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Exponential decay of transient values in positive
nonlinear systems
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Abstract. The exponential decay of transient values in nonlinear continuous-time standard and fractional orders with linear dynamical positive
feedback systems and of positive linear parts is investigated. Sufficient conditions for the exponential decay of transient values in this class of
positive nonlinear systems are established. Procedures for the computation of gains characterizing the class of nonlinear elements are given and

illustrated in simple examples.

Keywords: exponential decay; transient value; fractional order; positive nonlinear dynamical feedback system.

1. INTRODUCTION

In positive systems inputs, state variables and outputs take only
nonnegative values for any nonnegative inputs and nonnegative
initial conditions [1-6]. Examples of positive systems are indus-
trial processes involving chemical reactors, heat exchangers and
distillation columns, storage systems, compartmental systems,
water and atmospheric pollution models, and electrical circuits.
A variety of models having positive behavior can be found in
engineering, management science, economics, social sciences,
biology, medicine, etc. An overview of the state of the art in
positive systems theory is given in the monographs [1-4].

Mathematical fundamentals of the fractional calculus are
given in the monographs [7, 8]. The positive fractional linear
systems are investigated in [3, 4, 6, 9-16]. Positive linear sys-
tems with different fractional orders are addressed in [6, 14, 15].
Linear positive electrical circuits are investigated in [4]. The
global stability of nonlinear systems with positive feedback and
positive stable linear parts is investigated in [11-13,17], and the
stability of discrete-time systems with delays in [18].

In this paper, the exponential decay of transient values of non-
linear standard and fractional positive systems with dynamical
positive feedback will be addressed.

The paper is organized as follows. In Section 2 the basic
definitions and theorems concerning the positive standard and
fractional orders linear systems are recalled. The main results of
the paper are given in Section 3 where sufficient conditions for
the exponential decay of transient values in the positive nonlin-
ear systems are established and procedures for computation of
the gains characterizing the class of characteristics of nonlinear
elements are given. In Section 4 the results of Section 3 are ex-
tended to fractional nonlinear positive systems. The procedures
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are illustrated by numerical examples. Concluding remarks are
given in Section 5.

The following notation will be used: R — the set of real
numbers, R — the set of n X m real matrices, R7*" — the
set of n X m real matrices with nonnegative entries and R’} =
RIx I M,, —the set of n x n Metzler matrices (real matrices with
nonnegative off-diagonal entries), I,, — the n X n identity matrix.

2. POSITIVE INTEGER AND DIFFERENT FRACTIONAL
ORDERS LINEAR SYSTEMS

Consider the continuous-time linear system

X =Ax+Bu, (1a)
y=Cx, (1b)
where x =x (1) € R, u=u(t) € R™, y = y(1r) € RP are the state,
input, and output vectors and A € R"*"*, Be R™™M (C e RP*",

Definition 1. [3,4] The continuous-time linear system (1) is
called (internally) positive if x(¢) € R, y(t) € RY, ¢ > 0 for any
initial conditions x(0) € R and all inputs u(z) € R, t > 0.

Theorem 1. [3,4] The continuous-time linear system (1) is
positive if and only if

AeM,, BeR"™M CeRP", )
Definition 2. [3,4] The positive continuous-time system (1)
for u(r) = 0 is called asymptotically stable if

t]im x(t)=0 forany x(0)eR}. 3)

Theorem 2. [3,4] The positive continuous-time linear system
(1) for u(z) = 0 is asymptotically stable if and only if one of the
following equivalent conditions is satisfied:

© 2024 The Author(s). This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)


https://orcid.org/0000-0002-1270-3948
mailto:kaczorek@ee.pw.edu.pl

N

www.czasopisma.pan.pl P N www.journals.pan.pl

T. Kaczorek

1. All coefficients of the characteristic polynomial

pu(s) =det[l,s—A]l =s"+an_15" ' +.. . +ais+ay 4

are positive, i.e. a; >0 fori=0,1,...,n—1.
2. There exists a strictly positive vector A7 = [/l IR /ln]T,
A >0, k=1,...,n such that
Al<0 or ATA<O. (5)

If the matrix A is nonsingular then we can choose A = A le,
where ¢ € R" is strictly positive.

In this paper, the following Caputo definition of the fractional
derivative of a order will be used [3,4]

oD f(1) = %f)
L[ @
“Ta-a)) Gonpeim V<e<l ©
0
where £(7) = I ana I'(z)= / r*"'e7"dt, Re(x) > 0is the
dr
0

Euler gamma function.
Consider the fractional continuous-time linear system

d%x(t)
dt(t
y(t) = Cx(1),

where x(¢) € R", u(t) € R™, y(t) € RP are the state, input, and
output vectors and A € R, B € R™™M (C e RP*",

Definition 3. [3,4] The fractional system (7) is called (inter-
nally) positive if x(¢) € R and y(z) € R, ¢ > 0 for any initial
conditions x(0) € R’ and all inputs u(¢) € R, r > 0.

= Ax(t) + Bu(t), (7a)

(7b)

Theorem 3.
only if

[3,4] The fractional system (7) is positive if and

AeM,, BeR"™m (CeRP", ®)
Definition 4. [3,4] The positive continuous-time system (1)

for u(t) = 0 is called asymptotically stable if
lim x(¢r) =0 forany x(0) € R7. 9)
t—00

Theorem 4. [3,4] The positive linear system (1) is asymp-
totically stable if and only if one of the following equivalent
conditions is satisfied:

1. All coefficients of the characteristic polynomial

1

pn(s)=det[l,s— Al =s"+a,_1s"" " +...+a1s+ag (10)

are positive, i.e. a; >0 fori =0,1,...,n—1.

2. There exists a strictly positive vector A7 = [/ll A n] T,
A >0, k=1,...,nsuch that
Al<0 or ATA<O. (11)

Theorem 5. The positive system (1) (and (7)) is asymptotically
stable if the sum of entries of each column (row) of the matrix
A is negative.

Proof. Using (11) we obtain

—1111 aln- A1
Adl=
|@n1 Ann | |An
ay; (a1 0
= |+ A< (12)
[din dnn 0

and the sum of entries of each column of the matrix A is negative
since A > 0, k = 1,...,n. The proof for rows is similar. O

3. EXPONENTIAL DECAY OF TRANSIENT VALUES
IN NONLINEAR SYSTEMS WITH POSITIVE DYNAMICAL
FEEDBACK

Consider the nonlinear feedback system shown in Fig. 1 which
consists of the positive linear part, the nonlinear element with
characteristic u = f(e) and positive dynamical feedback. The
linear part is described by the equations

X =Ax+Bu,
(13a)
y=Cx,
with interval matrices
A<A<A, B<B<B, C<C<C, (13b)

where x = x(¢) € R, u=u(t) € Ry, y = y(t) € R, is the
state, input, and output vectors of the system (13), and A € M, ,
BeR™ € e RI*™ Ttis assumed that the matrix A of (13a)
has all eigenvalues s with real parts smaller than

k=1,...,n. (13¢)

Resy < -y, ie. vy>0,

The characteristic of the nonlinear element is shown in Fig. 2
and it satisfies the condition

049 cjcon (14)
e
}"o=0 e f U |%=Ax+Bu Y
(8) — > y=Cx >
+
I=F-+Gy
A PE——
e=H=

Fig. 1. The nonlinear feedback system
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Fig. 2. The characteristic of the nonlinear element

The positive feedback system is described by the equations

z=Fz+Gy,
Y (15a)
e=Hz,
with interval matrices
F<F<F, G<G<G, H<H<H, (15b)

where z = z(t) € R2, e = e(t) € R, are the state vector and
output vectors.

It is assumed that the matrix F'+ I,y € M,, is also asymptot-
ically stable.

From (13) and (15) we have

X ~xl oA
|1=A + Bu, (16a)
Z z
where
o A O . |B
“lcc F eM,, B= 0 e R n=ny+ny. (16b)

The following theorem gives sufficient conditions for the expo-
nential decay of transient values in the positive feedback non-
linear system faster than e ",

Theorem 6. The state variables of the nonlinear system consist-
ing of the positive linear part (13), the nonlinear element satis-
fying the condition (14), and the positive asymptotically stable
dynamical feedback system (15) decay exponentially faster than
e M if

A+l,y kBH

—— eM, a7
GC

F+1,y

is asymptotically stable.

Proof. The proof will be accomplished using the Lyapunov
method [19,20]. As the Lyapunov function V (x, z) we choose

Vix,z)=AT [x >0 for xe R}, ze R, (18)
z
where A € R is a strictly positive vector,i.e. 4, >0,k =1,...,n.
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It is well-known that if the matrix A € M,, is asymptotically
stable then state variables of the system x = (A +I,,¥)x expo-
nentially decay faster than =",

Using (18), (13) and (15) we obtain

u}

V(x,z)=a" H =/1T{ A0
Z

GC F

B
+
0

X

Z

A 0 B
=7 47| kHz
GC F||z 0
r| A kBH||x
-1 <0 (19)
GC F ||z
since Bu = Bf(e) < kBHz by the condition (14). m|

From (19) it follows that V(x,z) < 0 if the condition (17) is
satisfied then the state variables exponentially decay faster than
e .

Theorem 6 can be applied to solve the following two prob-
lems:

Problem 1. Given matrices A, B, C and F, G, H of the positive
systems (13), (15) and the nonlinear characteristic u = f(e) of
the nonlinear element. Knowing the value of k satisfying the
condition (14) check if the transient values in the nonlinear
system decay faster than e ™",

Problem 2. Given matrices A, B, C and F, G, H of the positive
systems (13), (15) and the nonlinear characteristic u = f(e) of
the nonlinear element. Find the maximal value of k for which
the characteristic u = f(e) of the nonlinear element satisfies the
condition (14) and the transient values of the nonlinear system
decay faster than e~?".

The Problem 1 can be solved using the following:

Procdure 1.

Step 1. Knowing the characteristic u = f(e) find the minimal
value of k satisfying the condition (14).

Step 2. Using Theorem 6 find the sum of entries of each column
(row) of the matrix (17). If all these sums are negative,
then the transient values in the nonlinear system decay
faster than e~ 7.

The Problem 2 can be solved using the following:

Procdure 2.

Step 1. Using Theorem 6 find the sum of entries of each column
(row) of the matrix (17).

Step 2. Find the maximal value of k.(k,) for which the sums
of entries of all columns (rows) of (17) are negative.

Step 3. Find kyax = min(ke, k).

In this case, the transient values in the nonlinear system de-
crease faster than e~ for all nonlinear characteristics u = f(e)
satisfying the condition

0< f(e) < kmaxe. (20)
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Remark 1. The value of k,,x depends only on the first n; rows
and of the last n, columns of the matrix (17).

Example 1. Consider the nonlinear system shown in Fig. 1 with
linear positive parts described by (13) and (15) with

(65 1 — -7 15
A: ) A: ’
T2 62 23 —6.5]

0.5 — Jos
5o |05] - [035| @1)
= o 0.7
c=loa os]. <c=|os5 0|

and )

6 2] - [-62 22
F: B F: B
“"lis —7] 18 —7.3]

0.8 _ |1
a-|o8] s 22)
~ 0.6 0.8
H=04 0.2], H=05 0.4],

respectively and the nonlinear element with characteristics sat-
isfying the condition (14).

Case 1. Using k =1 check the global stability of the nonlinear
system for y = —2.
In this case using (17), (21), and (22) we obtain

-45 1 03 0.24
Aj,y kBH |2 42 04 032 @3)
GC  F+l,y 05 06 -4 2

04 048 16 -5

The sums of the entries of columns of the matrix (23) are:
column 1: = -1.6,, column 2: = -2.12, column 3: = -1.7, col-
umn 4: = —2.44. Therefore, by Theorem 6 the nonlinear system
is globally stable.

Case 2. Find the maximal value of kny,x satisfying the condi-
tion (14) for which the transient values in the nonlinear system
decrease faster than e™?".

Using Procedure 2 we obtain the following:
Step 1. The sums of entries of each column (row) of the matrix

-4.5 1 0.3k 0.24k
A+l,y kBH |2 -42 04k 032k o4
GC F+l,y| |05 06 -4 2
04 048 1.6 -5
are: column 1: = —1.6, column 2: = -2.12, column 3:

=0.7k = 2.4, column 4: = 0.56k -3, row 1: = -2.96,
row 2: = —1.48, row 3: =0.54k -3.5, row 4: =0.72k —
2.2.

Step 2. From Theorem 6 we have: for column 3: k < 3.428,
and for column 4: k < 5.357, and for row 1: k < 6.482,
row 2: k < 3.0555.
Step 3. The desired value of k is kpax = min(k., k) =3.0555.
Therefore, the transient values in the nonlinear system with
characteristics satisfying the condition (14) with k < 3.0555
decrease faster than e,

Remark 2. From the matrix (17) and the computation proce-
dure, it follows that the k depends only on the matrices F, G, H
and is independent of the matrices A, C, G.

4. EXPONENTIAL DECAY IN FRACTIONAL POSITIVE
NONLINEAR FEEDBACK SYSTEMS

Consider the fractional nonlinear feedback system with a similar
structure as shown in Fig. 1, which consists of the fractional
positive linear part, the nonlinear element with characteristics
shown in Fig. 2, and the dynamical positive feedback element.

The fractional positive linear part is described by equations
(7a)—(7b) and the fractional positive feedback element by equa-
tions

dBz
W:FH-G})’ (25a)
e=Hz, (25b)

where z=z(1) € R2, y=y(t) € Ry, e =e(t) € R, are the state,
input, and output vectors, and the fractional derivative is defined
by (6).

Itis assumed that the fractional positive linear systems (7) and
(25) are asymptotically stable and the nonlinear characteristic
u = f(e) satisfies the condition (14).

From (7) and (25) we obtain

d%x
dr® x| A

=A| |+Bu, (26)
diB

where the matrices A and B are defined by (16b).

Definition 5. The fractional nonlinear positive system is called
globally stable if it is asymptotically stable for all nonnegative
initial conditions x(0) € R,

The following theorem gives sufficient conditions for the
global stability of the fractional positive nonlinear system.

Theorem 7. The fractional nonlinear system consisting of the
positive linear part (7), the nonlinear element satisfying the
condition (14), and the positive fractional dynamical feedback
(25) is globally stable if the matrix

A+I,y kBH

_ EM,
GC

27)

F+lyy

is asymptotically stable.
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Proof. The proof will be accomplished using the Lyapunov
method [19, 20]. As the Lyapunov function V(x,z) we choose
the scalar function defined by (18).

Using (18) and (26) we obtain

d*V(x,z) &
die rla | _a [l A ol |B
_ _ u
dPV(x,7) dPz GC F||z| |o
diB drb
A 0
a7 * KHz
GC Fl||z 0
r| A kBH||x
=1 <0 (28)
GC F Z

since Bu= Bf(e) < kBHz.

From (28) it follows that the fractional derivatives of the
Lyapunov function are negative if the condition (27) is satisfied
and the fractional nonlinear system is globally stable. o

Note that if the condition (27) is satisfied then the transient
values in the nonlinear system decrease faster than e~?".

For the fractional nonlinear feedback systems, we can also
formulate and solve similar two problems as for the standard
nonlinear systems presented in Section 3.

Example 2. Consider the nonlinear fractional positive system
shown in Fig. 1 described by (13) and (15a) with the matrices

4 1 0.5
_ . B=| "l =02 04],  @u
1 -5 0.4]
and
-5 1 [0.6]
F= CG=|"1, H=[0.3 0.2], (29b)
- 0.5

respectively. Find the value of k satisfying the condition (14)
for which all transient values in the nonlinear system decrease
faster than e~ for y = 2.

Using (27) and (29) we obtain

-2 1 0.1k 0.2k
A+DLy kBH _ 1 -3 0.08k 0.16k‘ (30)
GC F+bhy 0.12 024 -3 1

0.1 02 1 -2

The sums of entries of the columns of the matrix (30) are: col-
umn 1: = -0.78, column 2: = —1.56, column 3: =0.18k -2,
column 4: = 0.36k — 1. By Theorem 6 we have for the col-

2 1
umn 3:—k = 018 =11.11 and for column 4: —k = 036 =2.7717.

Therefore, the transient values in the nonlinear system decrease
faster than e~% for k < 2.777.
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5. CONCLUDING REMARKS

The exponential decay of transient values in nonlinear contin-
uous-time standard and fractional orders with linear dynami-
cal positive feedback systems and of positive linear parts with
interval matrices is investigated. Sufficient conditions for the
exponential decay of transient values in this class of positive
nonlinear systems are established (Theorem 6). The main re-
sult is extended to different fractional orders nonlinear positive
systems (Theorem 7). Procedures for the computation of gains
characterizing the class of nonlinear elements are given and
illustrated in simple examples.

The considerations can be extended to nonlinear discrete-time
fractional systems with interval matrices of positive linear parts.
An open problem is an extension of the considerations to non-
linear different-order fractional systems with interval matrices
of their positive linear parts.
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