
 

1. Introduction 

In a variety of applications and industrial processes, both heat 

and mass transfer are crucial. The equipment, such as gas tur-

bines, various missile propulsion systems, space vehicles, satel-

lites, nuclear reactors, and aircraft, extensively relies on double-

diffusive mixed convection over rotating bodies [1].  

Hering and Grosh [2] investigated laminar flow across a non- 

 

isothermal cone. Sparrow and Cess [3] investigated an axial 

magnetic field effect on flow and heat transfer over a revolving 

disc. A steady free convective flow along a vertical cone and 

a wedge under the influence of transverse magnetic field was 

presented by Chamkha [4]. Takhar et al. [5] discovered that 

when an axi-symmetric body spins in a forced flow field, the 

centrifugal force causes the fluid at the body surface to move 

outward in the radial direction.  
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Nomenclature 

ɑ*  mean absorption coefficient 

B0  magnetic field, T 

C  species concentration, kg/m3  

Cfy  azimuthal skin friction 

Cfx  tangential skin friction 

C0  reference concentration 

cp  specific heat at constant pressure, J/(kgK) 

Cw  sheet concentration 

C∞  free stream concentration, kg/m3 

cs  concentration susceptibility 

Du  Dufour number, =
𝐷𝑚𝐾𝑇

𝑐𝑠𝑐𝑝𝜈∞
(
𝐶𝑤−𝐶∞

𝑇𝑤−𝑇∞
) 

Dm  mass diffusivity,  m2/s 

Ec  Eckert number, =  
𝑥𝐿𝛺2𝑠𝑖𝑛2𝛼

𝑐𝑝(𝑇0−𝑇∞)
 

fw  dimensionless suction/injection 

f(η) normal velocity component 

f ′(η)  tangential velocity component 

g  acceleration due to gravity, m/s2  

ɡ(η)  azimuthal velocity component 

GrL  thermal Grashof number, = 𝑔𝛽𝑇𝑐𝑜𝑠𝛼(𝑇0 − 𝑇∞)
𝐿3

𝜈∞
2
 

Hɑ2  square of Hartmann number, =
𝜎𝐵0

2𝐿2(1−𝑠𝑡∗)

𝜇∞
 

KT  thermal diffusion ratio, kg/m3 

k(T) thermal conductivity, W/(mK)   

k∞  constant thermal conductivity 

L  characteristic length, m  

M  magnetic parameter, =
Ha2

  Re𝐿
 

N  Buoyancy ratio, = 
𝛽𝐶(𝐶𝑤−𝐶∞)

𝛽𝑇(𝑇𝑤−𝑇∞)
 

Pr  Prandtl number, =  
𝜇∞𝑐𝑝

𝑘∞
 

Rd  radiation, =
𝑘∞𝑎∗

4𝜎∗𝑇∞
3  

Ri  Richardson number, =
Gr𝐿

  Re𝐿
2 

 

ReL  Reynolds number, =
𝛺𝐿2𝑠𝑖𝑛𝛼

𝜈∞
 

Rex – local Reynolds number, =
𝛺x2𝑠𝑖𝑛𝛼

𝜈∞(1−𝑠𝑡∗)
 

Sc  Schmidt number, = 
𝜈∞

𝐷𝑚
 

Sr  Soret number, = 
𝐷𝑚𝐾𝑇

𝑇𝑚𝜈∞
(

𝑇𝑤−𝑇∞

𝐶𝑤−𝐶∞
) 

s  unsteadiness parameter 

t*  dimensionless time 

t  time, s  

T  fluid temperature, K  

Tm  mean fluid temperature, K 

Tw  sheet temperature, K 

T∞  free stream temperature, K  

T0  reference temperature, K 

V  velocity vector 

u, υ, w  velocity along tangential, circumferential, normal direc-

tion respectively, m/s  

w0  suction velocity, m/s 

x, y, z  curvilinear coordinate, m 

Greek Symbols 

T, C  coefficients of thermal and mass expansion, K, kg  

  dynamic viscosity, kg/(ms) 

*  Stefan Boltzmann constant, W/(m2K4)  

∞  ambient fluid dynamic viscosity,  kg/(ms) 

ν  kinematic viscosity, m2/s  

ϕ()  dimensionless concentration 

ν∞  kinematic viscosity of ambient fluid, m2/s 

() dimensionless temperature 

∞  constant fluid density, kg/m3 

Ω  angular velocity, 1/s  

  electric conductivity, s/m  

  dimensionless variable, m 

  temperature dependent viscosity, m2/s 

  temperature dependent thermal conductivity, W/(mK) 

  semi vertical angle, rad 

 

The research mentioned above dealt with steady flows. For 

laminar flow across a vertical cone in a steady state for two-di-

mensional axi-symmetric issues, several authors identified com-

parable solutions. Because the spinning body's angular velocity 

varies over time or fluctuates abruptly in many real-life situa-

tions, the flow may be unstable. Ece [6] looked into the unsteady 

flow of a rotating symmetric body that is impulsively translating 

and spinning and established a solution. Chamkha and Al-

Mudhaf [7] also analysed this unsteady fluid flow behaviour 

over a conical surface with heat generation/absorption, Anilku-

mar and Roy [8] took into account an unsteady rotating cone to 

analyse the flow of a rotating fluid. A study on mixed convection 

nanofluid flow past a vertical wedge was presented in the study 

conducted by Gorla et al. [9], the study concluded that upon en-

larging the wedge angle the heat and mass transit rates could be 

improved. Another study on the flow across a cone/wedge for 

an Oldroyd-B fluid was considered in the study conducted by 

Reddy et al.[10]. Further, Reddy et al.[11] estimated non-linear 

thermal radiative nanofluid steady flow over a rotating cone and 

Saleem [12] accounted for third-grade fluid flow properties for 

a rotating cone. A study on water-based nanofluid through a con-

ical surface with single and multi-wall carbon nanotubes was 

considered by Shah et al. [13]. Krishna et al. [14] presented an 

analysis of an unsteady magnetohydrodynamic (MHD) non-

Newtonian flow over an exponentially accelerated surface under 

the influence of slip velocity in a rotating frame. The study 

showed that the presences of the rotation parameter significantly 

reduce the fluid primary velocity.  

Furthermore, the Soret and Dufour effects were overlooked 

in all previous studies. When density variations occur in the flow 

regime, such impacts are considerable. In binary fluid mixtures, 

the Soret and Dufour effects are crucial, and are frequently 

found in the field of separation processes. When a species with 

a lower density than the ambient fluid is introduced in a fluid 

domain, Soret and Dufour impacts might become prominent. 

The Soret effect has been commonly used to separate isotopes 

in mixtures of extremely low molecular weight gases like hy-

drogen and helium, meanwhile, the Dufour effect has been 

shown to be beneficial for the separation of medium molecular 

weight gases like nitrogen and air. It has varied applications in 

the vapour deposition process for optical fibre fabrication, cool-

ing applications, heat exchangers, steel industries, and to sepa-

rate distinct polymers. These properties have been studied by 

Chamkha and Rashad [15] who considered unsteady fluid flow 
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for a rotating vertical cone with Soret and Dufour effect. Krishna 

et al. [16] accounted for rotating mixed convection flow past an 

infinite vertical plate to study the influence of the Soret effect, it 

was concluded that the Soret number promotes the concentration 

distribution. An analysis of the Soret and Dufour effects for fluid 

exhibiting relaxation/retardation time effect was performed by 

Yasir et al. [17] and Reddy [18] who considered Oldroyd-B liq-

uid flow across a cone/wedge under the effects of Soret and 

Dufour. Saleem [19] accounted for Walter’s B nanofluid flow 

about a rotating cone with the effect of Soret and Dufour. Taking 

into consideration the multi slip effect, Nadeem et al. [20] ac-

counted for unsteady micropolar fluid flow over an exponential 

sheet under the influence of the thermophoretic effects. The 

study showed that for higher values of the thermophoresis pa-

rameter the temperature profile improved. Furthermore, this ef-

fect of Soret and Dufour was considered in studies conducted by 

Khan et al. [21] and Ghoneim [22]. 

Variations in viscosity and thermal conductivity affect the 

velocity and temperature profiles, resulting in various heat and 

mass transfer coefficients. However, these characteristics in 

each of the investigations listed above were deemed to be con-

stant. Moreover, the temperature is known to affect fluid viscos-

ity and thermal conductivity; for instance, Abd El-Aziz [23] 

considers water's absolute viscosity which reduces by 240% 

when temperatures increase from 10oC ( = 0.0131 gcm1s1) to 

50oC ( = 0.00548 gcm1s1). In order to effectively anticipate 

flow behaviour, these variations in viscosity and thermal con-

ductivity must be considered. Lai and Kulacki [24] took into ac-

count variable viscosity for a moving flat plate, while Prasad et 

al. [25] considered variable fluid properties for a stretching 

sheet. Mukhopadhyay [26] in his study considered variable vis-

cosity and thermal conductivity for a porous stretching sheet. 

Khan et al. [27] accounted for micropolar fluid flow to study the 

temperature dependent fluid properties to analyse the heat trans-

fer rate and flow properties. The study concluded that the varia-

bility in transport properties led to a rise in heat transfer and 

a decrease in skin friction. In another exploration Khan and 

Nadeem [28] presented a comparative study to understand the 

influence of the thermophoretic effects and the variable thermal 

conductivity on a linear/exponential stretching sheet using the 

bvp4c numerical technique. Further, Ahmad et al. [29] consid-

ered three dimensional bioconvective flow to analyse variable 

thermal conductivity over an exponentially stretching sheet. 

The temperature distributions are altered by viscous dissipa-

tion, which acts as an energy source and has an impact on heat 

transfer rates. Whether the cone is being heated or cooled affects 

the significance of viscous dissipation. Malik et al. [30] ac-

counted for fluid flow over a rotating cone to analyse the influ-

ence of viscous dissipation on the mixed convective fluid flow, 

the study revealed that the higher Eckert number promotes the 

heat transfer rate. Sambath et al. [31] conducted a numerical 

study of the effect of viscous dissipation on a chemically react-

ing MHD flow over a vertical cone. Also, dissipative MHD 

nanofluid flow past a vertical cone was taken into consideration 

in the study conducted by Ragulkumar et al. [32]. Further, Khan 

et al. [33] accounted for ternary nanomaterials to analyse the 

thermal conductivity performance with dissipation. 

The preceding discussions have highlighted the significant 

influence of viscous dissipation, temperature-dependent viscos-

ity and thermal conductivity, as well as the Soret and Dufour 

effects, on heat and mass transfer phenomena. However, addi-

tional investigation is necessary to examine the combined effect 

of these variables on the flow, heat and mass transfer in an un-

steady mixed convection flow about a rotating vertical cone. To 

the best of the authors' knowledge, this issue is yet to be ex-

plored. The innovative aspect of the present model is the inves-

tigation of the unsteady MHD fluid flow across the rotating ver-

tical cone while taking into consideration the temperature-de-

pendent viscosity and thermal conductivity together with vis-

cous dissipation and the Soret and Dufour effects. The purpose 

of this study is to provide a comprehensive understanding of the 

key parameters that influence the characteristics of momentum, 

thermal and concentration boundary layers, as well as the pa-

rameters that are of particular significance in engineering appli-

cations. The findings of this study have significant implications 

for the development and production of cone-shaped materials 

used in rotating condensers for seawater distillation, nuclear 

plants, thermal systems, rotating heat exchangers, space aircraft, 

and oil and gas industries, etc. The methodology employed in 

this work involves the application of appropriate similarity 

transformations to transform the governing system of equations 

into a solvable form. These transformed equations are subse-

quently solved using MATLAB's bvp4c solver to generate pre-

cise numerical solutions. 

2. Mathematical formulation 

Consider an unsteady, laminar, incompressible, axi-symmetric, 

electrically conducting and radiative fluid flow about a permea-

ble vertical rotating cone in an ambient fluid with uniform an-

gular velocity Ω. The cone surface has been estimated to have 

homogeneous fluid suction/injection with velocity w0, and the 

viscosity and thermal conductivity of the fluid are deemed to be 

temperature dependent. The rectangular coordinate system 

(x, y, z) has been used, in which the x-axis is taken along the 

tangential direction, the y-axis is taken along a circular section, 

and the z-axis is normal to the cone, as shown in Fig. 1.  

 

Fig. 1. Physical model and coordinate system. 
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The velocity components in the tangential, azimuthal and 

normal directions are taken as u, υ and  w respectively. In the 

normal direction, a homogeneous magnetic field of strength B0 

is applied. The ambient temperature T∞ and concentration C∞ are 

assumed to be constant, whereas the wall temperature Tw and 

wall concentration Cw are defined as 𝑇𝑤 = 𝑇∞ +
𝑇0−𝑇∞

(1−𝑠𝑡∗)2
(
𝑥

𝐿
) 

and 𝐶𝑤 = 𝐶∞ +
𝐶0−𝐶∞

(1−𝑠𝑡∗)2
(
𝑥

𝐿
). It is supposed that the surface of the 

cone is electrically insulated, and it is also expected that the 

magnetic Reynolds number is negligible. In this particular in-

stance, it is feasible to disregard the induced magnetic field 

when comparing it to the applied magnetic field. In the absence 

of any applied or polarization voltage within the flow field, the 

electric field 𝐸⃗ = 0. Therefore, the Navier-Stokes equations and 

Maxwell's equations are decoupled, and in the absence of the 

magnetic dissipation, the hall and ion slip effects, the only influ-

ence of the magnetic field is due to the Lorentz force [34]. The 

vector form of the governing equations is given below (Gna-

neswara Reddy et al. [11]):

Conservation of mass: 

 ∇. 𝑽 = 0 . (1) 

Conservation of momentum:  

 𝜌∞ (
𝜕𝑢

𝜕𝑡
+ 𝑽. ∇𝑢 −

𝑣2

𝑥
) = −∇𝑝 + ∇(𝜇(𝑇)∇𝑢) + 𝑔𝜌∞[𝛽𝑇(𝑇 − 𝑇∞) + 𝛽𝐶(𝐶 − 𝐶∞)]𝑐𝑜𝑠𝛼 − 𝜎𝐵𝑜

2𝑢 ,  (2) 

 𝜌∞ (
𝜕𝑣

𝜕𝑡
+ 𝑽. 𝛻𝑣 +

𝑢𝑣

𝑥
) = −𝛻𝑝 + 𝛻(𝜇(𝑇)∇𝑣) − 𝜎𝐵𝑜

2𝑣 . (3) 

Conservation of energy: 

 𝜌∞𝑐𝑝 (
𝜕𝑇

𝜕𝑡
+ 𝑽. ∇𝑇) = ∇(𝑘(𝑇)∇𝑇) − ∇𝑞𝑟 +

𝐷𝑚𝐾𝑇𝜌∞

𝑐𝑠
∇2𝐶 + 𝜇(𝑇)(∇𝑽. ∇𝑽). (4) 

Conservation of species: 

 
𝜕𝐶

𝜕𝑡
+ 𝑽. ∇𝐶 = 𝐷𝑚∇2𝐶 +

𝐷𝑚𝐾𝑇

𝑇𝑚
∇2𝑇 (5) 

Under the hypotheses stated above and using Boussinesq’s approximation, Eqs. (1)–(5) reduce to (Tien and Tsuji [1], Chamkha 

and Al-Mudhaf [7], Saleem et al. [19]): 

 
𝜕𝑢

𝜕𝑥
+

𝑢

𝑥
+

𝜕𝑤

𝜕𝑧
= 0, (6) 

 
𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ 𝑤

𝜕𝑢

𝜕𝑧
−

𝑣2

𝑥
=

1

𝜌∞

𝜕

𝜕𝑧
(𝜇(𝑇)

𝜕𝑢

𝜕𝑧
) + 𝑔[𝛽𝑇(𝑇 − 𝑇∞) + 𝛽𝐶(𝐶 − 𝐶∞)]𝑐𝑜𝑠𝛼 −

𝜎𝐵𝑜
2

𝜌∞
𝑢 , (7) 

 
𝜕𝑣

𝜕𝑡
+ 𝑢

𝜕𝑣

𝜕𝑥
+ 𝑤

𝜕𝑣

𝜕𝑧
+

𝑢𝑣

𝑥
=

1

𝜌∞

𝜕

𝜕𝑧
(𝜇(𝑇)

𝜕𝑣

𝜕𝑧
) −

𝜎𝐵𝑜
2

𝜌∞
𝑣 , (8) 

 
𝜕𝑇

𝜕𝑡
+ 𝑢

𝜕𝑇

𝜕𝑥
+ 𝑤

𝜕𝑇

𝜕𝑧
=

1

𝜌∞𝑐𝑝

𝜕

𝜕𝑧
(𝑘(𝑇)

𝜕𝑇

𝜕𝑧
) −

1

𝜌∞𝑐𝑝

𝜕𝑞𝑟

𝜕𝑧
+

𝐷𝑚𝐾𝑇

𝑐𝑠𝑐𝑝

𝜕2𝐶

𝜕𝑧2 +
𝜇(𝑇)

𝜌∞𝑐𝑝
{(

𝜕𝑢

𝜕𝑧
)
2

+ (
𝜕𝑣

𝜕𝑧
)
2

} , (9) 

 
𝜕𝐶

𝜕𝑡
+ 𝑢

𝜕𝐶

𝜕𝑥
+ 𝑤

𝜕𝐶

𝜕𝑧
= 𝐷𝑚

𝜕2𝐶

𝜕𝑧2 +
𝐷𝑚𝐾𝑇

𝑇𝑚

𝜕2𝑇

𝜕𝑧2 . (10) 

The boundary conditions for the problem are (Chamkha and 

Al-Mudhaf [7], Saleem et al. [19]): 

 𝑢(𝑥, 0, 𝑡) = 0,       𝑣(𝑥, 0, 𝑡) =
𝛺𝑥𝑠𝑖𝑛𝛼

(1−𝑠𝑡∗)
,       𝑤(𝑥, 0, 𝑡) = 𝑤0 , 

 𝑇(𝑥, 0, 𝑡) = 𝑇𝑤(𝑥),      𝐶(𝑥, 0, 𝑡) = 𝐶𝑤(𝑥) , 

(11) 

 𝑢(𝑥,∞ , 𝑡) = 𝑣(𝑥,∞ , 𝑡) = 0,      𝑇(𝑥,∞ , 𝑡) = 𝑇∞, 

 𝐶(𝑥,∞ , 𝑡) = 𝐶∞ .  

The radiative heat flux  
𝜕𝑞𝑟

𝜕𝑧
 in Eq. (9) is simplified using the 

Rosseland approximation given by (Brewster [35]): 

 𝑞𝑟 = −
4𝜎∗

3𝑎∗

𝜕𝑇4

𝜕𝑧
 . (12) 

Because the temperature difference within the flow is very 

minimal, higher-order terms with a degree greater than one are 

ignored in T – T∞. By escalating T4 into the Taylor series around 

T∞, the linear structure of Eq. (12) can be obtained: 

 𝑇4 ≈ 4𝑇∞
3𝑇 − 3𝑇∞

4  . (13) 

Thus, 

 
𝜕𝑞𝑟

𝜕𝑧
= −

16𝜎∗𝑇∞
3

3𝑎∗

𝜕2𝑇

𝜕𝑧2 . (14) 

Additionally, the fluid viscosity is considered to vary as an 

inverse linear function of temperature ((Prasad et al. [25]):  

 𝜇(𝑇) =
𝜇∞

1+𝛾(𝑇−𝑇∞)
= 

𝜇∞

1+𝛿𝜃
 . (15) 
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The variation of thermal conductivity is expressed as 

(Mukhopadhyay [26]): 

 𝑘(𝑇) = 𝑘∞ (1 + 𝑏(𝑇 − 𝑇∞) = 𝑘∞(1 + 𝜀𝜃) , (16) 

where  = (Tw – T∞) is the viscosity parameter such that   0 

for liquid,   0 for gas, and  = b(Tw – T∞) is the thermal con-

ductivity parameter such that b  0 for fluids like water and air 

while b  0 for lubricating oil. The range of possibilities for  is 

as follows: 0    0.12 for water, 0    6 for air, and  

–0.1    0 for lubricating oils (Hermann, Schlichting and Ger-

sten [36]). The viscosity parameter  will be treated as negative 

and the thermal conductivity parameter  as positive in the cur-

rent problem for numerical computation. The following is the 

relation between the viscosity and temperature of water and air, 

which are the most commonly utilized fluids in industries (Lai 

and Kulacki [24]): 

 based on T∞ = 288 K (15oC); 1/μ = 29,83(T – 258,6) for 

water, 

 based on T∞ = 293 K (20oC); 1/μ = –123,2(T – 742,6) for 

air. 

The following transformations can be used to convert  

Eqs. (6)–(10) into non-linear dimensionless ordinary differential 

equations (Anilkumar and Roy [8], Saleem [19], Chamkha and 

Rashad [15]): 

 𝜂 = (
𝛺sin𝛼

𝜈∞(1−𝑠𝑡∗)
)

1

2
𝑧,       𝑡∗ = (𝛺sin𝛼)𝑡, 

 𝑢 = −
𝛺𝑥sin𝛼

2(1−𝑠𝑡∗)
𝑓′(𝜂),      𝑣 =

𝛺𝑥sin𝛼

(1−𝑠𝑡∗)
𝑔(𝜂),  

(17) 

 𝑤 = (
𝛺𝜈∞𝑠𝑖𝑛𝛼

1−𝑠𝑡∗ )

1

2
𝑓(𝜂),   𝑇 = 𝑇∞ + (𝑇𝑤 − 𝑇∞)𝜃(𝜂),    

 𝐶 = 𝐶∞ + (𝐶𝑤 − 𝐶∞)𝜙(𝜂) 

With the above transformations Eq. (6) is satisfied identi-

cally and Eqs. (7)–(10) are obtained as follows (Eqs. (18)–(21)):

 𝑓′′′ − (1 + 𝛿𝜃) { 𝑠 (𝑓′ +
𝜂

2
𝑓′′) −

𝑓′2

2
+ 𝑓𝑓′′ + 2𝑔2 +

𝛿

(1+𝛿𝜃)2
𝜃′𝑓′′ + 2Ri(𝜃 + 𝑁𝜙) + 𝑀𝑓′} = 0 , (18) 

 𝑔′′ − (1 + 𝛿𝜃) { 𝑠 (𝑔 +
𝜂

2
 𝑔′) − 𝑓′𝑔 + 𝑓𝑔′ +

𝛿

(1+𝛿𝜃)2
𝜃′𝑔′ + 𝑀𝑔} = 0 , (19) 

 𝜃′′ − {
1

Pr
(1 + 𝜀𝜃 +

4

3𝑅𝑑
)}

−1

{𝑠 (
𝜂

2
𝜃′ + 2𝜃) + 𝑓𝜃′ −

1

2
𝑓′𝜃 −

1

Pr
𝜀𝜃′2 −

Ec

1+𝛿𝜃
(
1

4
𝑓′′2 + 𝑔′2) − Du 𝜙′′} = 0 , (20) 

 𝜙′′ + Sc {
1

2
𝑓′𝜙 − 𝑓𝜙′ − 𝑠 (

𝜂

2
𝜙′ + 2𝜙) + Sr 𝜃′′} = 0 , (21) 

with the following boundary conditions:  

 at  =0: 

 𝑓(𝜂) = 𝑓𝑤,    𝑓′(𝜂) = 0,    𝑔(𝜂) = 1,    𝜃(𝜂) = 1,    𝜙(𝜂) = 1, 

(22a) 

 as 𝜂 → ∞: 

  𝑓′(𝜂) = 𝑔(𝜂) = 𝜃(𝜂) = 𝜙(𝜂) = 0. (22b) 

Here prime represents differentiation with respect to 𝜂 and 

suction/injection velocity 𝑓𝑤 = 𝑤0√
1−𝑠𝑡∗

𝛺𝜈∞sin𝛼
 is such that 𝑓𝑤 < 0 

indicates suction, fw = 0 indicates impermeable rotating cone, 

and fw  0 indicates injection. 

The parameters of engineering importance, i.e. skin friction 

coefficients, Nusselt number, and Sherwood numbers are de-

fined as follows: 

 𝐶𝑓𝑥 =
2𝜇(𝑇)(

𝜕𝑢

𝜕𝑧
)
𝑧=0

𝜌∞(
𝛺𝑥sin𝛼

1−𝑠𝑡∗
)
2 = −

Re𝑥
−1/2𝑓′′(0)

(1+𝛿𝜃)
 (23) 

 𝐶𝑓𝑦 =
−2𝜇(𝑇)(

𝜕𝑣

𝜕𝑧
)
𝑧=0

𝜌∞(
𝛺𝑥sin𝛼

1−𝑠𝑡∗
)
2 = −

2Re𝑥
−1/2𝑔′(0)

(1+𝛿𝜃)
 (24)

 Nu𝑥 =
−𝑥{𝑘(𝑇)+

16𝜎∗𝑇∞
3

3𝑎∗ }(
𝜕𝑇

𝜕𝑧
)
𝑧=0

𝑘∞(𝑇𝑤−𝑇∞)
= −Re𝑥

1

2(1 + 𝜀 +
4

3𝑅𝑑
)𝜃′(0)  

(25) 

 Sh𝑥 =
−𝑥𝐷𝑚(

𝜕𝐶

𝜕𝑧
)
𝑧=0

𝐷𝑚(𝐶𝑤−𝐶∞)
= −Re𝑥

1/2𝜙′(0) (26) 

3. Numerical method for solution 

The system of ordinary differential equations Eqs. (18)–(21) 

subject to the boundary conditions Eqs. (22a) and (22b) is turned 

into a system of first-order ordinary differential equations and 

then solved using MATLAB’s built-in solver bvp4c (Shampine 

et al. [37]) with some initial guesses to yield numerical results. 

The process is shown below: 

 Assume: 

 𝑓 = 𝑦1 ,    𝑓′ = 𝑦2 ,    𝑓 ′′ = 𝑦3 ,    𝑔 = 𝑦4 ,    , 𝑔′ = 𝑦5 ,  

(27) 

 𝜃 = 𝑦6 ,    𝜃′ = 𝑦7 ,    𝜙 = 𝑦8 ,    𝜙′ = 𝑦9 .  

 Using Eq. (27) in the Eqs. (18)–(21), the following systems 

of first-order equations are obtained:  

 𝑦1′ = 𝑦2 (28) 

 𝑦2′ = 𝑦3 (29) 

 𝑦3′ = (1 + 𝛿𝑦6) [𝑠 (𝑦2 +
𝜂

2
𝑦3) −

1

2
𝑦2

2 + 𝑦1𝑦3 + 2𝑦4
2 +

𝛿

(1+𝛿𝑦6)2
𝑦7𝑦3 + 2Ri(𝑦6 + 𝑁𝑦8) + 𝑀𝑦2], (30) 

 𝑦3′ = (1 + 𝛿𝑦6) [𝑠 (𝑦2 +
𝜂

2
𝑦3) −

1

2
𝑦2

2 + 𝑦1𝑦3 + 2𝑦4
2 +

𝛿

(1+𝛿𝑦6)2
𝑦7𝑦3 + 2Ri(𝑦6 + 𝑁𝑦8) + 𝑀𝑦2], (30) 
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 𝑦4′ = 𝑦5 , (31) 

 𝑦5
′ = (1 + 𝛿𝑦6) [𝑠 (𝑦4 +

𝜂

2
𝑦5) − 𝑦2𝑦4 + 𝑦1𝑦5 +

𝛿

(1+𝛿𝑦6)2
𝑦7𝑦5 + 𝑀𝑦4], (32) 

 𝑦6′ = 𝑦7 , (33) 

 𝑦7
′ =

3𝑅𝑑Pr

3𝑅𝑑(1+𝜀𝑦(6)−PrSrScDu)+4
 [2𝑠(𝑦6 − DuSc𝑦8) +

𝜂𝑠

2
(𝑦7 − DuSc𝑦9) +

1

2
𝑦2(DuSc𝑦8 − 𝑦6) + 𝑦1(𝑦7 − DuSc𝑦9) −

1

Pr
𝜀𝑦7

2 −  

 
Ec

1+𝛿𝑦6
(
1

4
𝑦3

2 + 𝑦5
2)], (34) 

 𝑦8′ = 𝑦9 , (35) 

 𝑦9′ =  Sc [𝑠 (
𝜂

2
𝑦9 + 2𝑦8) −

1

2
𝑦2𝑦8 + 𝑦1𝑦9] − ScSr[ 3𝑅𝑑Pr

3𝑅𝑑(1+𝜀𝑦(6)−PrSrScDu)+4
 {2𝑠(𝑦6 − DuSc𝑦8) +

𝜂𝑠

2
(𝑦7 − DuSc𝑦9) +  

 
1

2
𝑦2(DuSc𝑦8 − 𝑦6) + 𝑦1(𝑦7 − DuSc𝑦9) −

1

Pr
𝜀𝑦7

2 −
Ec

1+𝛿𝑦6
(
1

4
𝑦3

2 + 𝑦5
2)}] (36) 

with boundary conditions:  

 at  =0: 

 𝑦1 = 𝑓𝑤 ,       𝑦2 = 0,       𝑦4 = 1,       𝑦8 = 1, (37a) 

 as 𝜂 → ∞: 

 𝑦2 = 0,       𝑦4 = 0,       𝑦6 = 0,       𝑦8 = 0. (37b) 

4. Results and discussion  

The outcomes are analysed using numerical computations for 

a variety of parameter values. In order to facilitate the investiga-

tion, the values assigned to Pr and Sc are taken into considera-

tion for an electrically conducting fluid, namely metal ammo-

nia suspensions (Pr = 0.78), contaminated by water vapour 

(Sc = 0.6). All the displayed figures are plotted for the fixed 

value of the parameter unless stated otherwise: Ri = 1; M = 1; 

N = 1;  = –0.3;  = 0.1; Pr = 0.78;  = 0.3; Rd = 0.2; Ec = 0.01; 

Du = 0.3; Sc = 0.6; Sr = 0.5; fw = 0.1; s = 1. 

Upon considering the steady state flow s = 0, and under the 

absence of Ri, Rd, Ec, Sr, Du and at constant wall temperature 

with constant  and , the current results are compared to the 

previous results obtained by Sparrow and Cess [3], Chamkha 

and Rashad [15] as shown in Fig. 2, in order to determine the 

numerical method's reliability. Table 1 also shows a comparison 

of numerical values of heat transfer rate – ́ (0) by taking varying 

values of Pr, Ri with those obtained in the study conducted by 

Chamkha and Rashad [15] and Malik et al. [30]. Thus, the re-

sults plotted in Fig. 2 and the numerical data presented in Table 

2 show that the results obtained using the current method are 

accurate and hence justify the reliability of the study conducted. 

The outcomes of the ascending viscosity parameter 𝛿 are 

sketched in Figs. 3–6. As the fluid becomes more viscous the 

resistance to flow increments and thus the tangential and azi-

muthal velocities of the fluid are found to decrease; but an op-

posite trend on the tangential velocity of the fluid near the coni-

cal surface is also important to note in the current study. From 

Fig. 3 it is detected that the tangential velocity experiences a sig-

nificant rise within the region 0    1.7 which then continues 

to deplete beyond   1.7. Hence it can be deduced that  gen-

erates an escalation in the tangential velocity near the conical 

surface while producing a drop in velocity towards the edge of 

the boundary layer. The tangential and azimuthal skin friction 

improves by about 8.9% and 8.3%, respectively, when 𝛿 varies 

from –0.3 to –0.2 (see Table 2). Furthermore, as the viscosity of 

the fluid increases the interactions between particles decrease, 

and hence the temperature and solutal profiles gradually decay 

(see Fig. 5, Fig. 6), which weakens the thermal and solutal 

boundary layer thickness. The heat and mass transfer rates un-

dergo growth by about 0.3% each when 𝛿 varies from –0.3 to  

–0.2 (see Table 2).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2(a). Numerical results obtained for –f "(0) and –f(∞) are com-

pared for ascending values of M. 

 

Fig. 2(b). Numerical results obtained for –ɡʹ(0) are compared for 

ascending values of M. 
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Table 2. Numerical values for the tangential –f "(0) and azimuthal skin frictions –ɡʹ(0), heat transfer rate – ʹ (0) and the mass transfer rate –ϕʹ(0). 

 M  Pr Rd Ec Du Sr Sc s –f "(0) –ɡʹ(0) – ʹ(0) –ϕʹ(0) 

–0.3 1 0.3 0.78 0.2 0.01 0.3 0.5 0.6 1 1.69556 1.22616 0.45051 1.10591 

–0.2          1.84638 1.32767 0.45164 1.10969 

 1.5         1.59682 1.33891 0.44650 1.09859 

  0.5        1.69779 1.22684 0.44348 1.10728 

   1       1.67406 1.21989 0.50553 1.09636 

    0.4      1.64781 1.21217 0.57606 1.08379 

     0.1     1.69701 1.22662 0.44200 1.10799 

      0.5    1.69985 1.22747 0.43568 1.10894 

       0.7   1.69949 1.22661 0.45107 1.09271 

        1  1.64238 1.22090 0.44055 1.39664 

         1.5 1.52572 1.31805 0.53074 1.30816 

 

Table 1. Numerical values of – ʹ (0) compared for varying Pr, Ri. 

Pr 

 

Present Result Malik et al. [30]  Chamkha and Rashad [15]  

Ri Ri Ri 

 0 1 10 0 1 10 0 1 10 

0.7 0.4291 0.6120 1.0173 0.4295 0.6121 1.0097 0.4299 0.6120 1.0097 

10 1.4083 1.6076 2.3535 1.4110 1.5660 2.3581 1.4110 1.5662 2.3580 

 

 

Fig. 3. –f ' () profiles for ascending . 

 

Fig. 4. ɡ(η) profiles for ascending . 

 

Fig. 5. () profiles for varying . 

 

Fig. 6. ϕ(η) profiles for ascending . 
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Figures 7–8 exemplify that as the magnetic parameter M 

surges, the tangential and azimuthal velocities of the fluid de-

crease drastically. These results are due to the existence of Lo-

rentz force which is a resistive force that occurs in the azimuthal 

direction when an electrically conducting fluid is exposed to a 

transverse magnetic field. Hence, the motion of the fluid is re-

tarded by this force. Consequently, from Table 2 a draining ef-

fect on the tangential skin friction, heat, and mass transfer rates 

by about 5.8%, 0.9%, and 0.7%, respectively, is observed, while 

the azimuthal skin friction improves up to 9.2% when M is in-

creased from 1.0 to 1.5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 9 gives an estimation of the effect of ascending 

Prandtl number 𝑃𝑟 accounted for air (0.72), electrolytic solution 

(1.00), water (7.00), and water at 4oC (11.40) on the temperature 

profile. In the figure, a decreasing trend in the temperature pro-

file is observed. This result can be justified by the fact that 

higher Pr denotes lower thermal diffusivity, and thus the higher 

the fluid’s Pr value the lower the temperature. From Table 2 it 

can be concluded that the tangential and azimuthal skin frictions 

along with the mass transfer rate diminish by about 1.3%, 0.5% 

and 0.9%, respectively, while the heat transit rate goes up to 

12.2% when Pr varies from 0.78 and 1.00. Hence according to 

the results obtained, it can be said that fluids with lower Pr have 

higher thermal conductivities, allowing heat to flow more effi-

ciently from the surface of the cone than fluids with higher. 

Thus, the cooling rate in the conducting fluid can be influenced 

by Pr. 

 

 

 

 

 

 

 

 

 

 

Figures 10–11 are plotted to depict the influence of temper-

ature dependent thermal conductivity 𝜀 on the tangential veloc-

ity and temperature. Thermal conductivity improves the tangen-

tial velocity of the fluid and the ability to conduct heat incre-

ments which eventually improve the thermal boundary layer 

thickness.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

From the result plotted in Fig. 10, it can also be deduced that 

the tangential velocity of the fluid near the conical surface re- 

 

Fig. 7. –f ′() profiles for ascending M. 

 

Fig. 8. ɡ(η) profiles for ascending M. 

 

Fig. 9. () profiles for ascending Pr. 

 

Fig. 10. –f ′() profiles for ascending . 

 

Fig. 11. () profiles for ascending . 
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mains unaffected by ascending values of 𝜀 but gradually grows 

at a distance away from the conical surface. The tangential skin 

friction is found to undergo a growth up to 0.1% while the heat 

transfer rate degrades by about 1.6%; for  varying from 0.3 to 

0.5 (see Table 2). 

The effect of Eckert (Ec) number on the tangential velocity 

and temperature profiles is presented in Figures 12–13. The Ec 

number is directly related to kinetic energy; increasing Ec di-

rectly leads to enhancement of the fluid’s kinetic energy which 

consequently leads to the improvement of the fluid’s tangential 

velocity and thickening of the thermal boundary layer. Moreo-

ver, from Fig. 12 it can be concluded that at the region near the 

conical surface, the effect of ascending Ec is equivalent to zero, 

however at a certain range of about   0.5 the change in pattern 

on the tangential velocity can be detected. According to findings 

reported in Table 2, varying Ec from 0.01 to 0.10 causes the heat 

transfer rate to be reduced by about 1.9%. 

Figure 14 gives an illustration of the tangential velocity dis-

tribution of the fluid for ascending values of both the Soret (Sr) 

and Dufour (Du) numbers. As the temperature and mass flux in 

the fluid continuously increase, the tangential velocity profile is 

also found to be consequently increased. An illustration of the 

effect of Du on the temperature profile is found in Fig. 15; ac-

cording to the illustration, the temperature profile undergoes 

a certain boost as Du increases. This is because at the boundary 

flow region, the kinematic viscosity starts to decrease as Du in-

creases and thus the fluid’s kinetic energy improves which con-

sequently leads to the acceleration of the fluid and enhancement 

of the temperature profile. The influence of ascending Sr on the 

solutal profile is plotted in Fig. 16. The figure depicts that the 

solutal profile undergoes growth as Sr improves. This is because 

a higher Sr corresponds to a higher temperature gradient which 

consequently leads to higher convective flow and thus results in 

thickening of the concentration boundary layer.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 12. –f ′() profiles for ascending Ec. 

 

Fig. 13. () profiles for ascending Ec. 

 

Fig. 14. –f ′() profiles for ascending Du, Sr. 

 

Fig. 15. () profiles for ascending Du. 

 

Fig. 16. ϕ(η) profiles for ascending Sr. 
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According to results shown in Table 2, it is certain that 

higher Du inflicts around a 3.3% drop in the heat transfer rate 

and higher Sr inflicts around a 1.2% drop in the mass transfer 

rate within the range of 0.3  Du  0.5 and 0.5  Sr  0.7. 

Figure 17 gives an estimated graph showing the influence of 

ascending Schmidt (Sc) number plotted for hydrogen (0.22), wa-

ter vapour (0.62), ammonia at 25oC (0.78), and CO2 at 25oC 

(1.00). It is determined that the decline in concentration be-

comes more substantial for heavier species. This decrease in the 

solutal profile is further supported by the fact that Sc and species 

diffusivity are inversely related to each other. Thus, higher Sc 

implies lower species diffusivity, which consequently leads to 

depletion of the solutal profile. Results in Table 2 show that as 

Sc enhances from 0.6 to 1.0, the mass transfer rate improves up 

to 26.3% and deteriorates the tangential skin friction and the heat 

transfer rate around 3.2%, and 2.2%, respectively. Hence, the 

greater the mass transfer rate, the lower the fluid concentration 

boundary layer. 

Results are presented for the tangential velocity, tempera-

ture, and solutal profiles in Figs. 18–20 for the ascending un-

steady parameter s.  

 

 

 
 

 

 
 

 

 

 

 

 
 

 

 

 
It is certain from the figures that ascending s leads to the dec-

rement of the tangential velocity as well as the temperature and 

solutal profiles. Thus, it can be deduced that the rate of cooling 

becomes much faster in unsteady state flow as compared to 

those in steady flow. Also, mass transfer takes place at a slower 

pace in unsteady flows as compared to steady flows. 

According to Table 2, it can be established that the tangential 

skin friction decreases significantly by about 10%, while leading 

to enhancement in the azimuthal skin friction, heat, and mass 

transfer rates by a significant percentage up to 7.5%, 17.8%, and 

18.3%, respectively, as s varies from 1 to 1.5. 

5. Conclusions  

The study has been conducted to understand and numerically 

analyze the effects of the temperature dependent viscosity and 

thermal conductivity, viscous dissipation, and the Soret and 

Dufour effects on the boundary layers for the unsteady permea-

ble rotating cone. The following are some of the conclusions that 

can be made regarding the problem under consideration: 

The viscosity parameter  has an opposite effect on the tan-

gential velocity −f ′(), i.e. near the surface of the cone the tan-

gential velocity −f ′() increases, and away from the conical sur-

face, the tangential velocity −f ′() decreases. 

The growth of viscosity parameter  reduces the azimuthal 

velocity ɡ(η), temperature () and concentration ϕ(η) profiles. 

In the presence of a magnetic field, the Lorentz force acts to 

reduce the tangential velocity −f ′() and the azimuthal velocity 

ɡ(η) profiles. 

 

Fig. 17. ϕ(η) profiles for ascending Sc. 

 

Fig. 18. –f ′() profiles for ascending s. 

 

Fig. 19. () profiles for ascending s. 

 

 

Fig. 20. ϕ(η) profiles for ascending s.  
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With the growth in thermal conductivity  and Eckert num-

ber Ec, the profiles of the tangential velocity −f ′() and the az-

imuthal velocity () grow. The increase in Dufour Du and So-

ret Sr numbers lead to growth of the temperature () and con-

centration ϕ(η) profiles, respectively. 

If the viscosity parameter  changes from −0.3 to −0.2 then 

the magnitude of the tangential skin friction −f "(0) and the azi-

muthal skin friction −ɡ(0) increase up to 8.9% and 8.3% each. 

Similarly, if the unsteady parameter 𝑠 increases to 1.5 from 1, 

then the azimuthal skin friction −ɡʹ(0), the heat transfer rate  

−ʹ (0) and the mass transfer rate − ϕʹ(0) show 7.5%, 17.8% and 

18.3% hikes, respectively. 

The increment of thermal conductivity  and Eckert number 

Ec from 0.3 to 0.5 and 0.01 to 0.1, respectively, causes a 1.6% 

and 1.9% drop in the heat transfer rate −ʹ (0). 

Varying Dufour Du and Soret Sr from 0.3 to 0.5 and 0.5 to 

0.7, respectively, causes 3.3% and 1.2% drop-in the heat transfer 

rate −ʹ (0) and the mass transfer rate −ϕʹ(0). It is intended that 

the physics of flow across the permeable rotating cone may be 

used as the foundation for various engineering and scientific ap-

plications using our current model. Also, as a motivator for fu-

ture experimental work, which appears to be missing now. 
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