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Abstract: The paper presents the results of the author’s research on effectively determining
the initial conditions for the time-stepping model of a high-speed inverter-driven induction
machine. The classical time-harmonic and multi-harmonic models based on the multidimen-
sional effective magnetic permeability were used and compared as a preconditioner for the
time-stepping model to speed up the steady-state solution. The carried-out simulation exper-
iment proved that using both approaches radically accelerates computations. Furthermore, it
has been shown that the multi-harmonic model is much more effective for problems with
strong harmonic effects.
Key words: effective magnetic permeability, finite element method, harmonic model,
induction machines, steady-state solution

1. Introduction

The finite element method is indispensable for designing and analysing all electrical machines.
Most professional computational packages based on this method enable analysis in three ways,
namely as a magnetostatic problem, a time-harmonic (TH) problem, or a time-domain problem
(time-stepping model) [1]. Concerning induction machines, the latter two approaches are mainly
used in practice. As confirmed in the 1980s [2], the time-harmonic model is very effective for
preliminary calculations because of its short execution time. Unfortunately, with this approach,
it is impossible to accurately account for the influence of higher harmonics (due to nonsinusoidal
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supplying voltages and slotting) and some effects related to magnetic saturation or rotor movement.
Sometimes, especially when detailed loss analysis is needed, it may lead to unacceptable calculation
errors [3, 4]. For such cases, finite-element time-stepping models offer much better accuracy.
However, the problem is still the significant computational cost associated with the influence of
eddy currents in the rotor and large electromagnetic time constants [5, 6]. It justifies the search for
methods of accelerating computations, especially when only the steady-state solution is required [6].

Methods to accelerate the calculation of steady-state solutions using the time-stepping models
can be divided into three main groups. The first involves hardware acceleration using parallel and
distributed computing [7], now available inmany professional electromagnetic calculation packages
like Altair Flux, ANSYS Maxwell and JMAG. The second group involves special computational
and implementation techniques, such as using a Shooting-Newton/GMRES Approach [8] or the
methods shown in the papers [9–12], where time-periodicity conditions were introduced. However,
some of these methods have limited applicability concerning induction machines because there is
no fundamental relationship between the rotor angular velocity and frequency of the supplying
waveforms [8]. The third group involves special modifications of the initial conditions for solving
the time-stepping model or supplying conditions at the initial stage of computations (relaxation of
sources). Very interesting examples of such approaches are presented in [6, 13, 14]. In [6], the
Authors used additional current sources (currents calculated using the TH model), which were
added at the initial stage of simulation to the time-stepping field-circuit model and solved with
the rotor locked. According to the Authors, this approach can reduce the calculation time by
up to 34% compared to the solution with zero initial conditions. In [13], the Authors presented
a hybrid simulation approach coupling numerical (static FE model) and analytical methods to
reduce computation time for simulation of the torque-speed operating points, whereas in [14], the
TH model was used for calculating the initial conditions for the time-stepping model.

Of the methods mentioned above, the last one (using a TH model for determining the initial
conditions) deserves special attention because of its simplicity (compared to the other methods) and
the fact that there is no need to modify the base time-stepping model. This approach shows great
potential for application in commercial and in-house software. It encourages the author to extend its
main idea on problems with strong harmonic effects and use a multi-harmonic (MH) field-circuit
model [4] (instead of the classical TH approach) as a preconditioner for the time-stepping model.
The MH model accounts for nonsinusoidal supplying waveforms and slotting effects [4]. However,
the complexity of its implementation is much higher than that of the TH model. To the best of the
author’s knowledge, utilising the field-circuitMHmodel for the determination of the initial condition
for the time-stepping model has not been presented in the literature, so to validate its practical
usefulness and compare it with the TH model, a computational experiment has been carried out.

2. Computational experiment

The computational experiment involved determining the initial conditions using both the
MH and TH models for an experimental high-speed, low-power induction machine fed from
a quasi-square voltage inverter (Fig. 1, Table 1). For the analysed case, higher time-harmonics
and permeance harmonics strongly influence motor performance, especially the solid rotor
losses [15, 16]. The calculations were carried out by taking as the excitation fragments of the
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supplying voltage waveform recorded during measurements (Table 2, Fig. 2). For the considered
machine, the field-circuit two-dimensional time-stepping model was implemented in the Mat-
lab®/Octave scripting language (the GMSH software package was used as the mesh generator [17])
and validated (Fig. 2(b)). Rotor movement was modelled using the moving-band technique and
the rotor-end effects were considered using the so-called effective σeff calculated numerically.

 
(a)

 
(b)

 
(c)

 
(d)

Fig. 1. Analysed machine: dimension of the stator package (a); experimental set-up (b); uniform solid rotor (c);
measured BH curve for the rotor material (d)
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Table 1. Basic specifications of the experimental solid-rotor induction motor

Number of pole-pairs 2

Number of stator slots 24

Stator package material M270-35A

Winding type Two-layer, fully-pitched

Number of turns per slot 18

Stator length
Stator bore diameter

Air-gap length
Rotor length

32 mm
32 mm
0.25 mm
54 mm

Rotor material Mild steel

Rotor material conductivity at
20°C 3.55 MS/m

Table 2. Main conditions under the test

Rotational speed range 5 kRPM–14 kRPM

Fundamental slip values 66.66%–6.66%

Supplying converter type Quasi-square voltage
inverter

Fundamental frequency 496 Hz

DC-bus voltage 100 V

 
(a)

 
(b)

Fig. 2. Measured waveforms: supplying phase voltage used in computations (a);
phase current at 10 000 RPM (b)
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3. Determining the initial conditions

3.1. Time-harmonic field-circuit model used as the preconditioner

For the considered example, it was assumed that the excitation for the TH model is the pure sine
voltage of the complex amplitude equal to the complex amplitude of the fundamental harmonic
derived from FFT analysis of the measured waveforms. The system of equations for the model
takes the form: [

S(µeff1) + jω1s1G −DTKT

jω1lzKD KZKT

] [
ϕ

I

]
=

[
0

KE

]
, (1)

where S is the reluctivity matrix, j =
√
−1, ω1 and s1 are the fundamental pulsation and slip,

respectively, G is the conductivity matrix, D is the matrix attributed to the winding function, K is
the loop incidence matrix, Iz is stator package length, Z is the stator impedance matrix, ϕ is the
vector of nodal values of the complex magnetic vector potential, I is the vector of the complex
stator loop currents, E is the vector of the complex magnitudes of the supplying voltages and µeff1
is the effective magnetic permeability calculated as:

µeff1 (H1) =
2

πH1

π∫
0

µDC (H1 sinα)H1sin2αdα, (2)

where µDC is the DC magnetic permeability and H1 is the amplitude of the magnetic field strength.
Next, the initial conditions vector for the time-stepping model can be expressed as [14]:[

ϕ
I

]
0
= Re

( [
ϕ

I

] )
. (3)

3.2. Multi-harmonic field-circuit model used as the preconditioner

The multi-harmonic model used in this work as the second method to determine the initial
conditions for the time-stepping model was presented in detail in [3,4,18]. As shown, this approach
is much more accurate than the TH model when the analysed problem involves a strong influence
of higher harmonics.

First, the FFT on the nonsinusoidal supplying voltage waveform was performed to create the
MH model. Then, the complex amplitudes of the N selected harmonics were extracted (here
1st, 5th, 7th, 11th, and 13th harmonics were considered) and used as the excitation for N MH
field-circuit sub-models (each sub-model with strong coupling between the stator model and K
rotors models associated with the K considered permeance harmonics (Fig. 3) [3, 18]).

Each sub-model was excited by the corresponding harmonic of the supply voltage, considering
its frequency, phase and the associated slip value corresponding to the rotor speed. The individual
sub-models were solved independently (possible parallelization), assuming in a given iterative step
a constant distribution of the “frozen” multidimensional effective magnetic permeability, which
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after each iteration of the algorithm (the fixed-point method) was updated based on the formula [4]:

µeff (H1, ...,Hn) =

√
B2

1 + ... + B2
n√

H2
1 + ... + H2

n

, (4)

where:

Bn =
2
π

π∫
0

µDC (H1 sin 1α + . . . + Hn sin nα) (H1 sin 1α + . . . + Hn sin nα) sin nαdα (5)

is the amplitude of the magnetic flux density associated with the n-th harmonic of the supplying
voltage and Hn is the amplitude of the magnetic field strength associated with the n-th harmonic of
the supplying voltage. The multidimensional effective permeability expressed as (4) is calculated
based on the assumption of sinusoidal variation of the magnetic field strength. When only the
fundamental harmonic is considered (4) reduces to (2).

 
Fig. 3. The main idea of the multi-harmonic model used for the initial conditions calculations (weak coupling
between N strongly-coupled sub-models comprising of the stator model and K rotor models associated with

K permeance harmonics)

The system of equations, coupling the stator and rotors in the particular sub-models via
indefinite Lagrange multipliers for the n-th sub-model, is expressed as:

M11n (µeff) M12n M13
M21n M22n 0
M31 0 0



ϕ
n

In
λn

 =


0
KEn

0

 , (6)
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where:

M11n =



SS(µeff) 0 0
... 0

0 SR(µeff) + jsn1ωnGR 0
... 0

0 0
. . .

... 0

· · · · · · · · ·
. . . · · ·

0 0 0 · · · SR(µeff) + jsnhωnGR


, (7)

M12n = −MT
21n/(jωnlz) =

[
−DTKT 0 0 · · · 0

]T
, (8)

M13 = MT
31 =


−QT

s −QT
s F∗1F1 · · · −QT

s F∗hFh

QT
R 0 · · · 0

0 QT
R · · · 0

· · · · · · · · · · · ·

0 0 · · · QT
R


, (9)

M22n = KZnKT , (10)

and SS , SR are the reluctivity matrices related to the stator and rotors domains, respectively, GR is
the conductivity matrix for the rotor domain, snh is the slip value for the rotor model associated
with n-th time harmonic and h-th permeance harmonic, ωn is the pulsation of n-th time harmonic,
ϕ
n
is the vector of nodal values of the complex magnetic vector potential, In is the vector of the

complex magnitudes of the stator loop currents, λn is the vector of indefinite complex Lagrange
multipliers, Zn is the stator winding impedance matrix, Fh, F∗h, are Fourier and Inverse Fourier
transform operating matrices allowing propagation of h-th permeance harmonic only and QS , QR

are the matrices to pair nodes at interface boundary [3].
As a result of the convergence of the algorithm for solving a nonlinear problem N vectors of

solutions (6) are obtained. Next, the initial condition vector for the time-stepping model can be
expressed as: [

ϕ
I

]
0
=

∑
i=1,..,n

[ ���ϕ
i

��� cos
(
iω1T + arg

(
ϕ
i

))��Ii �� cos
(
iω1T + arg

(
Ii
) ) ]

. (11)

4. Results of computations

First, the basic performance characteristics of the machine (RMS phase current and torque
versus speed) were obtained using different models (the classical time-stepping model, the TH
model only and the MH model only, accordingly). For the time-stepping model to quantitatively
compare the results obtained, it is necessary to introduce an unambiguous error criterion for
obtaining the steady-state. In the present study, the following conditions were used:

|i (t) − i (t − T)| < 0.01 A ∧ |me (t) − me (t − T)| < 0.0001 Nm, (12)

where: T is the period of the supplying voltage, i (t) is the instantaneous phase current, me(t) is
the instantaneous electromagnetic torque. A time step ∆t for solving the time-stepping model was
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set as ∆t = T/300. The comparison of the performance characteristics calculated using different
approaches is depicted in Fig. 4. As can be seen only the time-stepping model allows obtaining
good enough results, however, accuracy of the MH model is slightly greater than the classical TH
model. It is because of the high influence of the higher harmonics in the analysed case.

 
(a)

 
(b)

Fig. 4. Comparison of the results of calculations of the basic operational characteristics using different
appraoches: RMS phase current versus speed (a); electromagnetic torque versus speed (b)

The next step involved using the TH and MH models as the preconditioners for calculating
the initial conditions according to (3) and (11), respectively. For all calculations, the steady-state
was obtained when (12) was true. Because the time of calculations depends strongly on the
performance of a workstation used, in this paper, to assess both preconditioners, the number of
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time steps needed to obtain the steady state was used instead of the total execution time. Results of
the comparison of the results of computations using the time-stepping model with the different
initial conditions are presented in Figs. 5– 6 and Table 3.

 
(a)

 
(b)

Fig. 5. Comparison of the results of calculations of the phase current waveform using different initial
conditions for a speed equal to 10 000 RPM: the whole waveforms computed until the steady-state condition

is true (a); initial fragments of the computed waveforms (b)

 
(a)

 
(b)

Fig. 6. Comparison of the results of calculations of the electromagnetic torque waveform using different
initial conditions for a speed equal to 10 000 RPM: the whole waveforms computed until the steady-state

condition is true (a); initial fragments of the computed waveforms (b)

As can be seen, using both preconditioners makes it possible to significantly reduce the number
of time steps needed to obtain the steady-state, however, the MH model used as the preconditioner
is much more effective. It justifies its usage despite the extensively higher complexity of its
implementation and the much longer time needed to calculate initial conditions (see Table 4).
The reduction in calculation time and the difference between the initial conditions computed
using the two different models should increase with increasing transient time and the influence
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of higher harmonics. To confirm this hypothesis, further calculations were performed for a slip
equal to the base case at 10 000 rpm, but with the five much higher frequency and voltage values
increased by a factor of two (see Figs. 7– 8 and Table 5). As can be seen, the MH model used as
the preconditioner allows obtaining the steady-state practically after one period of the supplying
voltage and reducing computation time to per cent of that one using the zero initial conditions.

Table 3. Number of time steps needed to calculate the steady-state until the condition (12) is true (I – the zero
initial conditions, II – the initial conditions obtained using the TH model, III – the initial conditions obtained

using the MH model)

Speed (RPM) I II III

5 000 3061 1037 509

6 000 2891 638 841

7 000 2505 1528 795

8 000 2142 1372 345

9 000 2120 1373 342

10 000 2438 1469 790

11 000 2798 888 711

12 000 2435 1194 775

13 000 2885 1477 963

14 000 2870 1378 503

Table 4. Total time of computation for speed equal to 10 000 RPM carried out on the standard PC
(AMD Ryzen 5 5600H, 32 GB RAM)

Zero initial conditions TH model used as the
preconditioner∗

MHmodel used as the
preconditioner∗

3 550 s 1 785 s 1 050 s

*Including a preconditioner execution time (5.4 s for the TH model and 108 s for the MH model,
respectively).

Table 5. Number of time steps needed to calculate the steady-state until the condition (12) is true at a speed
equal to 50 000 RPM with increased frequency (×5) and voltage (×2)

Speed (RPM) I II III

50 000 6 201 959 361
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(a)

 
(b)

Fig. 7. Comparison of the results of calculations of the phase current waveform using different initial
conditions for a speed equal to 50 000 RPM: the whole waveforms computed until the steady-state condition

is true (a); initial fragments of the computed waveforms (b)

 
(a)

 
(b)

Fig. 8. Comparison of the results of calculations of the electromagnetic torque waveform using different
initial conditions for a speed equal to 50 000 RPM: the whole waveforms computed until the steady-state

condition is true (a); initial fragments of the computed waveforms (b)

5. Conclusions

The experiment confirmed that for the analysed problem, it is possible to efficiently determine
the initial conditions for a time-stepping model and reach the steady-state solution practically
after two periods of the supplying voltage. It significantly reduced the computation time to nearly
ten per cent of the time required to solve the model with zero initial conditions. Of course, the
results shown in the paper apply only to a particular case, so it is necessary to conduct further
studies for another types of machines under different operating conditions. The obtained results,
together with those one from the author’s earlier work, however, allow us to hope that the presented
method can prove its usefulness in most cases encountered in practice involving computation of
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the steady-states for induction machines using their FEM time-stepping models. The limitation
is not the nonsinusoidal supplying voltages or their asymmetry [4]. Furthermore, it was shown
that the MH model is more effective than the TH model when the high presence of the higher
harmonic is observed. However, further research is needed. So, the next planned step is to develop
a model of a squirrel-cage induction machine, taking into account the skew and reduction of
the computational area, and carry out an investigation to what extent it is possible to reduce the
computation time of a 2.5D time-stepping model using the nonzero initial conditions. Furthermore,
it is necessary to compare the effectiveness of the proposed method to the other different methods
presented in the literature, especially those involving time-periodicity conditions and different
methods with modification of the initial supplying conditions.
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