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An approach to optimize transportation problems
with neutrosophic numbers based on a new
ranking function

Aakanksha SINGH ® , Ritu ARORA @ , Rajkumar VERMA @ and Shalini ARORA

A transportation problem (TP) is built on the framework of supply-demand and cost param-
eters which are uncertain in nature. Neutrosophic numbers are capable of handling incomplete
information. This paper introduces a new solution approach to optimize TPs with neutrosophic
parameters based on a new ranking function. This function utilizes the attitudinal character
of a basic unit-interval monotonic function inspired from the domain of continuous ordered
weighted average operators. Ranking rules are established followed by defining a neutrosophic
transportation problem. A solution methodology followed by solved numerical illustrates the
efficiency of the proposed method. Conclusion and future directions summarize the work.

Key words: transportation problem, neutrosophic number, ranking function, basic unit-interval
monotonic function, uncertainty

1. Introduction

The classical transportation problem developed by [11] is an optimization
problem over a system of equipped sources and destinations in-need which aims
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at determining how much quantity of a commodity should be transported from
these sources to destinations at an optimum cost. Different formulations and
number of objective functions are considered best suitable to represent the trans-
portation scenario. In case of multiple conflicting objectives, a multi-objective
transportation problem is considered [6]. To optimize one or more ratios of
functions, a fractional transportation problem is considered [36] whilst a solid
transportation problem contemplates three item properties [27]. However, a crisp
representation of the parameters namely, cost, supply and demand is incapable
of representing their uncertain and indeterminate nature and hence, another apt
representation is solicited. Let us first list a set of abbreviations which will be
used throughout the work tabulated in Table 1.

Table 1: List of abbreviations

DM Decision-maker

TP Transportation problem

NN Neutrosophic number

IF Intuitionistic fuzzy

AC Attitudinal character

BUM Basic unit-interval monotonic

OWA Ordered weighted average

COWA Continuous ordered weighted average
NTP Neutrosophic transportation problem
SVNN Single-valued neutrosophic number
MOTP Multi-objective transportation problem
MAGDM | Multi attribute group decision making

Different sets such as fuzzy sets introduced by [48], rough sets introduced
by [23] and IF sets introduced by [2] and interval forms have been used to represent
uncertainty in parameters. [5] gave interval and fuzzy extensions of classical
TPs. [7] and [26] represented supply, demand and cost using interval parameters.
[4] found the range of the optimal cost of a TP when supply and demand are
represented as intervals. [19] solved fuzzy TPs based on extension principle
while [13] solved fuzzy TPs using ranking function. To handle uncertainty and
hesitation, [30] and [15] used triangular IF numbers to represent transportation
parameters. [21] solved a fully IFTP while [1] optimized a fully rough interval
integer solid TP. Recently, weighted sum method was employed to solve a rough
MOTP by [9] and for a fully rough multi-objective fractional TP by [28]. [3]
proposed an approach for solving fully generalized IF TPs.
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[31] introduced neutrosophic sets based on the concept of truth, falsity and
indeterminacy and also extended them [32, 33] in the form of a + a’l where
a,a’ € R and I denotes indeterminacy. The concept of indeterminacy here is a
literal context i.e. non-numerical [34]. Since conception, NNs have been used to
represent uncertain/incomplete information residing in the supply, demand and
costs parameters. Different methodologies have been worked upon by various
researchers to solve TPs with neutrosophic parameters. [37] and [10] employed
single-valued trapezoidal NNs to solve TPs. [20] tackled emergency TP with
single-valued neutrosophic sets. [29] solved a bilevel TP in neutrosophic environ-
ment. Recently, [25] studied a MOTP with uncertain variables under neutrosophic
environment. Neutrosophic hyperbolic programming strategy was employed for
uncertain MOTP by [14]. In [24], a variation degree concept was used to convert
a neutrosophic solid TP into an interval programming problem.

OWA operator introduced by [41] are applied to combine a finite collection
of values into a single value. [39] developed new deviation measures with OWA
operators. [12] employed OWA operators where the inputs consist of basic uncer-
tain information. [8] used OWA operators to solve a fuzzy multi-objective linear
programming problem while [45] solved mathematical programming problem
with OWA operators as objective functions. There are other extensions of OWA
operator such as the generalized OWA operator by [43] which was also extended
to aggregate IF sets by [17]. An IF version of the OWA operator was given
by [40]. Apart from these areas, the concept of OWA operators has also been
used in MAGDM (38, 49], neural network for vegetable price forecasting [16],
risk identification [35] and deep learning [22]. For the cases when the given argu-
ment is a continuous valued interval instead of a crisp argument, [44] introduced
an extension of the OWA operator, the COWA operator. COWA operator has been
employed in group decision-making [18], under interval-valued q-rung orthopair
fuzzy set environment for quality assessment [46] and under trapezoidal fuzzy
environment to handle the conflicts [50].

Motivation and contribution of the proposed work: Indeterminate supply,
demand and cost parameters are the facets of a real-life transportation problem
due to unavoidable reasons like fuel cost, road conditions, weather conditions,
delivery area, distance etc. Vagueness and uncertainties are well exhibited by
NNs and hence are a good representative. Inspired by the domain of COWA
operators, concept of AC has not been applied to find the solution of TPs with
uncertain supply, demand and cost parameters. We introduce for the first time
their application to solve a NTP. A new ranking function and ranking rules are
introduced for crisp conversion and ranking NNs. It is based on the AC which is
an important measure associated with an OWA aggregation and can be supplied
by the DM as per his choice. The application is not only novel in terms of literature
enrichment, but a computationally less burdening crisp conversion of NNs.
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The remaining paper is divided as: Preliminary definitions are mentioned in
Section 2. The proposed ranking function is introduced in Section 3 with their
ranking rules. Section 4 establishes the NTP with mathematical formulation and
solution methodology. In Section 5, two numerical examples are formulated and
solved to validate the proposed model. The results are discussed in Section 6.
Conclusion and future scope finalizes the work in Section 7.

2. Preliminaries

Definition 1 (OWA operator). [41]: An OWA operator of dimension p is a

mapping o : RP — R such that o(l1,1,...,1,) = Zf:l wiu; where u; is the
i'" largest of the I; and w; is the weight of u;, which satisfies 0 < w; < 1 and
p
w; = 1.

i=1
Definition 2 (COWA operator). [44]: A COWA operator (an extension of OWA
operator) is a mapping Fr : £t — R* associated with BUM function T [42],

such that Frll,u] = /01 dz(zz) (u — z(u — 1))dz where & is the set of intervals

of the type [l,u](l > 0) and R is the set of all positive real numbers. Also,
T :[0,1] — [0, 1] is a monotonic function fixed at the end points.

Definition 3 (Attitudinal character). [44]: The attitudinal character associated
with the function T is given by T = fol T(z)dzand 0 < 7 < 1.

For example, consider a notable BUM function T(z) = z,r > 0 then, 7 =
1 1
/0 Z'dz= 3.
Definition 4 (Neutrosophic numbers). [47]: A NN is represented by ¢ + c’l
where c is the determinate part, c’l is the indeterminate part. I € [I;, I,,] denotes

indeterminacy where I; and 1, respectively denote the lower and the upper limit
of the indeterminacy.

Remark 1. Forany NN, ¢ = c+c'l and I € [1I},1,] the NN gets converted into
an interval of the form [c + c'I;, ¢ + c'l,] = [c1,cy]. As a special case when
I =1, =0or 1 =0 (case of no indeterminacy) c is nothing but a real crisp
number c. For example, 5+ 91 =5 for I = 0.

Some properties of NNs are [34]:
I.1.I=1L1"=1(n>1).
2. 0.1=0.
1
3. 7= undefined.

4. rl+sl = (r+s)l.
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3. Proposed ranking function and ranking rules

We now define a ranking function to rank the NNs which also takes into ac-

count the attitudinal character 7 = /01 T (z)dz associated with the BUM function
T.t € [0, 1] is a representative of the preference of the DM.

Definition 5 (Ranking function). Let ¢ = ¢ + ¢’I be a NN. For I € [I;,1,], ¢
can be converted into an interval of the form [cy, c,]|. The ranking function is
defined as

G, t)=G([cr,cul,T)=ci(1=1)+cyTt =c;+1(cy, — cp).

Remark 2.
c; fort=0,

G(c,7) = {

cy fort=1.
Thus, c; < G(¢, 1) < ¢y

For example, consider the NN ¢ = 9 + 4/. Then, for I € [0,0.3],
G(c,t) =G([9,10.2],7) =9+ 1.27. Now, for any preferred 7 € [0, 1] this value
can be calculated.

Remark 3. The utility of the above ranking function is that not only it converts
a NN into a crisp number but can be used to rank them as well. We now state the
ranking rules.

Ranking rules based on the proposed ranking function: Let p = p + p’I and
g = q+q'I be two NNs. Then, for I € [I;, I,] we have,

1. fG(p,7) < G(g,7), then p <y §.
2. IfG(p,7) > G(q,7),thenp >y q.
3. f G(p,7) =G(q,7), then p =y ¢q.

For example, consider two NNs, p = 9+4/7 and g = 11+21. Then, for / € [0,0.3],
G(p,7)=9+1.2trand G(g,7) = 11+0.67. Let the DM gives the preferred value
of T = % (r € [0,1]), then as

G(9+4I,§) gG(ll+2],%) = 9+4I <y 11 +21.

Theorem 1. Let p = p+ p’l and g = q + q'I be two NNs. Then, G(Ap, 1) +
G(1q,7) =AG(p+7q,7).
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Proof. For I € [I;,1,],

G(Ap,7) +G(Aq,7) = G(A[p1, pul, T) + G(A[q1, qu], T)
= G([Apr, Apu], 7) + G([Aq1, Aqu], T)
= [Apr+7(Apy — Ap)] + [Aq1 + 7(Aqu — Aq1)]
= [Ap; + Aq;] + [(Apu + Aq,) — (Ap; + Aq;)]
=Al(pi+q1) +7[(pu+qu) = (p1 + q1)]]
=AG([p1 +q1, pu+qul,7)
=AG(p+7,7).

4. Neutrosophic transportation problem

4.1. Mathematical formulation

Mathematically, a NTP with M supply points and N destination points is
given by

S.t.

M —
DxjcdVk=12,....N.

Here, 1 = tjx + t;.kl is the neutrosophic transportation cost incurred while
delivering one unit of the article from the j supply point to the k’* destination
point. In the constraints, 5; = s; + s;.l and dy = dy + d I are the respective
neutrosophic supply and neutrosophic demand at the j** supply point and the k'"
destination point. The objective is to find how much quantity of the article x (>
0) should be allocated at the (j, k)" location such that the total transportation
cost incurred is minimal.

4.2. Solution methodology

We present the solution methodology through the following steps to solve
NTP.
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1. Convert the given NTP into an interval TP by taking a suitable value of
I € [I;,1,,] (see Remark 1). The new mathematical formulation is

Min Z = Z t]kl,t]ku Xjk
: k=1
S.t.

Xjk <[sjsjulVji=12,...,. M,

Xjk =2 [dkl,dku]VkZ 1,2,...,N.

~
Il
—_

Mz 1M1=

2. Apply the ranking function G([c;, ¢, ], T) as in Definition 5 on the above
obtained intervals using any preferred 7'(z) by the DM. The NTP now
gets converted into crisp NTP (CNTP) with crisp supply, demand and cost
parameters given by

N
ZG( tikis tjkus TIX ik
=1

Mz

Min Z =

I
—_

J
S.t.

Xk <G([sj,sul, D)Vji=12,.... M,

M= 7=

Xk >G([dk1,dku],‘l')\7’k= 1,2,...,N.

~
Il
—_

Some notable BUM functions 7'(z) are:

0 forz=0,

T(7) =
@ T(2) {1 for z > 0.
0 forz<l,

b) T(z) =
®) T(2) {1 forz = 1.

(¢c) T(z)=zVz
(d) T(z) = z" where r > 0.
(e) T(z) = (Sin(5z))",r > 0.

) T(z) = (1 _ee_az) >0

—a
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3. Depending on the type of 7'(z) used from the above list, the obtained values
of supply, demand and cost parameters may or may not be dependent on the
parameter r, r > 0. In case r is present, different values of » may be taken
as per the choice of the DM. In both the cases, the resulting TP is a CNTP.

4. Solve the CNTP using any standard method or any computing software to
obtain the values of x”s.

5. Substitute these x;’s in the objective function to obtain the minimum
transportation cost.

S. Model validation: Numerical examples

We solve a 3x4 and a 4x5 NTP for two different values of /. In the first
numerical we take I € [0, 1] and I € [0, 0.6] in the latter. The details and data
used in both the numerical examples are hypothetical.

5.1. Numerical example-1

Consider a tyre manufacturing company with three manufacturing centers
(M.C.) located in Rajasthan, Delhi and Haryana. These manufactured tyres are
then transported to four different locations (L.C.) viz. Gujarat, Bihar, Uttar Pradesh
and Chandigarh. As the real-life supply, demand and cost parameters are indeter-
minate in nature they are taken to be neutrosophic numbers giving rise to a 3x4
NTP with neutrosophic cost coeflicients given by Table 2.

Table 2: Transportation problem with neutrosophic cost coeflicients

LC. Gujarat Bihar Uttar Pradesh | Chandigarh
M.C.
Rajasthan 8+31 4+21 T+1 6+21
Delhi 4+31 6+31 5451 4+71
Haryana 2+1 9+61 6+31 1+51

The neutrosophic source & demand constraints for j = 1,2,3and k = 1,2,3,4
are:

lek < 10+ 21, szk < 6+3l, ka <T7+4l1,
k k k

Dxpz6+20, Y xp>S5+l > xj3>3+43L > xju>9+3l

J J J J
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We have taken a balanced TP i.e. total supply equals the total demand (= 23+91).
We now solve the NTP using the steps in Section 4.2.

Step-1 Let us take I € [0, 1], then the above TP gets converted into an interval
TP with cost coefficients given by the Table 3.

Table 3: Transportation problem with interval cost coefficients

LC. Gujarat Bihar Uttar Pradesh | Chandigarh
M.C.
Rajasthan [8, 11] [4, 6] [7, 8] [6, 8]
Delhi [4,7] [6, 9] [5, 10] [4, 11]
Haryana [2, 3] [9, 15] [6, 9] [1, 6]

Similarly, the interval source & demand constraints are given by:

D < (10,121, ) e < (6,91, D xa < [7,11],
k k k
>xpn=168], > xp>[5.6], Zm 3.6, > xjs>1

J J J

[9,12].

Step-2 The ranking function G ([¢;, c,], T) is now applied to each of the above
intervals for a suitable T'(z). Let the DM chooses T(z) = z",r > 0, then

! 1
T:/ 7'dz = )
0 r+1

Step-3 Table 4 provides the values of G (¢, ¢, ], %) =ci+ ﬁ(cu —¢;) for some
notable values of r.

1
r+1

Table 4: Values of G([c¢y, ¢, ], ) for T =

1
Values of r | Corresponding values of G ([cl, cul, ?)
’
r—0 Cu
1 2cy, + ¢y
r==- —s
2 3
cyt+Cp
=1
" 2
2c1+ ¢y
=2 -
" 3
r — o cl
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Different values of r gives rise to different TPs which have crisp supply,
demand and cost parameters. The crisp cost coefficients for CNTP for » — 0 s.t.
G([cr,cul, %) = ¢, is given by Table 5.

Table 5: Transportation problem with crisp cost coefficients (for r — 0)

LC. Gujarat Bihar Uttar Pradesh | Chandigarh
M.C.
Rajasthan 11 6 8 8
Delhi 7 9 10 11
Haryana 3 15 9 6

Similarly, the crisp supplies & demands for r — O are:

lek < 12, Zsz <9, Z)@k < 11,

k k k
D xp =8, D xpp =6, Dixppz6, ) xuz 12
J J J J

Step-4 Similarly, the other crisp TPs for the remaining values of r can be formu-
lated and solved using any standard method or computing software.

Step-5 The obtained solutions x;’s and the corresponding transportation costs
are tabulated in Table 6.

Table 6: Transportation costs for different values of » (Numerical example-1)

Values of » | Transportation costs (in Rs.) Solution point

r—0 216 X12=6;x13=5;x14=1;

Xo1 = 8;x03 = I;x34 = 11

1
E 163.47 X12 = 5.6;X13 = 4.3;)6]4 = 1.4;

X21 = 7.3;)623 = 0.7;X34 =9.6
r=1 141.75 X2 =55 x13=4;x14=1.5;

X201 =T;x23 =0.5;x34 =9
r=2 119.1 x12=5.3;x13=3.6;x14:1.7;
X21 = 6.6;)623 = 0.4;)634 =8.3

x12 =5;x13 = 35x14 = 2;

X1 =6;x34 =7
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5.2. Numerical example-2

Consider a garment manufacturing company with centers at Mumbai, Pune,
Kolhapur and Goa. The manufactured garments are supplied to Chennai, Ben-
galuru, Hyderabad, Trichy and Amaravati. In this balanced 4 x 5 NTP we take
neutrosophic cost, supply and demand parameters given by Table 7.

Table 7: Transportation problem with neutrosophic cost coeflicients

L.C
MC Chennai | Bengaluru | Hyderabad | Trichy | Amaravati
Mumbai 4+61 3+41 2+41 6+61 2+21
Pune 7+41 17+1 6+31 2+31 4+51
Kolhapur 11+41 8+21 9+21 7+41 12+21
Goa 4451 5+21 10+ 31 15+41 11+41

The neutrosophic source & demand constraints for j = 1,2,3,4 and k =
1,2,3,4,5 are:

D oxik < T+4, > xk < 10431, D xak < 843,
k k k
Zx4k<5+2l, ij1>8+2l, ij2>4+41,
k J J
x> 6421, D xja=9+31, D xjs =341
7 7 7

The above problem can be solved using the same steps as above by taking
I € [0,0.6]. The obtained solutions x;’s and the corresponding transportation
costs are tabulated in Table 8.

6. Discussion

Both the numerical problems have been solved for some notable values of
r. For more or infinite number of values of r, we will obtain different range of
values of transportation costs ranging from the minimum value of Rs.84 to the
maximum value Rs. 216 for the first problem and minimum value of Rs.130 to
the maximum value Rs. 230.84 for the latter.
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Table 8: Transportation costs for different values of » (Numerical example-2)

Values of r | Transportation costs(in Rs.) Solution point
X11 = 2;X13 = 3.8;)615 = 3.6;
r—0 230.84 X21 = 1;x24 = 10.8;X32 = 6.4;

X33 = 3.4;)641 =6.2
X13 = 5.2;)615 = 3.4;x21 = 1;
r=1% 194.44 x4 = 10.2;x31 = 23x30 = 5.6;
x33 = 1.6;x4] =5.8

x13=4.9;x15=33;x21 = 1;
r=1 177.41 X4 =9.9;x31 = 2;x3, =5.2;
x33 = 1.7;x41 = 5.6
xX13 =5.6;x15 =2.2;x04 = 9.6;
r=2 161.16 x5 = 1;x31 = 3;x30 = 4.8;

x33 =0.8;x41 =5.4

x13 =5;x15 = 25x24 = 9;

r — o 130 xo5 = 15031 = 35x3 =4

x33=1;x41 =5

7. Conclusion and future work

In real-life, the parameters such as supply, demand and cost are not fixed
and therefore cannot be denoted by crisp numbers. Since conception, fuzzy sets
and its extensions have been used to represent uncertainty in these parameters. In
order to solve the TPs in an uncertain environment, various methods have evolved
to convert fuzzy numbers and their extensions into crisp numbers. In this work,
the transportation parameters have been represented by NNs and are converted to
crisp numbers using a proposed ranking function based on AC of BUM function.
The DM can use any preferred BUM function and hence corresponding value of
AC can be obtained. In our solved problem using a preferred BUM function we
obtain numerous values of transportation costs within a definite range and the
DM can select any value as per his choice. The introduced ranking function is
also helpful in comparing any two NNs.

In an extension of this work, another formulation where only the transportation
costs are NNs or only the supply-demand parameters are NNs can be taken.
Instead of a balanced NTP, researchers can take up an unbalanced NTP. Moreover,
different BUM functions available in the literature can be used in the ranking
function to convert the intervals into crisp numbers.
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