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Abstract. The purpose of this paper is to study unique solution and iterative sequence of approximate solution for uniformly approaching
unique solution to a new class of singular fractional differential equations with two kinds of Riemann-Stieltjes integral boundary value condi-
tions by using some fixed point theorems. Because of different properties of the nonlinear terms and complexity of the boundary conditions
in equations, we first probe several fixed point theorems of sum-type operators which expand many existing works in this research area. It is
essential to point out that some conditions in our works greatly simplify the proof process of fixed point theorems. By applying the operator
conclusions obtained in this paper, some sufficient conditions that guarantee the existence and uniqueness of solutions to singular differential
equations are obtained, two iterative schemes that uniformly converges to the unique solution are given which provide computational methods

of approximating solutions. As applications, some examples are provided to illustrate our main results.
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1. INTRODUCTION

In this article, we study a new form of fractional differential
equations with four different nonlinear terms under two dif-
ferent complex integral boundary conditions and gain the suf-
ficient conditions which guarantee the unique nontrivial solu-
tion and approximating iterative schemes of unique solution.
Namely, we discuss the following problem:

Dt x(e) -k f (1,x(1), x(1)) + kag (2,x(2), x(0))

ey
+hao (,x(1),x(t)) + kap (1,x(t)) = O,
with two Riemann-Stieltjes integral boundary conditions
20(0) = 0,D5x(1) = <! x(&), DY Hx(0) =0, .
DY x(1) = Jy b(s)Dg Px(s)dA(s),
X(0) = 0,D2x(1) = [ b(s)DY: x(s)dA(s), 3
Dx(0) = 0,012 x(1) = T2 Pix(y),

where j =0,1,---,m—2, i=0,1,---,n—2, D]'"™ stands
for Riemann-Liouville (RL) fractional derivative,n—1 < 1y <
nm—1<m<mn—-0o;—1>017>0,0>0 00— >
0, 772*052*1 >0, 712*32*1 >0, fag7¢ GC((()?l) X
(0,+20) x (0,+20), [0, +°°))7 pEe C((O» 1) x (0, +20), [0, +°°))7
ki >0 (i=1,2,3,4), f(t,x,y), gt,x,y), ¢(¢,x,y), p(¢,x) are
singular at = 0,1 and y = 0.

As a matter of fact, FDEs with integral boundary value con-
ditions are extensively applied in the description of a variety
of practical situations and processes with memory and genetic
characteristics ([1]-[7]) which explains why many authors have
discussed existence, nonexistence and multiplicity questions
for positive solutions to integral boundary value problems in-
volving fractional derivative ([8]-[14]). For instance, the exis-
tence conclusions of solution to the following RL equation in

[8] are obtained by mean of the fixed point index theory

D y(t) +h(1)f(t,3(1)), 0<t<1, 3<n<4,
Y(0)=0, i=0,1,2, y(1) =2 [ y(s)ds, 0<E < 1.

In [9], a Caputo FDE subject to integral boundary value condi-
tions was investigated

DY y(1)+ f(1,y(6),y (1) =0, 0<r<1, 2<n <3,
¥(0) =y"(0) =0, y(1) =24 J) y(s)ds, 0 <A <2.

By using a fixed point theorem due to Avery and Peterson, suf-
ficient conditions for the existence and multiplicity of positive
solution to this system were given.

From literature [15]-[18], some existence, non-existence
and multiplicity results of solution (or positive solution) when
the nonlinear terms satisfy different requirements of superlin-
earity, sublinearity, and so forth. But the question of the unique
solution and the computational methods of approximating so-
lutions was not treated. Motivated by the above mentioned
work, our work in this paper is to unfold the existence and it-
eration of unique positive solution to the problem Eq. (1) with
the conditions (2) or (3) by using some fixed point theorems of
sum-type operator.

The new features of this paper are as follows: (a) We provide
several kinds of fixed point methods of sum-type operators to
discuss one of the most considerable qualitative aspects "exis-
tence and uniqueness” of solution for the system Eq. (1) gov-
erned by the boundary conditions (2) or (3). The fixed point
theorems of sum-type operators expand some existing results,
such as [19]-[21]. (b) We study not only problem Eq. (1) with
(2) or (3) admitting the existence and uniqueness of positive
solutions but also two iterative schemes for dealing with ap-
proximate solutions that converge uniformly to the unique so-
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lution, which can provide computational methods of approxi-
mating solutions.

The rest of the content in this paper is organized as follows.
In Section 2, some basic theory, works of Banach space and
cone are reviewed. In Section 3, some conclusions of sum-
type operators are presented. In Section 4, some theorems of
existence-uniqueness solution for (1) with (2) or (3) are studied
by the theoretical works of Section 3. In Section 5, some exact
examples are given.

2. PRELIMINARIES

Let (E, || - ||) be a real Banach space. The concept of cone, nor-
mal cone can be referred to [1]-[3]. Denoted a set P, = {x €
E|3u,v>0,uh <x<vh}.

Definition 2.1 ([1]) Define an operator A : P x P — P, if
Yu;,vi € P (i=1,2), when u; <up,v; > vy, thereis A(uj,v;) <
A(up,v;), i.e. A(u,v) is increasing in u, and decreasing in v,
then A is called a mixed monotone operator. If A(x,x) = x, x is
called a fixed point of A.

Definition 2.2 ([2]) Let D C E be a convex subset, A: D — E
be an operator. If A satisfies Vx,y € D, y <x,

Altx+ (1—1)y) <tAx+ (1 —1)Ay, t € (0,1),
then A is called a convex operator. If
A(tx+ (1—1)y) > tAx+ (1 —1)Ay, t € (0,1),

then, A is called a concave operator.
Definition 2.3 ([3]) Define an operator A : P x P — P, if

A(tx) > tAx, Vit € (0,1),x € P.

then, A is said to be sub-homogeneous operator.
Lemma 2.4 ([4]) Let P be a normal cone and operator T : P X
P — P.If T is a mixed monotone operator and

(L1) 3he P (h # 0), such that T (h,h) € By;

(Ly) 3(t) € (t,1], such that T (tx,t~'y) > @ ()T (x,y),Vt €
(0,1),x,y€P.
Then we have

(C)) T : Py x P, = Py;

(C;) ug,vo € By, such that rvg < ug < vo, ug < T (up,vo) <
T (vo,up) < vg,r € (0,1);

(C;) T (x,x) has a unique solution x* € Py;

(C;) for any initial values xg,yy € P, constructing the itera-
tive sequences:

xn:T(x"*]ayn*l)a y”:T(yﬂ*hxnf])a nzlaza"'a

Xp = X5, yp = x*,asn — oo,

3. FIXED POINT THEOREMS OF SUM OPERATOR

In this section, we use basic definition and lemma to investi-
gate the properties and conclusions of a class of sum operators.
Theorem 3.1 and Corollary 3.2 provide conclusions on the ex-
istence and uniqueness of solutions for a class of sum operators
with parameters on P and P,. What’s more, the study on the
properties of operator equation solutions is given in Remark
3.3 when the operator satisfies different convexities. In fact,
the operator theorems studied has generality, as the parameters

and operator properties change, the conclusions obtained can
be simplified into some theorems in some literature, which are
given in Remark 3.4-3.5.

Define an operator T5 = k111 + kp 1> + k313 + ka Ty by
Ts(x,y) =kiTi(x,y) + k2 T2 (x,y) + k3 T3 (x, ) +ka Tax, Vx,y € P.

Theorem 3.1 Let 7;,7>,73 : P x P — P be mixed monotone
operators, and 74 : P — P be an increasing sub-homogeneous
operator, k; >0 (i = 1,2,3,4). Suppose that

(Hy) For any A € (0,1),x,y € P, Jy1(A), (1) € (4,1]
such that

T](l)@),_ly) > l[/](l)Tl()C,y), TZ()‘xvl_ly) > WZ(A)TZ(xvy)V

and for any fixed y € P, T3(+,y) is concave; for any fixed x € P,
T3(x,-) is convex;

(H») EI% < a < 1 such that T3(6,7h) > aT3(7h, 0), 72 1;

(H3) 3hy € B, (I # 0) such that Ty (hy,hy), Ta(h,hy),
T3(/’l1,h1),T4h1 € Py;

(Hy) for any x,y € P, 3p € (0,1) such that k;T;(x,y) +
k2T2()C7y) > lfﬁ[k3T3(x,y) +k4T4x].
The following conclusions hold:

(c1) T5(h,h) € By

(€2) T5: Py X Py = Py;

(c3) T5(x,x) = x has a unique solution x* € Py;

(c4) Jug,vo € Py, r € (0,1), such that rvg < up < vo,

uo < Ts(uo,vo) < Ts(vo,uo) < vo;

(c5) for any initial values xg,yo € Py, constructing the itera-
tive sequences:

xn:TS(xn—17Yn—1)7 yn:TS(yn—17-xn—l)7 n:1727"'7

Xp — X, yp = X*, when n — oo,
Proof The proof process may be divided into three steps.

Step 1: We prove that 75 : P x P — P, and 75 is a mixed
monotone operator. Due to 71,75,73 : PxP — P, T, : P = P,
and k; >0 (i=1,2,3,4), itis easy to verify 75 : P x P — P. For
every x1,y1,X2,y2 € P, let x; < x2,y1 > y2, since T1,1,, T3 are
mixed monotone operators, and 7; is an increasing operator,
we conclude 75 is a mixed monotone operator.

Step 2: We state that T5(h,h) € P,. By the condition (H)), it
is easy to obtain

Ti(A™'xAy) < wi(A) ' T (x,y),

4
T(A X, Ay) <y (A) ' T (x,y), Ts(A %) < A7y, @

Forany A € (0,1), welety=AA"'y+(1—A1)0, in view of the
condition (H1) and the definition of convex operator in Defini-
tion 2.2, we have

AT3(x, A7 1y) > T3(x,y) — (1= 1) T3(x, 6). Q)

Moreover, we can find a sufficiently large number [ such that
x,y,A~ 'y < Ih. By (5), (H>), mixed monotonicity of T3, and
the definition of concave operator in Definition 2.2, there exists
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< a <1, such that

=

T3(7Lx,/'t_1y) =T(Ax+(1 —/I)e,ﬂt‘ly)
> AT (x, A7 "y) +(1-A1)T3(8,21y)
> T3(x,y) — (1= A)T5(x,0) + (1 - A)T5(6,A7"y)
> T3(x,y) + (1= A)[T5(0,1h) — T5(1h, 0)]

> T3() + (1~ A)T5(6, ) — - 73(0,Th)

>[+(1-A)(1— é)]Ta(x,y)

= (2= )+~ DAIB ()

ZAT3(x7y)'
Then, for any A € (0, 1), it is easy to obtain
T3(AX»)*7])’) Z lT3(x,y)7 T3()~71Xal)’) S 171T3(x7y)7 (6)

From h; € P, of the condition (H3), there exists a constant ag €
(0, 1) such that

)

What’s more, by means of (H3), there exist some constants
b;€(0,1) (i=1,2,---,8) such that

aph < hy < ag'h.

bih <Ti(hy,hi) < byh, bsh <Tr(hy,hy) < bsh,

8
bsh < Ts3(hy,h1) < bgh, b7h < Tyhy < bgh. ®)

From (4)-(5), (7)-(8), and the monotonicity of 77, the assertion
follows

Ti(h,h) < Tl(aalhl,aohl) <y (a())ilbz/’l,

)
Ti(h,h) > Ty (aohy,ay ' hy) > yi(ao)bh.
In the similar way, we obtain
va(ao)bsh < Ty (h,h) < wa(ao) ™' bah, (10)

agbsh < T3(h,h) < ay 'beh,aph7h < Tyh < a; 'bgh.

From (9)-(10), it holds that T} (h, h), T (/’l, /’l), Tz (h,h), Tih € P,.
According to the definition of 75 and (10)-(11), it is easy to
obtain T5(h,h) € P,.

Step 3: We verify that 75 satisfies the condition (L) in
Lemma 2.4. Through (Hy), it is easy to obtain that there ex-
ists p € (0, 1), such that

(1=p)kiTi(x,y) +ka T2 (x,y)] > plk3T5(x,y) +kaTyx], Vx,y € P.
Then by (H;), Vt € (0,1), one observes

Ts (tx,fly) >y () [k Ti(x,y) +kaTa(x,y)] +t[ksT3(x,y) + kaTsx]
= (1

=[py (1) + (1 = p)t][ki Ti (x,y) + ko Ta (x, y)]
+ (1 =p)(y(t) —1)[k1 Ti (x,y) + k2 Ta(x,)]
+tlk3T3(x,y) + kaTux]

>[py(t) + (1 = p)t][kiTi(x,y) + ko Ta(x,y)]
+p(y(t) —1)[ksT3(x,y) + kg Tyx]
+t[k3T3(x,y) + kyTyx]

=[py (1) + (1= p)t]T5(x,y),

where y(r) = min{y; (1), y»(r),t € (0,1)}. Due to p € (0,1),
y(r) € (2,1], it is easy to obtain py(z) + (1 — p)t € (¢,1].
Hence, there exists @(r) = py/(t) + (1 — p)t € (¢, 1] such that

Ts(tx,t™'y) > @(1)Ts(x,y).

Thus, according to Lemma 2.4, we get the conclusions (c1)-
(c5).
Corollary 3.2 Let 71,15, T3 : P, X P, — P, be mixed monotone
operators, and 74 : P, — P, be an increasing sub-homogeneous
operator, k; >0 (i = 1,2,3,4). Suppose that (H,) holds and

(Hy) for any A € (0,1),x,y € Py, Iy1 (1), ¥2(A) € (A,1]
such that

Tl(;{’xv)“_ly) > Wl(x)Tl(xay)v TZ(A'x»A'_ly) > W2(A)T2(xvy)v

and for any fixed y € Py, T3(-,y) is concave; for any fixed x €
Py, Tz(x,-) is convex;

(H;) for any x,y € P,, dp € (0,1) such that k;T;(x,y)
+hkoTo(x,y) = 755 (k3 T3 (x,y) + ka Tax].
Thus, the conclusions (c1)-(c5).
Proof According to the definition of the set P, it can be in-
ferred that P, C P. It can be observed that the conditions in
Corollary 3.2 are given on the subset P, of P. Therefore, ac-
cording to the proof in Theorem 3.1, the same conclusion can
be drawn.
Remark 3.3 In Theorem 3.1, the properties of 71,7, in the
condition (H)) turn into the condition (/1) or (1) or (/3):

(Iy) forany A € (0,1),x,y € P, 3o, 0 € (0, 1) such that

Tl(lx,kily) > lal Tl (xvy)7
T(Ax, A7 'y) > A% T (x,y),
(

(Iy) forany A € (0,1),x,y € P, 3n1(A),n2(A) € (0,1] such
that

Ti(Ax, A7 'y) > 142 —AmMIT
T(Ax, A7 y) > 144 — AP
(I3) forany A € (0,1),x,y € P, 3n3(A),n4(A) > 0 such that
A[1+M3(A)] < 1,A[1+m4(A)] < 1 and
Ti(Ax, A7) 2 AL+ M3 (A)]Ti (x,y),
T (2x,A7"y) 2 A1+ Ma(A)] T (x,y),

then the conclusions (c1)-(c5) still hold.

Remark 3.4 In Theorem 3.1, if we take ky = kg = 1,ky = k3 =
0,or ky =ks = 1,7, = T3 = 0, and the property of T; in the
condition (H) turns into

Jay € (0,1) such that T (Ax,A~1y) > A% Ty (x,y),

x,y),
y

x,y),

(
(

the corresponding result can reduce to the Theorem 2.1 of [19].
Remark 3.5 In Theorem 3.1, in the situation of k1 = ky =
1,k3 =k4 =0, or ky = kp, 73 = Ty = 0, the corresponding re-
sults is consistent with the result of [20].

4. UNIQUE SOLUTION TO THE FDES

In this part, using our main theoretical results, we study
the existence, uniqueness solution and approximating itera-
tive schemes of unique solution to Eq. (1) with the conditions
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Eq. (2) or Eq. (3). The brief process of the research is as fol-
lows. Firstly, we discuss the equivalent integral equations of
two singular differential equations (Lemma 4.1, Lemma 4.5),
then the properties of the Green’s function in the equivalent
integral equations are obtained (Lemma 4.2). Thirdly, based
on the obtained operator equation theorem (Theorem 4.1), the
sufficient conditions for unique solution of two fractional dif-
ferential equations are given (Theorem 4.3, Theorem 4.6).

In the following, we will work in E = C[0, 1] with the norm
lx[| = supg<;<; |x(#)|, and P = {x € E : x(¢r) > 0, € [0,1]}.
Evidently, (E,|| - ||) is a Banach space, P is a normal cone and
the normality constant is 1. Define

Po={x e Cl0,1]: 37 € (0,1),Jh(t) < x < ~h(t), 1 € [0,1]}.

>1F(m+£11 tL(n)l(m —ai)
s)sh—P2 1
ny T(m— ﬁz)dA( )’ gi1(t,s) = tnﬂifl

_gym-!
(tr(zﬁ“l) ) g3(tvs) =1

&

For simplify, let M; = T'(m,

n+pi—1 _ 1 .
51 , Mz = [(n—a)

(1—s)m= =10y + 1), g2(t,5) =
L(m -0 )M~ (& —s)M P!
M,

Lemma 4.1 If o(t) = ki f(t,x(¢),x(t)) + kag(t,x(2),x(t)) +
k3 (t,x(¢),x(t)) + kap(2,x(r)) € C[0,1], My > 0,M, > O,
the equation Eq. (1) with condition (2) has the following
equivalent integral equation

= /0 'K(e.s) /0 ' G5, 7)o ()deds,

Glt,5) = Gy (t,5) + 10! /01 Ga(t,5)b(t)dA(t),

where

M= (1—s)~2"1_(1—s)T2"!

, 0<s <t <,
Gl(t7s): —1 1:(3221 -
%, 0 S t S s S 1’
D L e (e L
Galt,s) = T2 T~ Bt » Osssist,
2 (lfs)TVZ’O‘Q*l[TIZ’ﬁZ’l 0 <1
T(m)C(m—Pp)M, =5
gi(t,s) —ga(t,s) —g3(t,s), 0<s <1< 1,5 <&y,
t t <E<s<t<1
Kty =4 S0 =82(t9), 0<& <s<r<l,
g1(t,5) —g3(t,s), 0<r<s<& <1,
gl(l’ )a OSISSSI,élgs.

proof Let D0+x( ) = u(t). Eq. (1) and some conditions of (2)

D’”“*f (0)=0, j=0,1,---,m—2,
{ DI x(1) = Jo b(s)DJtPx(s)dA(s),
can turn into
DJu(r)+o(r) =0,
u(0)=0, j=0,1,---,m-2,
D u(1) = fy b(s)DY u(s)dA(s).

Integrating 1), times to the first formula of Eq. (11), we can
obtain

an

u(t) = —IRo(t) +eit™ 4+ M 4 G (12)

This article has been accepted for publication in afuture issue of thisjournal,

From ul/ () 0 (j=0,1,---,m—2), we see that ¢,, =
Cm—1 =-+- =y =0. Then by D, 1"~ %t"’“’l and
“u(1) = L bGs) 0+u<s>dA<s>,onegets
—ap—1
= o(s)ds
/Fle 112—062)M2 )
(13)
R LA ETEE
s)o(T)dTdA(s).
L(m2)T(12 — B2) M2

Substituting (13) in (1 2), and from the definition of M, we can
get

t—s)n- 1 1 ¢m—1 1_ Yo 1
u(t):—/ ( (S ds+/ ) o(s)ds
0

/ Lm=l(] — g)h-a-lgm- ﬁz 1

L(m)T(n2 — B2)Ma
m—pr—1

s M2 1(S_
//Fn2 T]z—ﬁz)Mzb(s)G(T)deA(s)

:/ G(t,s)o(s)ds
0

i, DJLx(t) = u(t) = [} Glt,5)0(s)ds.
Integrating 1; times to the above formula, we have

b(s)o(t)dtdA(s)

x(t) = —Iu(t) +ay™ a4 M (14)

According to x@ (O) =0 (i=0,1,---,n—2), there is a, =

ap-1 =+ =dy=0. It follows from Dy x(1) = ’L'Iﬁlx(él)
that
1 — -
a :/ F(ﬂ1+ﬁ1)(1 S) u(s)ds
0 M,
& 1,'1"( —o )(’g’ _ )Th+ﬁ1—1 (a5)
7/ il ACTI u(s)ds,
0 M

Replace a; of (15) with (14) in the equation, there is

= /IK(t,s)u(s)ds
0

Then from u(z) and o (), we can get the conclusion.

Lemma 4.2 If M; > 0,M, > 0,
are established
(i) for any t,s € [0, 1], G(z,s),K(t,s) are continuous.
(i) for any ¢, s € [0, 1], we have

0<n(s)im ! <G(t,s) <Lyit™ 1,

the following properties

Br—1
where L] = (112 +f0 mb(f)m(f), 11(S) =
(1= (1= )] — gyt (IRl el g )
th—h-1

(7 T, Pz, () 4A(7)-
(iii) for any ¢,s € [0, 1], we have

0<hL(s)Mm ' <K(t,s) < LytM ™1,

_gp)emthi-l
where L, = %’]Wﬁl), hL(s) = %(1 _
m-e11 (1 5],

but has not been fully edited. Content may change prior to final publication.
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Proof From the definition of G(z,s),K(t,s), we can know
that (i) holds.
From the definition of Gy (¢,s),Ga(t,s), for any #,s € [0, 1],

t’72’1(17s)n2’a271[17(175)"2] -1
T(7a) < Gi(t,5) < rry»

92 o Gy(tys) < pPal

we compute 0 <
(1—s)M=%=1m—Pr=1[]_(]—

0= T(m)T(n—P2)M>

1
F(m)T(m—p2)"
From the definition of G(z,s), for any f,s € [0,1], it holds
that

G(Z‘,S) = Gl(tvs) +tn2_l /Ol GZ(Tvs)b(T)dA(T) > (S)tnz_lv

and G(t,s) < Lit"™~! i.e., (ii) holds.
From the definition of K (z,s), and M} >0, when 0 < s <t <
1,5 < &;, we observe that

MiT(m)K (1,8) = D(n)T(m+Bi)m " (1 -
—T(n)T(M1 +Bi) (e —s)™ " + 2 (ni) (1 —
(=) =)D — o)t (& — sy A

Z el ()T — )& P (1 g
[1=(1-5)%] >0,

)711*0‘1*1

and

MT(m)K(t,s) <T(m)C(my +Boem (1 —s)m—-!

<T(m)T(ny + Br)em "

Similarly, when 0 < & <s <1 <1,0<r<s<§ <1,
0<t<s<1,& <5, we can draw the same conclusion.
Hence, for any ¢,s € [0, 1], we infer that (iii) holds.

Theorem 4.3 Let f, g, ¢ : C((0,1) x (0,+e) x (0,+
00),[0,40)), p : C((0,1) X (0,+20),[0,400)), and f(t,u,v),
gt u,v), ¢(t,u,v),p(t,u) are singular at r = 0,1 and v
Assume that

(r) fort € (0,1),x,y € (0,+00), for any fixed t,y, f(¢,x,y),
g(t,x,y),9(t,x,y),p(t,x) are non-decreasing in x; for any fixed
t, x, f(t,x,y),8(t,x,y),0(t,x,y) are non-increasing in y;

(r2) forany A,r € (0,1), x,y € (0,4o0), there exist y; (A1) €
(A, 1], y2(A) € (A,1] such that

6, 26,47 y) >y (A) f(t,x,y),
gt Ax, 271y > wu(L)g(t,x,y), plt,Ax) > Ap(t,x),

and for fixed 7, y, ¢(z,-,y) is concave; for fixed ¢, x, ¢ (¢,x,-) is
convex;

(r3) 31 <a <1 such that ¢(z,6,lh) > ag(1,1h,0), where
[>1,h(t) =M1,

() o 87y () (e 1, 1)dTds < e
Jo s o wa (=) 7le(7,1,1)dds < +oo,
Jo st flel=me (7, 1,1)dtds < +oo,
Josm=t flel=mp (¢ 1)drds < 4oo;

(rs) 3p € (0,1) such that k; f(¢,x,y) + kag(t,x,y) >

[k3¢(taxay) +k4p(t,x)].
Then (T1) there exist ug, vo € Py, r € (0, 1) such that rvp < up <

S

I-p

o)

vo, and

1 1
w0 < [ Klts) [ G mlkaf (7. 0(0),v0(%)) + hag (7, 10(2),
vo(T)) +k30(T,u0(7),v0(7)) +kap (T,uo(7))]d7ds

g/OlK(t,s)/olG(s,‘L')[klf(nvo(r),uo(r)) +lag(T,v0(7),

u(7)) + k39 (7,v0(7),u0(7)) +kap(7,v0(7))ldTds <wvo;

(T2) the equation Eq. (1) with the boundary value condition
(1) has a unique positive solution x* in P,, where h(t) = t™m~1;

(T3) for any initial values xg, yo € P,, constructing succes-
sively the iterative sequences

n=1 / K(025) [ Gl Dk (530000 + g
52,30 (0) 4 k30 (5,5 (1), 30(0) + kap (5, 5(1) s,
ol / K1,5) [ G0,k F(Em(2)30() + (=

02 50(5)) s (5,302, 5 (1) +Kap (.3 (7) s,

n=0,1,2,--- xp11 = x°, ypr1 — x*, when n — oo,
Proof Define some operators 71,175,173 : P, x P, - E, Ty : P, —
E by

xn+1(

/Kts/Gs’L‘ 7,x(7),y(7))d7ds,

/Kts/GsT 7,x(7),y(7))dds,
3 (x,y) (1) = / rs/Gsm(rx() ¥(x))deds,
/Kts/ (5,7)p (7,x(7))d7ds.

Hence, from Lemma 4.1, x is the solution of equation Eq. (1)-
(2) if and only if x is the solution of x = k;Tj(x,x) +
kT (x,x) + kT3 (x,x) + kaTyx. We divide the proof into five
steps.

Step 1: Due to f(t7xay)7 g(t,x,y), ¢(t,x,y), p(l,X) 2 0,
and G(t,s),K(t,s) > 0 of Lemma 4.2, it is easy to verify
T,T,,T5 : P, x P, = P, Ty : P, — P. Moreover, it can be
verified that 71,75, T3 are monotone operators, and 73 is non-
decreasing operator by monotonicity of f,g,¢ and p in the
condition (rp).

Step 2: We illustrate that 77,75,73 : P, X P, — Py, and Ty :
P, — Py. Since §(z,x,-) is convex, we conclude

9(t,%,y) <29 (t,x,A7"y) +(1-2)9(t,x,6),

For x,y € P, there exists sufficiently large I such that

T4)C

A€ (0,1),

x,y,A~'y < Ih. Since ¢(t,-,y) is concave, by the condition

(r3), and the monotonicity of ¢, we infer that
Ot Ax,A71y) > A9 (.0, A7 y) +(1-2)9(1,0,47'y)
> ¢(6,x,y) + (1= A)(0(t,0,1h) — 9 (1,11, 0))
1
> [1+(1-2)(1 —5)]¢(t7x,y)

— =Y DAy = 20 ().

a a
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Then, we can deduce

o1, 27 Ay) <A1 9(t,x,y).
In view of (r;), we deduce
A7 %) < wi(A) 7 f(e,x,y),
g(1, A7 Ay) < ya(A) " Lg(r,x,y), (17)

p(t,A7'%) < A7 p(t,x).

Taking x =y = 1 in (16)- (17) and the condition (r7), we have

@227 =y (W) £, 1,1), £, A7) <y ()~ (1,1,

g(t,2,A71) > ya(A)g(r,1,1),8(1, 471, 4) < ya(A)~'g(r,1,1),
O(t, 2,471 > 29(1,1,1),0(1,47" 1) <4719 (r,1,1),

p(t,A) > Ap(t,1), p(t,A

For x,y € P, there exists J € (0,1) such that Jh < x,y < Jh.
Then, we obtain

fle,x(2),3(1)) <

H<ap(r1).

F@,J7 M= gy < e, g7 M g
vy ()LL),

()) F@,Jem=t gy > p(p gemt g em
wi (M Dy () f(e,1,1).

In the similar way, the following inequalities hold
V’Z(t”"l)llfz(f)g(nl,l) < g(tx(n),y(1) < yp(mh)
V)t L), QL) < 906050 < 0

T7ro(r,1,1), M= p(e,1) < p(r,x(r)) <t =MJ 'p(r,1).
Using Lemma 4.2, and the condition (r4), one observes

I A

ft,x(t),y

M0 < [ Lt [ Ly @) )

f(z,1,1)dtds = Li Loy (J)*'zm*l/ g
0
/ Wl Tnl 1

Similarly, it gives

Uf(2,1,1)dtds < oo.
(18)

Ta(x,9) (1) < oo, Tax,3) (1) < +oo, Tax(t) < +oo.

Assume that J; € (0,1) and

1 1
Jl<min{(L1L21//1(J)’1/0 s"2*1/0 v (D7 f(z, 1, 1)de

ds)il,y/] (J)/llz(s)snz_l/lll(f)l//](fnl_l)f(f,1,1)drds

/ sn2 1/ WZ »L-nl 1

(/) /0 b (s)s™! /0 L (D) wa(tM Vg(z, 1, 1)dtds

1 1 -1
<L1L2J_1/ snz—l/ 11‘"1¢(T,1,1)drds> ,
0 0

—1
LILZWZ (Ta la 1)deS> ’

1 1
J/ zz(s)snz*l/ L(7)e" 97,1, 1)deds
0 0
1 1
<L1L2]_1/ s”z_l/ =M p(,1)drds) !,
0 0
1 1
J/ 12(s)sn2*1/ h(z)T"p(r, 1)deds .
0 0

By means of J, it holds that

JltT“71 S Tl (x,y)(t) S Jflh(t)7
i.e., T : Ph X Ph — Ph.
P, — Py.

Step 3: From the assumption (r;), there exist y;(A) €
(A,1], ya(A) € (A,1] such that

Similarly, D, T3 : Py x P, — Py, Ty :

M0 2 [ K6 [ G mm)

f(T,x(7),y(7))dtds = w1 (A)T1 (x,y)(1),
T(Ax, A1) /Kts / G(s
-g(7,x(7),y(7)))dtds = Yo (A) Ta(x,y)(1).

What’s more, for fixed ¢ € (0,1),y € P, for any 1 € (0,1),

x1,X2 € P, we can find
T(1x1 4+ (1 —)xz,y) /Kts/Gs‘L‘l(])Tx]()
¥(2))+ (1 =1)¢(7,x:(7),¥(7))]d7ds
—l/Kts/Gs’L’ (731 (7), y(7))dzds
1—l/Kts/GsT (7,%2(7), y(7))deds
—lT3(X1, )+(1_l)T3(X2,y)(t).

For fixedt € (0,1),x € P, forany t € (0,1),y;,y> € P, it gives

/Kts/GsTl(PTx()

$1(0) + (1= )6 (5,x(5), 2(s) s
1 1
1 [ k() [ Gls.100(z.x(0)31 (7)) deds

+(1 —l)/olK(t,s)/OlG(s7 0)6(7,x(7), y2(7))dds
=1T5(x,y1) + (1 = 1) T3 (x,2)(t)-

T(x, iy + (L—1)y) (¢

Hence, for fixed y € P, Ts(-,y) is concave; for fixed x €
P, Ts(x,-) is convex. Besides, for any A € (0,1), we derive
that

T (Ax)(1) > /0 'K(e.s) /0 G5, 7)p (2,1() ) deds
ZAT4X<Z‘),

i.e., Ty is a sub-homogeneous operator.
Step 3: By the condition (73), there exists % <a <1 such
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that

T3(0,1h)(1) = /1 K(i,s / G(s,7)9(, 8, Ih(7))dzds

/Kts / G(s,7)a¢(t,lh(t),0)d7ds
:aT3(lh70)( )a

which prove the condition (H;) of Corollary 3.2.
Step 5: It can be concluded from (rs) that

1 1
BT ()0 +haTa(x)(0) = [ Ks) [ Gl.nlkse.
%(2),3(%)) +kag(7,x(%), (%)) drds
1 1
T [ K [ G ko zata) o)
+kap(7,x(7))]dTds

=1 fp [k3Ts(x,y)(t) + kaTax(t)], p € (0,1),Vt € (0,1),

which implies (H) of Corollary 3.2.

Based on the above five steps, from Corollary 3.2, the con-
clusions (T1)-(T3) hold.
Remark 4.4 In Theorem 4.3, the properties of 7> in
the condition () and (r4) turn into VA € (0,1),x,y €
(0, +oo) such that g(t,Ax,A"'y) > Ag(t,x,y), and fol sh—l
Joz'=Mg(t,1,1)dtds < oo, the condition (rs) changes
into 3p € (0,1) such that k;f(¢,x,y) > %[kgg(t,x,y) +
k39 (t,x,y) + kap(t,x)], then from Corollary 3.8, the conclu-
sions (T1)-(T3) still hold.
Lemma 4.5 If o(r) = ki f(¢,x(2),x(t)) + kag(t,x(2),x(t)) +
k3 (t,x(¢),x(t)) + kap(t,x(¢)) € C[0,1], My > 0,M, > 0, the
equation (1) with condition (3) has the following equivalent
integral equation

= [ 6 [ KDk (20,100 + hag(e.1(0),
(7)) + k3¢ (7, x(7),x(7)) + kap (7, x(7))]d7ds,
where G(t,s),K(t,s) defined as Lemma 4.1.

Theorem 4.6 Let f,g.¢ : C((0,1) x (0,+e0) x (O,
+00),[0,+20)),p : C((0,1) X (0,400),[0,+20)), and f(r,u,v),
g(t,u,v), ¢(t,u,v),p(t,u) are singular at + = 0,1 and v = 0.
Assume that (r)-(r2), (r5) hold and

(ro) 31 < a <1 such that ¢(z,6,lh) > ag(1,1h,0), where
[>1,h(1) =M1,

(r10) Jo s Sy ()T (1, 1,1)dTds < oo,
Jo st [Lyn (g1 Te(1,1,1)dtds < +oo,
Josm=1 2l (1,1,1)dtds < oo,
Jo st [rel=mp (¢, 1)dtds < oo
Then (T6) there exist ug, vy € By, r € (0,1) such that rvg < up <
Vg, and

w< [ Gos) [ KOs, (5(2),w0(0) + kag(5.0(),
0 0
vo(T)) + k3¢ (T, u0(7),v0(T)) + kap (T, u0(7))]dTds

1 1
< [ Gls) [ Ko, 9k f (5,0(2)00(2) + kag . v0(0).
0 0
uo(’L’))+k3¢(T,VQ(T),M0(T))+k4p(T,Vo(’l'))]desSVQ;

(T7) the equation (1) with the boundary value condition (3)
has a unique positive solution x* in B, where h(t) =t~ 1;

(T8) for any initial values xg, yp € P,, constructing succes-
sively the iterative sequences

wnei()= [ G0.5) [ KGs,Dll F(5,50(0) (5 + ka5
5a(). (1) + K (5,5 (1), 30(1)) + Ksp (5,3(5) s,

0= [ 60.5) [ KOs,k (5300002 k(5

(). 50(2) + ka0 (.30 (2) 30 () + ks (5,30(1)) s,

n=0,1,2, - xp11 = x*, yptr1 — x*, when n — oo,

Yn+l(

5. APPLICATIONS

Consider the following equation:

41
Dyx(e )+2[(X+4)% +4x—% +f%(1 —1)5 43
1

(x+3)4+3x P 9(1—t) 0

+3[- Se"‘+ Je Y 41~ 10(1—:)*ﬁ+1] (19)

e+ s+ (1-n) ] =0,
x(0) =0, D* x(0) =0, D0+x(1) 21+x(%)
27 11
Dy x(1) = [ st Dy x(s)ds?,
Wherem:%,nz 4,051 % _évﬁl_éaﬁz_l

Z,b(s):s%,A()—s,élfz,kle ko =1, k372,k -
%,and

Fltxy) = (x4 d)F +dy T 418 (1 =) 43,
glt.x,y) = (x+3)T +3y7F +t*$(1 —¢)"m,
p(t,x) = (x+ 1)% +f11*2(] _t)fﬁ_

Then Eq. (19) has unique positive solution x* € P,, where
h(t) = t3. In addition, the other conclusions in Theorem 4.3
hold.
Proof The proof process can be divided into the following
steps.

, (al) 772*062*1:1173 1% 1>0, 772*32*15 }73
6_1 >07 a2—B2:§—6>0 andMl—F(i)F(j-f-g)
5.1 L 71

PNE)) NEIEE TS R R N VA Jos2si76 as
) B S TR Y

b1) from the definition of ,8,0,p, we can get that

8:9.p g

ft,x,y),8(t,x,y),0(t,x,y),p(t,x) are non-decreasing in x,
ft,x,y),g(t,x,y),9(t,x,y) are non-increasing in y, and
ft,u,v),g(t,u,v),p(t,u) are singular at t = 0,1 and v =0,
¢ (t,u,v) is singular atz =0, 1.
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(c1) there exist y; (A) = A3 JWa(d) = A4 such that

FtAx ATy > A3 [(x+4)F 44y F 418 (1 —1) 75 +3]
= vi(A)f(t.x.y),
gt Ax A71y) > A4 [(x+3)4 43y 4 417 (1— 1) 10]

= ya(A)g(t,x,y).

From ¢, (t,x,y) = —fe_" <0, ¢yy(t x,y) = 3¢¥ >0, we can
know that ¢(¢,-,y) is concave; ¢(¢,x,-) is convex. For any
A,t €(0,1), x,y € (0,4), one gets

pt,Ax) > A[(x+1)6 +1 12 (1—1)"15] > Ap(t, ).

1) Let x,y < M3, M3 is a sufficiently large number. Take
1$ we deduce ¢(7,0,M3) > 7[ %e_M3 +2 +t*%(l -
1)1 +1]=ad(t,M3,0).

(e1) We ean get Jg ™! iy (e 1) ! f(z 1, 1)dwds =
Js3 e 555 + v 8(1 — 7)75 + 7)dtds < +oeo. Simi-
larly, [y s™ " [ ya (M=) 1g(t,1,1)dtds < +oo, f)sT!
Jo g (T, 1,1)deds < 4o, [y s [ 1M p(7,1)dTds <
o5

(f1) Let p = 3. We obtain

(d

a

1. 3 9 1

klf(tv-x?y)+k2g(taxay) 2 3 E[_ge_x+ze_y+[_10
.(1—t)*%+1]+3%[(x+1)%+ ~b(1—1) 5
=7 0 (xy) +hap (1,2

According to Theorem 4.3, Eq. (19) has unique positive solu-
tion x* € By, where h(t) = t3. and (T1),(T3) hold.

6. CONCLUSIONS

This paper mainly discusses the existence and uniqueness of
solution as well as the iterative sequences for uniformly ap-
proximating the unique solution for two types of singular FDEs
with RS integral boundary conditions. The main conclusions
are as follows. (i) Considering that nonlinear terms in abstract
differential equations in some real field have different convex-
ity and monotonicity, in order to better study these equations,
this paper discuss the fixed point theorems of sum operators
that contain differential properties. We obtain the correspond-
ing properties of solution to operator equation with parameters
Ts(x,y) = ki1T1 (x,y) + ko Tz (x,y) + k3 T3 (x,y) + k4 Tyx on cone
P and set P,. Based on different parameter values and oper-
ator properties, the operator conclusions obtained generalize
some existing literature results. (ii) Using the conclusions of
nonlinear operators in the study, two types of fractional dif-
ferential equations are discussed. Several sufficient conditions
of unique solutions, the existence of maximum and minimum
solutions, and the iterative approximation sequences of unique
solutions are given.
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