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Abstract. The purpose of this paper is to study unique solution and iterative sequence of approximate solution for uniformly approaching unique
solution to a new class of singular fractional differential equations with two kinds of Riemann-Stieltjes integral boundary value conditions by
using some fixed point theorems. Because of different properties of the nonlinear terms and complexity of the boundary conditions in equations,
we first probe several fixed point theorems of sum-type operators which expand many existing works in this research area. It is essential to point
out that some conditions in our works greatly simplify the proof process of fixed point theorems. By applying the operator conclusions obtained
in this paper, some sufficient conditions that guarantee the existence and uniqueness of solutions to singular differential equations are obtained,
two iterative schemes that uniformly converge to the unique solution are given which provide computational methods of approximating solutions.
As applications, some examples are provided to illustrate our main results.
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1. INTRODUCTION

In this article, we study a new form of fractional differential
equations with four different nonlinear terms under two different
complex integral boundary conditions and gain the sufficient
conditions which guarantee the unique nontrivial solution and
approximating iterative schemes of unique solution. Namely, we
discuss the following problem:

D" x(r) + ki f (1,x(1),x(1)) + kg (1,2(1),x(1))

+ k3o (t,x(1),x(2)) +kap(t,x(2)) =0, (1)
with two Riemann-Stieltjes integral boundary conditions
xXD©)=0, DIx(1)=7l8x(&), DIx(0)=0,
1
N+ m+p2 )

Dy x(1) = [ b(s)Dy ™ x(s)dA(s),

0

1
xXD(0)=0, DXPx(1)= / b(s)DE2x(s)dA(s), .
0

DP*'x(0)=0, DI "x(1) =t x(&),
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where j =0,1,---,m—=2,i=0,1,---,n-2, ng“h stands for
Riemann-Liouville (RL) fractional derivative, n—1 <n; <n,
m—-—1l<m<mn-a—-1>0,7>0,6 >0,a—5>0,
m—-—ay—1>0,1-B-1>0, f,g,0 € C((O,l)X(0,+OO)X
(0,400),[0,40)), p € C((0,1) X (0,+00), [0,+00)), k; >0 (i =
1,2,3,4), f(t,x,y), g(t,x,y), ¢(t,x,y), p(t,x) are singular at
t=0,1and y =0.

As a matter of fact, FDEs with integral boundary value con-
ditions are extensively applied in the description of a variety
of practical situations and processes with memory and genetic
characteristics [1-7] which explains why many authors have
discussed existence, nonexistence and multiplicity questions for
positive solutions to integral boundary value problems involving
fractional derivative [8—14]. For instance, the existence conclu-
sions of solution to the following RL equation in [8] are obtained
by mean of the fixed point index theory

DlLy®)+h(t)f(t,y(1)), O0<i<l1, 3<np<4,
&
y00)=0, i=0,1,2, y(1)=/l/y(s)ds, 0<é<l.

0

In [9], a Caputo FDE subject to integral boundary value condi-
tions was investigated

Dly()+f(t,y(1),y' (1)) =0,

1

y(0) =y"(0) =0, y(1)=ﬂ/y(s)ds, 0<A<2.
0

0<r<l1, 2<p<3,
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By using a fixed point theorem due to Avery and Peterson,
sufficient conditions for the existence and multiplicity of positive
solution to this system were given.

From literature [15-18], some existence, nonexistence and
multiplicity results of solution (or positive solution) when the
nonlinear terms satisfy different requirements of superlinearity,
sublinearity, and so forth. But the question of the unique solution
and the computational methods of approximating solutions was
not treated. Motivated by the above-mentioned work, our work
in this paper is to unfold the existence and iteration of unique
positive solution to the problem equation (1) with the condi-
tions (2) or (3) by using some fixed point theorems of sum-type
operator.

The new features of this paper are as follows: (a) We provide
several kinds of fixed point methods of sum-type operators to
discuss one of the most considerable qualitative aspects “‘exis-
tence and uniqueness” of solution for the system of equations (1)
governed by the boundary conditions (2) or (3). The fixed point
theorems of sum-type operators expand some existing results,
such as [19-21]. (b) We study not only problem equation (1)
with (2) or (3) admitting the existence and uniqueness of pos-
itive solutions but also two iterative schemes for dealing with
approximate solutions that converge uniformly to the unique
solution, which can provide computational methods for approx-
imating solutions.

The rest of the content in this paper is organized as follows.
In Section 2, some basic theory, works of Banach space and
cone are reviewed. In Section 3, some conclusions of sum-
type operators are presented. In Section 4, some theorems of
existence-uniqueness solution for (1) with (2) or (3) are studied
by the theoretical works of Section 3. In Section 5, some exact
examples are given.

2. PRELIMINARIES

Let (E,||-||) be a real Banach space. The concept of cone,
normal cone can be referred to [1-3]. Denoted a set Py, = {x €
E|3u,v>0,uh <x <vh}.

Definition 1 [1]. Define an operator A : PXP — P, if Yu;,v; €
P(i=1,2),whenu| <up,vi > vy, thereis A(uy,vy) < A(uz,vs),
i.e. A(u,v) isincreasing in u, and decreasing in v, then A is called
a mixed monotone operator. If A(x,x) =x, x is called a fixed
point of A.

Definition 2 [2]. Let D C E be a convex subset, A : D — E be
an operator. If A satisfies Vx,y € D, y <x,

A(tx+(1-1)y) <tAx+(1-1)Ay, t € (0,1),
then A is called a convex operator. If
A(tx+(1-1)y) > tAx+(1-1)Ay, t € (0,1),

then, A is called a concave operator.

Definition 3 [3]. Define an operator A : PxX P — P, if
A(tx) = tAx, Yt € (0,1),x € P,

then, A is said to be sub-homogeneous operator.

Lemma 1 [4]. Let P be a normal cone and operator

T:PxP— P.IfT is a mixed monotone operator and

(Ly) 3he P (h+80),suchthat T(h,h) € Py;

(L») 3ep(1) € (1,1], such that T(tx,t™'y) > @(£)T(x,y),Vt €
(0,1),x,yeP.

Then we have

(C{) T :PypXPy — Py,

(C3) 3uo,vo € Py, such that rvg < ug < vo, ug < T(ug,vo) <
T (vo,up) < vg, r € (0,1);

(C3) T(x,x) has a unique solution x* € Pp;

(C}) for any initial values xo, yo € Pp, constructing the iterative
sequences:
Xn =T(Xn-1,Yn-1)s  Yn=T(Yn-1Xn-1),
Xn > X", yp, > x*,asn — oo,

n=1,2,---,

3. FIXED POINT THEOREMS OF SUM OPERATOR

In this section, we use basic definition and lemma to investigate
the properties and conclusions of a class of sum operators. The-
orem 1 and Corollary 1 provide conclusions on the existence
and uniqueness of solutions for a class of sum operators with
parameters on P and Pj;,. What is more, the study on the prop-
erties of operator equation solutions is given in Remark 1 when
the operator satisfies different convexities. In fact, the operator
theorems studied have generality, as the parameters and operator
properties change, the conclusions obtained can be simplified
into some theorems in some literature, which are given in Re-
mark 2, 3.
Define an operator Ts = k171 + ko To + k313 + kaT4 by

Ts(x,y) =kiTi(x,y) +koTa (x,y) +k3T3(x, y) +kaTyx, Vx,y € P.

Theorem 1. Let Ty, 7>, T5: P X P — P be mixed monotone

operators, and 74: P — P be an increasing sub-homogeneous

operator, k; > 0 (i = 1,2,3,4). Suppose that

(Hy) For any A € (0,1),x,y € P, 31(A),¥2(2) € (4,1] such
that

Ti(Ax,A71y) > i (DT (x,y),
(A%, A7'y) > Y2 (D Ta(x,y),

and for any fixed y € P, T3(-,y) is concave; for any fixed
x € P, T3(x,-) is convex; _ _ _

(H,) 33 <a < 1such that T5(6,1h) > aT3(lh,6), [ > 1;

(H3) 3h; € P, (hy # 0) such that Ty(hy,hy), Tr(hy,hy),
T5(h1, 1), Tahy € Pp;

(Hy) for any x,y € P, dp € (0,1) such that k;T;(x,y) +

kaTo(x,y) = % [k3T5(x,y) +kaTyx].

The following conclusions hold:
(cl) T5(]’l, h) € Py;
(c2) Ts: Py X Py, — Py,
(c3) Ts5(x,x) =x has a unique solution x* € Py;
(c4) Jug,vo € Pp,r € (0,1), such that rvg < ug < vo,

ug < T5(ug,vo) < Ts5(vo,up) < vo;
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(c5) for any initial values xg, yo € P, constructing the iterative
sequences:

xnzTS(xn—l»yn—]), }’nZTS()’n—],xn—])’ n=1,2a”'9

Xn — X%, y, = x¥, when n — oo,

Proof. The proof process may be divided into three steps.

Step 1: We prove that T5: PX P — P, and Ts5 is a mixed
monotone operator. Due to 71, T3, T3: PXP — P,T4: P — P,
and k; >0 (i =1,2,3,4), it is easy to verify T5: PX P — P. For
every xi,y1,X2,y2 € P, let x; < x», y1 >y, since Ty, T, T3 are
mixed monotone operators, and 7 is an increasing operator, we
conclude 75 is a mixed monotone operator.

Step 2: We state that T5(h, h) € Pj,. By the condition (H1), it
is easy to obtain

Ti (A7 "%, 2y) <y (D)7 'Ti(x,),

= . 4)
(A7 x,2y) <2 ()" Ta(x,y),

Ty(A7 %) < A7 Tyx.

Forany A € (0,1), welety =21~y +(1-2)6, in view of the con-
dition (H1) and the definition of convex operator in Definition 2,
we have

AT3(x,A7'y) > T3(x,y) = (1 - ) T3(x,0). (5)

Moreover, we can find a sufficiently large number 1 such that
x,y,A~'y < Ih. By (5), (H,), mixed monotonicity of T3, and
the definition of concave operator in Definition 2, there exists

1
3 < a <1, such that

T3(Ax, A7) =T3(Ax+(1-2)0,17y)
> AT (x, A7)+ (1= D) T3(0,27'y)
> T3(x,y) — (1= D)T3(x,0) + (1 - )T3(0,47"y)
> T5(x,y) + (1= )[T3(6,1h) — T3(1h.6)]

> T3(x,y) + (1= D) [Ts(6,Th) = ~T5(6, )]
a
1

> [1+(1-)(1 —;)]T3(x,y)

1 1
=[(2-=)+(==DAT5(x,y)

a a
> AT3(x,y).

Then, for any A € (0, 1), it is easy to obtain
T3(Ax,A7'y) 2 AT3(x,y), T3(A7'x,dy) <A7'Ts(x,y), (6)

From h; € P;, of the condition (H3), there exists a constant
ap € (0,1) such that

aoh < hy < ag'h. (7)

What is more, by means of (H3), there exist some constants
b; €(0,1) (i=1,2,---,8) such that

bih <Ti(hi,h) < byh, bsh <Tr(hi,hi) < bah,

8
bsh <Ts(hy,hy) < bgh, bih <Tyh| < bgh. ®)
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From (4)—(5), (7)—(8), and the monotonicity of 77, the assertion
follows

Ti(h,h) < Ti(ag" hi,aohi) < yi(ao) ™' bah,

_ 9)
Ti(h,h) > Ti(aphi,ay" ) = yi(ao)bih.
In the similar way, we obtain
W2(ag)bsh < Ta(h,h) < yra(ag) ™' bah,
aobsh < T3(h, h) < ag'beh, (10)

aob7h < Tuh < ay'bsh.

From (9)—(10), it holds that T (h, k), To(h,h), T3(h,h), Ts4h €
Pj,. According to the definition of 75 and (10)—(11), it is easy to
obtain T5(h, h) € Py,.

Step 3: We verify that T satisfies the condition (L) in Lem-
ma 1. Through (Hy), it is easy to obtain that there exists p €
(0,1), such that

(1-p) [k Ti (x,y) +kaTo (x,y)] = p[k3T5(x, y)
+ k4T4x], Vx,y € P.

Then by (H1), Vt € (0, 1), one observes

Ts(tx,17'y) 2w () [k Ty (x.y) + ko To (x, )] +1 [ k3T (x,y) + k4 Tyx]
= [py () + (1= p)t][kiTi(x,y) +kaTa(x, y)]
+(1=p) (W (t) =) [k1Ti (x,y) + kaT2(x,y)]
+1[k3T3(x, y) + kaTyx]
> [py(t) + (1 =p)t][k1Ti (x,y) + kT2 (x,y)]
+p (W (1) 1) [k3T3(x,y) + kaTyx]
+1[k3T3(x, y) + kaTyx]
= [py (1) + (1 - p)t]T5(x,y),
where ¥ (t) = min{y;(¢),¥2(¢),t € (0,1)}. Due to p € (0,1),

W () € (¢,1], itis easy to obtain py(t) + (1 —p)t € (¢,1]. Hence,
there exists ¢(7) = py(t)+ (1 —p)t € (¢,1] such that

Ts(tx,t™'y) > o()Ts(x,).

Thus, according to Lemma 1, we get the conclusions (c1)—(c5).

Corollary 1. LetT, T,, T5: P X P, — P}, be mixed monotone
operators, and 74 : Pj, — P}, be an increasing sub-homogeneous
operator, k; > 0 (i = 1,2,3,4). Suppose that (H3) holds and

(HY) for any A € (0,1),x,y € P, 1 (1), ¥2(4) € (4,1] such
that

Ti(Ax,A71y) 2 Y1 (DT (x,y), To(Ax,A71y) 2 g (DT (x, y),

and for any fixed y € P, T3(+,y) is concave; for any fixed x € Py,
T;(x,-) is convex;

(H}) for any x,y € Py, 3p € (0,1) such that k;7(x,y)
+hoTo(x,y) 2 %[k3T3(x,y)+k4T4x].

Thus, the conclusions (c1)—(c5).
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Proof. According to the definition of the set Py, it can be in-
ferred that P;, C P. It can be observed that the conditions in
Corollary 1 are given on the subset Pj of P. Therefore, ac-
cording to the proof in Theorem 1, the same conclusion can be
drawn. O

Remark 1. In Theorem 1, the properties of 77, 7 in the condi-
tion (H) turn into the condition (I;) or (I;) or (I3):
(Iy) for any A € (0,1), x,y € P, Jay,a; € (0, 1) such that

T1(Ax,A71y) > 29T (1, y),
Tr(Ax,A71y) > A% Ty (x,y),

(Ip) forany 2 € (0,1), x,y € P, An;(2),n2(2) € (0,1] such that

Ti(Ax,A7y) = [1+4= A" VT (x,y),
T (Ax,A7y) = [1+4 =212V Ty (x,y),

(I3) for any A € (0,1), x,y € P, 3n3(1),n4(1) > 0 such that
A[1+n3(0)] < 1,A[1+n4(2)] < 1 and

Ti(Ax,A7"'y) > A[1+73(D)] Ty (x,y),
T (Ax,A7"y) 2 A[1+ma(D)] T (x,y),

then the conclusions (c1)—(c5) still hold.

Remark 2. In Theorem 1, if we take k; = k4 =1, ko = k3 =0, or
ki =kq =1,T, =T3 =0, and the property of 7} in the condition
(H}) turns into

ey € (0,1) such that 7;(Ax,A7y) > ATy (x,y),

the corresponding result can be reduced to the Theorem 2.1
of [19].

Remark 3. In Theorem 1, in the situation of k1 =k, =1, k3 =
ka =0, or k; = ky, T3 = T4 = 6, the corresponding results are
consistent with the result of [20].

4. UNIQUE SOLUTION TO THE FDES

In this part, using our main theoretical results, we study the exis-
tence, uniqueness solution and approximating iterative schemes
of unique solution to equation (1) with the conditions (2) or (3).
The brief process of the research is as follows. Firstly, we dis-
cuss the equivalent integral equations of two singular differ-
ential equations (Lemma 2, Lemma 4), then the properties of
the Green’s function in the equivalent integral equations are ob-
tained (Lemma 3). Thirdly, based on the obtained operator equa-
tion theorem (Theorem 1), the sufficient conditions for unique
solution of two fractional differential equations are given (The-
orem 2, Theorem 3).

In the following, we will work in E = C[0, 1] with the norm
lx|l = supg<,<; Ix(¢)|,and P ={x € E : x(¢) > 0, € [0, 1] }. Ev-
idently, (E, || - ||) is a Banach space, P is a normal cone and the
normality constant is 1. Define

Pp= {x €C[0,1]: 37 € (0,1), Jh(t) <x < ;h(t), te [0,1]}.

To simplify, let

My =T ()T (p1+B1) =0T n - an)gl 7

1
f b(s)sm P14 A(s)
0

M ropan T Tm-py
m-1
gi(t,s) = M (1=s)"= =Ty +5y),
B (t—s)"“1
82(t’s)_ F(n]) 0
C(ni —a)tM 1 (& —s)n*H1 !
gi(t,s) =1 .

M,

Lemma 2. If o(t) = ki f(t,x(¢),x(2)) + kog(t,x(2),x(t)) +
k3p(t,x(t),x(t))+kap(t,x(t)) € C[0,1], M| >0, M5 > 0, equa-
tion (1) with condition (2) has the following equivalent integral
equation

1

1
x(t)=/K(t,s)/G(s,T)U(T)des,
0

0

where

1
G(t,s)=G(t,s)+1"! / G (t,5)b(1)dA(7),

0
t=l(1ogym—ax=1 _ (y_gym-1
(1-s) (1—s) L 0<s<i<l.
B I'(n2)
Gl(tas) -
t']z—l(]_s)llz—az—l
R 0<tr<s<l,
(n2)
(1_5)712—02—1t712—,32—1_(t_s)nz—ﬁz—l
L (172)T (172 = B2) M- ’
Galt.s) = 0<ss<rsl,
1=g)2—a-lppn=pr-1
(1-s) s 0<t<s<l1,
L (72)T (2 = B2)M>
gi(t,s)—ga(t,s)—gs(t,s), 0<s<t<l1, s<é,
t,s)—g2(¢,5), 0<é<s<tr<l,
K(t.s) = g1(t,s) —ga2(t,s) &1
g1(t,s) —g3(t,s), 0<t<s<é& <1,
g1(t,5), 0<t<s<l,& <.

Proof. Let ngx(t) = u(t). Equation (1) and some condi-
tions of (2)

D (0) =0,

o+ j:0719”',m_2’

1
DI x(1) :/b(s)Dgfﬁzx(s)dA(s),
0

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. €153008, 2025
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can turn into

DJiu(t)+o (1) =0,

u(j)(0)=0, j=0,1,---,m=2,

| an
D(‘)’}u(l):/b(s)Dgfu(s)dA(s).

0

Integrating 7, times to the first formula of equation (11), we can
obtain
u(t) =—IPo )+t + et P 244Gt (12)

From u/)(0) =0 (j=0,1,---,m—2), we see that ¢;;; = Cpp_1 =

---=¢p =0. Then by
Dyt = LW ot
F(n-a)
and
1
Dgfua)=/b(s)D§fu(s)dA(s),
0
one gets

_ (1—s5)m-ax-l
“l ‘/ T ()T (12 — a2) M

o(s)ds

(s—1)mF-1

0
1 s
‘0/ O/ FORT (R =By, L o (D drdAs).

Substituting (13) in (12), and from the definition of M;, we can
get

13)

u(t) =—

t 1

—_q)m-1 m=1(1_-¢)yn-a-1

%o—(s)ds+/t (ll“(;i) o(s)ds
0

L (m2)T (72 = B2) M>

1 s
—// )ty drdACs)
0 0
1

0
1 1
=11 ym-a-1gp-F-1
+// a-n u b(s)o(r)drdA(s)
0 0

L(372)T (72 = B2) M-

= / G(t,5)0(s)ds.

0

1

ie., ngx(t) =u(t)= / G(t,s)o(s)ds.

0
Integrating i7; times with the above formula, we have

x(t) =1 u(t)+ @yt @t T @t (14)

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. 153008, 2025

According tox(0)=0(i=0,1,--- ,n—2), thereis @, =d,_| =
--+=ay =0. It follows from D! x(1) = Tlé’:‘x(g;“l) that

1

— 1—a-1
51:/F(TI1+51)(]&I $)" u(s)ds
) 1
& r m+B1-1
_/'T (m_al)j(jl_S) u(s)ds. (15)
1
0

Replace a) of (15) with (14) in the equation, there is

1
x(t):/K(t,s)u(s)ds,
0

Then from u(t) and o (¢), we can get the conclusion.

Lemma 3. If M| > 0, M, > 0, the following properties are es-
tablished

(i) for any ¢, s € [0,1], G(¢,5),K(¢,s) are continuous.
(ii) for any ¢, s € [0, 1], we have

0<li(s)™ ' <G(t,s) < Lit™7 !,
where

1
1 Tﬂz—ﬁz—l
L= F(Uz) +b/ F(UZ)F(le—ﬂz)Mz
Li(s)=[1-(1-s)®2 ] (1-5)m @
) (1 —s)'lz—az—l [1-(1-5)]
L(n2)

b(t)dA(7),

T772 _)82_1

*/ T(12)T (2 — B2) M>

0

b(t)dA(T).

(iii) for any ¢, s € [0, 1], we have

0<bL(s)t" ' <K(t,s) < Lot™ ™!,

where
L _ )T (m+p1)
2_—’
M,
r —a m+pi-1
b(s) = LI A;)‘fl (1—5)M= = [1=(1-5)™].
1

Proof. From the definition of G(t,s), K (¢,s), we can know that
(i) holds.

From the definition of G (t,s), G»(t,s), for any ¢,s € [0, 1],
we compute

-1

- tﬁrl(] _s)??rdz*l [1-(1-5)"]
L)’

B [(12)

<Gi(t,s) <
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(1 _ S)nz—az—ltnz—ﬁz—l [1- (1 _S)(lz—ﬁz]
C(m2)T (172 = B2) M2
< t772_ﬁ2—1

0<

< Gy(t,s)
v
L) (2 —B2)

From the definition of G(z,s), for any ¢, s € [0, 1], it holds
that

1

G(t,s)= Gl(t,s)+t772_1 / Gy(1,8)b(1)dA(T) > ll(s)tm_l,
0

and G(t,s) < Lit">7!, i.e., (ii) holds.

From the definition of K (¢,s),and M; >0,when0<s <7 <1,
s < &1, we observe that

MT (1)K (1,8) =T ()T (1 +B)e™ ' (1—s)m -0
—C)TOn +B1) (1 =)~ + 70T (p1 - g
(=) 2D ()T (1 — @y )t (&) — 5) A1~

>t (n)T (m —al)ff‘w‘_lt"l—l(l _g)ym-a-l
[1-(1-5)"] 20,

and

MT(n)K (t,s) <T(n)T (o + )t (1—s)m- !
<C(q)T(ny +B)e" .

Similarly, when 0 < &1 <s <t <1,0<r<s<& <1,0<
t <s<1,& <s, we can draw the same conclusion. Hence, for
any t,s € [0, 1], we infer that (iii) holds.
Theorem 2. Let f,g,¢: C((0,1) % (0,+00) X (0,+00), [0, +00)),
p: C((0,1) x (0,40),[0,400)), and f(t,u,v), g(t,u,v),
o(t,u,v), p(t,u) are singular at =0, 1 and v = 0. Assume that

(rp) for t € (0,1),x,y € (0,+00), for any fixed t,y, f(t,x,y),
g(t,x,y),6(t,x,y), p(t,x) are nondecreasing in x; for any
fixed ¢, x, f(t,x,y),g(t,x,y),$(t,x,y) are nonincreasing
iny;

(rp)forany A,¢ € (0,1),x,y € (0,+00), there exist i1 (1) € (4,1],
¥2(A) € (4,1] such that

f(t’/lxﬂlily) > 'ﬁl(/l)f(fvx,)’),
g(t,Ax,A71y) > a(Dg(t,x,y), p(t,Ax) = Ap(t,x),

and for fixed ¢, y, ¢(¢,-,y) is concave; for fixed ¢, x, ¢(¢,x,-) is
convex;

1 — _
(r3) 3 3 < a <1 such that ¢(¢,0,lh) = a¢(t,lh,0), where

1> 1,h(r)=1m~";
1 1

(”4)/3"2_1/llfl(T"‘_l)_lf(T,l,l)d‘rds<+oo,

(==}

1

sl / z,bz(T”'fl)flg(T, 1,1)drds < +o0,
0

O\O
-

T]_’71¢(T,1,1)d7ds < 400,

1
/snz—l
0

sl Tl_’“p(‘r,l)drds < +00;

St~
St~

p

(rs) 3p € (0,1) such that ki f(t,x,y) +kog(t,x,y) > -

[k3¢(t,x,y) +kap(t,x)].
Then

(T1) there exist ug,vo € Py, r € (0,1) such that rvg < ug < v,
and

1 1

uo < / K(t.s) / G (5.7 [k1f (£.0(7), v0 (1) + kg (72t (7).
0

0
vo(7)) +k3¢(7,u0(7),vo(7)) +kap(T,uo(7))]d7ds

1 1
< 0/ K(1.9) O/ G (5.7) [k f (2 vo (7). (1)) + kg (7, v (),

ug(7)) +k3p(7,v0(7), u0(7)) + kap(7,vo(7)) | dTds < vo.

(T2) equation (1) with the boundary value condition (1) has a
unique positive solution x* in Pj,, where h(t) =t ~1.

(T3) for any initial values xo, yg € Py, constructing successively
the iterative sequences

1 1
xn+1(t) = K(Z,S) G(ssT)klf(T’xn(T)’yn(T))
[ren]

+ kog (7,0 (1), yn (7)) + k3 (7, X0 (7), yn (7))

+ k4p(‘r,xn(‘r))} drds,

1 1

sun (0= [ K@) [ G0k £y () 0(1)
[xen]
+ kag (7,3 (7). (1) 4 K3 (7, ¥ (7). 30 (7))

+ kap(T,yn (T))] drds,

n=0,1,2,--+ ,xp41 = X", yps1 — x*, when n — oo.

Proof. Define some operators 71,75,73: P, X Py, — E,
T4: Ph — E by
1 1
10 = [ Ks) [ Glnfa@ym)drds
0

0
1

1
T (xy) (1) = / K(t.s) / G (5.7)g(r.x(1),y()) drds.
0 0
1

1
T3(roy) (1) = / K(t.s) / G (5.7)p(r.x(r),y(r)) drds,
0

0

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. €153008, 2025
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1 1
Tyx(t)= | K(t,s) | G(s,7)p(t,x(7))d7rds.
[xer]

Hence, from Lemma 2, x is the solution of equations (1)—(2)
if and only if x is the solution of x = kT (x,x) + ko T> (x,x) +
k3T3(x,x) + k4T4x. We divide the proof into five steps.

Step 1: Due to f(¢,x,y), g(t,x,y), é(t,x,y), p(t,x) =0,
and G(t,5),K(t,s) > 0 of Lemma 3, it is easy to verify
T,,1,,T5: PpbX Py — P, T4: P, — P. Moreover, it can be ver-
ified that 77,7,,73 are monotone operators, and 74 is nonde-
creasing operator by monotonicity of f, g, ¢ and p in the condi-
tion (ry).

Step 2: We illustrate that 71,7,,73 : P, X P, — Py, and Ty :
Py, — Py Since ¢(t,x,-) is convex, we conclude

#(1,x,y) < Ap(1,x,27'y) + (1= D) d(t,x,0), 1€ (0,1),

For x,y € Pj, there exists sufficiently large I such that
x,y,A~1y < 1h. Since ¢(t,-,y) is concave, by the condition (r3),
and the monotonicity of ¢, we infer that

(1, A0, 27'y) > A (t,x, 271 y) + (1= D) (2,60,47 ')
> ¢(t,x,y)+(1=2)((2,0,1h) — ¢(t,1h,0))

> [1+(1-D)(1= )19(x,9)
1 1
=[(2-=)+(==DA](t,x,y) = 21¢(t,x,).
a a
Then, we can deduce

¢(1,x,27"y) = Ag(1,x,),

(16)
(1,7 "%, Ay) < A7 (1,1, y).
In view of (r;), we deduce
f(t’/l_lx’/ly) < lﬂl(/l)_lf(f’x,)’),
g(t’/l_]x’/ly) < llfz(/l)_lg(l,x’y)’ (17)

p(t,7'x) < 27 p(1,x).
Taking x =y =1 in (16)—(17) and the condition (r,), we have

FEAATY) 2 (D F(,1,0), f(2,4750) <y (D)7 (1, 1,1),

g, 4,471) 2 Y2 (D)g(1,1,1),8(1,471,2) <y (D)~ 'g(1,1,1),

H(1, 4,27 > A6(1,1,1), (1,471, 1) < A7 p(1,1, 1),

o(t,) = Ap(t,1), pt, A7) <A1 p(1,1).

For x,y € Py, there exists J € (0,1) such that J2 < x, y < J1h.

Then, we obtain

FEx@),y(®) < f(,J7 =Ly < (e, g7 mm g
<y (Y (D7 (1),

Ft,x(),y(0) = f(&,JeM =L g7 em=Yy > f(g, g1 g
>y (1" (D) f(1,1,1).

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. 153008, 2025

In the similar way, the following inequalities hold

Yot (Ng(1,1,1) < g(1,x(1),y(1) <y (e 1) 71,
Ya(N)7'g (6, 1,1),0m " (2, 1,1) < ¢(1,x(1), y(1)) < 11771,
I e (t,1,1),6m " p(t,1) < p(t,x(2) <t'=1J 1p(e,1).
Using Lemma 3, and the condition (r4), one observes

1 1
Tl(x,y)(r)s/Lzz'“*/Llsm-lw](r"'*r‘wl(J)—l
0 0

1

- f(r,1,1)drds = L Loy (J) " '¢n~! / g1
0

1
-/wl(rm_l)_lf(r,l,l)des<+oo. (18)
0

Similarly, it gives

Tr(x,y)(t) <+oo, T3(x,y)(t) <+oo, Tyx(t)<+oo.

Assume that J; € (0,1) and

-1

1 1
Ji < min (LILM(J)]W' wl(rml)]f(r,l,l)d‘rds) ,

0 0
1 1
() [a(s)s™ ! /zl(rm(rm—l)f(r,u)drds
0 0

-1

1 1
(Llel//z(J)l/Sml/lﬁz(T"’l)lg(T,l,l)d‘rds) ,
0 0

1 1
02 [a(5157 7 [yt g (e 1 D ars
0 0
1 1 -1
(L1L2]1/YU2I/T]m(ﬁ(‘l’,],])d?‘ds) ,
0 0
1 1
J‘/iz(s)s'”’l/}l(T)‘rm*'qﬁ(‘r,1,1)d‘rds
0 0
1 1 -1
(L1L2]_l'/s'72_1/7']_'7‘p(7,l)d‘rds) ,
0 0
1 1

J‘/lz(s)s”r]‘/ll(‘r)‘r”‘*]p(T, 1)drds

0 0

By means of Ji, it holds that
Nt < Ty (x,y) (1) < J7 A,

ie., Ty : Pp X Py — Py. Similarly, T»,T3 : P, X Py, — Pp, Ty :
Py, — Py,
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Step 3: From the assumption (r;), there exist (1) €
(4,1], y2() € (4,1] such that

1 1

T (e ) (1) > / K(1.s) / Gs. 01 (D)
0 0

f(r.x(7),y(1))drds = ¢ 1 (DT (x, y) (1),
1 1

Ty(e, 4™ y) (1) > f K(1.5) / G (5. (W)
0 0
g (rox(0).y(1)) drds = U2 (VT2 (6. 2) (1.

What is more, for fixed t € (0,1),y € P, forany ¢t € (0,1), x1,x3 €
P, we can find

1 1

T3(wx1+(1=0)x2,y)(1) = | K(t,5) | G(s,7)[td(7,x1(7),
[re]

y(1) +(1=0¢(1,x2(7), y(1)) | d7ds
1 1

:L/K(t,s)O/G(s,T)({)(T,xl(‘r),y(T))d‘rds

0
1 1

+(1-0) | K(t,8) | G(s,7)¢(7,x2(7),y(7))d7ds
[xen]

=T3(x1,y)+ (1 —0)T3(x2,y)(1).

For fixed f € (0,1),x € P, for any ¢ € (0,1),y,y2 € P, it gives

1 1

T3(x,y1+(1=0y2)(1) < [ K(t,5) | G(s,7)[ep(7,x(7),
[xen]

y1(1) +(1=0¢(s,x(5), y2(s)) | d7ds

1 1

:L/K(t,s)O/G(s,‘r)¢(‘r,x(‘r),y1(T))d‘rds

0
1 1

+(1-0) | K(t,5) | G(s,7)¢(7,x(7),y2(7))drds
[re]

=T3(x, y1) + (1 = 0)T3(x, y2) (7).

Hence, for fixed y € P, T5 (-, y) is concave; for fixed x € P, T3 (x, -)
is convex. Besides, for any A € (0, 1), we derive that

1 1
Tx(Ax)(t) = | K(t,s) | G(s,7)Ap(7,x(7))d7ds
[reof
= ATyx(1),

i.e., Ty is a sub-homogeneous operator.

Step 4: By the condition (3), there exists % < a < 1 such that

1 1
Tg(G,Th)(t) = [ K(t,5) G(s,T)¢(T,9,7h(T))des
[res]

1 1
20/K(t,s)O/G(s,r)a¢(r,7h(7),9)drds

=aTs(Ih,0)(1),

which prove the condition (H,) of Corollary 1.
Step 5: It can be concluded from (rs) that
kT (x, y) (1) + k2 Ta (x, y) (1)
1 1
- [ &) [ GGnlhsra.ym)
0 0

+ kyg(t,x(7),y(7))]drds
1

1
, P / K(t,5) / G (5.7) [k3(t.x(7), (1))
0

I-p
0
+ kgp(7,x(7))]d7ds
= %[k3T3('x5y)(t)+k4T4x(t)]7 J2S (07 1)’Vt € (09 1)7
which implies (H}) of Corollary 1. O

Based on the above five steps, from Corollary 1, the conclu-
sions (T1)—(T3) hold.
Lemma 4. If o(¢) = ki f(t,x(2),x(2)) + kog(t,x(2),x(2)) +
k3ip(t,x(1),x(1)) +kap(t,x(t)) € C[0,1], M} >0, M, > 0, the
equation (1) with condition (3) has the following equivalent
integral equation

1

x(t) = [G(t,s)
0 0
+ k3¢(T,x(T),x(T))+k4p(T,x(T))]d‘rds,

where G(t,s), K(t,s) defined as Lemma 2.

Theorem 3. Let f,g,¢: C((0,1) % (0,+00) X (0,+00), [0, +c0)),
p: C((0,1) x (0,+00),[0,+00)), and f(t,u,v), g(t,u,v),
o(t,u,v), p(t,u) are singular at t =0, 1 and v = 0. Assume
that (r1)—(r7), (r5) hold and

1
K(s,7) [k f (7,2(7),x (1)) +kog (7,x(7), x(7))

1 - — -
(r9) 35 < a < 1such that ¢(t,0,lh) > ap(t,lh,0), where [ > 1,
h(t) =t
sm—l

(r10) i1 (t™ Y7 (1, 1,1)drds < +o0,

St~

1

/snl_l
0

1

/sljl—l
0

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. €153008, 2025

wg(T'”_l)_lg(T, 1,1)drds < +oo,

T'*'72¢(T,1,1)d‘rds < 400,

St T
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; ; 5 7 1 1 1 1
/s'7‘_1/71_'72p(7,1)d7ds < 400, where 71 = 3’ = 4 = 7 @ = 5 B = 8’ P2 = 6 T=2
1 1 1
0 0 b(s)zs%,A(s)zs{g]:E,k =2.ky=1.ky= 3. ks =5, and
Then
(T6) there exist ug, vo € Py, r € (0,1) such that rvg < ug < vy, f(t,x,y) = (x+4)% +4y_£ +t‘é(1 _t)-g +3
and
1 1 g(1,x,y) = (x+3)F 43y 4179 (1-1)7 D,
3 9
o S/G(t,s)/K(s,‘r) [klf(‘r,uo(r),vo(‘r)) o(t,x,y) = —ge_x+ze‘y +t‘%(1 —t)‘ﬁ +1,
° ° (tx) = (x+1)6+1 2 (1=1)" T
,x) = (x -,
+ kag(T,u0(),vo (7)) + k3¢ (T,u0 (7). vo (7)) P
+ kap(t,u(7))] dds Then equation (19) has unique positive solution x* € Py, where

! ! h(t) = t3.1In addition, the other conclusions in Theorem 2 hold.
< [G(e.o) [ KGs.n) [k f rovoe)n(0)
0 0

+ kg (1,v0(7), o (7)) + k3 (7, v0(7), o (7)) Proof. The proof process can be divided into the following

steps.
+ k4p(T,V0(T))]deS < vo; _ 13 11 13 7
(al)m-ay—-1=——-—-1>0,m—Br—1=——-=--1>0,
(T7) the equation (1) with the boundary value condition (3) 403 4 6
has a unique positive solution x* in Py, where h(t) =71, @ —pfr= 575 0, and

(T8) for any initial values xo, yo € Py, constructing succes-
sively the iterative sequences

1
1 1 | /s%s%_é_lds2
0
tant(0)= [ 6(0.5) [ KGs.0) [l (72300130 (0) My= ——— - >0,
0 0 F(‘_‘_g) F(Z_E)
+ kog(7,xn(7), Y (7)) + k3 (7, x(7), yn (7)) (b1) from the definition of f, g, ¢, p, we can get that
+ k4p(T,xn(T))]deS, f(t,x,y), g(t,x,y), ¢(t,x,y), p(t,x) are nondecreasing in x,
1 1 f(t,x,y), g(t,x,y), ¢(t,x,y) are nonincreasing in y, and
_ f(t,u,v), g(t,u,v), p(t,u) are singular at r = 0,1 and v =0,
yunt(0)= [ 6(0.5) [ K(s.0) [l (7.30(0)00(0) St slhon), pltu
0 0

+ kag (T2 yn (7)1 (7)) + K3 (7. 3 (7)1 (7)) (c1) there exist 1 (1) = A3, Y(A) = A4 such that

+ kap(T.yn(1))] drds, F( 07 y) > 48 [(x+4)% +4y—%+f%(1—z)—$+3]

n=0,1,2,--+ ,xp41 = X*, yu41 — x*, when n — oo. =y () f(1,x,5),
g(t, 0,7 1y) > A4 [(x+3)% +3y~H (1 —t)—%]

5. APPLICATIONS
=2 (Vg (t,x,y).

Consider the following equation:

’’ 3 - 14 9 -
Dg%x(t)+2[(x+4)%+4x_% +t‘§(1_t)_$ +3] From ‘Pxx(f,x,y) = _ge * <0, ¢yy(l,x,y) = Ze Y >0, we
| L L can know that ¢(¢,-,y) is concave; ¢(t,x,-) is convex. For any
+(x+3)3+3x7 4417 5(1—1)" 10 A,t€(0,1), x,y € (0,+00), one gets
1
+= —ge‘x+2e‘y+t‘%(1—t)‘ﬁ+l . ' .
2157 4 p(1,Ax) = A (x+1)a+z-ﬁ(1—:)-ﬁ] > p(1,%).
1
+3 [(x+1)%+z—37(1 —t)-l%] =0, (19)
s . (1 (d1) Let x, y < M3, M3 is a sufficiently large number. Take
K0 =0, Dx(0)=0. Dl =218x(3). 0=} e deduce
1
(1 LD x(s)ds 1] 3 9
D = 2
orx (1) /S 0 ¥(9)ds7, ¢(t,9,M3)25[—§e_M3+Z+t_110(1—t)_111+1 —ad(t,Ms,6).

0

Bull. Pol. Acad. Sci. Tech. Sci., vol. 73, no. 3, p. 153008, 2025 9
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1 1
(el) We can get /s'”_l/gbl(‘r'“_l)_lf(T,l,l)d‘rds =
0 0

1
s%/f% [5%+T—%(1—7)—%+7] drds < +oo. Similarly,
0

s [y (27,1, 1) drdss < +oo,

g7 [ 1T (r,1, 1) drds <-+oo,

sl Tl_'“p(‘r,l)d‘rds<+oo;

S S o o
STt

—~ 3
(f) Letp= T We obtain

13 _.9_
kuf(txy) +kag () = 35[-§e e

1
(=) T 41 +3.§[(x+1)%+f%z(1—t)*%

= 17 s (1,23) +kap (1. 0)]
According to Theorem 2, equation (19) has unique positive
solution x* € Py, where h(t) = t%, and (T'1),(7T3) hold. O

6. CONCLUSIONS

This paper mainly discusses the existence and uniqueness of
solution as well as the iterative sequences for uniformly ap-
proximating the unique solution for two types of singular FDEs
with RS integral boundary conditions. The main conclusions
are as follows. (i) Considering that nonlinear terms in abstract
differential equations in some real field have different convex-
ity and monotonicity, in order to better study these equations,
this paper discuss the fixed point theorems of sum operators
that contain differential properties. We obtain the correspond-
ing properties of solution to operator equation with parameters
Ts ()C,y) =k T (x,y) + szQ(x,y) +k3T3 (x,y) +k4T4x on cone P
and set Pj,. Based on different parameter values and operator
properties, the operator conclusions obtained generalize some
existing literature results. (ii) Using the conclusions of nonlin-
ear operators in the study, two types of fractional differential
equations are discussed. Several sufficient conditions of unique
solutions, the existence of maximum and minimum solutions,
and the iterative approximation sequences of unique solutions
are given.
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