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Abstract
The determination of precise emitter location is a very important task in electronic intelligence systems.
Its basic requirements include the detection of the emission of electromagnetic sources (emitters), mea-
surement of signal parameters, determining the direction of emitters, signal analysis, and the recognition
and identification of their sources. The article presents a new approach and algorithm for calculating the
location of electromagnetic emission sources (radars) in a plane based on the bearings in the radio-electronic
reconnaissance system. The main assumptions of this method are presented and described i.e. how the final
mathematical formulas for calculating the emitter location were determined for any number of direction
finders (DFs). As there is an unknown distance from the emitter to the DFs then in the final formulas it
is stated how this distance should be calculated in the first iteration. Numerical simulation in MATLAB
showed a quick convergence of the proposed algorithm to the fixed value in the fourth/fifth iteration with
an accuracy less than 0.1 meter. The computed emitter location converges to the fixed value regardless of
the choice of the starting point. It has also been shown that to precisely calculate the emitter position, at
least a dozen or so bearings from each DFs should be measured. The obtained simulation results show that
the precise emitter location depends on the number of DFs, the distances between the localized emitter
and DFs, their mutual deployment, and bearing errors. The research results presented in the article show
the usefulness of the tested method for the location of objects in a specific area of interest. The results of
simulation calculations can be directly used in radio-electronic reconnaissance systems to select the place
of DFs deployment to reduce the emitter location errors in the entire reconnaissance area.
Keywords: emitter location, triangulation method, errors ellipse, maximum likelihood estimators, electronic
warfare.
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1. Introduction

Electronic Intelligence (ELINT) and Electronic Support Measures (ESM) systems perform
the functions of threat detection and area surveillance to determine the identity and bearing of
surrounding electromagnetic emissions from airborne, seaborne, and ground-based platforms.
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These systems are entirely passive in that they do not emit electromagnetic emissions and are
used for measuring the direction of incoming target threat emissions. The emitter’s coordinates
can be estimated by a single moving observation system via its receiver, which measures the
signal parameters from the emitter, or by using multiple direction finders (DFs). ELINT and ESM
systems incorporate a passive receiver to measure the parameters of the received signals and an
automatic processor to identify and classify the incoming emitter’s signals [1–4].

These signal parameters, which correspond to geometric quantities, are the direction/angle
of arrival (AOA) obtained from the measured amplitude or range difference from the emitter to
the two measurement points obtainable from the time difference of arrival (TDOA). The actual
location technique depends upon the kind of signal parameters being measured, the measurement
techniques, and the data processing procedures [3, 5–13].

Conventional ESM systems measure the basic parameters of incoming emitter signals (fre-
quency, amplitude, bearing angle, pulse width, time of arrival (TOA)). The collected data are
sorted into groups considered to be from a single emitter and used to compute the time-dependent
parameters (pulse repetition frequency, antenna rotating period, type of modulation, etc.) [14].

Another possible method is to measure the time difference of arrival of the emitter signal
at several dispersed sensors which are located substantially further away than the wavelength.
With multiple platforms, measurements of an emitter’s time of arrival from one sensor can
be used with TOA measurements from another to compute a time difference of arrival. Each
TDOA forms a hyperbola on the plane. Each hyperbola represents a specific TDOA and is called
an isochrone [15–18]. An intersection of TDOA isochrones provides the estimates of emitter
location. If the time difference of arrival is measured very accurately, the emitter location will be
very close to this intersection of isochrones.

The method of emitter location based on the bearings received from two or more spatially
deployed DFs is commonly called the triangulation method. Because of the uncertainties in
the angle of arrival measurements, uncertainties exist in the estimated emitter location. The
emitter’s location is a significant parameter in the overall process of determining its possible
application [15, 16, 19].

The errors of emitter location depend both on the measurement accuracy of the DFs and their
deployment in the electromagnetic environment. In order to calculate the emitter’s location, the
ESM system requires information from a minimum of two DFs, which are deployed at a specific
distance from each other, called the system baseline [20–22]. The coordinates of the emitter’s
location (position) were determined with an error, which is generally a function of all errors
occurring in the emitter location system and introduced by the system’s environment [23–26].
In a real electromagnetic environment, the most important errors are those associated with the
accuracy of the bearing measurements in the DFs.

The emitter location estimation algorithm is based on the classical observation model and the
maximum likelihood estimators in the case of assuming the known measured bearing errors for
all DFs [2, 27]. This algorithm can be generalized to make use of bearing measurements which
have different accuracies and which can be taken at different ranges.

A correctly determined emitter location and its identification allow for the provision of
important information for military command systems, and for managing active means of jamming
inElectronicWarfare (EW) systems [2,28,29]. The analysis of the real possibility of increasing the
accuracy of emitter location was carried out on the example of ESM stations used in practice, and
which constitute the basic elements of a tactical location system. The method of emitter location
based on AOA measurements is one of the most popular location methods and at the same time
one of the easiest to implement. The location of the electromagnetic sources in the triangulation
method is geometrically determined based on the bearings obtained from individual DFs.
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The proposed algorithm for estimating the emitter’s location is based on the assumption
of the known Gaussian distribution of measured bearing errors. The accuracy of determining
the location of the emission’s source can be described through various characteristics, amongst
which a common feature is a fact that the accuracy is described on the plane by an elliptical or
a circular error [30–32]. These errors should cover this calculated emitter location with a definite
probability [14, 15, 33–35].

In the reconnaissance and electronic warfare systems, the time of identifying the emitters and
determining their position is very important. In the triangulation method, the calculated position
of the emitter based on single bearings to the emission source can be burdened with a large
error. In addition, the probability of detecting the signal depends on the speed of rotation of the
antennas and the width of their characteristics. As a rule, it takes a few turns of the antennas to
be able to accurately measure the bearing to the emission source, then at the leading station, it is
necessary to associate these bearings obtained from the beacons and then calculate the position
of the emitter on their basis. The algorithm presented in the paper, the computing program
developed in MATLABr, and the conclusions from simulation tests can be directly used in a real
radio-electronic reconnaissance system to accelerate the process of identifying and locating the
sources of emission. It is also very important to compare the localization errors for the same
emitter position test points. Conclusions from the simulation calculations can be useful for the
operator in the reconnaissance station to accelerate the process of measuring the parameters
of radar signals and initially rejecting bearings with a large error. The simulation tests of the
properties of the method described in the article can also be useful for selecting the position of
the bearings because the actual measurement errors of the bearings and the possible size of the
monitored area were used in these calculations.

Our new approach to the triangulation method contains:
– derivation of mathematical formulas for calculation of the emitter position in the absence of
a priori information about its position using the greatest reliability method for any number
of direction finders (DFs);

– development of an algorithm for themodified triangulationmethod and computing program;
– explanation how to calculate an unknown distance from DFs to unknown emitter location
in the first step of iteration;

– validation convergence of calculated emitter’s position to its tested location for the proposed
algorithm;

– comparison of different emitter location errors on the basis of simulation experiments for
the same scenarios of the DFs and emitter deployment.

The rest of the paper is organized as follows: in Section 2, the background and the main
idea of the triangulation method of emitter location are introduced. In Section 3, the problem
to be solved is formally defined and the appropriate algorithm is presented. Section 4 mainly
contains experimental details and results, as well as comprehensive analyses. The accuracy of
emitter location is measured in terms of the standard deviation compared to the actual emitter’s
position and was tested using simulated data in the MATLAB environment. Section 5 provides
the conclusion of the entire paper.

2. A description of the triangulation method

The AOA of a signal, or its line of bearing, is a parameter frequently used for calculating
an emitter’s location. If the emitter is located on a plane, then measurement of only two bearings
θ1 and θ2 from two sensors (DF1 and DF2) deployed at a given distance d in the points A and B is
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sufficient to determine its location. The evaluation of emitter location (point E) is determined by
the point of intersection of two bearing lines, which are here the position lines as shown in Fig. 1.

Fig. 1. Triangulation method for emitter location based on two bearings.

Due to occurring angle errors, the bearings seldom intersect in one single point. In the case
of three DF sensors, the line of bearings forms a triangle of error. Therefore, a need arises to
assign the most probable point P in which the emitter is placed (Fig. 2a). The task becomes even
more complicated when more than three DFs are used (Fig. 2b). The triangulation method can
be implemented on all varieties of platforms, including aircraft, ships, and ground vehicles.

(a) (b)

Fig. 2. Triangulation method for emitter location based on (a) a triangle area of errors, and (b) a quadrilateral error area.

The distance rA from point A to the emitter (E) in Fig. 1 is calculated from the formula

rA =
d

sin θ1 − cos θ1 tan θ2
. (1)

Since each bearing is affected by a measurement error, the calculated emitter location based
on many different bearings creates a specific area on the plane called the region of uncertainty, in
which the detected emitter is locatedwith a certain probability. To determine the coordinates of the
emitter, a certain minimum number of bearing measurements made on the same electromagnetic
source is required. The accuracy of determining the position of the emission source is assessed
here on the basis of a statistical analysis of the measurement results.

In practice, the calculated location of the emitter is not a point but a kite-shaped, circular
or elliptical area, as shown in Fig. 3. The estimation of emitter location in the conditions of having
no a priori information using the maximum likelihood method is presented in the next section.
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(a) (b) (c)

Fig. 3. Area of errors in the triangulation method of emitter location for two direction finders: (a) A kite-shaped error
area, (b) a circular error area, and (c) an elliptical error area.

3. Basic mathematical dependencies concerning the calculations of emitter location

Due to bearing measurement errors, the emitter location is not indicated as a precise point
but only as an area in which the detected object is placed with a given probability. Assuming that
the DFs and emitter are deployed on the plane 0XY , the location of the i-th DF will be marked as
a function of coordinates ri = f i (xi, yi) and the real emitter location (E) by a function r = f (x, y)
(Fig. 4).

Fig. 4. Area of errors in the triangulation method of emitter location for two direction finders.

In every point of signal receiving (xi, yi) the bearings θi are measured. In an electromagnetic
environment, every real bearing θi is measured with a measurement error ∆θi , that is:

∆θi = θ̌i − θi , i = 1, 2 . . . , n (2)

or
θi = θ̌i ± |∆θi | , (3)

where θ̌i is the ideal bearing (errorless), |∆θi | is the value of absolute error ∆θi , and n is the
number of DFs.
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Based on Fig. 4, the angle θ̌i can be calculated from the following relation:

θ̌i = arctan
x − xi
y − yi

= f (x, y, xi, yi) = f i (x, y). (4)

It is assumed that these errors ∆θi are independent and have a normal distribution, with the
mean value equalling zero and with standard deviation ξi . In the emitter location estimation,
using a method of the greatest reliability, such coordinates (x∗, y∗) are searched for which the
Gaussian density function of bearings (θ1, θ2, · · · , θn) reaches the maximum on the condition
that this detected emitter is situated in the point (x, y) [21, 29, 33].

The estimation of emitter location in the conditions of a lack of a priori information can
be carried out using a method of the greatest reliability. This function can be described using
the following formula [9, 36]:

L (θ1, θ2, . . . , θn; x, y) = p(θ1, θ2, . . . , θn/x, y) =
n∏
i=1

1
√

2πσi

exp


−

[
∆θi (x, y)

]2

2σ2
i



. (5)

The bearing error for the i-th DF will now be determined in the function of coordinates (x, y).
Assuming that this error is small, the following formula can be written as

∆θi (x, y) =
δi (x, y)
ρi

, (6)

where ρi denotes the approximately defined unknown distance from the i-th DF to the emitter, as
follows:

ρi =

√
(x0 − xi)2 + (y0 − yi)2 . (7)

In this formula, values x0, y0 denote the approximately defined initial coordinates of real
emitter location. Using the trigonometric relation in the EHP and PRS triangles (Fig. 4), we
obtain:

δi (x, y) = (x − xi) − z, (8)

z = (y − yi) sin θi . (9)

Setting (9) to (8), we obtain:

δi (x, y) = (x − xi) cos θi − (y − yi) sin θi . (10)

Next, assuming that:

p(θ1, θ2, . . . , θn/x, y) = K · exp

−

1
2

n∑
i=1

δ2
i (x, y)

σ2
i ρ

2
i


, (11)

where

K =

(2π)n/2

n∏
i=1

σi



−1

(12)

then the likelihood function can be represented as:

L (θ1, θ2, . . . , θn; x, y) = p (θ1, θ2, . . . , θn/x, y) = K · exp
[
−

1
2
λ(x, y)

]
. (13)
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The λ(x, y) function in (13) denotes the uncertainty function expressed by the formula:

λ(x, y) = Ax2 + 2Bxy + Cy2 + 2Dx + 2Ey + F, (14)

where the respective coefficients are calculated from the following formulae:

A =
n∑
i=1

cos2 θi

σ2
i ρ

2
i

, B = −
1
2

n∑
i=1

sin (2θi)
σ2
i ρ

2
i

, (15)

C =
n∑
i=1

sin2 θi

σ2
i ρ

2
i

, D = −
n∑
i=1

xi cos2 θi − 0.5yi sin (2θi)
σ2
i ρ

2
i

, (16)

E =
n∑
i=1

0.5xi sin (2θi) − yi sin2 θi

σ2
i ρ

2
i

, F =
n∑
i=1

(xicosθi − yisinθi)2

σ2
i ρ

2
i

. (17)

The optimal estimators (x∗, y∗) from the point of view of maximum likelihood fulfil here the
condition of the maximization of the function L (θ1, θ2, . . . , θn; x, y), which is equivalent to the
task of the minimization of the following function λ(x, y), which can be written as:

λL
(
θ1, θ2, . . . , θn; x∗, y∗

)
= max ⇐⇒

(
x∗y∗

)
= min . (18)

The minimum of the function λ(x, y) defined by formula (14) is calculated from the following
set of equations:

∂λ

∂x
����x=x∗

= 2
(
Ax∗ + By∗ + D

)
= 0, (19)

∂λ

∂y

����y=y∗
= 2

(
Bx∗ + Cy∗ + E

)
= 0. (20)

After solving the set of equations (19)–(20), the final formulae for optimal estimators (x∗, y∗)
of the emitter location coordinates have the following form:

x∗ =
BE − CD
AC − B2 , y∗ =

BD − AE
AC − B2 . (21)

From (21), the condition that AC − B2 > 0 arises. Because (15)–(17) are in the entangled
form (on the right side are unknown values in the expression at ρi), the initial values ρi are
calculated approximately and then improved in the next iterations by the method of successive
approximation. For the approximation, the initial value ρi is taken as the distance from the i-th
DF site to the point of intersection with the bearing θi from the i-th DF with any line of angle θ j
from the j-th DF site.

The accuracy of determining emitter location can be described by various characteristics.
A common feature of these characteristics is that the accuracy on the plane is described by an
area in the form of the so-called error ellipse with a given probability Pe. This ellipse covers the
emitter location or an area in the form of the so-called circle of errors with a given probability
Pk of covering this place with this circle. The error ellipse most precisely defines the accuracy of
emitter location on the plane for the set values of ρi and θi . The properties of the error ellipse are
characterized by the maximum probability of covering the emitter’s location among all possible
geometric figures with the same surface area.

The disadvantage of this description, however, is the necessity to calculate (for a fixed Pe)
three parameters: two main axes and the angle of inclination of the error ellipse, defining the
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direction of the semi-major axis in relation to the selected axis of the coordinate system as the
reference direction. In the case of many different positions of the emitter, i.e., the corresponding
different values of ρi and θi , the accuracy of determining the position of the emitter is determined
by the set of ellipses, forming the so-called error area.

Taking into account the rotation of the 0XY coordinate system by angle α clockwise, all the
bearings θi in the new OUV coordinate system will take the following values: θi − α, i.e.:

A1 =

n∑
i=1

cos2 (θi − α)
σ2
i ρ

2
i

, B1 = −
1
2

n∑
i=1

sin 2 (θi − α)
σ2
i ρ

2
i

, C1 =

n∑
i=1

sin2 (θi − α)
σ2
i ρ

2
i

. (22)

From (22), we get the following relation:

tan(2α) =

n∑
i=1

sin (2θi)
ρ2
iσ

2
i

n∑
i=1

cos (2θi)
ρ2
iσ

2
i

, (23)

from which we calculate the orientation angle α of the error ellipse, counting clockwise to the
reference direction, i.e., the northern direction. Angle α indicates the slope of the error ellipse
with respect to the 0y axis [26, 31].

Standard deviations σu and σv of the ellipse of errors in the orthogonal directions, i.e., the
maximum and minimum mean square error, respectively, can be determined from the following
relation:

σu = A
− 1

2
1 , σv = C

− 1
2

1 , (24)
from where

σx = σu sin α, σy = σv cos α . (25)
The two-dimensional posterior normal distribution in the new coordinate system has the form:

p(u, v/θ1, θ2, . . . , θn) =
1

2πσuσv
exp

[
−

1
2

(
u2

σ2
u

+
v2

σ2
v

)]
. (26)

As a result of the cross-section of the surface of this distribution with the p = const planes
and the projection of the obtained contours onto the OUV plane, we obtain a family of ellipses of
errors, described by the equation:

u2

σ2
u

+
v2

σ2
v

= k2, (27)

where k is the error ellipse parameter.
Hence the axes of the error ellipse are expressed by the following dependencies:

a = kσu, b = kσv (28)

while the area of the ellipse of errors is calculated from the following equation:

Se = πab = πk2σuσv . (29)

The value of parameter k = k0 for a given probability (k0) = P0 of the occurrence of the
emitter in the ellipse of errors (or the coverage of the emitter with an ellipse) can be determined
from the formula:

k0 =
√
−2 ln (1 − P0). (30)
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For k0 = 1, i.e., for the so-called unit error ellipse (where a = kσu , b = kσv) the value
Pk = 0.393.

In addition, except for the area errors, the numerical values of the parameters can also be used
to evaluate the accuracy of the system’s location. The most commonly used for this purpose are
the circular error, geometric error, and mean square error.

In order to assess the accuracy of the location of electromagnetic sources, we can use the cir-
cular error probability (CEP), calculated according to the following relation:

CEP =
√
σ2
x + σ

2
y

√√√√√√√*..
,
1 −

2
/ (
σ2
x + σ

2
y

)2 (
σ4
x + σ

4
y

)
9

+//
-

3

(31)

and the geometric mean error (GME):

GME = 1.177√σxσy . (32)

The CEP error is defined as the radius of the circle centred on the calculated emitter location
that provides a 50% probability that the actual emitter location is within the circle [1, 13]. The
GME error is defined as a radius with an area equal to the probable area of error ellipse (Pk = 0.5).
The GME error has the property that if any of the standard deviations σx , σy is equal to zero,
this measure will also be equal to zero, although the second deviation value may be very large.

Based on N observations (the bearings taken from eachDF to the emitter), the average position
of the emitter is calculated as follows:

x̄ =
1
N

N∑
i=1

x∗i , ȳ =
1
N

N∑
i=1

y∗i , (33)

where the estimators x∗i , y
∗
i of the emitter’s position are determined using formulas (21).

Themean square errorsσx, σy in determining the emitter’s location for the x and y coordinates
respectively are calculated from the following formulas:

σx =

√√√
1
N

N∑
i=1

(
x∗i − x̄

)2
, σy =

√√√
1
N

N∑
i=1

(
y∗i − x̄

)2
(34)

and the mean linear error:
σ =

√
σ2
x + σ

2
y . (35)

The algorithm presented in Fig. 5 can use two different rules for stopping the calculation of
the emitter location process:

a) according to the assumed permissible number of kmax of consecutive approximations of
value (x∗, y∗);

b) according to the assumed acceptable value changes (∆xmax,∆ymax) of the coordinates of
the emitter’s location subject to successive approximations.

In the first rule, the iteration process is stopped when the condition k ≥ kmax is satisfied.
The disadvantage of this rule is that in the case of faster convergence of the emitter location
algorithm (for small error triangles) to the fixed value (e.g. with an accuracy of 1 m), all other
iterations of calculations are performed which do not have a significant impact on the estimated
coordinates
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Fig. 5. Block diagram of the algorithm for calculating the emitter’s location in the plane.

The number of performed iteration steps can be useful in evaluating some complex situations,
e.g., with wrong leads (large error triangles) where the number of iterations can be large. The
iteration process in the second rule is stopped when the changes of the coordinates (∆xk,∆yk) of
the emitter location in a given step k and in the previous step k − 1 are smaller than the given
calculation accuracy error ε.
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The quantities ∆xk,∆yk are calculated here as follows:

∆xk =
���x
∗
k − x∗k−1

��� , ∆yk =
���y
∗
k − y∗k−1

��� . (36)

This method of stopping is selected when the user can specify numerical limits on the emitter
location estimation errors. The process of estimating the emitter’s location can be stopped here if
the following relation is met: √

(∆xk )2 + (∆yk )2 ≤ ε. (37)

The triangular method depends on iterative calculations of the estimated coordinates (x∗, y∗)
for the emitter’s location using (15)–(17) to calculate A, B, C, D, E. For solving these equations,
knowledge about the distances from DF sensors’ sites to the emitter’s position is needed. In the
first step of this iterative method, any distances can be taken for calculations, for example the
point of intersection of two bearings. The distances from the DFs to the emitter’s position are not
calculated precisely at first. Therefore, they are more and more precise in the subsequent steps
of the estimation. On the basis of a given number of bearing measurements for the same fixed
emitter location a set of points was obtained, in which the detected emitter should be placed with
a given probability.

4. Simulation experiment for determining the accuracy of the location system

In order to investigate the properties of the proposed modified method of calculating the emit-
ter’s location and to identify the possible errors in its location, a computer program in MATLAB
was developed. The simulation tests were carried out for nine different variants of the DFs and
emitter deployment in the given recognition area. The coordinates of the DFs for these tested
variants are presented in Table 1.

Table 1. Variants of DFs deployment and their x, y coordinates [km] in the reconnaissance area.

Coordinates (xi, yi) of the DFs
Number

Name of
deployment DF1 DF2 DF3 DF4 DF5of DFs variant x1 y1 x2 y2 x3 y3 x4 y4 x5 y5

C3_1* 0 0 0
3 C3_2 0 0 25 5 50 0

C3_3 5 0 5

C4_1 0 0 0 0
4 C4_2 0 5 15 0 35 0 50 5

C4_3 10 0 0 10

C5_1 0 0 0 0 0
5 C5_2 0 8 12.5 4 25 0 37.5 4 50 8

C5_3 12 4 0 4 12

* C3_1 – denotes the variant 1 for three DFs

In the first stage, the properties of the algorithm itself and its convergence to the predetermined
value (depending on the number of iterations) were examined. Because there are unknown
distances from the emitter to the DFs in the final formulas (21) for calculating the emitter’s
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position, then in the zero step (k = 0) they are taken as the distances between the calculated
intersection of the bearings from any two DFs. In the following iterations (k = 1, 2, . . .), the
distances ρik between the calculated emitter location (x∗, y∗) and locations of the DFs are
already used.

The results of calculating the emitter’s position in subsequent k iterations for different emitter
locations (from the area of interest) are shown in Table 2.

Table 2. Algorithm convergence test (variant C3_1).

The calculated location (x∗, y∗) in subsequent iterations k
for the proposed algorithm

Emitter
location [km]

Iteration
number k 0 1 2 3 4 5 6

x = 10 10.8411 10.3210 10.3196 10.3195 10.3195 10.3195 10.3195

y = 15 14.6049 15.0592 15.0582 15.0582 15.0582 15.0582 15.0582

x = 20 21.2325 20.5299 20.5225 20.5225 20.5225 20.5225 20.5225

y = 40 38.4768 10.2277 10.2341 40.2342 40.2342 40.2342 40.2342

x = 25 25.0106 25.0081 25.0079 25.0079 25.0079 25.0079 25.0079

y = 5 4.8744 5.0739 5.0740 5.0740 5.0740 5.0740 5.0740

x = 25 24.6983 24.9518 24.9501 24.9501 24.9501 24.9501 24.9501

y = 35 36.2994 35.5362 35.5387 35.5386 35.5386 35.5386 35.5386

x = 35 35.4815 35.1317 35.1283 35.1282 35.1282 35.1282 35.1282

y = 50 48.3006 51.0559 51.0891 51.0895 51.0895 51.0895 51.0895

x = 45 45.1181 45.0853 45.0853 45.0853 45.0853 45.0853 45.0853

y = 10 9.8742 9.9515 9.9516 9.9516 9.9516 9.9516 9.9516

Based on the obtained calculation results, it can be seen that the calculated position of the
emitter is based on the given bearings of this emitter with the RMS error equal to 1◦ for all DFs
and converges to the value determined with an accuracy ε ≤ 0.1 m after 3–4 iterations (Table 2).
Such results are achieved despite the fact that in step k = 0 the point of intersection of bearings
from two DFs was taken as the starting point of the emitter’s position, which differs significantly
from the end position.

The results presented in the table above also show that the emitter’s location calculated only
based on single bearings may differ significantly from the real emitter location. For the fifth
variant of the emitter’s position (x = 35, y = 50) [km], the location differs even by more than
1 km for the y-coordinate.

The precise estimation of emitter location can be performed if a sufficient number of bearings
is available.

In connection with the considerations above, it can be concluded that the use of such a modi-
fication (introducing iteration of the algorithm) improves the accuracy of the object’s location in
the triangulation method.

The estimated area of calculated errors CEP,GME, elliptical, and triangle are shown in Fig. 6
for 4 different configurations of the emitter and the DFs. For every variant of the deployment of
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the DFs and the emitter, 100 bearings were generated from the Gaussian normal distribution with
the standard deviation equalling 1◦. The calculated emitter locations are marked in green.

The evaluation of emitter location accuracy based on (21) was performed using a simulation
program, in which the real emitter position (x, y) was assumed as known, and for this location
a set of N bearings was generated for every DF from normal distribution Normal

(
θti, ξθi

)
where

θti denotes a theoretical bearing calculated for the i-th DF placed in the point (xi, yi) and ξθi is
the root mean square (RMS) error of bearings for the i-th DF. To determine the precise emitter
location, a minimal number of generated bearings at the same electromagnetic source is needed.

Assuming the Gaussian normal distribution of bearing errors [1, p. 108], the best centre
is grouped in a normal elliptical error distribution, and it is convenient to visualize this by
drawing an ellipse so that 50% of the location fixes are inside the ellipse and 50% are outside the
ellipse [1, pp. 107–108], [13, pp. 173–174].

Figs. 6, 7 show that the best mapping of 50% of the emitter location error area is for the
elliptical error. It is especially pronounced when the emitter is closer to the end positions of the
DFs. By comparing the CEP and GME errors, it can be stated that for all tested DFs and settings,
the GME error area is larger.

(a) (b) (c)

(d) (e) (f)

Fig. 6. Area of emitter location errors (in 0XY plane [km]) for different deployment of three DFs: (a–c) emitter in tested
point (10, 15) [km]; (d–f) emitter in tested point (35, 50) [km].

The simulation experiment for the proposed algorithm was performed for:
– a different number n of DFs;
– different mutual deployment of DFs and the emitter in the reconnaissance area;
– different RMS of bearings: ξ1, ξ2, . . . , ξn for DFs;
– different number of N bearings made from every DF in the known emitter location.
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(a) (b) (c)

(d) (e) (f)

Fig. 7. Area of emitter location errors (in 0XY plane [km]) for different deployment of four DFs: (a–c) emitter in tested
point (35, 50) [km]; (d–f) emitter in tested point (5, 50) [km].

The symbols used in Fig. 6 and 7 mean:

Estimated emitter location  Analyzed emitter 
 

Bearing from DF1 

 Direction finder location CEP error Bearing from DF2 

 Emitter location GME error Bearing from DF3 

 Mean value of emitter location Bearing from DF4 

The results of the simulation for different variants of deployment DFs and the emitter are
depicted in Figs. 8 to 13 and in Table 3.

Figure 8 shows the results of simulation of the emitter’s location at tested point (15, 45) [km]
and the values of the emitter location errors, calculated based on 100 randomly drawn bearings
from the normal distribution and three different RMS errors. On the basis of such a large series of
measurements, it can be concluded that the calculated position of the emitter can differ for the test
position from several hundred meters up to 2.7 kilometre. A twofold increase in RMS errors also
causes an approximately twofold increase in the analysed errors (σ, CEP andGME) in estimating
the emitter’s position (Fig. 8a). The averaged position of the emitter (Fig. 8b) based on the 100
bearings generated is practically the same regardless of the different RMS errors (ξ = 0.5

◦

, ξ = 1◦

and ξ = 2◦ ) of the DFs. This means that with a large number of bearings measured at the same
emission source, its position can be calculated with an accuracy of several kilometres, even with
a relatively large RMS error of the DFs (Fig. 8b).

Figure 9 shows the RMS errors of the emitter’s location obtained from the simulation for 3 and
4 DFs based on 100 generated bearings in the three-dimensional space in the set reconnaissance
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(a) (b)

Fig. 8. Simulation results for emitter location (x, y) and errors values (σx ,σy ,σ, CEP andGME) in tested point (15, 45)
[km] calculated for variant C3_1 based on 100 generated values of the bearings and 3 measurement accuracies of DFs

(ξ = 0.5◦, ξ = 1◦ and ξ = 2◦): (a) averaged values of errors and (b) averaged values of emitter location.

area with 1 km step changes of the emitter’s location. The values of RMS errors are presented
using the appropriate colour gradation marked in the right-hand bar of the graphs. The greatest
error in determining the emitter’s location (e.g. about 2.2 km in Fig. 9b and about 4.4 km in
Fig. 9f occurs at the extreme points and the farthest from the centre of the DF position. In the
variant with 4 DFs, this error is about two times smaller in the area near the position of DF1
and DF2.

Figure 10 shows the average of three different emitter location estimation errors (σ, CEP,
and GME) calculated on the basis of N (N = 10, 20, 30, 40, and 50) randomized bearings from
the normal distribution for every DF. Increasing the number of bearings from 10 to 50 does not
have too much influence on the values of these errors, which increased by a dozen or so (several
dozen meters for the emitter located at point (40, 40) [km]).

The averaged position of the emitter for the test point (40, 40) shows that the number of
bearings taken for the calculation (N = 10, 20, 30, 40, 50) does not affect the accuracy of the
location of the emitter, while the differences between the minimum and maximum values can
exceed even the value of 1 km, (Fig. 10b). This means that in a real reconnaissance system, it is
enough to make about 10 measurements of bearings of a given emission source in order to obtain
the precise location of the emitter.

In order to verify the correctness of the presented maximum likelihood method for calculating
the emitter’s location and the associated location errors, 100 bearings were generated from every
DF to the emitter’s position at testing point (10, 15) [km]. The results of the simulation tests
are shown in Fig. 11 for all variants of the DFs’ settings, (Table 1). The averaged coordinates of
the emitter location calculated in this way differ from the known emitter location by only a few
meters.

The comparison of estimation errors for the emitter’s position in tested point (10, 15) [km]
for all variants of DFs deployment is shown in Fig. 11.

Based on the obtained simulation results, it can be concluded that the smallest errors were
obtained when the side DFs were moved forward, both for 3, 4, and 5 DFs (variants C3_3, C4_3,
and C5_3). On the right side of the estimation errors in Fig. 11, the average emitter positions (X ,
Y ) and the minimum and maximum values (Xmin, Xmax), (Ymin, Ymax) are given, obtained on the
basis of 100 calculated emitter locations according to (21).
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(a) (b)

(c) (d)

(e) (f)

Fig. 9. Distribution of RMS errors of estimated emitter location along the x and y axes, calculated with 1 km step in the
analysed reconnaissance area and averaged based on 100 generated bearings with the same RMS errors for every DF:
(a) ξ1 = 0.5◦; (b) ξ2 = 1◦; (c) ξ3 = 2◦ for variant C3_1, area (x ∈ 〈−10, 60〉 km, y ∈ 〈−4, 50〉 km, and (d) ξ1 = 0.5◦;

(e) ξ2 = 1◦; (f) ξ3 = 2◦ for variant C4_3, area (x ∈ 〈−1, 50〉 km, y ∈ 〈11, 50〉 km.
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(a) (b)

Fig. 10. Average values of errors in estimating the emitter position in tested point (40, 40) [km] depending on the number
of bearings N (N = 10, 20, 30, 40, and 50) based on 100 simulated realizations for the variant C3_1, RMS for every DF

equal to 1◦.

(a) (c) (e)

(b) (d) (f)

Fig. 11. Estimation of emitter location errors (σ,CEP andGME) located in tested point (10, 15) [km] for all configurations
of DFs deployment (100 generated bearings realizations, accuracy of bearing error measurement ξ = 1◦: (a–b) variants

for 3 DFs; (c–d) variants for 4 DFs; (e–f) variants for 5 DFs.

Similarly, a comparison of estimation errors for the emitter’s position in tested point (45, 50) [km]
(significant distances from the DFs) for all the examined variants of DFs deployment is shown
in Fig. 12. Also in this case, the smallest errors were obtained when the side DFs were moved
forward, for 3, 4, and 5 DFs (variants C3_3, C4_3, and C5_3).

The high accuracy of calculating the position of the emitter on the basis of a large number of
bearings (N = 100) is confirmed by the results of calculations presented in Figs. 11–13 for 3, 4
and 5 DFs and 2 test points (10, 15) and (45, 50). The calculation of the averaged emitter position
is also not significantly influenced by the addition of a 4th and 5th DF, but the errors (σ, CEP
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(a) (c) (e)

(b) (d) (f)

Fig. 12. Estimation of emitter location errors (σ, CEP andGME) located in tested point (45, 50) [km] for 9 configurations
of DFs deployment (100 generated bearings realizations, accuracy of the bearings error measurement ξ = 1◦: (a–b)

variants for 3 DFs; (c–d) variants for 4 DFs; (e–f) variants for 5 DFs.

and GME) increase. The difference between the test value (x, y) and the minimum or maximum
value in the (xmin, xmax) or (ymin, ymax) for single bearings taken for the calculations can even
reach 3 km (Figs. 11–12).

Table 3. Improvement of accuracy of emitter location depending on DF configuration.

Emitter location test point(10, 15)

σ

3 DF 4 DF 5 DF
C3_1 0.428 C4_1 0.408 C5_1 0.398
C3_2 0.402 6% C4_2 0.339 17% C5_2 0.263 34%
C3_3 0.391 9% C4_3 0.297 27% C5_3 0.234 41%

Emitter location test point (45. 50)

σ

C3_1 1.718 C4_1 2.521 C5_1 3.976
C3_2 1.678 2% C4_2 2.293 9% C5_2 3.074 23%
C3_3 1.512 12% C4_3 2.081 17% C5_3 2.7 32%

On the basis of the simulation experiment carried out, it can be seen that in all the tested
points for 3, 4 and 5 DFs, the forward movement of the DFs deployed from the left and right side
of the main DF reduces the errors (σ) from a few to over 40%, (Table 3).

Figure. 13 shows a comparison of emitter location errors (σ, CEP, andGME) for 9 variants of
DF deployment and two different emitter positions: (10, 15) [km] and (45, 50) [km]. The farther
the emitter is located from the DFs, the greater these errors are.

Depending on the position of the emitter in relation to the DFs, these averaged errors on the
basis of many bearings can range from several hundred meters (Fig. 13a) to several kilometres
(Fig. 13b).
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(a) (b)

Fig. 13. Average values of errors of emitter location for 9 variants of DF deployment (100 generated bearings realizations,
accuracy of bearings error measurement ξ = 1◦: (a) emitter located in tested point (10, 15) [km]; (b) emitter located

in tested point (45, 50) [km].

5. Conclusions

In this paper, the effect of different errors on estimation of emitter location was presented. A
theoretical expression for emitter location uncertainty in terms of errors for different configurations
of the emitter and DFs deployment was derived and used to calculate error ellipse parameters for
the triangulation method.

The following factors should be taken into consideration in the process of performing the
measurements of bearings: the choice of themethod of location using an appropriatemeasurement
technique, determining the number of DFs, their deployment in the reconnaissance area, and the
number of bearings taken to calculate the estimated emitter location.

The features of the proposed method were examined using the simulation data for the known
emitter’s location and given parameters of the DF system. Numerical calculations show in which
way the area of uncertainty of the emitter’s location changes. These results can be used to
select such a deployment of direction finders in a given reconnaissance area which will ensure
a minimum error in determining the coordinates of the unknown emitter location. The higher
the number of bearings, the better the accuracy of calculating the emitter’s location, in spite of
relatively high bearing errors for every DF.

The iterative algorithm of calculating the emitter’s position presented in this article – a way
of selecting the initial distance between the unknown position of the emitter and the number
of bearings taken to calculation – can be directly used in electronic reconnaissance and warfare
systems. The simulation results obtained for a large sample of generated bearings for three, four,
and five DFs in different variants of their deployment confirmed its high accuracy.

The obtained results are promising and make it possible to use them for planning the deploy-
ment of DFs in a real electromagnetic environment.

In the next stage of the research, the optimal deployment of DFs should be determined in
order to minimize the emitter’s location error in the entire recognition area, also taking into
consideration their technical properties.
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