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Abstract. The underframe passive inerter-based suspended device, based on the inerter-spring-damper vibration attenuation structure, could
improve the dynamic performance of the train body, but its parameters are fixed and cannot meet the dynamic performance requirements under
different operating conditions. Therefore, a semi-active inerter-based suspended device based on the linear quadratic regulator (LQR) control
strategy is proposed to further enhance the dynamic performance. The rigid-flexible coupling vertical dynamic model of the train body and an
underframe semi-active inerter-based suspended device are established. The structural parameters of the semi-active inerter-based suspended
device are adjusted using LQR control strategy. Dynamic response of the system is obtained using the virtual excitation method. The dynamic
characteristic of the system is evaluated using the Sperling index and compared with those of the passive and semi-active traditional suspended
devices as well as the passive inerter-based suspended devices. The vertical vibration acceleration of the train body and Sperling index using
the semi-active inerter-based suspended device is the smallest among the four suspended devices, which denotes the advantages of using the
inerter and LQR control strategy. The semi-active inerter-based suspended device could decrease the vertical vibration acceleration of the train
body and further suppress its elastic vibration in the lower frequency band, more effectively than the other three suspended devices. Overall, the
semi-active inerter-based suspended device could significantly reduce elastic vibration of the train body and improve its dynamical performance.

Key words: dynamic characteristic, high-speed train, inerter-based suspended device, LQR control, Sperling index.

1. INTRODUCTION
As major breakthroughs have been made in many key areas
of the high-speed train industry, the trains’ operating speed
increases gradually. Safety, comfort and speed are the funda-
mental goals of high-speed trains [1], as a railway transporta-
tion system with faster running speed, better travel comfort and
higher safety are all urgently required. In order to achieve this
goal, the lightweight design criterion and power decentralized
traction are normally used in high-speed trains [2]. Lightweight
design reduces the weight of high-speed train components and
increases operating speed. However, rigidity of the train is re-
duced, which aggravates the elastic vibration of the train body
and further deteriorates the travel comfort [3, 4]. The power
decentralized traction needs to have the suspended device in-
stalled under the train body, which reduces axle load and the
wear of wheels and rails, while also improving service time and
dynamic performance. However, coupled vibration between the
train body and underframe suspended device then occurs [5].

Many scholars have studied the dynamic characteristic of the
train body and underframe suspended device. Tomioka et al. [6]
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investigated interaction between the train body and longitudi-
nal bogie, and regarded the longitudinal bogie as a dynamic
vibration absorber (DVA), which effectively reduces vibration
of the train body. Gong et al. [7] established the rigid-flexible
coupling vertical dynamic model of the train body and under-
frame suspended device, calculated its natural frequencies and
found that coupling vibration could be suppressed through ad-
justing suspension stiffness. Yang et al. [8] proposed a train
model considering the roll motion of the train body, established
a three-dimensional multi-body dynamic model in SIMPACK
and found that coupling vibration would be reduced via increas-
ing the roll moment inertia of the system. In the above research
studies, the suspended device is based on the spring-damper
vibration attenuation structure, but further improvement of the
running smoothness and travel comfort of the high-speed train
is restricted by the inherent structure of the traditional sus-
pended device. Therefore, a new vibration attenuation structure
should be sought to enhance dynamic performance.

In 2002, Smith [9] proposed the concept of an inerter, which
is a device with two freely moving terminals, and its gener-
ated force is proportional to relative acceleration. This propor-
tional constant is denoted as inertance and measured in kilo-
grams. As a new type of vibration attenuation device, the in-
erter has been widely used in many areas and shown its ad-
vantages inter alia in vehicle suspension systems [10–12], air-
craft landing gears [13], seismic mitigation systems [14, 15],
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dynamic vibration absorption structures [16] and vibration iso-
lation systems [17–19]. At present, the application of an in-
erter used in a high-speed train has attracted the attention of re-
lated scholars. Jiang et al. [20] proposed a 7 degree-of-freedom
(DOF) half train body model and investigated several inerter-
based suspension layouts, which shows that reasonable suspen-
sion layout could improve the lateral and vertical travel com-
fort. Chen et al. [21] proposed a 31 DOF train model with
inerter-based suspension, and applied network synthesis meth-
ods to construct the inerter-based structures, which effectively
enhances dynamic performance and running stability. Lewis et
al. [22] proposed a 6 DOF train model using both Hall-Bush
longitudinal and inerter-based lateral suspensions, and found
that using an inerter in lateral suspension could reduce track
wear and enhance the travel comfort. In the above mentioned
studies, the inerter is used in the secondary suspension system
of a high-speed train, while the inerter utilized in the under-
frame suspended device has rarely been investigated.

Wang et al. [23] firstly applied the inerter in the underframe
suspended device for a high speed train, established the rigid-
flexible coupling vertical dynamic model of the train body and
inerter-based suspended device, studied the dynamic character-
istic of the coupled system and evaluated the dynamic perfor-
mance using the Sperling index. The results showed that the
inerter-based suspended device could effectively attenuate vi-
bration of the train body and improve the dynamic performance
more effectively than the traditional suspended device. For the
passive inerter-based suspended device, the structural param-
eters are fixed and cannot satisfy the dynamic performance
requirements under different operating conditions. Active and
semi-active control strategies are the way to further reduce vi-
bration of the train body and further improve its dynamic per-
formance. Active control strategies, including PID control [24],
model predict control [25] and active disturbance rejection
control [26, 27], are commonly used control strategies. Semi-
active control strategies, including optimal control [28,29], slid-
ing mode control [30, 31], fuzzy control [32] and robust con-
trol [33], are also commonly used control strategies. Compared
with active control structure, semi-active control structure has
the advantages of simple form and low energy consumption.
Therefore, the semi-active inerter-based suspended device is
proposed, based on the semi-active inerter, semi-active damper
and passive spring. The main goal is to investigate how the
semi-active inerter-based suspended device influences the dy-
namic response and further enhances dynamic performance.

Optimal control strategies, including H2 optimal control [34],
H∞ optimal control [35] and optimal preview control [36, 37],
are mostly studied for high-speed trains. The H2 optimal con-
trol strategy can be transformed into an optimal feedback sys-
tem using linear state feedback control, which could be easily
implemented in practical engineering. The linear quadratic reg-
ulator (LQR) control strategy is a type of H2 optimal control
which has a very practical and clear physical meaning. Design
of the control system is more standardized, has a unified analyt-
ical form, and manifests strong comprehensiveness and appli-
cability. The linear quadratic Gaussian (LQG) control strategy
minimizes the quadratic performance index for stochastic linear

systems with Gaussian noise, while for the high-speed train, the
typical track spectrum is not the Gaussian noise, so the LQR
control strategy is used for the semi-active inerter-based sus-
pended device in this paper, which regulates the inertance of the
semi-active inerter and the damping of the semi-active damper.
The main novelty of this paper is the following: (a) A semi-
active inerter-based suspended device based on the LQR con-
trol strategy is proposed. (b) The rigid-flexible coupling vertical
dynamic model of the train body and underframe semi-active
inerter-based suspended device is established. (c) The effect of
the semi-active inerter-based suspended device on the dynamic
performance of the coupling dynamic system is studied and
compared with those of the passive one to show its advantages.

The structure of the paper is as follows: in Section 2, the
passive inerter-based suspended device is constructed and the
rigid-flexible coupling vertical dynamic model of the train body
and underframe suspended device is established. In Section 3,
the semi-active inerter-based suspended device based on LQR
control is proposed. In Section 4, the dynamic performance of
the coupling dynamic system is studied. Overall conclusions
are presented in Section 5.

2. PASSIVE INERTER-BASED SUSPENDED DEVICE
AND ITS MODELING

In order to accurately describe the elastic vibration of the train
body, the train body can be considered as a Euler–Bernoulli
beam or a Timoshenko beam. The Euler–Bernoulli beam model
considers the bending deformation of the train body with-
out considering its shear deformation. The Timoshenko beam
model considers the shear deformation and rotational inertia
of the train body, so this model is more accurate and the fre-
quency range for calculation and analysis is wider. Bearing in
mind that the vibration frequency range of the conventional
train is generally within 50 Hz, in this medium and low fre-
quency range, the analysis results of the Euler–Bernoulli beam
and Timoshenko beam models show little difference [4, 7]. In
addition, theoretical analysis of the Timoshenko beam model
is more complex. From the perspective of engineering applica-
tion, the Euler–Bernoulli beam model can also accurately re-
flect the actual elastic vibration of the train body. In view of
this, the elastic train body is equivalent to the Euler–Bernoulli
beam with equal section and the underframe suspended device
is installed under the middle of the train body, which can accu-
rately describe the coupling vibration of the elastic train body
and underframe suspended device. Therefore, the rigid-flexible
coupling vertical dynamic model of the train body and inerter-
based suspended device is established and shown in Fig. 1. It is
composed of the train body, bogie, wheel set, primary and sec-
ondary suspension systems, and an underframe inerter-based
suspended device. The inerter-based suspended device is based
on the inerter-spring-damper vibration attenuation structure. To
facilitate research, the bogie, wheel set and suspended device
are regarded as rigid bodies. The coupling dynamic model has
9 DOF. The underframe suspended device has a bouncing DOF.
Each bogie has a bouncing DOF and a pitching DOF, respec-
tively. The train body also has a bouncing DOF and a pitching
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DOF, respectively, and, in addition, the first two vertical elastic
modes of the train body are considered. The total length of the
train body is L, vertical and pitching displacements of the train
body are z(x, t) and θb, respectively, vertical and pitching dis-
placements of bogie 1 (left) and bogie 2 (right) are z1, z2, θ1 and
θ2, respectively, while vertical displacement of the underframe
suspended device is z3. The wheel pairs are set close to the rails
whose displacement is the input track irregularity, and the verti-
cal excitations of the track irregularity of the four wheel sets are
zω1, zω2, zω3 and zω4, respectively. The structural parameters of
the coupling dynamic model are listed in Table 1.

Fig. 1. Rigid-flexible coupling vertical dynamic model of the train
body and underframe inerter-based suspended device

Table 1
Structural parameters of the coupling dynamic model

Parameter Symbol Value Unit

Mass of train mb 29 t

Train body pitch inertia Ib 1420 t·m2

Mass of bogie mt 2200 t

Bogie pitch inertia It 1200 kg·m2

Secondary spring stiffness per bogie ks 260 kN/m

Secondary damping per bogie cs 20 kN·s/m

Primary spring stiffness per bogie kp 2000 kN/m

Primary damping per bogie cp 20 kN·s/m

Half of bogie center lb 8.75 m

Half of wheel base lw 1.25 m

Train body length L 24.5 m

First bending frequency ω3 12.3×2π rad/s

First bending damping ratio ξ3 1.5 %

Second bending frequency ω4 17×2π rad/s

Second bending damping ratio ξ4 1.5 %

Mass of suspended device m3 4500 kg

The train body is simplified as the Euler–Bernoulli beam with
equal cross-section [38], and its vibration equation is given as:

q̈i(t)+2ξiωiq̇i(t)+ω
2
i qi(t)

=
Yi(l1)

mb
P1 +

Yi(l2)
mb

P2 +
Yi(l3)

mb
P3; i = 3,4, . . . ,n, (1)

Yi(x) = chβix+ cosβix−
chλi− cosλi

shλi− sinλi
(shβi + sinβi), (2)

l1 =
L
2
− lb , l2 =

L
2
+ lb , l3 =

L
2
, (3)

1− chλi cosλi = 0, (4)

βi = λi/L, (5)

λi = (2i+1)π/2, (6)

where ωi, ξi, Yi(x) and qi(t) are the natural frequency, damp-
ing ratio, mode function and mode coordinate of the ith-order
elastic mode for the train body, respectively. l1 and l2 are the
distances from the center of the secondary suspension system
of bogie 1 (left) and bogie 2 (right) to the left end of the train
body, respectively, and l3 is the distance from the center of the
underframe suspended device to the left end of the train body,
which is also shown in Fig. 1. Based on equations (1), (2), (3),
(4), (5) and (6), the vibration equation and the first two vertical
elastic modes of the train body can be determined.

P1, P2 and P3 are the forces of the primary suspension,
secondary suspension and inerter-based suspended device act-
ing on the train body, respectively. The three forces are ex-
pressed as:

P1 =−ks [z(l1, t)− z1]− cs[z′(l1, t)− z′1],

P2 =−ks[z(l2, t)− z2]− cs[z′(l2, t)− z′2],

P3 =−k3[z(l3, t)− z3]− c3[z′(l3, t)− z′3]

− b[z′′(l3, t)− z′′3 ].

(7)

According to Fig. 1, the vertical and torsional dynamic equa-
tions of the train body are established as:

mbz′′b = P1 +P2 +P3 , (8)

Ibθ
′′
b (t) = P1

(
L
2
− l1

)
+P2

(
L
2
− l2

)
+P3

(
L
2
− l3

)
. (9)

Bearing in mind that the first two modes of the train body
are rigid modes, the first and second elastic modes are mainly
considered in this paper, which are expressed as q3 and q4, and
the corresponding dynamic equations are given as:

q′′3(t)+2ξ3ω3q′3(t)+ω
2
3 q3(t)

=
Y3(l1)

mb
P1 +

Y3(l2)
mb

P2 +
Y3(l3)

mb
P3 , (10)
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q′′4(t)+2ξ4ω4q′4(t)+ω
2
4 q4(t)

=
Y4(l1)

mb
P1 +

Y4(l2)
mb

P2 +
Y4(l3)

mb
P3 . (11)

The vertical and torsional dynamic equations of the left bogie
are given by:

mtz′′1 + cp(2z′1− z′ω1− z′ω2)

+ kp(2z1− zω1− zω2) =−P1 , (12)

Itθ ′′1 +2l2
wcpθ

′
1 +2l2

wkpθ1

=−lwcpz′ω1 + lwcpz′ω2− lwkpzω1 + lwkpzω2 . (13)

The vertical and torsional dynamic equations of the right bogie
are given by:

mtz′′2 + cp(2z′2− z′ω3− z′ω4)

+ kp(2z2− zω3− zω4) =−P2 , (14)

Itθ ′′2 +2l2
wcpθ

′
2 +2l2

wkpθ2

=−lwcpz′ω3 + lwcpz′ω4− lwkpzω3 + lwkpzω4 . (15)

The vertical dynamic equation of the underframe suspended de-
vice is given as:

m3z′′3− k3[z(l3, t)− z3]

− c3[z′(l3, t)− z′3]−b[z′′(l3, t)− z′′3 ] = 0. (16)

Using equation (7), equations (8), (9), (10), (11), (12), (13),
(14), (15), and (16) can be written in a matrix form

MZ′′+CZ′+K1Z = DZω ,

Z = [zbθbq3q4z1θ1z2θ2z3]
T ,

Zω = [zω1z′ω1zω2z′ω2zω3z′ω3zω4z′ω4]
T , (17)

where M is the mass matrix, C is the damping matrix, K1 is the
stiffness matrix and D is the input excitation matrix, with the
definitions of these matrices being given in the Appendix.

As the high-speed train runs on a fixed track, the input of the
second, third and fourth wheel sets could be treated as the delay
of the first wheel set. Assuming that there exists no time delay
in the roughness input for the first wheel set and with its self-
density being SFF(ω), the corresponding virtual excitation is:

Zω =


zω1(t)
zω2(t)
zω3(t)
zω4(t)

=


zω1(t)

zω1(t− τ1)

zω1(t− τ2)

zω1(t− τ3)

=


1

e− jωτ1

e− jωτ2

e− jωτ3

zω1(t)

=


1

e− jωτ1

e− jωτ2

e− jωτ3

√SFF(ω)eiωt , (18)

where τ1 = 2lw/v, τ2 = 2lb/v and τ3 = 2(lw+ lb)/v. As the track
spectrum is determined and taken as the input excitation, self-
density SFF(ω) for the first wheel set roughness input can be
obtained, and combining equations (18) and (A4), the input ex-
citation DZω in equation (17) can be determined.

Substituting equation (18) into equation (17) yields the fol-
lowing:

H(ω) = [−ω
2M+ωC+K]−1D


1

e− jωτ1

e− jωτ2

e− jωτ3

zω1(t), (19)

Y = [−ω
2M+ωC+K]−1D


1

e− jωτ1

e− jωτ2

e− jωτ3

 . (20)

Then the dynamic response power spectrum is:

Syy = H(ω)∗H(ω)T = Y∗YT , (21)

where Y∗ and YT are the conjugate and transpose vectors of
Y, respectively. Based on equation (21), the amplitude at each
sampling frequency could be solved as:

a2
k = 4Syy(ωk)∆ω, (22)

where ∆ω = (ωµ −ωl)/N is the sampling frequency interval,
ωµ = 200π and ωl = 0.6π are the upper and lower cut-off fre-
quencies, and N = 2500 stands for the sampling points.

Therefore, the dynamic response power spectrum Syy can be
obtained using the virtual excitation method. There exists no
time domain or frequency domain integration in the solving
process, which greatly simplifies the calculation.

3. SEMI-ACTIVE INERTER-BASED SUSPENDED DEVICE
AND ITS MODELING

Then, the semi-active inerter-based suspended device is con-
structed. The semi-active inerter-based suspended device is
based on the semi-active inerter and semi-active damper. The
inertance of the semi-active inerter is equivalent to a base
value and an adjustable value, which generates adjustable in-
ertial force Fb. The damping of the semi-active damper is also
equivalent to a base value and an adjustable value, which gen-
erates adjustable damping force Fc. Adjustable inertial force
Fb and adjustable damping force Fc form adjustable force F .
The combined adjustable force F is generated by the semi-
active inerter and semi-active damper, which does not intro-
duce additional energy to the system so that it is semi-active.
The semi-active inerter-based suspended device is shown in
Fig. 2.
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Fig. 2. Semi-active inerter-based suspended device

The dynamic equations of the semi-active coupling dynamic
model are given by:

mbz′′b = P1 +P2 +P3 +F,

Ibθ
′′
b (t) = P1

(
L
2
−l1

)
+P2

(
L
2
−l2

)
+(P3+F)

(
L
2
−l3

)
,

q′′3(t)+2ξ3ω3q′3(t)+ω
2
3 q3(t) =

Y3(l1)
mb

P1 +
Y3(l2)

mb
P2

+
Y3(l3)

mb
(P3 +F),

q′′4(t)+2ξ4ω4q′4(t)+ω
2
4 q4(t) =

Y4(l1)
mb

P1 +
Y4(l2)

mb
P2

+
Y4(l3)

mb
(P3 +F),

mtz′′1 + cp(2z′1−z′ω1−z′ω2)+ kp(2z1−zω1−zω2) =−P1 ,

Itθ ′′1 +2l2
wcpθ

′
1 +2l2

wkpθ1 =−lwcpz′ω1 + lwcpz′ω2

− lwkpzω1 + lwkpzω2 ,

mtz′′2 + cp(2z′2−z′ω3−z′ω4)+ kp(2z2−zω3−zω4) =−P2 ,

Itθ ′′2 +2l2
wcpθ

′
2 +2l2

wkpθ2 =−lwcpz′ω3 + lwcpz′ω4

− lwkpzω3 + lwkpzω4 ,

m3z′′3− k3[z(l3, t)− z3]− c3[z′(l3, t)− z′3]

−b[z′′(l3, t)− z′′3 ] = F,

(23)

where adjustable force F is included in equation (23). Equation
(23) could be further expressed as a state form:

X′ = AX+BU+B2Zω , (24)

where A is the system matrix, B is the input matrix, B2 is the
coefficient matrix of the input track irregularity, X is the state
vector and U is the control vector. These matrices are given by:

X = [Z Z′]T , A =

[
09∗9 I9∗9

−M−1K −M−1C

]
,

B1 =

[
1 0

Y3(l3)
mb

Y4(l3)
mb

0 0 0 0 −1
]T

,

B =
[
09∗1 −M−1B1

]T
, U = [F ],

B2 =
[
09∗1 M−1D

]T
,

(25)

where Zω is the excitation disturbance vector of the track ir-
regularity and it is shown in equation (17) in Section 2. As
self-density SFF(ω) is obtained, combining equations (18), (25)
and (A4), input excitation B2 Zω in equation (24) can be deter-
mined.

The LQR control strategy is applied to adjustable force F . Its
object is a linear system expressed in the state space form, the
objective function is a quadratic function of the object state and
control variable. By designing the state feedback controller K,
the quadratic objective function J could acquire the minimum
value. The controller K is particularly defined by the weight
matrix Q and R, which shows the importance of the choice for
Q and R. The LQR control strategy could acquire optimal con-
trol for a linear state feedback system, which constitutes closed-
loop optimal control.

The output vector of the controlled system is:

y =
[
z′′b θ

′′
b z′′3

]T
, (26)

where z′′b(x), θ ′′b (x) and z′′3(x) are the vertical vibration acceler-
ation of the train body, pitching acceleration of the train body
and the vertical vibration acceleration of the underframe sus-
pended device, respectively.

Output vector y can be determined by the following matrix,
which is given as:

y = CyX+DyU,

G =

1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1

 ,
Cy =

[
−GM−1K1 −GM−1C

]
,

Dy =
[
03∗1 GM−1B1

]
, (27)

where Cy and Dy are the output and direct transfer matrices,
respectively, and both matrices are constant matrices.

The goal of the LQR control strategy is to find the control
vector to minimize the performance index, which is given by:

J = lim
T→∞

1
T

E
∞∫

0

[
q1z′′b

2
+q2θ

′′
b

2
+q3z′′3

2
]

dt, (28)

while the standard quadratic form of the performance index
function J is:

J = lim
T→∞

1
T

E

 ∞∫
0

(
yT Qy+UT RU

)
dt

 , (29)

where Q and R are the weighting matrices of the state and con-
trol variables, respectively. Q is a non-negative definite matrix
and R is a positive definite matrix, which is given as:

Q=CT
y Q0Cy, R=DT

y Q0Dy, Q0 =

q1 0 0
0 q2 0
0 0 q3

 . (30)
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After determining the system parameter values, controller
characteristic parameters and weighting coefficients, the opti-
mal feedback gain matrix could be acquired by solving the Ric-
cati equation and is given as:

PA+AT P−PBR−1BT P+Q = 0, (31)

then the symmetric positive definite matrix P is obtained and
optimal feedback gain matrix K is given by:

K = R−1BT P, (32)

where feedback gain matrix K is an N dimensional coefficient
matrix, which can be obtained by using the LQR function in
MATLAB. Based on the acquired optimal feedback gain ma-
trix K and feedback state variable X, adjustable force F can be
obtained:

F =−KX, (33)

where X can be obtained using equation (25) and it equals
[zb θb q3 q4 z1 θ1 z2 θ2 z3 z′b θ ′b q′3 q′4 z′1 θ ′1 z′2 θ ′2 z′3]

T . The
optimal feedback gain matrix equals [k1 k2 · · · k18].

In the actual control system design, the output needs to be
controlled, and the controllability matrix of the control system
is expressed as:

Vc =
[
CyB CyAB . . . CyAn−1B

]
, (34)

The controllability of the system depends on the rank of con-
trollability matrix Vc, if the rank equals the number of output
variables, the system is controllable, which is given as:

rankVc = rank
[
CyB CyAB . . . CyAn−1B

]
= n, (35)

combining equations (25) and (27), using the structural param-
eters of the high-speed train shown in Table 1, the rank of con-
trollability matrix Vc equals 3, which also equals the number of
output variables, and then the system is controllable.

According to the Lyapunov stability theorem, there exists
a quadratic Lyapunov function V (X) = XT PX about the sym-
metric positive definite matrix P shown in equation (31). Dif-
ferentiating function V (X) with respect to the time t yields:

dV (X)

dt
= XT PX′+X′T PX

= XT [P(A−BR−1BT P)+(A−BR−1BT P)T P
]
X

= XT [PA−PBR−1BT P+AT P−PBR−1BT P
]
X

=−XT [Q+PBR−1BT P]X < 0. (36)

Thus it can be proved that the control system is stable.
In the LQR control strategy, the design of performance index

function J is the most important and crucial part, which deter-
mines the quality of the control effect. The dynamic response
is obtained using MATLAB/Simulink and the weighting coef-
ficient matrix Q0 is optimized by the particle swarm algorithm.

The optimization objective function of the particle swarm algo-
rithm is defined as:

L =
RMS[z′′b(x)]
RMS[z′′bp]

+
RMS[θ ′′b (x)]
RMS[θ ′′bp]

+
RMS[z′′3(x)]
RMS[z′′3p]

, (37)

where RMS denotes the root mean square value. The denomi-
nator denotes the variables using the passive inerter-based sus-
pended device, the numerator denotes the variables using the
semi-active inerter-based suspended device. If the optimization
objective function L obtains the minimum value, the particle
swarm algorithm stops. The optimization process of the weight-
ing coefficient is shown in Fig. 3.

Initial population

Randomly generate the 
position and velocity of 

particles

Calculate the objective 
function L

Determine the optimal 
position of the particles and 
the global optimal position

Update particles position 
and velocity 

Whether the termination 
conditions are met

Stop

N

Y

Has the objective function 
reaches the minimum value?

 population size, particle
dimensions, inertia weight, 

acceleration factor

Optimize the range according 
to the weighting coefficient, 

randomly generate the position 
and initial velocity of the 

particles

Assign the particle position as a 
weighting factor, and get the 

result according to the 
established model

Calculate the fitness of particles 
that meet the constraints and 

determine the optimal position

Obtain the optimal weighting 
coefficients (q1,q2,q3)

Update particle position and 
velocity according to formula

Fig. 3. Optimization process of weighting coefficient using particle
swarm algorithm

For the semi-active inerter-based suspended device, the iner-
tance of the semi-active inerter and the damping of the semi-
active damper are equivalent to a base value and an adjustable
value, and the base values of the semi-active inerter and semi-
active damper are chosen as 2080 kg and 8000 N·s/m, respec-
tively. In addition, the stiffness of the spring is chosen as
160798N/m. Bear in mind that the structural parameters of the
passive inerter-based suspended device are chosen as the same
values that make the optimization objective function a mini-
mum value. The ranges of the weighting coefficients (q1, q2,
q3) are from 1× 10−6 to 1× 106, and they are determined us-
ing the particle swarm algorithm to minimize the performance
index function J. The setting parameters of the particle swarm

6 Bull. Pol. Acad. Sci. Tech. Sci., vol. 70, no. 4, p. e141722, 2022



Dynamic characteristics of underframe semi-active inerter-based suspended device for high-speed train based on LQR control

Table 2
Weighting coefficients for the semi-active inerter-based suspended device with different speeds

Weighting
coefficient

Speed (km/h)

200 230 260 290 320 350

q1 1×10−6 1×10−6 3.8552×105 8.9998×105 4.8230×105 9.9971×105

q2 5.8941×104 1×106 9.9986×105 1×106 8.1902×105 1×106

q3 1×10−6 1×10−6 3.6232×104 6.1877×104 2.5334×104 3.0070×104

algorithm are as follows: the population size is set as 80, the
maximum number of iterations is set as 300, the particle dimen-
sions are the number of weighting coefficients which equals 3,
the range of the initial inertia weight is from 0.4 to 0.9, the range
of the acceleration factor is from 0 to 4. Different initial iner-
tia weight and acceleration factors lead to different optimiza-
tion results. Comparing the optimization results repeatedly and
choosing the minimum optimization objective function L as the
final result, the initial inertia weight is chosen as 0.58 and the
acceleration factor is chosen as 1.52. The weighting coefficients
with different speeds are displayed in Table 2.

After determining the weighting coefficients (q1, q2, q3) us-
ing the particle swarm algorithm, the weighting coefficient ma-
trix Q0 could be obtained, then the matrices Q and R are ob-
tained based on equations (27) and (30). Through solving the
Riccati equation in equation (31) and after combining it with
equation (33), the optimal control force can be obtained:

F = R−1BT PX. (38)

Using the structural parameters of the high-speed train shown
in Table 1, when the speed equals 200 km/h and 350 km/h, re-
spectively, the corresponding feedback gain matrix K is ob-
tained based on equation (32) and is shown in the Appendix,
while the corresponding adjustable force F equals 2870N and
2.1×104 N, respectively. Because adjustable force F increases
as the speed increases, when the speed of the high-speed train
increases from 200 km/h to 350 km/h, the range of adjustable
force F is [2870 N, 2.1×104 N]. The base values of the semi-
active inerter and semi-active damper are chosen as 2080 kg
and 8000 N·s/m, respectively. In addition, for an inerter with
a mass of 33 kg, the generated maximum inertance can be
1× 104 kg [40]. So adjustable force F can be realized by the
semi-active inerter and semi-active damper.

Bear in mind that in practical engineering, the weighting co-
efficients (q1, q2, q3) are calculated according to the set road
conditions and stored in a database. Therefore, in the actual use
of the controller, the required weighting coefficients can be ob-
tained by searching the database based on the actual road con-
ditions.

4. DYNAMIC PERFORMANCE ANALYSIS
Typical structural parameters of the high-speed train are
adopted and the low interference power spectrum is chosen
as the track spectrum for the high-speed train [41], which is

given as:

SV (Ω) =
AV Ω2

c

(Ω2 +Ω2
r )+(Ω2 +Ω2

c)
, (39)

where Ω is the spatial frequency, and Ωc and Ωr are the
truncated wave numbers and chosen as 0.8246 rad/m and
0.0206 rad/m, respectively. Av is the roughness coefficient of
railway irregularity and chosen as 4.032×10−7 m·rad.

The relationship between time frequency ω and space fre-
quency Ω is:

Ω = ω/v. (40)

Furthermore, converting the spatial frequency spectrum of rail
irregularities shown in equation (38) into time frequency spec-
trum yields the following:

SFF(ω) =
2πAvΩ2

cv3

[ω2 + v2Ω2
r ]

2 +[ω2 + v2Ω2
c ]

2 . (41)

The low interference track spectrum is taken as the input excita-
tion, substituting adjustable force F of the semi-active inerter-
based suspended device regulated by the LQR control into
equation (24) to acquire the dynamic response of the coupling
dynamic system.

The vertical vibration acceleration studied in this paper is
taken in the middle of the train body, and the changing ten-
dency of its RMS value with different speed is displayed in
Fig. 4a, where four different suspended devices are shown in
the same figure for comparison, and the thorough values are
exhibited in Table 3. The four suspended devices are passive
and semi-active traditional suspended devices as well as pas-
sive and semi-active inerter-based suspended devices. The tra-
ditional suspended device is based on the spring-damper vibra-
tion attenuation structure, the stiffness of the spring is chosen
as 1 500 000 N/m and the damping of the damper is chosen as
100 000 N·s/m, respectively, which makes objective function J
a minimum value. The semi-active traditional suspended de-
vice denotes that the damper is semi-active and the LQR con-
trol strategy is adopted to adjust the adjustable damping force,
while the base value of the semi-active damper is chosen as
100 000 N·s/m, and the resulting weighting coefficients with
different speed are displayed in Table 4. The optimization range
of the RMS value of the vertical vibration acceleration of the
train body using the semi-active traditional, passive and semi-
active inerter-based suspended devices compared with the pas-
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sive traditional one is shown in Fig. 4b, which is defined as:

[RMS(z′′b)PT−RMS(z′′b)SAT,PIB,SAIB]/RMS(z′′b)PT×100%,

where the subscript PT, SAT, PIB, SAIB refers to the pas-
sive traditional, semi-active traditional, passive and semi-active
inerter-based suspended devices, respectively. If the value of the
optimization range is the largest, the corresponding suspended
device is most beneficial.

As shown in Fig. 4a, when the speed increases, the RMS
value of vertical vibration acceleration of the train body us-
ing the four suspended devices first decreases and then in-
creases. The RMS value of vertical vibration acceleration of

Fig. 4. (a) RMS value of vertical vibration acceleration for four sus-
pended devices, (b) optimization range of the RMS value of vertical
vibration acceleration using the latter three suspended devices com-

pared with the passive traditional one

the train body using the passive inerter-based suspended de-
vice is smaller than that of the passive traditional one, which
indicates the advantages of introducing an inerter. The dif-
ference decreases by increasing the speed, which decreases
from 18.31% at 200 km/h to 2.65% at 350 km/h. The RMS
value of vertical vibration acceleration of the train body us-
ing the semi-active inerter-based suspended device is smaller
than that of the passive one, which suggests the necessity of
using the LQR control strategy, and the differences are ob-
vious as speed increases. In addition, the RMS value of ver-
tical vibration acceleration of the train body using the semi-
active inerter-based suspended device is smaller than that of the
semi-active traditional one (see Table 3), which further shows
the benefits of the inerter. As shown in Fig. 4(b), compared
with the passive traditional suspended device, the optimization
range of RMS value of vertical vibration acceleration of the
train body using the semi-active inerter-based one is the best
among the latter three suspended devices, which is most bene-
ficial.

Overall, the RMS value of vertical vibration acceleration of
the train body using the semi-active inerter-based suspended
device is the smallest among the four suspended devices, and
its optimization range as compared with the passive traditional
one is more obvious, especially in the lower and higher speed
ranges.

In order to clearly show the advantages of the semi-active
inerter-based suspended device, the power spectrum density
(PSD) of the vertical vibration acceleration of the train body
for four suspended devices is shown in Fig. 5, with the running
speeds chosen as 200 km/h and 350 km/h, which is elaborated
in the aspect of frequency domain. The semi-active inerter-
based suspended device could reduce vertical vibration accel-
eration and further attenuate elastic vibration of the train body
significantly in the lower frequency band as compared with the
other three suspended devices, while it has little effect in the
higher frequency band.

The time domain and frequency domain responses of the ver-
tical vibration acceleration for four suspended devices with two
speed are shown in Figs. 6 and 7, respectively. In the time do-
main, the vertical vibration acceleration of the train body using
the semi-active inerter-based suspended device is the smallest
among the four suspended devices; In the frequency domain,
the resonance peaks for the semi-active inerter-based suspended
device is also the smallest among the four suspended devices,
which is consistent with the results shown in Figs. 4 and 5.

Table 3
Thorough RMS value of vertical vibration acceleration for four suspended devices

RMS of z′′b
(m/s2)

Speed (km/h)

200 230 260 290 320 350

Passive traditional suspended device 0.2261 0.2053 0.1889 0.1870 0.1956 0.2076

Semi-active traditional suspended device 0.2122 0.1928 0.1716 0.1700 0.1788 0.1915

Passive inerter-based suspended device 0.1847 0.1704 0.1782 0.1802 0.1929 0.2021

Semi-active inerter-based suspended device 0.1721 0.1634 0.1594 0.1584 0.1645 0.1706
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Table 4
Weighting coefficients for the semi-active traditional suspended device with different speeds

Weighting
coefficient

Speed (km/h)

200 230 260 290 320 350

q1 1×10−6 1×10−6 1×10−6 1×10−6 1×10−6 1×10−6

q2 1×106 1×106 1×10−6 1×10−6 1×10−6 1×10−6

q3 3.2153 23.4131 117.0833 55.2893 30.0229 20.7305

Fig. 5. PSD of vertical vibration acceleration for four suspended
devices: (a) v = 200 km/h, (b) v = 350 km/h

Furthermore, displacement transmissibility of the train body
for four suspended devices is shown in Fig. 8, which is defined
as the ratio between displacement in the middle of the train
body zb and input displacement zω1. Two main resonance fre-
quencies are observed, and the smaller one corresponds to rigid
body vibration while the larger one corresponds to elastic body
vibration. The lower resonance peak of displacement transmis-
sibility using four suspended devices remains almost the same,
while the higher resonance peak of displacement transmissibil-
ity using the semi-active inerter-based suspended device is the
smallest among the four ones. This further clarifies the reason
for the corresponding vertical vibration acceleration to be the
smallest, as shown in Fig. 4 and Table 3.

The Sperling index [39] is used to evaluate running quality
of the high-speed train. The smaller the Sperling index, the bet-

Fig. 6. (a) Time domain and (b) frequency domain responses
of vertical vibration acceleration for four suspended devices

with v = 200 km/h

ter the running quality of the train. The Sperling index at each
excitation frequency can be obtained as:

Wk = 2.7 · 10
√

ak f 5
k F( fk) = 0.896 · 10

√
akF( fk)/ fk, (42)

where fk is the excitation frequency, ak is the acceleration am-
plitude for fk, and F( fk) is the weighting coefficient related to
the excitation frequency, and it is given by:

F( fk) =


0.325 f 2

k 0.5 < fk ≤ 5.9,
400
f 2
k

5.9 < fk ≤ 20,

1 fk > 20.

(43)
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Fig. 7. (a) Time domain and (b) frequency domain responses
of vertical vibration acceleration for four suspended devices

with v = 350 km/h

The Sperling index for each excitation frequency could be ob-
tained and the total Sperling indexes in the excitation frequency
band are given as:

Wtot =
10
√
(W 10

1 + · · ·+W 10
n ) . (44)

Furthermore, based on equations (22), (42), (43) and (44),
the Sperling index could be obtained. For a high-speed train,
the Sperling index is divided into three grades [42], which is
excellent when it is smaller than 2.5, good when it is between
2.5 and 2.75, and qualified when it is between 2.75 and 3.

The Sperling index is also taken in the middle of the train
body and its changing tendency for four suspended devices with
different speed is displayed in Fig. 9(a), while detailed val-
ues are shown in Table 5. The optimization range of the Sper-
ling index using the semi-active traditional, passive and semi-
active inerter-based suspended devices as compared with the
passive traditional one is shown in Fig. 9(b), which is defined
as [(Sperling index)PT –(Sperling index)SAT ,PIB ,SAIB]/(Sperling
index)PT × 100%. If the value of the optimization range is the
largest, the corresponding suspended device obtains the best
running quality.

Fig. 8. Displacement transmissibility of train body for four suspended
devices: (a) v = 200 km/h, (b) v = 350 km/h

As shown in Fig. 9(a), the Sperling index for four suspended
devices shows an overall upward tendency via increasing the
speed, and is smaller than 2.5, with all of them achieving an
excellent effect. The Sperling index of the passive inerter-based
suspended device is smaller than the passive traditional one, and
the corresponding difference between the passive inerter-based
and traditional ones experiences an overall upward tendency
through increasing the speed, which increases from 2.28% at
200 km/h to 10.4% at 350 km/h. The Sperling index of the
semi-active inerter-based suspended device is smaller than that
of the passive one, and the difference is smaller in the lower
and medium speed ranges while it increases in the larger speed
ranges. Furthermore, the Sperling index of the semi-active
inerter-based suspended device is generally smaller than that of
the semi-active traditional one. As shown in Fig. 9(b), as com-
pared with the passive traditional suspended device, the opti-
mization range of Sperling index using the semi-active inerter-
based one is the best among the latter three suspended devices,
and it obtains the best running quality.

In general, the Sperling index of the semi-active inerter-based
suspended device is the smallest among the four suspended de-
vices. The semi-active inerter-based suspended device could
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Table 5
Thorough value of Sperling index for four suspended devices

Sperling index
Speed (km/h)

200 230 260 290 320 350

Passive traditional suspended device 1.8830 2.0044 2.2797 2.1948 2.1948 2.3400

Semi-active traditional suspended device 1.8608 1.9119 1.8669 1.9004 1.9691 2.0380

Passive inerter-based suspended device 1.8400 1.8341 1.8868 1.9687 2.0418 2.0967

Semi-active inerter-based suspended device 1.8357 1.8155 1.8393 1.8923 1.9598 2.0133

Fig. 9. (a) Sperling index for four suspended devices, (b) optimization
range of Sperling index using the latter three suspended devices

compared with the passive traditional one

significantly reduce elastic vibration of the train body. The more
severe the elastic vibration, the more obvious the vibration at-
tenuation effect of the train body, which is consistent with the
results of the vertical vibration acceleration shown in Figs. 4
and 5.

5. CONCLUSIONS
A semi-active inerter-based suspended device based on the
semi-active inerter and damper is proposed to further enhance
dynamic performance of the train body. The LQR control strat-

egy is utilized to adjust the inertance of the semi-active inerter
and the damping of the semi-active damper. The rigid-flexible
coupling vertical dynamic model of the train body and semi-
active inerter-based suspended device is established, dynamic
response is obtained using the virtual excitation method, and
the dynamic characteristic is evaluated using the Sperling index
and compared with those of the other suspended devices. The
conclusions are summarized as follows:

1. The vertical vibration acceleration of the train body us-
ing the semi-active inerter-based suspended device is the
smallest among the four suspended devices, which de-
notes the advantages of using the inerter and LQR control
strategy.

2. The semi-active inerter-based suspended device could de-
crease the vertical vibration acceleration of the train body
and further suppress its elastic vibration significantly in
the lower frequency band as compared with the other
three ones, while it has little effect in the higher frequency
band.

3. The Sperling index of the semi-active inerter-based sus-
pended device is generally the smallest among the four
suspended devices, and the vibration attenuation effect is
more obvious for more severe elastic vibration.

Overall, the semi-active inerter-based suspended device is
a novel design and could further decrease elastic vibration of
the train body and improve the dynamic performance more ef-
fectively than the other three suspended devices.

APPENDIX
Mass matrix M, damping matrix C, stiffness matrix K1 and in-
put excitation matrix D defined in equation (9) are given as:

M =



mb+b 0 bY3(l3) bY4(l3) 0 0 0 0 −b

0 Ib 0 0 0 0 0 0 0

b/mb 0 1+b/mb 0 0 0 0 0 −b/mb

0 0 0 1 0 0 0 0 0

0 0 0 0 mt 0 0 0 0

0 0 0 0 0 It 0 0 0

0 0 0 0 0 0 mt 0 0

0 0 0 0 0 0 0 It 0

−b 0 −bY3(l3) bY4(l3) 0 0 0 0 m3+b



, (A1)
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C =



2cs + c3 0 (Y3(l1)+Y3(l2))cs +Y3(l3)c3

0 2csl2
b (Y3(l1)−Y3(l2))cslb

(Y3(l1)+Y3(l2))cs + y33c3

mb

(Y3(l1)−Y3(l2))cslb
mb

(Y3(l1)2 +Y3(l2)2)cs + c3y2
33

mb
+2x3w3

(Y3(l1)+Y3(l2))cs + y33c3

mb

(Y3(l1)−Y3(l2))cslb
mb

(csY3(l1)Y4(l1)+ csY4(l2)Y3(l2)+ c3Y3(l3)Y4(l3))
mb

−cs −cslb −Y3(l1)cs

0 0 0
−cs cslb −Y4(l1)cs

0 0 0
−cs 0 −Y3(l3)c3

(Y4(l1)+Y4(l2))cs +Y4(l3)c3 −cs 0 −cs 0 −c3

(Y4(l1)−Y4(l2))cslb −cslb 0 cslb 0 0
csY3(l1)Y4(l1)+ csY4(l2)Y3(l2)+ c3Y3(l3)Y4(l3)

mb
−csY3(l1)

mb
0 −csY3(l2)

mb
0 −c3Y3(l3)

mb
(Y4(l1)2 +Y4(l2)2)cs +Y4(l3)2c3

mb
+2x4w4 −csY4(l1)

mb
0 −csY4(l2)

mb
0 −c3Y4(l3)

mb

−Y3(l2)cs −csY3(l1)
mb

0 0 0 0

0 0 2cpl2
w 0 0 0

−Y4(l2)cs 0 0 2cpl2
w 0 0

0 0 0 0 2cpl2
w 0

−Y4(l3)c3 0 0 0 0 c3



, (A2)

K1 =



2ks + k3 0 (Y3(l1)+Y3(l2))ks +Y3(l3)k3

0 2ksl2
b (Y3(l1)−Y3(l2))kslb

(Y3(l1)+Y3(l2))ks +Y3(l3)k3

mb

(Y3(l1)−Y3(l2))kslb
mb

(y2
31 + y2

32)ks + k3Y3(l3)2

mb
+2w2

3

(Y3(l1)+Y3(l2))ks +Y3(l3)k3

mb

(Y3(l1)−Y3(l2))kslb
mb

(csY3(l1)Y4(l1)+ csY4(l2)Y3(l2)+ c3Y3(l3)Y4(l3))
mb

−ks −kslb −Y3(l1)ks

0 0 0
−ks kslb −Y4(l1)cs

0 0 0
−ks 0 −Y3(l3)k3

(Y4(l1)+Y4(l2))ks +Y4(l3)k3 −ks 0 −ks 0 −k3

(Y4(l1)−Y4(l2))kslb −kslb 0 kslb 0 0
ksY3(l1)Y4(l1)+ ksY4(l2)Y3(l2)+ k3Y3(l3)Y4(l3)

mb
−ksY3(l1)

mb
0 −ksY3(l2)

mb
0 −k3Y3(l3)

mb
(Y4(l1)2 +Y4(l2)2)ks +Y4(l3)2k3

mb
+2w2

4 −ksY4(l1)
mb

0 −ksY4(l2)
mb

0 −k3Y4(l3)
mb

−Y3(l2)ks ks +2kp 0 0 0 0
0 0 2kpl2

w 0 0 0
−Y4(l2)ks 0 0 ks +2kp 0 0

0 0 0 0 2kpl2
w 0

−Y4(l3)k3 0 0 0 0 k3



, (A3)
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D =



0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
kp cp kp cp 0 0 0 0
−kplw −cplw kplw cplw 0 0 0 0

0 0 0 0 kp cp kp cp

0 0 0 0 −kplw −cplw kplw cplw
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0



. (A4)

When the speed equals 200 km/h and 350 km/h, respectively,
the corresponding feedback gain matrix K is obtained based on
equation (32), and is equal to:

K =



1438508
−773.052
−1.5×107

201785.5
34142.71

−2.16×10−11

38972.66
−3.58×10−11

−1412863
60975.23
−1447.76
−115020
228.8301
1550.385

−5.06×10−13

−651.536
−2.86×10−12

−58097.8



T

, K =



−339416
−20.10
2321958

22692
−7845.81

5.46×10−13

−9317.41
−1.32×10−12

66604.88
−53674.12

89.61
172432.21

60.58
−2439.07

2.21×10−15

−2454.62
−8.29×10−15

31107.24



T

. (A5)
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