assuming that the al-
lowable current density for the given insulation class of wound
wires is j∗cu = 4.5 A/mm2, one can calculate the values of cross-
sectional area S∗cu and diameter of a bare conductor d∗

cu.

S∗cu =
I∗

j∗cu
, d∗

cu =
2

√
4 ·S∗cu

π
. (26)

The nominal cross-sections and diameters of the bare con-
ductors Scu0 and dcu0, and the insulated conductors Scu and dcu
that are used to wind the coil can be found in the AWG Interna-
tional Standard Specification [36]. These are the closest values
greater than S∗cu and d∗

cu.
The corrected value of supplying current I∗ is determined by

the formula
I∗ = Scu · j∗cu . (27)

Using the value of the total MMF (equation (23)) and current
I∗, one can easily calculate the desirable number of turns z∗

from the following relation:
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where Θ is the assumed MMF resulting from equations (18)
and (23).

In general, z∗ is not an integer. Rounding the number z∗ to an
integer number

z = int(z∗)+1, (29)

it is necessary to marginally correct the excitation current and
current density

I =
I∗ · int(z∗)

z∗
, j =

I
SCu0

. (30)

In the next step, we can specify the number of turns per layer
of coil n and number of layers m that make up the coil (Fig. 10):

n = int
[

Lc −2∆3

dCu

]
, (31)

m = int
[ z

n

]
+1. (32)

Knowledge of the above values enables us to calculate the ex-
ternal radius of the coil rce (Fig. 10).

rce = rci +∆3 +m ·dCu . (33)

3.3. Determination of yoke dimensions
The clutch yoke consists of two parts: a cover yoke (Fig. 11a)
and cylindrical yoke (Fig. 11b). We denote the thickness of the
cover yoke by Y ′ and its inner and external radii by rY ′i and rY ′e,
respectively. Similarly, the thickness of the cylindrical yoke is
denoted by Y ′′ and its inner and external radii by rY ′′i and rY ′′e,
respectively (Fig. 11b).

To minimise the value of the MMF drop across yokes, it is
important that the magnetic flux density at each yoke point is
correspondingly lesser than the saturation point, which is ap-
proximately 1.6T (Fig. 3a). The detailed considerations of the
spatial distribution of the magnetic flux density along the “av-
erage magnetic path” are presented in [12]. In this paper, as
well as in [7], it is demonstrated that the most saturated point
lies within the cover yoke at a length approximately equal to
the sum

rBmx ∼= r1e +g. (34)

Hence, the aforementioned requirement that the magnetic
flux density at each point of the yokes be lesser than the as-
sumed maximum value Bmx (typically Bmx = (1.1−1.3T )) can
be replaced by the condition that the maximum magnetic flux
density at the most saturated point of the cover yoke must be
lesser than Bmx.

This enables us to determine the thickness of the cover yoke
Y ′ (Fig. 11a and Eqs. (23) and (34)).

Y ′ =
Φ0

2π · rBmx ·Bmx
. (35)

For the cylinder yoke thickness Y ′′, there is no reason for
differentiating the thickness of cover yoke Y ′ from that of

the cylindrical yoke Y ′′. Hence, it is typically assumed that
(Fig. 11b)

Y ′ = Y ′′. (36)

Considering equation (36) and based on Figs. 2b and 10,
we have rY ′i = r1i +∆1, rY ′e = rY ′′e = rce +Y ′, rY ′i = rce, and
LY ′′ = Lc.

Fig. 11. Cover and cylindrical yoke for clutch. a) Cover yoke dimen-
sions. b) Cylindrical yoke dimensions

At this point, we have completed the analytical stage of the
design method, which has allowed us to determine all geomet-
rical dimensions of the clutch and winding data of the coil, as-
suming the knowledge of the yoke factor kY .

The input (given) geometrical dimensions, factors and
curves, calculated or selected geometrical dimensions, and
other data referred to “Shaft, discs & rings” and “Coil & mag-
netic circuit (movement region and yoke)” are listed in Fig. 12
in tabular form in the order of their appearance in the text. With
the specific values of the above quantities and parameters, one
can develop an FEM model of the desired clutch.
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Fig. 12. List of quantities, dimensions, parameters, and factors used

4. ELABORATION OF FEM MODEL FOR EXEMPLARY
CLUTCH – FIELD STAGE OF DESIGN PROCEDURE

4.1. Sample design: two-disc MR clutch
We design a two-disc MR clutch (i.e., the simplest case of a
multi-disc MR clutch: N = 2) developing maximum torque T =
20 Nm (Variant 1) and T = 50 Nm (Variant 2). It is assumed

that the magnetic flux density in the MR fluid gaps is B0 = 0.7T
(see Section 2.3) and the value of the most saturated point of
the clutch (lying within the cover yoke) is equal to Bmx = 1.2T
(see Section 3.3). The coil is supplied by the excitation current
I∗ = 0.6 A, and the value of the allowable current density in the
coil is j∗ = 4.5 A/mm2.
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multi-disc MR clutch: N = 2) developing maximum torque T =
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that the magnetic flux density in the MR fluid gaps is B0 = 0.7T
(see Section 2.3) and the value of the most saturated point of
the clutch (lying within the cover yoke) is equal to Bmx = 1.2T
(see Section 3.3). The coil is supplied by the excitation current
I∗ = 0.6 A, and the value of the allowable current density in the
coil is j∗ = 4.5 A/mm2.
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Based on mechanical considerations, it was assumed that the
thickness of the discs should be d = 2 mm (Variant 1) and
d = 3 mm (Variant 2), and the thickness of the MR fluid lay-
ers g = 1 mm (the same value for Variants 1 and 2). The re-
maining mechanical and material parameters are as follows:
∆1 = 3 mm, ∆2 = 3 mm, s = 2 mm, ∆3 = 4 mm, ksafe = 1.2,
and ks = 75 ·106 Pa (for non-magnetic steel).

The required curves, B-H for magnetic steel and MR fluid
MRF-140CG, relative magnetic permeability vs. magnetic flux
density for magnetic steel µFe and MR fluid MRF-140CG
µMR, and yield stress vs. magnetic flux density characteristics
τ(B) for MR fluid MRF-140CG are depicted in Figs. 3a, b,
Figs. 4a, b, and Fig. 5a, respectively.

The specifications for the bearings and conductors are in-
cluded in the manufacturers’ catalogues (see Sections 2.1
and 3.2).

The choice of the initial value of yoke factor kY is of key im-
portance for the preliminary clutch calculations. It was assumed
that the initial value of the yoke factor was equal to kY = 1.4
(Case I) and kY = 1.1 (Case II). Verification of the correctness
of the assumed values of the yoke factor kY are performed us-
ing the FEM method in accordance with the scheme block pre-
sented in Fig. 13 describing the analytical-field design method.

The results of the preliminary calculations based on the an-
alytical stage of the design procedure (the top of the scheme
block in Fig. 13) for the initially assumed value of yoke fac-
tor kY = 1.4 (Case I) and kY = 1.1 (Case II) for both variants:
T = 20 Nm (Variant 1) and T = 50 Nm (Variant 2) are depicted
in Fig. 14 in tabular form. These results are divided into two
portions: “Results independent of yoke factor kY ” and “Results
dependent on yoke factor kY ”. With this division, the results of
the analytical calculations are presented in the above-mentioned
table (Fig. 14).

For the “Field stage of design procedure” (the bottom of the
scheme block in Fig. 13), the authors employed, for the FEM
calculations, open-access program Agros2D elaborated at the
Pilzen University of Technology [30] (all scripts were written
in PythonLAB language). Mesh axisymmetric models of the
clutches for the preliminarily calculated dimensions given in
Fig. 14 for Variant 1 (Case I: kY = 1.4) and Variant 2 (Case II:
kY = 1.4) are depicted in Fig. 15ab (owing to symmetry, it is
sufficient to consider only half of the cross-section).

Figures 16a and 16b depict the simulation results: spatial
distribution of magnitude |B| of the magnetic flux density B
for clutch T = 20Nm (Variant 1, Case I: kY = 1.4) and clutch
T = 50 Nm (Variant 2, Case II: kY = 1.4) obtained using the
Agros2D program.

The values of the magnetic flux density in the middle of the
movement region (the point denoted in Fig. 16 by the drop in
red) are determined from the FEM models and equal
B∗

0 = 0.7560 T for Variant 1, Case I (Fig. 16a);
B∗

0 = 0.6672 T Variant 1, Case II;
B∗

0 = 0.7558 T for Variant 2, Case I (Fig. 16b);
B∗

0 = 0.6659 T Variant 2, Case II.
These values differ from the introductory assumed value

B0 = 0.7T . This implies that it is necessary to repeat the part of
“Analytical stage of design procedure” embraced by “Iteration

Fig. 13. Scheme block for analytical-field design method

Fig. 14. Results of preliminary calculations based on analytical stage
of design procedure
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a)

b)

Fig. 15. Mesh models for Variant 1 (T = 20 Nm) and Variant 2
(T = 50 Nm). a) Mesh model – Variant 1 (Case I: kY = 1.4.) b) Mesh
model – Variant 2 (Case I: kY = 1.4), (number of elements: 21456,

DOF 42725)

loop for yoke factor kY ” (Fig. 13) for the new value k∗Y resulting
from the following proportion (the proportion is valid under the
assumption of linearity of both B-H curves in the neighbour-
hood of the considered working point):

kY ·Θmr −B∗
0 ,

k∗Y ·Θmr −B0 .
(37)

The new value of yoke factor k∗Y is equal to

k∗Y = kY · B0

B∗
0
= kY · 0.7

B∗
0
. (38)

Loop calculations must be repeated until the difference |B0−
B∗

0| becomes less than the assumed percentage accuracy ε (in
the sample design, it was assumed that ε = 0.2%).

|B0 −B∗
0|

B0
·100% < ε. (39)

Fig. 16. Spatial distribution of magnetic flux density. a) Variant 1 (T =
20 Nm) and b) Variant 2 (T = 50 Nm). a) Variant 1 (Case I: kY = 1.4).

b) Variant 2 (Case I: kY = 1.4)

The results of the loop calculations for “Field stage of design
procedure” for consecutive iterations for both variants of the
clutch, Variant 1 and Variant 2, and for both cases, Case I and
Case II, are presented in Tables 1, 2, 3, and 4, and are illustrated
in Figs. 17 and 18 (Variant 1) and Figs. 19 and 20 (Variant 2).

Table 1
Results obtained in loop calculations for T = 20 Nm, kY = 1.4

i B∗
0 [T] ε [%] k∗Y [–] I [A] Tmx [Nm] z [–] m [–] rce [mm]

0 0.756 8.01 1.400 0.599 20.915 811 46 65.9
1 0.730 4.28 1.296 0.599 20.279 751 42 63.9

2 0.715 2.10 1.243 0.599 19.897 720 41 63.4

3 0.707 0.99 1.217 0.599 19.697 705 40 62.9

4 0,703 0.46 1.205 0.599 19.601 698 39 62.3

5 0,701 0.21 1.200 0.599 19.556 695 39 62.3

6 0.701 0.09 1.197 0.599 19.535 694 39 62.3

Table 2
Results obtained in loop calculations for T = 20Nm, kY = 1.1

i B∗
0 [T] ε [%] k∗Y [–] I [A] Tmx [Nm] z [–] m [–] rce [mm]

0 0.667 4.68 1.1 0.599 18.649 637 36 60.8
1 0.686 1.98 1.154 0.599 19.156 668 38 61.8

2 0.694 0.85 1.177 0.599 19.363 682 38 61.8

3 0.697 0.38 1.187 0.599 19.449 688 39 62.3

4 0.699 0.17 1.191 0.599 19.488 690 39 62.3
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model – Variant 2 (Case I: kY = 1.4), (number of elements: 21456,
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loop for yoke factor kY ” (Fig. 13) for the new value k∗Y resulting
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assumption of linearity of both B-H curves in the neighbour-
hood of the considered working point):
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Loop calculations must be repeated until the difference |B0−
B∗
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Fig. 16. Spatial distribution of magnetic flux density. a) Variant 1 (T =
20 Nm) and b) Variant 2 (T = 50 Nm). a) Variant 1 (Case I: kY = 1.4).

b) Variant 2 (Case I: kY = 1.4)

The results of the loop calculations for “Field stage of design
procedure” for consecutive iterations for both variants of the
clutch, Variant 1 and Variant 2, and for both cases, Case I and
Case II, are presented in Tables 1, 2, 3, and 4, and are illustrated
in Figs. 17 and 18 (Variant 1) and Figs. 19 and 20 (Variant 2).

Table 1
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0 0.756 8.01 1.400 0.599 20.915 811 46 65.9
1 0.730 4.28 1.296 0.599 20.279 751 42 63.9

2 0.715 2.10 1.243 0.599 19.897 720 41 63.4

3 0.707 0.99 1.217 0.599 19.697 705 40 62.9

4 0,703 0.46 1.205 0.599 19.601 698 39 62.3

5 0,701 0.21 1.200 0.599 19.556 695 39 62.3

6 0.701 0.09 1.197 0.599 19.535 694 39 62.3

Table 2
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0 [T] ε [%] k∗Y [–] I [A] Tmx [Nm] z [–] m [–] rce [mm]

0 0.667 4.68 1.1 0.599 18.649 637 36 60.8
1 0.686 1.98 1.154 0.599 19.156 668 38 61.8

2 0.694 0.85 1.177 0.599 19.363 682 38 61.8

3 0.697 0.38 1.187 0.599 19.449 688 39 62.3

4 0.699 0.17 1.191 0.599 19.488 690 39 62.3
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Table 3
Results obtained in loop calculations for T = 50 Nm, kY = 1.4

i B∗
0 [T] ε [%] k∗Y [–] I [A] Tmx [Nm] z [–] m [–] rce [mm]

0 0.756 7.98 1.400 0.599 52.19 811 36 74.2
1 0.729 4.21 1.296 0.599 50.63 751 33 72.6

2 0.714 2.02 1.244 0.599 49.69 721 32 72.1

3 0.706 0.93 1.219 0.599 49.21 706 31 71.6

4 0.703 0.42 1.208 0.599 48.99 700 31 71.6

5 0.701 0.19 1.203 0.599 48.88 697 31 71.6

As can be observed, the results of the loop calculations are
monotonically and rapidly convergent.

The “Analytical stage of design procedure” (the first row in
Tables 1–4 denoted as i = 0) enables us to determine the intro-

Table 4
Results obtained in loop calculations for T = 50 Nm, kY = 1.1

i B∗
0 [T] ε [%] k∗Y [–] I [A] Tmx [Nm] z [–] m [–] rce [mm]

0 0.666 4.87 1.100 0.599 46.585 637 28 70.1
1 0.686 2.05 1.156 0.599 47.879 670 30 71.1

2 0.694 0.88 1.180 0.599 48.407 684 30 71.1

3 0.697 0.39 1.190 0.599 48.625 690 31 71.6

4 0.699 0.17 1.195 0.599 48.723 692 31 71.6

ductory dimensions and data for the clutch with the assumed
values of magnetic flux density in the working region B0 and
maximum torque Tmx with accuracies of (4–8)% for B0 and (4–
7)% for Tmx (depending on the designer’s experience in select-
ing the initial value of the yoke factor). The “Field stage of

Fig. 17. Results: magnetic flux density B0, yoke factor kY , clutching torque T , and percentage accuracy for B0
for Variant 1, Case I (kY = 1.4)

Fig. 18. Results: magnetic flux density B0, yoke factor kY , clutching torque T , and percentage accuracy for B0
for Variant 1, Case II (kY = 1.1)
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Fig. 19. Results: magnetic flux density B0, yoke factor kY , clutching torque T , and percentage accuracy for B0
for Variant 2, Case I (kY = 1.4)

Fig. 20. Results: magnetic flux density B0, yoke factor kY , clutching torque T , and percentage accuracy for B0
for Variant 2, Case II (kY = 1.1)

design procedure” (the last row in Tables 1–4) allows us to de-
termine the above dimensions and data after 4–6 iterations with
accuracies of (0.1–0.2)% for B0 and (2.2–2.6)% for Tmx.

It should be noted that the proposed method allows to ob-
tain the desired solution with a small number of iterations com-
pared to other methods described in the literature. For exam-
ple, in the method described in [10] the number of iterations
was close to 40. The significant reduction in the number of it-
erations in the method proposed by the authors is reflected in
a significant reduction in computational time. The results pre-
sented in Tables 1–4 and in the Figs. 17–20 were obtained in
about 90 seconds (calculations were carried out on a laptop
computer with the Intel core i5-8300H processor and 16GB
RAM). For the methods presented in publications [7, 23] the
computational time was much longer and ranged from several

minutes to several hours. The reduction of the number of iter-
ations and the reduction of computational time in the proposed
two-stage method is therefore its another significant advantage.

5. CONCLUSIONS
Based on experience and practice in designing electrical ma-
chines and other unconventional electromechanical convertors
and devices (also with smart materials, such as MR fluid and
SMA), the authors developed a new analytical-field design
method for MR multi-disc clutches. This method includes an
“Analytical stage of design procedure” (consisting of a series of
only 36 algebraic expressions) and “Field stage of design pro-
cedure” based on the FEM calculations. The main advantage of
the proposed method is in the harmonious combination of both

Bull. Pol. Acad. Sci. Tech. Sci. 69(6) 2021, e139392 13
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Fig. 19. Results: magnetic flux density B0, yoke factor kY , clutching torque T , and percentage accuracy for B0
for Variant 2, Case I (kY = 1.4)

Fig. 20. Results: magnetic flux density B0, yoke factor kY , clutching torque T , and percentage accuracy for B0
for Variant 2, Case II (kY = 1.1)

design procedure” (the last row in Tables 1–4) allows us to de-
termine the above dimensions and data after 4–6 iterations with
accuracies of (0.1–0.2)% for B0 and (2.2–2.6)% for Tmx.

It should be noted that the proposed method allows to ob-
tain the desired solution with a small number of iterations com-
pared to other methods described in the literature. For exam-
ple, in the method described in [10] the number of iterations
was close to 40. The significant reduction in the number of it-
erations in the method proposed by the authors is reflected in
a significant reduction in computational time. The results pre-
sented in Tables 1–4 and in the Figs. 17–20 were obtained in
about 90 seconds (calculations were carried out on a laptop
computer with the Intel core i5-8300H processor and 16GB
RAM). For the methods presented in publications [7, 23] the
computational time was much longer and ranged from several

minutes to several hours. The reduction of the number of iter-
ations and the reduction of computational time in the proposed
two-stage method is therefore its another significant advantage.

5. CONCLUSIONS
Based on experience and practice in designing electrical ma-
chines and other unconventional electromechanical convertors
and devices (also with smart materials, such as MR fluid and
SMA), the authors developed a new analytical-field design
method for MR multi-disc clutches. This method includes an
“Analytical stage of design procedure” (consisting of a series of
only 36 algebraic expressions) and “Field stage of design pro-
cedure” based on the FEM calculations. The main advantage of
the proposed method is in the harmonious combination of both
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stages, and clear physical and technical interpretation of all the
relationships. The first analytical stage of the design procedure
leads to a solution close to the assumed operational data with
an accuracy of (4–8)%. The second field stage of this proce-
dure enables us to refine this solution in only 4–6 iterations to
the level of accuracy of 0.2% for B0 and 2.6% for Tmx.

According to the authors, the essence of the new method is
the introduction of a yoke factor kY , the concept of which is
based on the theory of induction machines (analogous to the
saturation factor determining the ratio of total MMF to MMF
required for magnetising the air gap alone). The recommended
initial value of the yoke factor kY for the first analytical stage of
the calculations (i = 0) is kY = 1.1−1.2.

Another important advantage of the method is its clear struc-
ture, which is characterised by the block diagram displayed in
Fig. 13, and the breakdown of the results into outcomes “in-
dependent of yoke factor kY ” and “dependent on yoke factor
kY ” (see Fig. 14). The elaborated design method also guaran-
tees that the magnetic flux density at the most saturated point
of the magnetic circuit (this point lies within the cover yoke
at a length equal to approximately the sum rBmx ∼= r1e + g) is
close to the assumed maximum value of Bmx (this value was
taken to be equal to 1.2T , correspondingly less than the satu-
ration magnetic flux density 1.6T ). The obtained results were
Bmx = 1.273T (Variant 1, Case I), Bmx = 1.269T (Variant 1,
Case II), Bmx = 1.247T (Variant 2, Case I), and Bmx = 1.242T
(Variant 2, Case II).

Moreover, the elaborated method is valid for a one-disc MR
clutch, which can be considered as an exceptional case. The
method can also be easily adapted to other MR devices analysed
in shear mode.

The simplicity of the developed design method predisposes
it to be used in optimisation calculations.

Finally, it should be noted that a significant problem in en-
suring the controllability of the coupling torque by the excita-
tion current is the use of an appropriate control system with
the PID controler. In the case of devices with MR fluids, there
is also the problem of possible degradation of the properties
of the fluid during prolonged or improper use. Regarding the
MR clutch, this may refer to the excessively long running time
of the clutch in case of slip. Determining the value of this un-
acceptable working time and the value of the permissible slip
requires supplementing the developed clutch model with ther-
mal calculations, as well as conducting experimental tests of
the prototype focused on the analysis of the temperature field
distribution [37].
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