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Abstract. To enhance the harvesting performance of a bi-stable piezoelectric energy harvester (BEH), this work proposes a four-magnet BEH
(FBEH). FBEH consists of a piezoelectric cantilever beam with a tip magnet, a fixed magnet and two movable magnets. The two movable
magnets relative to the fixed magnet can move in both horizontal and vertical directions. A nonlinear distributed parameter model of FBEH is
derived through the Hamilton principle. The effects of the excitation frequency and amplitude as well as the horizontal and vertical gap on the
harvesting performance are mainly investigated by using the bifurcation diagram, phase diagram, Poincaré map and output power. Numerical
simulations demonstrate that the proposed FBEH decreases the potential barrier and creates a higher than typical bi-stable one when subjected
to lower excitation amplitudes and frequencies.
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1. INTRODUCTION
Energy harvesting, i.e. converting ambient energy into elec-
tric energy, has attracted extensive attention in the field of
wireless sensor networks and MEMS. Among ambient energy
sources, mechanical vibration energy is one of most potential
and promising energy sources for its ubiquitous presence in the
realistic environment. Harvesting electrical energy from ambi-
ent vibration energy provides an alternative to electrochemical
batteries as a power source. Due to higher energy conversion
efficiency and anti-electromagnetic interference, a piezoelectric
vibration energy harvester (PEH) has proved to be the most at-
tractive and emerging realization for this application. PEH have
numerous advantages as not only do they reduce the mainte-
nance costs required and eliminate the chemical hazards associ-
ated with regular batteries, but they also lead us towards a more
sustainable world [1–8].

Initially, most of PEH was designed as a linear energy
harvester (LEH) by means of adopting linear resonance the-
ory [9, 10]. However, LEH can only perform efficiently in
a narrow range near its natural frequency. To deal with this is-
sue, different ways have been developed to broaden its band-
width, including but not limited to active or passive frequency-
tuning methods [11,12] and nonlinear methods that were mono-
stable [13, 14], bi-stable [15–20] and multi-stable [21–25].
Among these methods, nonlinear methods capture much in-
terest because of their abilities to expand bandwidth to lower
frequencies. Bi-stable PEH (BEH) as the base of multi-stable
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PEH, have many qualities worth studying. Yet the issue of en-
tering and maintaining a high-energy orbit in its inter-well un-
der lower excitation remains a challenging one.

To improve the harvesting performance of typical BEH
(TBEH) at low-level excitation, researchers have put forward
many modified methods. Wang et al. [26] designed a double
BEH for enhancing harvesting efficiency over different excita-
tion levels. Both simulations and experiments indicated that it
can harvest more energy than TBEH. Wang et al. [27] utilized
an elastic magnifier to amplify its base excitation. Through
adjusting its mass and stiffness ratio, the presented BEH can
provide sufficiently kinetic energy to overcome the potential
barriers over broader bandwidth and lower excitation. Zhou
et al. [28] presented a nonlinear flexible BEH, and its sim-
ulation results demonstrated that the proposed harvester has
a smaller threshold for snap-through and thus generates larger
output power. Li et al. [29] designed a novel spring-connected
BEH, and numerical simulations showed that its potential bar-
rier was reduced and snap-through triggered easily under lower
excitation.

To further enhance the harvesting performance of TBEH un-
der lower excitations, bi-stability can also be extended to multi-
stable energy harvesters through additional magnets to increase
the number of equilibrium or stable states. Multi-stable energy
harvesters reduce the potential barriers and render the snap-
through motion easier. Zhou et al. [30, 31] proposed tri-stable
and penta-stable energy harvesters, respectively, and their nu-
merical and experimental results verified the harvesting perfor-
mance improved under lower excitation. Huang et al. [32] fo-
cused on the theoretical analysis of a multi-stable energy har-
vester with high-order stiffness terms to reveal their dynamic
response mechanism and enhance its harvesting performance.
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Lan et al. [33] proposed an improved BEH, and their simulation
results demonstrated that it also can produce high voltage out-
put at lower excitation. However, the additional magnets of the
above harvesters were aligned with the fixed magnet of TBEH
and the influence of the two magnets’ positions is not yet inves-
tigated.

Based on TBEH and inspired by the above-mentioned stud-
ies, this work proposed a four-magnet BEH (FBEH). Two ad-
ditional magnets are positioned around the middle fixed mag-
net to reduce the potential barrier, aiming to enhance harvest-
ing performance at lower excitations. Through the adjustment
of the position parameters, the impact of additional magnets’
positions on harvesting performance is studied. The simulation
results demonstrated that FBEH can improve harvesting per-
formance by selecting appropriate parameters when in lower
excitations.

The rest of this paper is organized as follows. In Section 2,
the configuration of FBEH is illustrated and then the governing
equations of motion are derived based on the Hamilton princi-
ple. In Section 3, the effects of additional magnets’ positions
on potential barriers are demonstrated. In Section 4, the effects
of the excitation amplitude and frequency on the harvesting
performance for FBEH with different parameters are studied,
mainly through a bifurcation diagram, phase diagram, Poincaré
map and output power. And the discussions are conducted in
Section 5. The conclusions are drawn at last.

2. FBEH CONFIGURATION AND MATHEMATICAL
MODELING

Commonly, TBEH consists of a piezoelectric cantilever beam,
a tip magnet (magnet A) and a fixed magnet (magnet B). The tip
and fixed magnets with the same polarity facing each other are
separated by distance d as measured from their centers. Two
additional movable magnets (magnets C and D) are added to
TBEH to form FBEH. The gaps between the two additional
magnets and the fixed magnet in the vertical and horizontal di-
rection are s and c, respectively. The proposed FBEH configu-
ration is shown as Fig. 1(a). For further experimental research,
the experimental setup is presented in Fig. 1(b). The FBEH is
excited by an electromagnetic shaker, driven by a power am-
plifier. A function generator provides the harmonic signal as
the input of the amplifier. An accelerator is placed on the base
to measure the excitation, and the voltage output of the piezo-
electric element is acquired by an oscilloscope. The adjustment
configurations of the positions of magnets C and D are also pre-
sented in Fig. 1(c). On the one hand, magnet C is clamped on
the edge of the upper one of the three movable clampers. The
clamper is placed in the hollow block and its position can be
changed to regulate magnet C’s horizontal distance s. On the
other hand, the hollow movable block can be adjusted along
with the aluminum pillar in the vertical direction to change
distance c of magnet C. Distances s and c of magnet D can
be adjusted in a similar manner. Referring to the scales on the
blocks and the aluminum pillar, the positions of magnets C and
D can be regulated according to the requirements of different
systems.

a)

b)

c)

Fig. 1. Proposed FBEH configuration: (a) schematic diagram of
FBEH; (b) experimental setup for further research; (c) configuration

of magnet C and D for position adjustment

To investigate the FBEH theoretically, Lagrange function
[34] can be applied and then written as:

l(x, t)= TS+TP+TM+WP−US−UP−UmB−UmC−UmD , (1)

where TS, TP and TM are the kinetic energy of the substrate,
piezoelectric layer and tip magnet, respectively; WP is the elec-
tric energy produced by the piezoelectric layer; US and UP de-
note the elastic potential energy of the substrate and piezoelec-
tric layer, separately; and UmB, UmB and UmD represent magnetic
potential energy generated by magnets B, C and D on magnet
A, respectively.

As for the proposed FBEH, the kinetic energy within each
layer is distributed along length L of the cantilever beam for the
substrate layer as:

TS =
1
2

∫
VS

ρS

(
∂ (u(x, t))

∂ t

)2

dVS

=
1
2

ρSAS

L∫
0

(
∂ (w(x, t))

∂ t
+ ż(t)

)2

dx, (2)
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and for the piezoelectric layer as:

TP =
1
2

∫
VP

ρP

(
∂ (u(x, t))

∂ t

)2

dVP

=
1
2

ρPAP

L∫
0

(
∂ (w(x, t))

∂ t
+ ż(t)

)2

H(x)dx, (3)

where the overdot denotes the derivative with respect to time t;
ρS and ρP are the substrate and piezoelectric material den-
sity, separately; VS and VP represent the volume of the sub-
strate and piezoelectric layer, respectively; AS and AP are the
cross-sectional areas of the substrate and piezoelectric layer,
separately; L and LP denote the substrate and piezoelectric
layer length, respectively; ż(t) is base vibration speed; u(x, t)
is the absolute deflection; w(x, t) is the transverse deflection;
and H(x) is the Heaviside step function given by:

H(x) = H(x)−H(x−LP). (4)

The end mass, magnet A, additionally has the kinetic energy
of similar form:

TM =
1
2

Mt

([
∂ (w(x, t))

∂ t

]
x=L

+ ż(t)
)2

(5)

in which Mt is the mass of magnet A, and rotational inertia can
be negligible.

After deformation of the piezoelectric layer is generated, the
electric energy created by the piezoelectric effect can be evalu-
ated by the following:

WP =
1
2

∫
VP

E3D3 dVP

=
1
2

∫
VP

E3
(
e31S1 + ε

S
33E3

)
dVP

=
1
4

e31v(t)(hs +hp)b
∂ (w(x, t))

∂x

∣∣∣∣
x=LP

+
1

2hp
ε

S
33LPbv(t)2, (6)

where E3 and D3 represent the electric field strength and elec-
tric displacement, respectively; hS and hP are the substrate and
piezoelectric layer thicknesses, respectively; b denotes the can-
tilever beam width; εS

33 is the permittivity constant of the piezo-
electric layer; e31 is the electromechanical coupling coefficient;
S1 refers to the mechanical strain. v(t) denotes the output volt-
age, and:

v(t) = Rq̇(t), (7)

where R denotes the load resistance and q̇(t) is the electric
charge of the piezoelectric layer. The elastic potential energy of

the substrate and piezoelectric layer are separately expressed as:

US =
1
2

∫
VS

TSSS dVS =
1
2

ESIS

L∫
0

(
∂ 2(w(x, t))

∂x2

)2

dx, (8)

UP =
1
2

∫
VP

T1S1 dVP =
1
2

EPIP

Lp∫
0

(
∂ 2(w(x, t))

∂x2

)2

H(x)dx

− 1
4

e31v(t)(hs +hp)b
∂ (w(x, t))

∂x

∣∣∣∣
x=LP

, (9)

in which TS and SS refer to the axial stress and strain of the
substrate layer; T1 is the axial stress of the piezoelectric layer;
ES and EP are Young’s modulus of the substrate and piezoelec-
tric layer, respectively; and IS and IP represent area moment of
inertia for the substrate and piezoelectric layer, separately.

The magnets geometric relationship is shown in Fig. 2. Based
upon magnetic dipole theory, magnetic potential energy gener-
ated by magnet A on magnets B, C or D can be formulated,
respectively, as [35]:

UmB =
µ0

4π

[
mA

‖rAB‖3
2
− (mA · rAB) ·3rAB

‖rAB‖5
2

]
mB , (10)

UmC =
µ0

4π

[
mA

‖rAC‖3
2
− (mA · rAC) ·3rAC

‖rAC‖5
2

]
mC , (11)

UmD =
µ0

4π

[
mA

‖rAD‖3
2
− (mA · rAD) ·3rAD

‖rAD‖5
2

]
mD , (12)

here ‖ ‖2 is the Euclidean norm; µ0 represents the vacuum per-
meability of free space; rAB, rAC and rAD are the vectors from
the center of magnet A to the center of magnets B, C and D,
respectively; and mA, mB, mC and mD denote the magnetic mo-
ment vectors of magnets A, B, C and D, separately.

Fig. 2. Schematic diagram of magnets geometric relationship

The magnetic moment vectors can be calculated as:

mA = [MAVA cosα MAVA sinα] , mB = [−MBVB 0] , (13)

mC = [−MCVC 0] , mD = [−MDVD 0] , (14)
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where MA, MB, MC and MD refer to the magnetization vector of
magnets A, B, C and D, respectively; VA, VB, VC and VD repre-
sent the volume of the magnet; and α is the rotational slope of
the tip magnet (magnet A) and satisfies the following relation:

α = arctan(ẇ(L, t)). (15)

Neglecting the translation of the magnet, the direction vec-
tors rAB, rAC, rAD can be separately expressed as:

rAB = [d−w(L, t)] , (16)

rAC = [d + sc−w(L, t)] , (17)

rAD = [d + sc+w(L, t)] . (18)

After inserting equations (13) to (18) into equations (10) to
(12) and simplifying them, the magnetic potential energy pro-
duced by magnets B, C or D on magnet A can be respectively
rewritten as:

UmB =
(

µ0MAVAMBVB(−w(L, t)2+2d2−3dw(L, t)ẇ(L, t))
)/

(
4π

√
((ẇ(L, t))2 +1)

(
w(L, t)2 +d2)5/2

)
, (19)

UmC =
(

µ0MAVAMCVC(−(c−w(L, t))2 +2(d + s)2

− 3(d + s)(c−w(L, t))ẇ(L, t))
)/

(
4π

√
((ẇ(L, t))2+1)((c−w(L, t))2+(d+s)2)5/2

)
, (20)

UmD =
(

µ0MAVAMDVD(−(c+w(L, t))2 +2(d + s)2

− 3(d + s)(c+w(L, t))ẇ(L, t))
)/

(
4π

√
((ẇ(L, t))2+1)((c+w(L, t))2+(d+s)2)5/2

)
. (21)

That is, assuming the piezoelectric beam conformity with
Euler-Bernoulli beam theory. By applying the first mode ap-
proximation, w(x, t) can be expressed in terms of the first mode
of shape function and temporal displacement, respectively:

w(x, t) = /0(x)r(t), (22)

where the first mode shape function /0(x) can be written as:

/0(x) = 1− cos
πx
2l

. (23)

Substituting equations (2) to (3), (5) to (6), (8) to (9), and
(19) to (21) into equation (1), the Lagrange function of FBEH
can be evaluated as:

l(x, t) =
1
2

ρSAS

L∫
0

( /0(x)ṙ(t)+ ż(t))2 dx

+
1
2

ρPAP

L∫
0

( /0(x)ṙ(t)+ ż(t))2H(x)dx

+
1
2

Mt( /0(L)ṙ(t)+ ż(t))2

+
1
2

e31v(t)(hs +hp)b /̇0(LP)r(t)+
1

2hp
ε

S
33LPbv(t)2

− 1
2

ESIS

L∫
0

( /̈0(x)2r(t)2)dx

− 1
2

EPIP

L∫
0

( /̈0(x)2r(t)2)H(x)dx−Um(r(t)). (24)

According to the Euler–Lagrange equation and considering
viscous damping and output charge, the electromechanical cou-
pling dynamic governing equations can be derived as follows:M0r̈+C0ṙ+K0r+

∂Um

∂ r
−θv =−kz̈(t),

θ ṙ+Cpv̇ =− v
R
,

(25)

where M0, K0, θ , k and Cp can be given by:

M0 = ρSAS

L∫
0

( /0(x))2 dx

+ ρPAP

L∫
0

( /0(x))2H(x)dx+Mt /0(L)2, (26)

K0 =
1
2

ESIS

L∫
0

/̈0(x)dx+
1
2

EPIP

L∫
0

/̈0(x)H(x)dx, (27)

θ =
1
2

e31v(hs +hp)b /̇0(LP), (28)

k= ρSAS

L∫
0

/0(x)dx+ρPAP

L∫
0

/0(x)H(x)dx+Mt /0(L), (29)

Cp =
1
hp

ε
S
33LPb, (30)

and ∂Um/∂ r represents the partial derivative of magnetic po-
tential energy Um with respect to temporal displacement r(t),
while C0 is the piezoelectric cantilever damping.

Equation set (25) can be further nondimensionalized through
introducing the following dimensionless quantities:

r(t) = lX(τ), τ = ω0t,

z(t) =
lM0

k
Z(τ), v(t) =

K0l
θ

V (τ),
(31)
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in which l is a length scale and ω0 =
√

K0/M0 represents the
natural frequency. This gains the following non-dimensional
equations:{

Ẍ +ξ Ẋ +X +∂Um
/

∂X−V =−Z̈ ,

κ2Ẋ +V̇ +ϑV = 0,
, (32)

where:

ξ =
C0

M0ω0
, κ

2 =
θ 2

CpK0
, ϑ =

1
CpRω0

(33)

and Um is the total magnetic potential energy for FBEH, i.e.
Um =UmB +UmC +UmD.

For the proposed FBEH, we mainly investigate the harvest-
ing performance under harmonic excitation. Hence, we assume
that the dimensionless harmonic base excitation can be repre-
sented by:

Z̈ = Acos(ωτ), ω =
Ω

ω0
, (34)

where ω and A denote the dimensionless excitation frequency
and amplitude, respectively. Hence the form of state-space for
equation set (32) can be expressed as:

ẋ1

ẋ2

ẋ3

=


x2

−ξ x2− x1−∂Um
/

∂x1 + x3−Acos(ωτ)

−κ2x2−ϑx3

 , (35)

in which the state variables are x1 = X , x2 = Ẋ and x3 =V .

3. POTENTIAL ENERGY ANALYSIS
To illustrate the variation of potential energy for FBEH after
magnets C and D are introduced, the expression of potential
energy of FBEH can be written as:

U(X) =Uk(X)+Um(X) =
1
2

K0l2X2 +Um(X). (36)

The potential energy of a FBEH system (s = 2, c = 11) for
FBEH and TBEH can be plotted as shown in Fig. 3 via equation
(36) with the given parameter values. It can be seen from Fig. 3

Fig. 3. Potential energy for a FBEH system

that the magnetic potential energy generated by two additional
magnets can obviously widen the potential well of TBEH.

To study the relationship between the potential energy and
the horizontal or vertical gap s or c, magnet material in FBEH
is assumed to be homogenous and consistent, and its volume
and gap d between magnets A and B are constant. The potential
energies of magnets B, C, and D acting on magnet A are shown
in Fig. 4(b) and Fig. 4(d) for the different vertical gap c between
magnets C or D and magnet B (c1 < c2 < c3). Similarly, the
potential energy of only magnet C or D exerting to magnet A
are depicted in Fig. 4(a) and Fig. 4(c) for the different horizontal
gap s between magnets C or D and magnet B (s1 < s2 < s3).
From Fig. 4(b) and Fig. 4(d), it has an identical varying trend
and their shapes are centrally symmetric owing to magnets C
and D being deployed symmetrically.

(a) (b)

(c) (d)

Fig. 4. Potential energy: (a) and (c) only magnet C acting on magnet
A for different vertical gap c; (b) and (d) magnets B, C, or D acting on

magnet A for different horizontal gap s

It is shown in Fig. 4(a) and 4(c) that as the vertical gap c in-
creases, the potential energy of only magnet C acting on mag-
net A shifts towards the right, and the total potential energy of
magnets B, C and D imposing to magnet A shrinks downwards.
From Fig. 4(b) and 4(d) it is known that with the decreasing of
horizontal gap s, the potential energy of only magnet C applied
to magnet A shows an upward trend, and the total potential en-
ergy of magnets B, C and D exerting to magnet A expands to
both sides.

4. NUMERICAL SIMULATIONS
In this section, numerical simulations were carried out to ex-
amine the nonlinear behaviors and harvesting performances of
FBEH with different shapes of potential energy and TBEH for
different excitation levels. The parameters and values of FBEH
and TBEH are listed in Table 1. In order to be compared with
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Table 1
Parameters and values of FBEH

Symbols Parameters (unit) values

L Length of substrate layer (mm) 45

Lp Length of piezoelectric layer (mm) 25

hs Thickness of substrate layer (mm) 0.2

hp Thickness of piezoelectric layer (mm) 0.25

ρs Density of substrate layer (kg/m3) 7900

ρp Density of piezoelectric layer (kg/m3) 7600

ES Young’s modulus of substrate layer (GPa) 113

Ep Young’s modulus of piezoelectric layer (GPa) 62

b Width of substrate layer (mm) 10

e31 Piezoelectric coupling coefficient (C/m2) –21.08

εS
33 Permittivity constant (nF/m) 44.27

Mmi Mass of magnet (i = A, B, C, D) (g) 6.4

Vi Volume of magnet (i = A, B, C, D) (mm3) 1000

Mi Residual flux density (i = A, B, C, D) (T) 1.25

R Load resistance (kΩ) 100

each other, gap d between magnets A and B was set as 20 mm
for both FBEH and TBEH here. Also, the horizontal gap s be-
tween magnet C or D and magnet B is set as –2 mm, 0 mm, or
2 mm, and vertical gap c between them is set as 11 mm, 13 mm,
or 15 mm, respectively. As a result, 9 systems for FBEH are ob-
tained. For convenience, these 9 systems are numbered from 1
to 9, as shown in Table 2, and divided into three groups accord-
ing to horizontal gap s. Each group has three different vertical
gaps c. System 0 represents TBEH.

Table 2
Numbered systems of FBEH

s value c = 11 mm c = 13 mm c = 15 mm

–2 mm 1 2 3

0 mm 4 5 6

2 mm 7 8 9

The effect of potential energy on output performance is ana-
lyzed through output power, phase diagram, Poincaré maps and
bifurcation diagrams. In these simulations, the excitation fre-
quency range is set as ω = [0.1, 1.2], and the excitation ampli-
tude range is set as A = [0.02, 0.24]. To reveal harvesting per-
formance of FBEH in lower excitations, ω = 0.2 and A = 0.04
are taken as representative of lower excitations to respectively
investigate effects of excitation amplitude and frequency on
harvesting performance.

4.1. Harvesting performance for s = –2 mm
Group 1 contains systems 1 to 3 listed in Table 2. The potential
energy of group 1 systems as compared to TBEH is shown in
Fig. 5. Two potential barriers and three potential wells present-
ing a tri-stable characteristic are observed in Fig. 5.

Fig. 5. Potential energy of group 1 systems

4.1.1. Effects of excitation amplitude on harvesting
performance

Under excitation frequency ω of 0.2, an excitation amplitude
ranging from 0.02 to 0.24 is adopted as a control parameter to
examine the dynamic response of group 1 systems. The output
power, phase diagram, Poincaré maps and bifurcation diagrams
of these systems are shown as Fig. 6 and Fig. 7, respectively.

(a) (b)

Fig. 6. Output power of group 1 systems at ω = 0.2 for (a); bifurcation
diagram of system 3 at A = 0.12 for (b)

From Fig. 6(a), it is obvious that the output power of sys-
tem 1 increases firstly with increasing of excitation amplitude,
but decreases dramatically when it comes to a certain amplitude
level of A = 0.12 and performs even more poorly than system
0 once such threshold value is exceeded. In contrast, systems 2
and 3 increase all the time along the whole excitation amplitude
range. The phase diagrams and Poincaré maps of systems 1 to 3
as excitation amplitude A= 0.12 are shown in Fig. 7. Compared
with the equilibrium of the potential energy in Fig. 5, it can
be found clearly that system 1 oscillates within the middle of
the potential well, with smaller movement range of [–0.6, 0.6].
Because the middle potential well of system 1 is smaller than
the other systems, it can cross the potential barrier and enter
in the left or right-side of the potential well. And because of
the deeper potential barriers in side potential wells, it results
in a smaller intra-well orbit and output power reduction under
the condition of the larger excitation level ranging from 0.14
to 0.24, as shown in Fig. 6(a). In contrast, systems 2 and 3 de-
crease the displacement range to [–0.4, 0.4] and [–0.5, 0.5], re-
spectively, and generate less power output than system 1 at this
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(a) (b)

(c) (d)

Fig. 7. Phase diagram (blue lines) and Poincaré map (red points) at
ω = 0.2 and A = 0.12 for (a) system 0; (b) system 1; (c) system 2;

(d) system 3

moment. However, systems 2 and 3 present similar character-
istics. And a larger excitation amplitude is required to improve
their output power again. The bifurcation diagram of system
3 within the excitation amplitude range is shown in Fig. 6(b).
A single periodic and then double periodic oscillation are indi-
cated.

4.1.2. Effects of excitation frequency on harvesting
performance

Under excitation amplitude A = 0.04, excitation frequency
ranging from 0.1 to 1.2 is adopted as a control parameter to
examine the dynamic response of group 1 systems.

The output power of systems 1 to 3 is shown in Fig. 8(a). It
is obvious that system 1 present better harvesting performance
than systems 2 and 3 when excitation frequency ranges between
0.6 and 0.8. It is especially greater than for system 0. For exci-
tation frequency ω = 0.7, the phase diagram and Poincaré map
of systems 1 to 3 are depicted in Fig. 9. It is implied that sys-

(a) (b)

Fig. 8. Output power of group 1 systems at A = 0.04 for (a) and bifur-
cation diagram of system 3 at A = 0.04 for (b)

tem 1 exhibits larger intra-well periodical orbits than systems 2
and 3 in the middle potential well of a tri-stable harvester, lead-
ing to significant improvement of output power. The bifurca-
tion diagram of system 3 within the excitation frequency range
of [0.1, 1.2] is shown in Fig. 8(b). It can be seen from that with
the increase of excitation frequency, system 3 goes from the
middle potential well intra-well movement to outer potential
well intra-well motion, and back to the middle potential well
intra-well movement, resulting in the output power increasing
and then decreasing dramatically and later improving gradually.

(a) (b)

(c) (d)

Fig. 9. Phase diagram (blue lines) and Poincaré map (red points) at
ω = 0.7 and A = 0.04 for (a) system 0; (b) system 1; (c) system 2;

(d) system 3

4.2. Harvesting performance for s = 0 mm
Group 3 includes systems 7 to 9 listed in Table 2. The potential
energy of group 2 systems is shown in Fig. 10. In Fig. 10, the
potential barrier depth gradually decreases with the increasing
of vertical gap c.

Fig. 10. Potential energy of group 2 systems
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4.2.1. Effects of excitation amplitude on harvesting
performance

Excitation frequency as is set as ω = 0.2 and the excitation am-
plitude ranges from 0.02 to 0.24. As a result, output power of
systems 4 to 6 under different excitation amplitudes is as shown
in Fig. 11(a). The shallower potential barriers of systems 5 to
6 facilitate entry into chaotic or inter-well orbits and harvest
more energy at low excitation levels. In contrast, system 4 with
potential barriers deeper than even those for system 0 becomes
entrapped in the low-energy orbits of one of the two potential
wells, leading to poor output power.

(a) (b)

Fig. 11. Output power of group 1 systems at A = 0.04 for (a) and
bifurcation diagram of system 3 at A = 0.04 for (b)

The phase diagram, Poincaré map and voltage response of
systems 4 and 6 are shown in Fig. 12. It is known from Fig. 12
that when the excitation amplitude A = 0.08, system 5 expe-
riences a higher vibration displacement amplitude and higher
output voltage under its chaotic state, while system 6 is in its

left potential well with intra-well periodical movement. Due to
a lower potential barrier, it is easier for system 5 than for sys-
tems 4 and 6 to realize the chaotic or inter-well motion and as
a result, high harvesting performance. From Fig. 12 it is ob-
vious that an abundance of chaos can effectively improve en-
ergy harvesting efficiency under a low excitation amplitude.
The bifurcation diagram of system 5 at excitation frequency
ω = 0.2 is shown in Fig. 11(b). In Fig. 11(b), the excitation
amplitude range occurring as a result of chaotic motion occu-
pies the largest section of the whole excitation amplitude range.

4.2.2. Effects of excitation frequency on harvesting
performance

Excitation amplitude is set as A = 0.04, and the excitation fre-
quency ranging from 0.1 to 1.2 is adopted to examine the dy-
namic response of group 3 systems.

The output powers of systems 4 to 6 are shown as Fig. 13(a).
It is manifested that system 6 can tremendously improve its
harvesting performance at lower excitation frequencies, in con-
trast to system 0. The phase diagrams and Poincaré maps of
systems 4 to 6 are shown in Fig. 14. It is shown in Fig. 14
that when excitation frequency was ω = 0.4, system 6 came
into high-energy inter-well orbits and obtained maximum out-
put power, which means higher harvesting efficiency for low
excitation frequency. The bifurcation diagram of system 6 is
shown in Fig. 13(b). In Fig. 13(b), system 6 presents the intra-
well motion, chaotic motion, bi-stable periodic motion and mul-
tiple periodic motion. Due to the rich nonlinear characteristics
of that system, its bandwidth is extended, and output perfor-
mance under low excitation frequency environment is greatly
improved.

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 12. Phase diagram (blue lines), Poincaré map (red points) and voltage response at ω = 0.2 and A = 0.08 for (a) and (b) system 0; (c) and
(d) system 4; (e) and (f) system 5; (g) and (h) system 6
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(a) (b)

Fig. 13. Output power of group 3 systems at A = 0.2 for (a) and
bifurcation diagram of system 6 at A = 0.2 for (b)

(a) (b)

(c) (d)

Fig. 14. Phase diagram (blue lines) and Poincaré map (red points) at
ω = 0.7 and A = 0.04 for (a) system 0; (b) system 1; (c) system 2;

(d) system 3

4.3. Harvesting performance for s = 2 mm
Group 3 includes systems 7 to 9 listed in Table 2. The potential
energy of group 3 systems is shown in Fig. 15. The potential
energy of this group has bi-stable characteristics.

Fig. 15. Potential energy of group 3 systems

4.3.1. Effects of excitation amplitude on harvesting
performance

Excitation frequency ω = 0.2 and the range of excitation am-
plitude A = [0.02, 0.24] is adopted to examine the dynamic re-
sponse of group 3 systems. The output power of systems 7 to 9
is shown in Fig. 16(a).

(a) (b)

Fig. 16. Output power of group 3 systems at ω = 0.2 for (a) and
bifurcation diagram of system 9 at ω = 0.2 for (b)

In Fig. 16(a), system 9 has better output power within
a higher excitation amplitude range [0.18, 0.24], while system
8 has an ideal output power within a higher and narrower exci-
tation amplitude range [0.22, 0.24]. Because system 7 has a po-
tential energy shape and well-depth similar to those of system
0, there is almost no output power in the entire excitation am-
plitude range. For excitation amplitude A = 0.18, the phase dia-
gram, Poincaré map and voltage response of systems 7 to 9 are
shown in Fig. 17. It can be seen from Fig. 17 that both systems 7
and 8 oscillate in low energy intra-well orbits with vibration de-
flection of [–1.6, –1.2] and [–1.4, –0.8], respectively. However,
system 9 can conduct chaotic, large amplitude periodic or their

(a) (b)

(c) (d)

Fig. 17. Phase diagram (blue lines in left column), Poincaré map (red
points in left column) and voltage response (right column) at ω = 0.2
and A = 0.18 for (a) and (b) system 7; (c) and (d) system 8; (e) and

(f) system 9
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coexisting oscillation, generating higher output power. The fact
that the potential well of system 9 is lower than that of system 0
contributes to larger displacement orbit of system 9. The bifur-
cation diagram of system 9 is shown in Fig. 16(b). Within the
excitation amplitude range, the motion change laws of system 9
are as follows: single-period motion – multiple period motion.

4.3.2. Effect of excitation frequency on harvesting
performance

Excitation amplitude A= 0.04 and excitation frequency ranging
from 0.1 to 1.2 is adopted to examine the dynamic response of
group 3 systems.

(a) (b)

Fig. 18. Output power of group 3 systems at A = 0.04 for (a) andbi-
furcation diagram of system 8 at A = 0.04 for (b)

The output powers of systems 7 to 9 are shown as Fig. 18(a).
It is obvious that systems 8 and 9 reach higher harvesting per-
formance near ω = 0.9, in contrast to system 0. System 7 has
better output performance in extremely higher excitation fre-
quency range [1, 1.2]. For excitation frequency ω = 0.9, the
phase diagram and Poincaré map of systems 7 to 9 are shown
in Fig. 19. It can be seen from those that both systems 8 and 9

(a) (b)

(c) (d)

Fig. 19. Phase diagram (blue lines) and Poincaré map (red points) at
ω = 0.9 and A = 0.04 for (a) system 0; (b) system 7; (c) system 8;

(d) system 9

generate highest output power at excitation frequency ω = 0.9,
but the bandwidth of system 8 is broader than that of system
9. However, system 7 can produce higher output power than
systems 8 and 9 only at high excitation frequency. The bifurca-
tion diagram of system 8 is shown in Fig. 18(b). According to
the bifurcation diagram, system 8 enters intra-well orbits near
excitation frequency amounting to 0.9 and generates the high-
est output performance, which is consistent with the status in
Fig. 18(a).

5. DISCUSSION
To investigate the effect of excitation amplitude, Fig. 6(a),
11(a), and 16(a) are compared. It is found that horizontal spac-
ing s affects the output power and most of systems present
higher output power than TBEH with lower excitation level,
A = [0.02, 0.1]. Also, if s = 0, the output power for excitation
level A = [0.02, 0.1] is lower than for other horizontal spacing
values. It seems that the systems with vertical spacing of 13 mm
and 15 mm, respectively, show more significant performance
within low excitation levels. Table 3 shows the output power of
the systems with different s and c when A = 0.06. By compar-
ing these figures, it is noted that systems 5 and 6 achieve higher
output power than other systems when the excitation amplitude
A is as low as 0.06.

Table 3
Output power with different s and c when A = 0.06 (ω = 0.2)

s c = 11 mm c = 13 mm c = 15 mm

s =−2 mm 2.64×10−11 1.02×10−11 1.58×10−11

s = 0 mm 1.68×10−12 5.78×10−09 1.57×10−09

s = 2 mm 3.15×10−12 1.50×10−11 9.26×10−12

As for the effect of excitation frequency, it is found from
Fig. 8(a), 13(a) and 18(a) that as horizontal spacing s moves
from –2 mm to 2 mm, the frequencies of maximum output
power for the systems shift from the right of TBEH to the left
as well. This means the systems can improve their harvesting
efficiency within lower frequencies. It is also found that the sys-
tems with vertical spacing of 13 mm and 15 mm, respectively,
are helpful for higher harvesting efficiency within low excita-
tion frequencies. Furthermore, the systems with vertical spac-
ing of 13 mm and 15 mm have larger bandwidth than the sys-
tems with other vertical displacements. Table 4 shows the out-
put power of the systems with different s and c when ω = 0.3.
By comparing these figures, it is noted that systems 1, 5 and 6
would be better for low excitation frequencies.

The comparison of the bandwidth and output power of dif-
ferent systems is listed in Table 5 when excitation amplitude
A = 0.04, for example. The bandwidth is regarded as effective
when the output power is higher than 1×10−09. From Table 5
it appears that system 6 reaches the maximum bandwidth with
the range of [0.169, 0.576], and system 1 gets the bandwidth
ranging from 0.613 to 0.865. However, the bandwidths of sys-
tem 0 or the TBEH are much smaller than those of other sys-
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Table 4
Output power with different s and c when ω = 0.3 (A = 0.04)

s c = 11 mm c = 13 mm c = 15 mm

s =−2 mm 3.17×10−11 1.12×10−11 1.75×10−11

s = 0 mm 1.71×10−12 2.95×10−11 1.47×10−09

s = 2 mm 3.26×10−12 1.69×10−11 9.98×10−12

Table 5
Bandwidth of operation frequency (BOF) and maximum power (MP)

for FBEHs at A = 0.04

System No. BOF The range of BOF MP

0 0 – 1.82×10−10

1 0.252 [0.613, 0.865] 3.14×10−09

2 0.255 [0.825, 1.08] 2.97×10−09

3 0.225 [0.765, 0.99] 3.65×10−09

4 0 – 1.43×10−10

5 0.208 [0.66, 0.868] 1.52×10−09

6 0.407 [0.169, 0.576] 2.75×10−09

7 0.09 [1.11, 1.2] 4.78×10−09

8 0.25 [0.742, 0.992] 4.20×10−09

9 0.256 [0.814, 1.07] 3.98×10−09

tems. Moreover, system 0 gets nearly the lowest output power
in these systems. Hence, it is known that FBEH systems are
available for improving the output power and the bandwidth of
BEH, especially with low excitation amplitudes.

6. CONCLUSIONS
In this paper, the proposed FBEH introduced two additional
magnets C and D on TBEH, leading to realizing potential en-
ergy performance improvement over TBEH. Taking the hor-
izontal and vertical gap of magnets as variable parameters,
9 FBEH systems with different potential wells were estab-
lished. Through numerical simulations, their output perfor-
mances were investigated, and then the conclusions can be
drawn as follows:
• FBEH presents the characteristics that are bi-stable or

sometimes accompanied by tri-stable behaviors, which is
beneficial for improving output performance at low excita-
tion frequencies by adjusting horizontal and vertical gaps
between magnets C and D.

• FBEH generated electric energy that is relatively high when
it enters the high-energy orbit. Chaotic motion is more
likely to be exhibited under lower excitation amplitudes,
which improves the output performance of FBEH. Through
choosing the appropriate magnetic distance parameters, the
FBEH can jump into chaotic motion state over a wider fre-
quency range, and can effectively improve its output power
even under low excitation levels and frequencies.

• FBEH can shift its effective bandwidth from right to left.
This is more helpful for harvesting energy under low-

frequency excitation. Furthermore, FBEH extends the har-
vesting bandwidth and improves energy harvesting effi-
ciency of the harvester as a result.
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