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We demonstrate in this study that a rotating magnetic field (RMF) and spinning magnetic particles
using this kind of magnetic field give rise to a motion mechanism capable of triggering mixing effect
in liquids. In this experimental work two mixing mechanisms were used, magnetohydrodynamics due
to the Lorentz force and mixing due to magnetic particles under the action of RMF, acted upon by the
Kelvin force. To evidence thesemechanisms, we report mixing timemeasured during the neutralization
process (weak acid-strong base) under the action of RMF with and without magnetic particles. The
efficiency of the mixing process was enhanced by a maximum of 6.5% and 12.8% owing to the
application of RMF and the synergistic effect of magnetic field and magnetic particles, respectively.
Keywords: mixing process, alternating magnetic field, magnetic particles, mixing time, Navier–

Stokes equation

1. INTRODUCTION

Mixing is a process that reduces inhomogeneity, including its form, scale, and intensity (Bałdyga and
Pohorecki, 2013). Previous studies have reported that mixing occurring in chemical engineering processes
is the subject of experimental investigations (Baldyga and Bourne, 1988; Baldyga and Bourne, 1992).

In recent years, there has been a growing interest in the use of the magnetic field (MF) in practical
applications (Moffatt, 1965; Moffatt, 1990; Molokov et al., 2007). Studies have shown that an alternating
magnetic field (AMF) can intensify chemical engineering processes instead of mechanical mixing (Hristov,
2002). This kind of magnetic field (MF) acted as a Hristov’s non-intrusive mixing device that could be
engineered to provide effective mixing processes (Moffatt, 1991).
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A large and growing body of literature has investigated the application of electromagnetic mixing in
the casting of molten metals to improve the homogeneity of the cast products (Davidson, 1999). It has
been suggested that the chaotic mixing induced by electromagnetically controlled thermal convection
might be effectively applied to improve the homogenization of glass melt (Gopalakrishnan and Thess,
2010). Another research has indicated that the non-uniform MF also positively impacts the heat and mass
transfer during the mixing and evaporation of liquid oxygen and nitrogen (Bao et al., 2019). Furthermore,
Krakov (2020) found that various MFs, including a rotating field, significantly influenced the mixing
of miscible liquids. Similarly, magnetohydrodynamic forces can be applied to mix magnetic and non-
magnetic fluids in a micromixer device (Ergin et al., 2015). Chen and Zhang (2019) analyzed the data
from 95 references and showed the progress in the development of magnetically actuated micromixers.
Finally, it has been demonstrated that the application of MF allowed to improve the mixing process inside
a Y-shaped micromixer (Nouri et al., 2017). Generally, magnetic mixing showed great potential for high
mixing efficiency (Shanko et al., 2017).

The MF, as a manifestation of the electromagnetic field, is the space surrounding a magnet or a material
in which the electric current flows. It is caused by moving electrical charges, and it is characterized by
the movement through the charged particles on which the force is acting. The MFs can be divided into
two main types: direct current (DC) MF (DCMF), and alternating current (AC) magnetic field (ACMF).
DCMF does not change with time or change very slowly. Such fields do not have a frequency (MF vector
is constant in time and space). An example of MF of the constant current is the static magnetic field
(SMF). In contrast to DCMF, ACMF varies with frequency. An example of this type of MF is a pulsating
magnetic field (PMF) characterized by an external MF vector that changes as a sine-wave with time at
each point of space. The vector of this type of field pulsates with the frequency of the current flowing
through the coil. Alternatively, the superposition of three 120◦ out of phase PMFs is causing a rotating
MF (RMF). This field has a constant intensity over time while it changes its direction continuously at
any point of the domain (RMF is variable in space). Such a field is created, for example, in the stator
and rotor windings due to the supply of windings and makes possible the engine’s rotation. The rotating
magnetic field is characterized by the fact that its axis rotates relatively to the reference system (relative
to the stator), and its return remains constant along the axis (Hajiani and Larachi, 2013; Hajiani and
Larachi, 2014).

The RMF may be used to augment the process intensity instead of mechanical mixing (Rakoczy and
Masiuk, 2011). For example, a mixer equipped with an RMF generator provided the intensification of the
gas–liquid mass transfer process (Rakoczy et al., 2018). The RMF may be used to generate and control the
hydrodynamic states for the magnetic disperse systems (Boroun and Larachi, 2016). The application of
magnetic particles (or electrically conducting particles) as active micro-stirrers may be strongly influenced
by the mixing process with external MF. The nature of mechanical interactions between magnetically
excited particles and the liquid is dependent on the applied MF (Hajiani and Larachi, 2013). The movement
of magnetic particles under the action of RMF has led to intensive magnetic stirring and improved the
mixing process (Hristov, 1998; Reichert et al., 2004). The magnetic particles, functionalized with bio-
specific surface coatings, are commonly applied in many biochemical assays for the capture, transport and
mixing of the biological materials or targets (Gao, 2013).

Although many experimental successes have been achieved to improve the mixing process with external
MFs, only a few experimental investigations on these processes under the RMF have been available so
far, e.g., the mixing process in the batch system (Rakoczy and Masiuk, 2011) and the mixing process
in the flow system (Rakoczy et al., 2014). It is partially due to the difficulties of direct measurement of
parameters describing the mixing process. Additionally, the application of magnetic particles as well as
the interactions between these particles and the used magnetic field make the quantitative analysis more
difficult.

https://journals.pan.pl/cpe158



Studies of a mixing process induced by a rotating magnetic field with the application of magnetic particles

To provide a more in-depth insight into the mixing problems under the action of RMF, some mathematical
modelling with the application of the fluid mechanic relationships or equations have been made, in which
the non-dimensional numbers from magnetohydrodynamics (MHD) were taken into consideration.

The main aim of the current study was to determine the influence of the RMF and magnetic particles on
the mixing process. In the present report, the application of RMF on the mixing process is described using
non-dimensional numbers based on fluid mechanics equations. The first part of the paper describes the
theoretical background of the mixing process under the RMF action. In particular, the synergic effect of
the RMF and magnetic particles in the mixing process is discussed. The second part presents the used
experimental procedures. Finally, the third part contains the discussion associated with the influence of
RMF andmagnetic particles on themixing process, usingmathematical relationshipswith non-dimensional
numbers.

2. THEORETICAL

The fluid motion may be described by the Navier–Stokes equation

𝜕𝜌w
𝜕𝜏

+ ∇ · (𝜌ww) = 𝜌f − ∇𝑝 + 𝜇Δw (1)

The flow under the action of RMF may be defined by including the Lorentz force f 𝐿 in the Navier–Stokes
equation

𝜕𝜌w
𝜕𝜏

+ ∇ · (𝜌ww) = 𝜌f − ∇𝑝 + 𝜇Δw + f 𝐿 (2)

For the constant density 𝜌 (incompressible fluids) the terms ∇𝑝 and 𝜌 f can be combined if f is expressed
as the gradient of a potential. Given that the appearing dynamic pressure is small, the term ∇𝑝 may be
omitted. In this case, Eq. (2) can be rewritten as follows

𝜕w
𝜕𝜏

+ (w · ∇) w = 𝜈Δw + f 𝐿
𝜌

(3)

The Lorentz force, f 𝐿 , may be defined as follows

f 𝐿 = J × B (4)

The current density J is determined by means of the Ohm’s law

J = 𝜎𝑒 [E + (w × B)] (5)

Some simplifications of Ohm’s law are allowed for magnetic stirring using the RMF. For simplicity, we
suppose that the field rotation is low and in the fluid under the action of RMF, no electrostatic field is
observed. Then, the electric field E may be omitted in Eq. (5) and the Lorentz force for this case may be
defined as follows (Davidson, 2001)

f 𝐿 = [𝜎𝑒 (w × B)] × B (6)

Then, Eq. (3) may be rewritten in the following form

𝜕w
𝜕𝜏

+ (w · ∇) w = 𝜈Δw + [𝜎𝑒 (w × B)] × B
𝜌

(7)

Eq. (7) may be expressed in the symbolic form as follows(
𝑤0
𝜏0

) [
𝜕w∗

𝜕𝜏∗

]
+

(
𝑤20
𝑙0

)
[(w∗ · ∇∗) w∗] =

(
𝜈0𝑤0

𝑙20

)
[𝜈∗Δ∗w∗] +

(
𝜎𝑒0𝑤0𝐵

2
0

𝜌0

) [ [
𝜎∗
𝑒 (w∗ × B∗)

]
× B∗

𝜌∗

]
(8)
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Eq. (8) may be scaled against the term

(
𝜈0𝑤0

𝑙20

)
. This mathematical operation leads to the following

dimensionless governing equation(
𝑙20
𝜏0𝜈0

) [
𝜕𝑤∗

𝜕𝜏∗

]
+

(
𝑤0𝑙0
𝜈0

)
[(w∗ · ∇∗) w∗] = [𝜈∗Δ∗w∗] +

(
𝜎𝑒0𝐵

2
0𝑙
2
0

𝜌0𝜈0

) [ [
𝜎∗
𝑒 (w∗ × B∗)

]
× B∗

𝜌∗

]
(9)

It should be noticed that Eq. (9) may be rewritten with the application of non-dimensional numbers
(Rakoczy & Masiuk, 2011)

Θ−1
[
𝜕w∗

𝜕𝜏∗

]
+ Re [(w∗ · ∇∗) w∗] = [𝜈∗Δ∗w∗] +𝑄

[ [
𝜎∗
𝑒 (w∗ × B∗)

]
× B∗

𝜌∗

]
(10)

The application of magnetic particles is associated with the use of different mathematical descriptions. In
this case, the following equation can be applied

𝜕w
𝜕𝜏

+ (w · ∇) w = 𝜈Δw + f𝑚
𝜌

(11)

The Kelvin force density, f𝑚, may be defined in the form Boulware et al., 2010; Lange, 2002)

f𝑚 = 𝜇0 (M · ∇) H (12)

In the linear portion of the Langevin function, volumetric magnetic susceptibility, 𝜒, is the ratio of the
magnetization vector,M, to the applied field vector, H

𝜒 =
M
H (13)

By substituting for the magnetization vector,M, Eq. (12) can be rewritten as follows

f𝑚 = 𝜇0𝜒 (H · ∇) H (14)

Using the vector identity
(H · ∇) H =

1
2
∇ (H · H) − H × (∇ × H) (15)

with the current-free magnetostatic Ampére’s law

∇ × H = 0 (16)

allows one to express Eq. (14) as follows

f𝑚 =
1
2
𝜇0𝜒∇H2 (17)

With a constant temperature, the relative permeability, 𝜇𝑇 , is constant and may be expressed as

𝜇𝑟 = 𝜇0 (1 + 𝜒) (18)

This relative permeability is the ratio between the magnetic flux density, B, and applied magnetic field, H

𝜇𝑟 =
B
H (19)

Taking into consideration Eq. (18) and Eq. (19), the Kelvin force density may be expressed as follows

fm =
1
2𝜇0

𝜒

(1 + 𝜒)2
∇B2 (20)
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Then Eq. (11) is given in the following form

𝜕𝑤

𝜕𝜏
+ (𝑤 · ∇) 𝑤 = 𝜈Δ𝑤 + 1

𝜌

1
2𝜇0

𝜒

(1 + 𝜒)2
∇B2 (21)

Eq. (21) may be rewritten in the symbolic form as follows(
𝑤0
𝜏0

) [
𝜕w∗

𝜕𝜏∗

]
+

(
𝑤20
𝑙0

)
[(w∗ · ∇∗) w∗] =

=

(
𝜈0𝑤0

𝑙20

)
[𝜈∗Δ∗w∗] +

(
𝐵20

2𝜌0𝜇0𝑙0
𝜒0

(1 + 𝜒0)2

) [
1
𝜌∗
1
𝜇∗0

𝜒∗

(1 + 𝜒∗)2
∇∗B∗B∗

]
(22)

When Eq. (22) is scaled against the term

(
𝜈0𝑤0

𝑙20

)
, we obtain the following non-dimensional relationship

(
𝑙20
𝜏0𝜈0

) [
𝜕w∗

𝜕𝜏∗

]
+

(
𝑤0𝑙0
𝜈0

)
[𝑤∗grad∗w∗] =

= [𝜈∗Δ∗𝑤∗] +
(

𝐵20𝑙0

2𝜌0𝜇0𝜈0𝑤0
𝜒0

(1 + 𝜒0)2

) [
1
𝜌∗
1
2𝜇∗0

𝜒∗

(1 + 𝜒∗)2
∇B∗B∗

]
(23)

Notice the presence of a core region of the fluid flow, rotating as a rigid body with angular velocity (Moffatt,
1965)

Ω𝑙 =
𝐵20

2𝜌0𝜇0𝜈0
(24)

Under the action of the RMF, the particle experiences the torque, and it rotates with angular velocity
(Moffatt, 1990)

Ω𝑝 =
𝐵20𝛼

(𝑖)

2𝜌0𝜇0𝜈0
(25)

The parameter 𝛼 (𝑖) is dependent on the following term

𝜆 =

(
1
2
𝑎2𝜇0𝜎𝑝𝜔RMF

) 1
2

(26)

It should be noticed that when 𝜆 � 1 the parameter 𝛼 (𝑖) is expressed as 𝛼 (𝑖) ≈ 0.0667𝜆2.

The last term in Eq. (23) may be defined as follows(
𝐵20𝑙0

2𝜌0𝜇0𝜈0𝑤0
𝜒0

(1 + 𝜒0)2

)
⇒

(
𝐵20𝑙0

2𝜌0𝜇0𝜈0𝑤0
𝜒0

(1 + 𝜒0)2

) (
𝛼 (𝑖)

𝛼 (𝑖)

)
⇒

⇒
(
𝐵20𝛼

(𝑖)

2𝜌0𝜇0𝜈0
𝑙0
𝑤0

1
𝛼 (𝑖)

𝜒0

(1 + 𝜒0)2

)
⇒

(
Ω𝑝

𝑙0
𝑤0

1
𝛼 (𝑖)

𝜒0

(1 + 𝜒0)2

)
(27)

Introducing to Eq. (27) the term

(
𝑙20

𝑙20

) (
𝜈0
𝜈0

)
, we obtain the following expressions

Ω𝑝

𝑙0
𝑤0

1
𝛼 (𝑖)

𝜒∗

(1 + 𝜒∗)2

(
𝑙20

𝑙20

) (
𝜈0
𝜈0

)
⇒

(
1

𝛼 (𝑖)

) (
Ω𝑝𝑙

2
0

𝜈0

) (
𝜈0
𝑤0𝑙0

) (
𝜒0

(1 + 𝜒0)2

)
(28)
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It follows that the relation (28) may be defined as follows(
1

𝛼 (𝑖)

) (
Ω𝑝𝑙

2
0

𝜈0

) (
𝜈0
𝑤0𝑙0

) (
𝜒0

(1 + 𝜒0)2

)
⇒

(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1 (29)

Taking into account the definition of the non-dimensional numbers and the relation (29), Eq. (23) may be
rewritten in the form

Θ−1
[
𝜕w∗

𝜕𝜏∗

]
+ Re [w∗grad∗w∗] =

= [𝜈∗Δ∗w∗] +
(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1

[
1
𝜌∗
1
2𝜇∗0

𝜒∗

(1 + 𝜒∗)2
∇B∗B∗

]
(30)

Based on Eq. (10), we obtain the following general relationship describing the influence of the RMF on
the mixing process (Sedov, 1959)

𝑓 (Θ,Re, 𝑄) = 0 (31a)

Based on the above relationship, the useful correlation for the mixing process under the action of RMF
may be introduced. In this experimental work, the dimensionless mixing time number was chosen as an
independent number. The dimensionless Reynolds and Chandrasekhar numbers were selected as dependent
numbers. This approach allowed to define the following correlation (Ruzicka, 2008)

Θ = 𝑓 (Re, 𝑄) ⇒ Θ = 𝑝01Re𝑝02𝑄𝑝03 (31b)

The influence of RMF on the mixing process with the application of magnetic particles is defined by the
following relation (this relation is based on Eq. (30))

𝑓

(
Θ,Re,

(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1

)
= 0 (32a)

The following correlation for the mixing process with the synergistic effect of magnetic particles and the
RMF may be proposed

Θ = 𝑓

(
Re,

(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1

)
⇒

⇒ Θ = 𝑝11Re𝑝12
[(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1

] 𝑝13
(32b)

It should be noticed that the influence of RMF on the mixing process may be defined with the following
dimensionless numbers

Θ =
𝜏0𝜈0

𝑙20
⇒ Θ =

𝑡mix𝜈

𝐷2
(33)

𝑄 =

(
𝜎𝑒0𝐵

2
0𝑙
2
0

𝜌0𝜈0

)
⇒ 𝑄 =

𝜎𝑒𝐵
2𝐷2

𝜌𝜈
(34)

Re =
(
𝑤0𝑙0
𝜈0

)
⇒ Re =

𝑤RMF𝐷

𝜈
(35)

Remod =
((
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝

)
(36)

The velocity of fluid under the action of RMF, 𝑤RMF, may be defined as (Spitzer, 1999)

𝑤RMF = 𝐵𝐷

√︂
𝜎𝑒𝜔RMF

𝜌
(37)
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3. EXPERIMENTAL

3.1. Experimental set-up

All the experimental investigations were carried out using the set-up shown in Fig. 1.

The apparatus consisted of the housing (1) and the cylindrical conduit (2) placed inside the RMF gener-
ator (3). In the case of these experimental investigations, the RMF was generated using the three-phase
stator of the squirrel cage induction motor. The inverter filter (4) and inverter (5) were used to adjust the
power supply frequency and the RMF frequency in the range between 5 and 50 Hz. Container (6) was
placed inside the RMF generator (3). The experimental set-up was also equipped with pH electrodes (7 and
8), feeder (9), and multifunctional computer meters (10 and 11). These meters were connected with the
computer (12) equipped with the software that was used to record pH changes. To receive the excess heat
generated during the process, the RMF generator (3) was placed in the cooling jacket connected with the
outer circulation loop. The main elements of this loop were the three-way valve (13) and the heat exchanger
(14). The silicone oil was used to cool the RMF generator windings.

Fig. 1. Sketch of experimental set-up: 1 – housing; 2 – cylindrical conduit; 3 – RMF generator; 4 – inverter filter;
5 – inverter; 6 – container; 7, 8 – pH electrodes; 9 – feeder; 10, 11 – multifunction computer meters; 12 – computer;

13 – three-way valve; 14 – heat exchanger

3.2. Mixing time

The mixing time was applied for the description of the mixing effect of the alternating magnetic field.
The mixing time is the time measured from the instant of addition of tracer until the vessel contents have
reached a specified degree of uniformity when the system is said to be mixed (Harnby et al., 1985). It
should be noticed that pH measurements may be applied for the characterization of the mixing process in
the magnetically applied mixer (Poulsen and Iversen, 1997). Tan et al. showed that the dynamic responses
of the pH value of the applied indicator might be used to define the mixing time (Tan et al., 2011).

To identify the mixing time, the neutralization reaction (titration of a weak acid with a strong base) was
used (Sołoducha et al., 2020). The defined volume of 0.1 M CH3COOH (100 mL) was placed in the glass
container (6). The volume (100 mL) of base (0.1 M NaOH) was introduced into the analyte. The time of
the base injection into the acid was equal to 10 s. The pH changes were measured as a function of time
using the pH electrodes (7 and 8 in Fig. 1) and the multifunctional computer meters (10 and 11 in Fig. 1).
The pH signals were recorded digitally every 1 s. The pH electrodes were temperature compensated. It was
assumed that the mixing process was regarded as complete when the equivalence point of the neutralization
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process was reached (Sołoducha et al., 2020). For the analyzed neutralization process of the weak acid
with the strong base, the mixing process was regarded as complete when the pH solution was equal to 8.7.

The obtained pH curves are described by means of the following relationship

pH(𝑡) = 𝑝1 +
𝑝2 − 𝑝1

1 +
(
𝑡

𝑝3

) 𝑝4 (38)

The above Eq. (38) may be rewritten in the following form

𝑡 =
𝑝4

√√√√√ (𝑝2 − 𝑝1) − (pH − 𝑝1)

(pH − 𝑝1)
(
1
𝑝3

) 𝑝4 ⇒ 𝑡 =
𝑝4

√√√√√ (𝑝2 − 𝑝1) − (8.7 − 𝑝1)

(8.7 − 𝑝1)
(
1
𝑝3

) 𝑝4 (39)

Eq. (39) allows to obtain the time at which the equivalence point of the solution (pH = 8.7) is reached.
This time may be used to calculate the dimensionless mixing time number.

3.3. Characteristics of applied RMF

The applied magnetic field was characterized by the measurements of magnetic induction. The experiments
were performed according to the procedure of Rakoczy andMasiuk (2011). The dependence of the obtained
values of the averaged values of the magnetic induction on the frequency of RMF is shown in Fig. 2. It
was found that the scatter of averaged values of magnetic induction as a function of RMF frequency can
be defined as follows

𝐵avg = 19.25 − 13.77 exp
(
− 𝑓

6.49

)
(40)

Fig. 2. Relation between the averaged values of magnetic induction (calculated values)
and the RMF frequency

3.4. Magnetic particles

The mixing process was also carried out with the application of magnetic particles. The particles of Fe3O4
were also introduced into the solutions and suspended using RMF. The mass of magnetic particles used in
the experimental procedure was equal to 2.5 g. The linear dimension of these particles was equal to 282 𝜇m
(in the experimental work, the sieve diameter was treated as the linear dimension of magnetic particles).
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4. RESULTS AND DISCUSSION

A typical change in pH during the experiment without the application of RMF is shown in Fig. 3.

a) b)

Fig. 3. Variation of pH values versus time for the experiment without the application of RMF ( 𝑓 = 0 Hz) for pH
electrode no. 1 (a) and pH electrode no. 2 (b). The measured values of pH are marked as points. The approximation

of pH values using Eq. (38) is represented as the solid line

The obtained change of pH in time for the experiments without the application of RMF is described by the
following relation (solid line in Fig. 3a)

pH(𝑡) = 12.03 + 2.93 − 12.03

1 +
( 𝑡

22.28

)11.23 (41a)

and (solid line in Fig. 3b)
pH(𝑡) = 11.74 + 2.91 − 11.74

1 +
( 𝑡

22.08

)10.56 (41b)

Based on Eq. (39), the equivalence time for the neutralization process without the application of RMF
and magnetic particles was calculated. This calculation was done for the measurements obtained from two
pH electrodes. Then, the obtained values of the equivalence time were averaged and the results of this
calculation may be treated as the mixing time (in this case, this time was equal to 23.43 s).

The mixing process under the action of RMF can be described using the following relation (see Eq. (31b))

Θ = 𝑓 (Re, 𝑄) ⇒ Θ = 𝑝01Re𝑝02𝑄𝑝03 ⇒ Θ = 𝑝1(Re𝑄) 𝑝2 (42)

In Eq. (42) it is assumed that the influence of the dimensionless Re and 𝑄 numbers on the mixing process
under the action of RMF is the same. Therefore, it is assumed that 𝑝02 = 𝑝03 = 𝑝2.

It should be noticed that the product of the dimensionless Reynolds and Chandrasekhar numbers is the
dimensionless Taylor number (Molokov et al., 2007). This number may be expressed as follows

Ta =
centrifugal force

viscous force
⇒ Ta = 𝑄Re ⇒ Ta =

(
𝜎𝑒0𝐵

2
0𝑙
2
0

𝜌0𝜈0

) (
𝑤0𝑙0
𝜈0

)
⇒

⇒ Ta =
(
𝜎𝑒𝐵

2𝐷2

𝜌𝜈

) (
𝑤RMF𝐷

𝜈

)
(43)
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The diameter of container is equal to 0.15 m. The density and kinematic viscosity of the mixed liquid
(solution) is equal to 1004 kg·m−3 and 1 · 10−6 m2·s−1. The electrical conductivity of this liquid is equal
to 0.433 A2·s3·kg−1·m−3.

Therefore, the relation (42) may be rewritten in the following form

Θ = 𝑝1(Ta) 𝑝2 (44)

The effect of the mixing process under the action of RMF without the application of magnetic particles
can be defined by the dimensionless mixing time number, Θ, proportional to the mixing time, 𝑡mix. The
experimental results obtained in this work are graphically illustrated in the log–log scale in Fig. 4.

Fig. 4. Dimensionless mixing characteristics for the action of RMF without magnetic particles

The influence of magnetic particles on the mixing process with the RMF application may be defined using
the following relationship (based on Eq. (32b))

Θ = 𝑓

(
Re,

(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1

)
⇒

Θ = 𝑝11Re𝑝12
[(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1

] 𝑝13
⇒

Θ = 𝑝3Re𝑝4
[(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝Re−1

] 𝑝4
⇒

Θ = 𝑝3

[(
1

𝛼 (𝑖)

) (
𝜒0

(1 + 𝜒0)2

)
Re𝑝

] 𝑝4
⇒ Θ = 𝑝3 (Re mod ) 𝑝4

(45)

It is assumed that the influence of dimensionless Re and the term in the square bracket in Eq. (45) on
the mixing process with the application of magnetic particles under the action of RMF is the same. This
simplifying assumption allows the following notation 𝑝12 = 𝑝13 = 𝑝4.

To describe the mixing process with magnetic particles, the modified Reynolds number was introduced.
The dimensionless parameter 𝛼 (𝑖) is dependent on the parameter 𝜆 that was calculated as follows (see
Eq. (26))

𝜆 =

(
1
2
𝑎2𝜇0𝜎𝑝𝜔RMF

) 1
2

⇒ 𝜆 =

(
1
2
𝑑2𝑝𝜇𝑚𝜎𝑝𝜔RMF

) 1
2

(46)
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In the case of these experimental results, the parameter 𝜆 is much smaller than 1, therefore the parameter
𝛼 (𝑖) is equal to 0.0667𝜆2. The electrical conductivity and volumetric magnetic susceptibility of Fe3O4 are
about 𝜎𝑝 = 2.5 · 10−4 A2·s3· kg−1·m−3 and 𝜒0 = 6, respectively (Sołoducha et al., 2020).

To establish the effect of magnetic particles under the RMF action on the mixing process, the experimental
data obtained in this work are presented in the log–log system in Fig. 5.

Fig. 5. Dimensionless mixing characteristics for the action of RMF
with magnetic particles

To assess the efficiency of the mixing process with the RMF application, the following enhancement factor
was used

𝐸 =

����Θ 𝑓 =var − Θ 𝑓 =0Hz

Θ 𝑓 =0Hz

���� 100% (47)

This factor can be expressed as a relative improvement of the dimensionless mixing time in the presence
of RMF. Moreover, the 𝐸–factor may be also used to describe the effect of applying magnetic particles in
the presence of RMF.

Figure 6 shows the 𝐸-factor values obtained for the analyzed cases (with and without magnetic particles
under RMF) as a function of the frequency of the current flowing through the coil, 𝑓 , and the averaged
values of magnetic induction, 𝐵avg.

As can be observed, the 𝐸-factor values in the presence of RMF with the application of magnetic particles
are smaller compared to using only RMF. From the results presented in Figure 6, it is clear that the magnetic
particles under the action of RMF are responsible for the reduction of mixing time. The effect of RMF
with the application of the magnetic particles is more visible for 𝑓 > 30 Hz (𝐵avg > 19.11 mT). For this
case, the values of the 𝐸–factor are the smallest.

The current study found that the RMF may be used to intensify the mixing process instead of mechanical
mixing (Rakoczy and Masiuk, 2010). This finding supports previous research into these non-instructive
electromagnetic stirrers area which links the mixing process and the time varied fields, e.g., RMF (Molokov
et al., 2007). The RMF induces eddy currents in the mixed liquids. These currents create their magnetic
fields that in co-operation with the external field create small dynamos mixing the liquids. This effect is
called the dynamo concept or the dynamo effect (Hristov, 2010). Some authors have speculated that these
dynamos may be converted into micro-stirrers that mix the liquid at the micro-level (Olivier et al., 2014).
It should also be emphasized that the mixing process-induced using RMF can be used to enhance liquid
transport properties (Hristov, 2002).
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Fig. 6. The 𝐸–factor (see Eq. (47)) for the mixing process with and without
magnetic particles under RMF

The results of this study indicate that the mixing process may be improved by considering the synergic
effect of the applied RMF and magnetic particles (in this case Fe3O4). Magnetically assisted fluidization
(MAF) is a technique combining fluidization with an externally applied magnetic field (Penchev and
Hristov, 1990). The external magnetic field can be used to control the powder bed (Lu and Li, 2000).
This approach causes magnetically driven fluidization (MDF) (Hristov, 2002). The particle motions inside
the fluidization volume are caused by the magnetic field driving particles through a relatively stagnant
fluid. The application of RMF improves the hydrodynamic conditions inside the fluidization volume (Hao
et al., 2008). Moreover, the use of magnetic particles under the RMF action enhanced magnetic stirring
and improved mixing process (Hausmann et al., 2004; Reichert et al., 2004). The magnetic particles
could rotate with the external RMF in a liquid-solid particle system, thus they acted as small agitators
(Hristov, 2007).

5. CONCLUSIONS

The present study makes several noteworthy contributions to the mixing process theory under the action of
the alternating magnetic field. Based on the theoretical considerations, the mixing process with magnetic
particles was expressed as the mixing characteristic with the modified dimensionless Reynolds number.
It was also shown that the RMF with and without the application of magnetic particles could be used to
enhance the mixing process. The obtained experimental results were mathematically described with the
proposed relations based on equations of fluid mechanics. Our research has shown that the hydrodynamic
state in the mixed liquid involving RMF can be described with equations containing dimensionless num-
bers considering magnetic field effects. It should also be emphasized that this research extended current
knowledge on the application of synergic effect of the RMF and magnetic particles in the mixing process.
This study has shown that the efficiency of the mixing process was enhanced by a maximum of 6.5%
owing to the application of RMF. This process can be intensified by means of magnetic particles (in this
case Fe3O4). The research results showed that the mixing process efficiency with the application of the
synergistic effect of magnetic particles under the action of RMF can be improved by 12.8%.
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SYMBOLS

𝑎 linear dimension of particle, m
B magnetic field vector, kg/(A·s2)
𝑑 diameter, m
𝐷 diameter of container, m
E electric field vector, V/m
𝐸 enhancement factor, %
𝑓 frequency of electrical current or rotating magnetic field, s−1
f force, N
𝑓𝐿 Lorentz force, N
𝑓𝑚 Kelvin force, N
H magnetic field strength vector, A/m
𝑙 characteristic measurement, m
J electrical current density vector, A/m2
M magnetization vector, A/m
𝑙 linear dimension, m
𝑝 hydrodynamic pressure, N/m2
𝑝01−03 parameters in Eq. (31b)
𝑝11−13 parameters in Eq. (32b)
𝑝1−4 constants in Eq. (38) and Eq. (39)
𝑡mix mixing time, s
w velocity vector, m/s
𝑤RMF velocity of fluid under action of RMF m·s−1·

Greek symbols
𝛼 dimensionless parameter
𝜆 dimensionless parameter
𝜒 volumetric magnetic susceptibility
𝜇 dynamic viscosity, kg·m−1·s−1
𝜇0 magnetic permeability, kg·m·A−2s−2
𝜈 kinematic viscosity, m2s−1
𝜌 density, kg m−3

𝜎𝑒 electrical conductivity of liquid, A2·s3·kg−1·m−3

𝜎𝑝 electrical conductivity of particle, A2·s3·kg−1·m−3

𝜏 time, s
𝜔RMF angular velocity of rotating magnetic field, rad·s−1
Ω angular velocity, rad·s−1

Dimensionless numbers
Re dimensionless Reynolds number
Ta dimensionless Taylor number
Re𝑚𝑜𝑑 dimensionless modified Reynolds number
Q dimensionless Chandrasekhar number
Θ dimensionless mixing time number

Superscripts
∗ dimensionless value

Subscripts
avg averaged
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𝑙 liquid
mod modified
mix mixing
𝑝 particle
0 reference value
RMF value related to the rotating magnetic field

Mathematical operator

Δ =
𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2
+ 𝜕2

𝜕𝑧2
Laplace operator or Laplacian (It is a differential operator given by the divergence
of the gradient of a function onEuclidean space. In aCartesian coordinate system,
this operator is defined by the sum of second partial derivatives of the function
with respect to each independent variable.)
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