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Analysis of the fractional descriptor linear systems
by the decomposition into the dynamical
and static parts

Tadeusz KACZOREK @ and Lukasz SAJEWSKI

A new method of the decomposition of the fractional descriptor linear continuoustime and
discrete-time systems into dynamical and static parts is proposed. Conditions for the decomposi-
tion of the fractional descriptor linear systems are established and procedures for compositions of
the matrices of dynamical and static parts are given. The procedures are illustrated by numerical
examples.
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1. Introduction

Mathematical fundamentals of the fractional calculus are given in the mono-
graphs [6, 8, 11, 12]. The descriptor linear systems have been analyzed in many
books [1, 2, 6-8] and the fractional standard and descriptor linear systems
in [9, 11, 12, 14-16]. Positive linear systems consisting of n subsystems with
different fractional orders have been introduced and investigated in [3, 5-8, 10].
The fractional descriptor discrete-time linear systems have been analyzed by
the use of the shuffle algorithm in [9]. The stability of the delayed fractional
discrete-time linear system has been investigated in [13, 14]. The decentralized
stabilization of descriptor fractional positive discrete-time linear systems with
delays have been addressed in [15] and the stabilization of positive descriptor
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fractional continuous-time linear system with two different fractional orders by
decentralized controller in [16].

In this paper a method of the decomposition of the fractional linear systems
into the dynamical and static parts is proposed.

The paper is organized as follows. In Section 2 the decomposition method
for the fractional descriptor linear continuous-time systems is proposed. The
extension of this method to the fractional linear discrete-time systems is presented
in Section 3. Concluding remarks are given in Section 4.

The following notation will be used: R — the set of real numbers, R — the
set of n X m real matrices, I, — the n X n identity matrix.

2. Decomposition of the fractional descriptor linear continuous-time systems

Consider the fractional linear system

d(}.’
Edt::Ax+Bu’ O<a<l, (1a)
y = Cx, (1b)

where x = x(1) € R", u = u(t) € R™, y = y(t) € RP are the state, input and
output vectors, E, A € R™" B e R C e RP*" and

t
d%x(z) 1 x(7) . dx(7)
= d . = 1
e " Ta-o) G-t =g (le)
0
is the Caputo fractional derivative and
I'(z) = / “le7dt, Re(z) >0 (1d)
0
is the gamma function [6-8, 12].
It is assumed that
detE =0 and det[Es® - A] #0. (2)

In this case equation (1a) has unique solution.
The following elementary operations on real matrices will be used [7]:

1. Multiplication of any i-th row (column) by the number a. This operation
will be denoted by L[i X a] for row operation and by R[i X a] for column
operation.
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2. Addition to any i-th row (column) of the j-th row (column) multiplied by
any number b. This operation will be denoted by L[i + j X b] for row
operation and by R[i + j X b] for column operation.

3. L[i, j] for interchange of rows and R[i, j] for interchange of columns.

The elementary operations do not change the rank of the matrices [7].
Using the row elementary operations to the equation (1a) we obtain

lo e - [Az]x+ [Bz “ (32)
where Ej, A; € R™", Bj € R™M Ay € RU=r>Xn B,y ¢ R=r)Xm apd
rank E; =rank E =r < n. (3b)

Applying the column elementary operations to the matrices [%] , [g;] we obtain

En En| d% |xi| _{An A x| (Bi| @
0 0 |ds|x Az Axp||x2|  |B2]
where det E£1; # 0 and det Ay> # 0 since (2).
From
A21x1 + A22X2 + Bzu =0 (5)
we have
X = —Agzl (A21)C1 + le/l) (63.)
and 4o 4o "
X2 -1 X1 u
— =-A,, [Ay1;—— +B . 6b
dre 22( dre dt"‘) (6b)
Substituting (6b) into (4) we obtain
E]] 0 d“ X1 _ All 0 X1 BlO Bll d%u
[AZI In—r] ar x| 10 of x| T o "By ae (73)
where
En = En - EnAy) Ay,
A=Ay - ApAyAsr, Ay = A3 Ax, (7b)

Bio=B1-AnApBy, Bii=EnApBy, By=-43B;.
Lemma 1. The matrix
E\1 = E - EnAs) A, (8)

is nonsingular if the assumptions (2) are satisfied.
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Proof. From assumption (2) it follows that

En Epp

det
[Am A

] # 0. 9

From the equality

[Ir —Elegzl] [Ell Enf _ [Ell —EpnAy, Ay 0 ] (10)
0 I Az Ax Az Ap
we have det £;; # 0 since (9) holds and det Ay, # 0.
Considering that det £1; # 0 from (7a) we obtain
de Ay 0 B Bi| d¢
4 x| |An X1 P10l L |21 u (11a)
dr@ [x2 Ao O] [x2 By By | dr@

where
Any =Ef11A11, Ay =—A2151_11511,
Big=E;/Bio, Bx=-AnE; By, (11b)
By =F:1_111§11, By = By —Azlﬂ:ﬁl-

The equation (11a) describes the dynamical part of the descriptor system and the

equation (5) the static part.
Therefore, the following theorem has been proved. O

Theorem 1. The fractional descriptor system (1) can be decomposed into its
dynamical part (11) and its static part (5).

To compute the matrices of the dynamical and static parts of the fractional
descriptor system the following procedure can be used.

Procedure 1.
Step 1. Check the conditions (2).

Step 2. Using elementary column operations to (l1a) find (3) and the matrices
Ey, Ay, Az, By, Ba.

Step 3. Using (7b) compute the matrices E11, A1, Aa1, Bio, Bi1, Boai.

Step 4. Using (11b) compute the matrices A1, As1, Bio, Bao, Bi1, By of the
dynamical part. The matrices Ay, Az, By of the static part are given (5).

The procedure will be illustrated by the following numerical example.
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Example 1. Consider the fractional descriptor linear system (1) with the matrices

1 00O 01 21 1 0
E_—2101 A_1241 B_ZO 12
S |=2 =10 1|’ -1 0 -4 0|’ (-1 0] (12)
2 000 0252 2 1
Using Procedure 1 we obtain
Step 1. In this case the conditions (2) are satisfied since
1 00O
aee=| 2101 13
“ETl2 10 1|7 (132)
2 000
and
s -1 -2 -1
det[Es — A =| 2% "L 2 AT e g (13b)
=S Tlosr 4l st 4 g |70 g ’
25% -2 -5 =2

Step 2. Applying the elementary row operation: L[2+1x (=1)], L[3+2x (-1)],
L[4 + 1 x 2] to the matrices

1 000 O12110
E A Be -2 1 01 1 24120 14
T T2 -10-1-10-40-10 (14)
2 000 025221
we obtain
10000121 10
Ei Eip Al A By _ 0101100-100 (15)

0 0 Ay Axn B 00000201 01
0000001 0 O01
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Step 3. Using (7b) and (15) we obtain

_ B 10] [oo]fo1]'[0o2] [1 0O
En=En=EnAnda=\o =19 1| l1 o] [oo]| ™o -1]

_ 4 011 [2 110117 [0 2] [0 -1
A]] :A]] —A]2A22A2] = 10 - 0 -1 10 00 - 1 2 ’

-1
) ) 0117'[02] [00
A21:A221A21:[1 o] [o 0]:[0 2]’

(16)
5o p A _[VO]_[2 T][o 1] 1o _fo -2
=27 aRin®2 =19 0l " lo -1]|1 0] [01] |1t o)
5 _poaig _[0O][0 1] [t o] _[oo0
HEERERP2 =0 1] {1 0] |o1] |1 0]
-1
_ 01]7'[10] [0 -1
= — -1 = — =
Bai=-AnB: 10] [o 1] [—1 0]'
Step 4. Using (11b) and (16) we obtain
i [t o~ _[o -1
A= g <1 2 T 1 -2
-1
A - 00][to]”'[o 1] [0 0
= — -1 = — =
Aot = ~AnEjAn [0 2] [0 1] [—1 2] [—2 —2]’
s _pag |1 O] [0-2]_[o-2
St L P S T N VO B )
(17)

A - oo[[1 0]'[0-2] [0 0O
Bo=-AnErBo==lo 5 |_1 1| |1 o] |2 4]

L 1 ol'foo] [00
Bu=EnBu=|_1 4| |10o|7|1 ol

.~ _, [0 -=1] [oo][1 0o]" [0 -1
Bu=Bu =Mk =1_4 o o2||-11] T|=3 2|
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Therefore, the dynamical part of the fractional descriptor system with (12) is
described by the differential equation

d? [x] _[An 0 x1+1§10u+1§11ﬂ

dre |x2 _>A21 0] [x2 By By | dre
[0 -1 00 0 -2 0 0
|-t 200[xn] |1 2 1 0] do
1o 0o o0o0||wlT|o o|“"|o <1|qm ¥
2200 -2 4 ~3 -2

and the static part by the algebraic equation

02
00

01

X1+ 10

X2 +

(1) ?]u: [8]. (19)

3. Decomposition of the fractional descriptor linear discrete-time systems

Azlxl + Aszz + Bzu = [

In this section the considerations concerning the decomposition of the frac-
tional descriptor linear system into dynamical and static parts will be extended
to the fractional descriptor discrete-time systems.

Consider the fractional descriptor discrete-time linear system [6, 8]

EA%;jy =Ax;+Bu;, i€Z,=0,1,2,..., O<ac<l, (20)

where x; € R", u; € R™, y; € RP are the state, input and output vectors and
E, A e R B e R C e RP*" and

@, _ i |
A%x; = ]Z:(:)(—l)" (j)xi—j,
1 for j =0, 21
a
(j) “NYa(a-1)...(a—j+1)

J!

is the fractional a-order difference of x;.
Substitution of (21) into (20) yields

for j=1,2,...

i+1
Xit1 = AgXi — Z CiXi—j+1, L€Z4, (22a)
=

where
Ay =A+ 1. (22b)
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It is assumed that the matrices £ and A of the system (20) satisfy the conditions

detE =0 and det[Ez— A] #0. (23)
Using the elementary row operations to the equation (20) we obtain
Eil o _ A1 (B1|  ._
[O]Ax’_[Az X+ Bz]u,, i=0,1,... (24a)

where E, Aj € R™" By € R™¥M A, € R=rxn p, ¢ R(-r)xm qu4
rank E; =rank E =r < n. (24b)

Al A

Axl Axp

Applying the elementary column operations to the matrices [%1] , [ﬁ;] we obtain
En Elz] A" wi, i=0,1,... (25)

X _ Xl B

0 0 X0 X2 B

where det E1; # 0 and det Ay # 0 by the assumptions (23).
From (25) we have

Aleli + A22)C2i + Bou; = O, I = 0, 1,..., (26)
X2 = —AEZI(Azle + lext[), i=0,1,... (27)

and
A%xy; = =A%y (Ao A%xy; + BA®w;), i=0,1,... (28)

Substituting (28) into (25) we obtain
11?11 0 A X 2 Al 0
A Iy x| [0 0

where

En = Eq — EnAs) Ay,

A= Al - ApAy Ay, Ay = AS Ao, (29b)
Bio=B1—-AnAyBy, Bii=EpAy,By, By =-AB;.

X1i
X2i

EIO
%

If“]A“ui, i=0,1,...,

i+
. B>
(29a)

Lemma 2. The matrix E 1| defined by (29b) is nonsingular if the assumption (23)
is satisfied.

Proof. Proof is similar to the proof of Lemma 1.

Taking into account the det E = 0 from (29a) we obtain
x| _ 411 Of [x1i N 1%’10 1?11
X2 Az Of [x2i By

AO’
B>

u; +

]Aaui, i=0,1,..., (30a)
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where
Ay = Eﬁlfiu, Ay = —AzlEﬂlAu,
Bio=E;/Bio, Bx=-AnE; B, (30b)
By =EBii, By =By -AyEy.

Equations (30a) describes the dynamical part of the descriptor system and the

equation (26) its static part of the system.
Therefore, the following theorem has been proved. O

Theorem 2. The fractional descriptor linear discrete-time system (20) can be
decomposed into its dynamical part (30a) and its static part (26).

To compute the matrices of the dynamical and static parts of the fractional
descriptor discrete-time system Procedure 2.1 (with some evident modifications)
can be used.

Example 2. Consider the fractional descriptor linear system (20) with the matri-
ces

122 111 11
E=(021|, A=(101(, B=]|10]f. (31
101 021 12
Using Procedure 2.1 we obtain
Step 1. The conditions (23) are satisfied since
122
detE=102 1/=0 (32a)
101

and
z—12z-12z-1
det[Ez—A]l=| -1 2z z-1|=72-1 (32b)
Z -2 z-1

Step 2. Applying the elementary row operations: L[1+2x(—=1)], L[3+1x(-1)]
to the matrices

12211111
E.A B=[02110110 (33)
10102112
we obtain
10101001
Evn Enn Ann A By
S =02 1101 1 0], (34)
242721 100001101
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Step 3. Using (29b) and (34) we obtain

— _ 1 -1
E\i=Ey - EnAyp Ay = [0 _1] ,

- _ 01 - _

Al = A - ApAy Ay = [1 _1], Axi = A5 Ay = [0 1], 35)

_ _ 01 _ _ 01

Bio=B1 - AnAy By = [1 _1], By = EpA5, By = [0 1],

By =-A5By,=[01].

Step 4. Using (30b) and (35) we obtain

. - 0 . -
Ay =Efl Ay = _1], Ay = -AynE[l A = [1 0]],
Bio=E;/Bio= By = —AyEjlBio= [-1 1], (36)

By =E/Bu = . By =Byu-AnkE;l =[00].

Therefore, the dynamical part of the fractional discrete-time system with (31) is
described by the differential equation

s 1 00 1 I 1 02 X .
- i i’ = 2 LR
Ax2i 1018x2i+_11(1)u+8(1)Au i=0,1 (37)

and the static part by the algebraic equation

[0 1] xi;+x2+ [0 1]u; =0, i=0,1,... (38)

4. Concluding remarks

A new method of the decomposition of the fractional descriptor linear
continuous-time and discrete-time systems into dynamical and static parts has
been proposed. Conditions for the decomposition of the fractional descriptor lin-
ear systems are established and procedures for decompositions of the matrices
into the dynamical and static parts have been given. The procedures have been
illustrated by numerical examples. Open problems are extensions of these con-
siderations to the fractional different orders linear systems and to 2-D standard
and fractional orders discrete-time linear systems.
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