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This study investigates the theoretical energy intensity of ammonia production
via sonochemical reactions in non-Newtonian test fluids. A single, freely oscillating
microbubble containing nitrogen and hydrogen is modelled using the Keller–Miksis
equation, the first law of thermodynamics, and a detailed reaction mechanism. The
goal is to assess whether modifying fluid properties can improve the energy intensity
compared to conventional methods. Key parameters—including bubble size, ambient
pressure, gas composition, and rheological properties—are varied systematically. The
total energy input includes bubble expansion work, hydrogen production via electrol-
ysis, and gas compression energy. The lowest energy intensity achieved is 682.6 GJ/t,
which is 17.5 times higher than the Haber–Bosch process using renewable hydrogen.
Compared to previous studies in water, a 5.3% improvement is observed, attributed
primarily to the increased sound speed. The non-Newtonian rheology had only minor
influence, suggesting that future efforts should focus on optimizing acoustic parame-
ters and fluid compressibility rather than rheological properties.

1. Introduction

Currently ammonia plays a crucial role in the global economy. In the modern
agriculture, 70% of the produced ammonia is used to produce nitrogen fertilizers
as a primary commodity [1]. Furthermore, ammonia is also an energy carrier: it
can be used as a fuel as well [2, 3]. It implies that in the forthcoming decades,
ammonia demand is expected to have a significant growth, from 180 million tons
(Mt) to 668 Mt by 2050 [4]. Nowadays, ammonia is produced mainly by the

B Ferenc KUBICSEK, email: fkubicsek@hds.bme.hu
1Department of Hydrodynamic Systems, Faculty of Mechanical Engineering, Budapest University

of Technology and Economics, Budapest, Hungary. Emails: fkubicsek@hds.bme.hu,
fhegedus@hds.bme.hu, pcsizmadia@hds.bme.hu

0

© 2025. The Author(s). This is an open-access article distributed under the terms of the Creative
Commons Attribution (CC-BY 4.0, https://creativecommons.org/licenses/by/4.0/), which permits
use, distribution, and reproduction in any medium, provided that the author and source are cited.

https://orcid.org/0009-0001-5271-1563
https://orcid.org/0000-0002-8693-1660
https://orcid.org/0000-0001-5490-6383
mailto:fkubicsek@hds.bme.hu
mailto:fkubicsek@hds.bme.hu
mailto:fhegedus@hds.bme.hu
mailto:pcsizmadia@hds.bme.hu
https://creativecommons.org/licenses/by/4.0/


380 Ferenc KUBICSEK, Ferenc HEGEDŰS, Péter CSIZMADIA

more than a century-old Haber–Bosch process, in which nitrogen and hydrogen are
reacted catalytically under high temperature (500 ◦C) and pressure (400 bar). The
process is very difficult and has a large energy demand: using the best available
technology (BAT), where the hydrogen source is methane, the energy intensity of
the Haber–Bosch process is 28 GJ/t [1]. The hydrogen can be produced from water
electrolysis using renewable electricity as well, which is an environmentally more
friendly method, nevertheless, in this case, the energy intensity of the process is
substantially higher: 39.1 GJ/t [5]. The nitrogen is obtained in both cases by air
separation, and its energy demand is negligible compared to the whole process.

The main aim of this study is to investigate an alternative way of ammonia
production with microbubbles which initially contain nitrogen and hydrogen. If
a liquid is irradiated with high-frequency and high-intensity ultrasound, micron-
sized bubbles are formed which are oscillating radially [6, 7]. This phenomenon
is called as acoustic cavitation and serves as the basis of the scientific field known
as sonochemistry [8–12]. During the radial pulsation, the collapse is very rapid.
Therefore, the internal temperature can reach several thousands of kelvins induc-
ing chemical reactions[13–22], which have been broadly investigated in the past
decades both experimentally [23–25] and numerically [14, 26–31] where various
combinations of liquid–gas compositions were considered with different levels of
modelling complexities [32–36]. Unlike hydrodynamic cavitation, which is often
considered detrimental due to material erosion and mechanical damage, and also
causes redundant noise [22], acoustic cavitation can be beneficial by enabling lo-
calized extreme conditions for chemical reactions, which is the core principle of
sonochemistry. In this situation, the internal pressure also increases, with the max-
imum value typically reaching thousands of bars. It is advantageous because it
guarantees a high equilibrium concentration of ammonia during the collapse. The
chemical yield depends on the initial gas content of the bubble, the reactions, the
mass transfer via evaporation, condensation or diffusion.

In our previous study [29], the energy intensity of sonochemical ammonia
synthesis was optimized under various conditions in water. Even in the best-case
scenario, the energy intensity of the process was 719 GJ/t, which was still 18.4
times higher than the energy demand of the industrial Haber–Bosch process. This
highlights a major limitation in the current sonochemical approach and motivates
further research into enhancing energy intensity.

In sonochemistry, an interesting question is whether the use of non-Newtonian
fluids can make this process more energy-efficient. Acoustically-excited non-
Newtonian fluids were investigated widely [37–40], but, in these studies, chemical
reactions were not explored. In our case, a single bubble is analyzed in a non-
Newtonian fluid numerically, considering also the chemical reactions. The fluids
are fictive materials that are similar to a mixture of water and Carbopol powder in
several cases; see, e.g. [41]. Its fluid properties are summarized in Table 1. When
selecting the fluid, several factors were considered. In our previous study [30], we
observed that at a specific ambient pressure and density, increasing the sound speed
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in the fluid positively influences the energy demand of ammonia production. In
the present case, the fluid sound speed is higher than that of water, which makes
it a suitable choice. Additionally, it was important that at an ambient pressure of
1000 bar, an apparent differential viscosity between 0.0002 and 0.1 Pa · s has mini-
mal impact on the energy demand. The consistency law index of the fluid in Table 1
is in this range. Similarly, variations in surface tension also have little effect on the
overall energy requirements according to our previous study [30].

Table 1. Material properties of the applied non-Newtonian test fluid
Parameter Units Value

𝜌𝐿 kg/m3 998.2
𝐾 Pa · sn 0.07466
𝑐𝐿 m/s 1600
𝜎 N/m 0.07197
𝑛 – 0.7248

In the governing equations, some approximations are used. The bubble inte-
rior is considered homogeneous, except for a thin thermal boundary layer which
accounts for heat transfer across the bubble wall [42]. The bubble is assumed to
have a perfectly spherical shape all the time [13, 43–49]. Because the oscillation
period is very short, diffusion effects are neglected indeed [50].

The organization of this paper is as follows. In Section 2, the governing equa-
tions are introduced. In Section 3, the numerical technique and the control parame-
ters are presented. In Section 4, the two most important concepts are defined which
are necessary to understand the results: the chemical yield and the energy intensity.
The results are introduced in Section 5. Section 6 concludes the paper.

2. Mathematical model

The mathematical model of a radially oscillating bubble can be separated into
two main parts: a chemical and a physical model. In the physical model, the radial
pulsation of the bubble and the temporal evolution of the temperature and pressure
inside the bubble are described. In the chemical model, the chemical reactions
are treated, where a large number of constants are needed to describe the reaction
mechanism and the material properties. These constants are taken from [51] and
are summarized in [52] as an OpenSMOKE++ reaction mechanism file according
to [53, 54].

2.1. Introduction of the reaction mechanism

In this subsection, the chemical reaction mechanism and the types of the chem-
ical reactions are introduced according to [29, 55, 56]. The importance of using
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appropriate reactions mechanisms for sonochemical applications is emphasized in
[20].

The general form of a chemical reaction is the following:

𝐾∑︁
𝑘=1

𝜈
𝑓

𝑘𝑖
𝜒𝑘 =

𝐾∑︁
𝑘=1

𝜈𝑏𝑘𝑖𝜒𝑘 , (1)

where 𝜈𝑘𝑖 denotes the stoichiometric coefficients and 𝜒𝑘 is the chemical symbol
of the 𝑘th species. In the system, there are 𝐾 types of species, which is why the
summation runs from 𝑘 = 1 to𝐾 . The index of the reactions is marked by 𝑖 = 1, ..., 𝐼,
where 𝐼 is the number of the reactions. The forward and the backward reactions
are marked by the upper index 𝑓 and 𝑏, respectively. Note that a large amount of
𝜈
𝑓

𝑘𝑖
and 𝜈𝑏𝑘𝑖 are zero because not every species takes part in every reaction.
In reaction kinetics, the reaction rate indicates the speed of a reaction. For

a given reaction, it can be positive, representing the dominance of the forward
reaction, or negative, indicating that the reverse reaction is prevailing. The reaction
rates can be calculated the following way:

𝑞𝑖 = 𝑘 𝑓𝑖

𝐾∑︁
𝑘=1

𝑐
𝜈
𝑓

𝑘𝑖

𝑘
− 𝑘𝑏𝑖

𝐾∑︁
𝑘=1

𝑐
𝜈𝑏
𝑘𝑖

𝑘
, (2)

where 𝑘 𝑓𝑖 means the 𝑖th forward, and 𝑘𝑏𝑖 means the 𝑖th backward reaction rate
coefficients, and 𝑐𝑘 denotes the concentration of the 𝑘th species. The next step is
to calculate the production rates, which show the generation or consumption of a
given species per unit time and per unit volume. The production rates ( ¤𝜔𝑘) can be
obtained by using the following equation:

¤𝜔𝑘 =
𝐼∑︁
𝑖=1

𝜈𝑘𝑖𝑞𝑖 , (3)

where 𝜈𝑘𝑖 = 𝜈𝑏𝑘𝑖 − 𝜈
𝑓

𝑘𝑖
. The 𝑖th forward rate coefficient is generally computed from

the extended Arrhenius equation:

𝑘 𝑓𝑖 = 𝐴𝑖𝑇
𝑏𝑖 exp

(
−𝐸𝑖
𝑅𝑔𝑇

)
. (4)

In equation (4), 𝐴𝑖 is the pre-exponential factor, 𝑇 is the internal temperature, 𝑏𝑖 is
the temperature exponent,𝐸𝑖 is the activation energy, and 𝑅𝑔 = 8.31446 J/(mol · K)
is the universal gas constant, respectively. Next, the equilibrium constants (𝐾𝑐𝑖 ) have
to be calculated:

𝐾𝑐𝑖 = 𝐾𝑝𝑖

(
𝑃st
𝑅𝑔𝑇

)∑𝐼
𝑖=1 𝜈𝑘𝑖

, (5)
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where the standard pressure (101325 Pa) is marked by 𝑃st. The 𝐾𝑝𝑖 values are
computed using the following equation:

𝐾𝑝𝑖 = exp
(
Δ𝑆𝑖

𝑅𝑔
− Δ𝐻𝑖

𝑅𝑔𝑇

)
, (6)

where the change of entropy (Δ𝑆𝑖) and enthalpy (Δ𝐻𝑖) in the 𝑖th reaction can be
obtained from

Δ𝑆𝑖

𝑅𝑔
=

𝐾∑︁
𝑘=1

𝜈𝑘𝑖
𝑆𝑖

𝑅𝑔
(7)

and
Δ𝐻𝑖

𝑅𝑔𝑇
=

𝐾∑︁
𝑘=1

𝜈𝑘𝑖
𝐻𝑖

𝑅𝑔𝑇
, (8)

respectively. In equations (7) and (8), 𝑆𝑘 and 𝐻𝑘 denote the molar entropy and
molar enthalpy of formation of the 𝑘th species at temperature 𝑇 . The total change
in a forward reaction (from reactants to products) is marked by Δ. The backward
rate constants (𝑘𝑏𝑖 ) can be obtained from

𝑘𝑏𝑖 =
𝑘 𝑓𝑖

𝐾𝑐𝑖
. (9)

The Arrhenius equation describes most of the reactions preciously enough, but,
in some cases, more accurate models are needed. The first type of such reactions is
the three-body reactions, which are often dissociation or recombination reactions.
These reactions require a third molecule to dissipate the excess energy of the
energetically excited reaction intermediate. Any molecule in the system can act as
a third body, but larger molecules are generally more effective. This efficiency can
be accounted for using a third-body collision efficiency factor, which modifies the
reaction rates as follows:

𝑞′𝑖 = 𝑞𝑖 [𝑀] , (10)
where the effective total concentration of the third-body species is marked by [𝑀]
and can be calculated as

[𝑀] =
𝐾∑︁
𝑘=1

𝛼𝑘𝑖𝑐𝑘 . (11)

In equation (11), 𝛼𝑘𝑖 is the matrix of the third-body efficiencies.
In some cases, the coefficient of the reaction rate depends on pressure (be-

sides temperature). These reactions are called pressure-dependent reactions. The
reaction rate coefficients in such cases are calculated here as follows: first, the high-
pressure limit reaction rate coefficient (𝑘∞) and the low-pressure limit reaction rate
coefficient (𝑘0) are computed using the following equations:

𝑘∞ = 𝐴∞𝑇
𝑏∞ exp

(
−𝐸∞
𝑅𝑔𝑇

)
(12)
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and
𝑘0 = 𝐴0𝑇

𝑏0 exp
(
−𝐸0
𝑅𝑔𝑇

)
. (13)

From these values, the overall reaction rate constant is calculated the following
way:

𝑘 ′𝑓𝑖 = 𝑘∞
𝑃𝑟

1 + 𝑃𝑟
𝐹, (14)

where 𝑃𝑟 is the reduced pressure written as

𝑃𝑟 =
𝑘0
𝑘∞

[𝑀] , (15)

and 𝐹 is the blending function which determines the shape of the 𝑘 ′𝑓𝑖 −𝑃𝑟 curve. In
equation (14), the third-body efficiencies are already taken into account, therefore,
the reaction rates have not to be multiplied by [𝑀] once again. The next question
is how to obtain 𝐹. There are several methods for it. In the Lindemann formalism,
𝐹 = 1. Using the Troe formalism, 𝐹 is obtained via the following equations:

log10 𝐹 =

[
1 +

[
log10 𝑃𝑟 + 𝑐

𝑛 − 𝑑
(
log10 𝑃𝑟 + 𝑐

) ]2
]−1

log10 𝐹cent, (16)

where 𝐹cent denotes the broadening parameter

𝑐 = −0.4 − 0.67 log10 𝐹cent, (17)

𝑛 = 0.75 − 1.27 log10 𝐹cent, (18)

𝑑 = 0.14, (19)

and
𝐹cent = (1 − 𝛼) exp

(
−𝑇
𝑇∗∗∗

)
+ 𝛼 exp

(
−𝑇
𝑇∗

)
+ exp

(
−𝑇∗∗

𝑇

)
, (20)

where 𝛼,𝑇∗∗∗, 𝑇∗ and 𝑇∗∗ are the Troe parameters (they may vary for each Troe-
form reaction). In some cases, 𝑇∗∗ is infinite; for this scenario, the last term in (20)
is zero. Equations (16)-(20) implies that in the limiting cases, the forward reaction
rate coefficient is the following:

𝑘 𝑓𝑖 −→
{
𝑘∞, if 𝑝 −→ ∞,
𝑘0 [𝑀] , if 𝑝 −→ 0,

(21)

where 𝑝 is the pressure. For some reactions, the pressure dependence of the reaction
rate coefficient can be described by the PLOG-formalism. Here, an Arrhenius
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(𝐴 𝑗 , 𝛽 𝑗 , 𝐸 𝑗) set is given at several pressure levels (𝑃 𝑗) for each reaction. The
forward reaction rate coefficient for the 𝑗 th pressure level can be calculated as

𝑘 𝑗 = 𝑘 (𝑇, 𝑃 𝑗) = 𝐴 𝑗𝑇𝛽 𝑗 exp
(−𝐸 𝑗
𝑅𝑔𝑇

)
. (22)

For pressure values between 𝑃 𝑗 and 𝑃 𝑗+1, the natural logarithm of 𝑘 is obtained
via a linear interpolation between the logarithm of the pressure levels (that is why
this kind of reactions are called the PLOG reactions):

ln 𝑘 = ln 𝑘 𝑗 +
ln 𝑝 − ln 𝑃 𝑗

ln 𝑃 𝑗+1 − ln 𝑃 𝑗
(
ln 𝑘 𝑗+1 − ln 𝑘 𝑗

)
. (23)

Some reactions have the same reactants and products but follow two different
temperature dependencies. These reactions can be represented using two separate
Arrhenius equations and are termed duplicated reactions.

2.2. The physical model

The physical model consists of ordinary differential equations (ODEs). The
radial oscillation of the spherical-assumed bubble is described by the modified
Keller–Miksis equation [7]. In our case, the liquid is a power-law fluid, its flow
curve is written as

𝜏 = 𝐾 ¤𝛾𝑛. (24)

Here, 𝜏 is the shear stress, 𝐾 is the consistency index, ¤𝛾 is the shear rate, and 𝑛 is
the flow behavior index. Therefore, the Keller–Miksis equation has to be set up in
the following form, assuming a power-law fluid:(

1 −
¤𝑅
𝑐𝐿

)
𝑅 ¥𝑅 +

(
1 −

¤𝑅
3𝑐𝐿

)
3
2
¤𝑅2 =

=

(
1 +

¤𝑅
𝑐𝐿

+ 𝑅

𝑐𝐿

𝑑

𝑑𝑡

)
1
𝜌𝐿

©­­«𝑝 −
2𝜎
𝑅

−
4𝐾

(
2
√

3
)𝑛−1

𝑛

( ¤𝑅
𝑅

)𝑛
− 𝑝∞(𝑡)

ª®®¬ , (25)

according to [37] and [57]. In equation (25), the radius of the bubble is denoted
by 𝑅, the time by 𝑡, the speed of sound in the liquid by 𝑐𝐿 , and the density of the
liquid by 𝜌𝐿 , respectively. The connection between the internal pressure (𝑝) and
the liquid pressure at the bubble wall (𝑝𝐿) is described by the following equation:

𝑝 = 𝑝𝐿 +
2𝜎
𝑅

+
4𝐾

(
2
√

3
)𝑛−1

𝑛

( ¤𝑅
𝑅

)𝑛
. (26)
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The far-field pressure (𝑝∞) is constant, because the bubble oscillates freely:

𝑝∞(𝑡) = 𝑃∞, (27)

where the ambient pressure is marked by 𝑃∞. The internal pressure is given by the
ideal gas law for the gas mixture:

𝑝 =

𝐾∑︁
𝑘=1

𝑐𝑘𝑅𝑔𝑇. (28)

The time derivative of the temperature is computed using the first law of
thermodynamics [29]:

¤𝑇 =

−𝑝
¤𝑉
𝑉

−
𝐾∑
𝑘=1

𝐻𝑘 ¤𝜔𝑘 +
𝐾∑
𝑘=1

¤𝜔𝑘𝑅𝑔𝑇 +
¤𝑄𝑡ℎ
𝑉

𝐾∑
𝑘=1

𝑐𝑘𝐶𝑣

, (29)

where𝑉 = 4𝑅3𝜋/3 is the volume of the bubble, ¤𝑄𝑡ℎ is the heat transfer at the bubble
interface, and𝐶𝑣 is the average molar heat capacity of the gas mixture in the bubble
at constant volume. The molar heat capacity at constant pressure 𝐶𝑝,𝑘 , the molar
enthalpy of formation 𝐻𝑘 and the molar entropy 𝑆𝑘 of the chemical species can be
calculated from the NASA polynomials using the following equations [56]:

𝐶𝑝,𝑘

𝑅𝑔
=

𝑁∑︁
𝑛=1

𝑎𝑛,𝑘𝑇
𝑛−1, (30)

𝐻𝑘

𝑅𝑔𝑇
=

𝑁∑︁
𝑛=1

𝑎𝑛,𝑘𝑇
𝑛−1

𝑛
+
𝑎𝑁+1,𝑘

𝑇
, (31)

and
𝑆𝑘

𝑅𝑔
= 𝑎1,𝑘 ln (𝑇) +

𝑁∑︁
𝑛=1

𝑎𝑛,𝑘𝑇
𝑛−1

𝑛 − 1
+ 𝑎𝑁+1,𝑘 , (32)

where 𝑁 = 5, and the NASA coefficients are marked by 𝑎𝑛,𝑘 . For every species,
two sets of coefficients are given: one set for the interval [𝑇low, 𝑇mid] and one for the
interval

[
𝑇mid, 𝑇high

]
. The isochor molar heat capacities (𝐶𝑣,𝑘) can be calculated

from the following equation:

𝐶𝑣,𝑘 = 𝐶𝑝,𝑘 − 𝑅𝑔 . (33)

For the further calculations, some average values of the gas mixture is needed. The
mole fraction of the 𝑘th component is given by

𝑋𝑘 =
𝑐𝑘
𝐾∑
𝑘=1

𝑐𝑘

. (34)
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The average molar mass (𝑀), the average molar heat capacity at constant pressure
(𝐶 𝑝) and at constant volume (𝐶𝑣), and the average density (𝜌) are computed by:

𝑀 =

𝐾∑︁
𝑘=1

𝑋𝑘𝑀𝑘 , (35)

𝐶 𝑝 =

𝐾∑︁
𝑘=1

𝑋𝑘𝐶𝑝,𝑘 , (36)

𝐶𝑣 =

𝐾∑︁
𝑘=1

𝑋𝑘𝐶𝑝,𝑣, (37)

and

𝜌 =

𝐾∑︁
𝑘=1

𝑐𝑘𝑀𝑘 . (38)

In equations (35)-(38), the molar mass of the 𝑘th species is denoted by 𝑀𝑘 . The
bars represent the averaged values for the mixture.

The heat transfer through the bubble wall is described by the Toegel model
[42]. This model assumes that outside of the bubble the temperature is equal
to the ambient temperature (𝑇0 = 293.15 K). Inside the bubble, the temperature
is the internal temperature (𝑇) except for a thin thermal boundary layer. In this
layer, the temperature changes linearly. Using this model, the heat transfer can be
approximated as

¤𝑄𝑡ℎ = 𝐴𝜆
𝜕𝑇

𝜕𝑟
= 𝐴𝜆

𝑇0 − 𝑇
𝑙𝑡ℎ

, (39)

where 𝐴 denotes the area of the bubble surface,𝜆 is the average thermal conductivity
of the gas mixture, and 𝑙𝑡ℎ is the thickness of the boundary layer, which can be
approximated as

𝑙𝑡ℎ = min

(√︂
𝑅𝜒

¤𝑅
,
𝑅

𝜋

)
, (40)

where the averaged thermal diffusivity of the mixture (𝜒) is obtained by

𝜒 =
𝜆

𝜌𝐶 𝑝
𝑀. (41)

The heat produced and consumed in the reactions (reaction enthalpies) are al-
ready taken into consideration, therefore, the heat transfer consist of only the heat
conduction: ∑︁

¤𝑄 = ¤𝑄𝑡ℎ . (42)
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2.3. Structure of the equation system

The governing equations compose an ordinary differential equation system
with the following structure. The radial oscillation of the bubble is modelled by
the Keller–Miksis equation: its solution is the temporal evolution of the bubble
radius 𝑅. The temporal evolution of the temperature is computed by the first law of
thermodynamics, where the reaction enthalpies, the work done by the compression
and the heat transfer through the bubble wall are taken into consideration. Using
the reaction mechanism introduced in Section 2.1, 𝐾 ODEs are obtained for the
concentrations of the chemical species inside the bubble:

¤𝑐𝑘 = ¤𝜔𝑘 − 𝑐𝑘
¤𝑉
𝑉
. (43)

During the simulations, it is supposed that the liquid is non-volatile, and
initially, the bubble contains only nitrogen and hydrogen. Therefore, only reactions
involving elements N and H occur. That is why the system incorporates 𝐼 = 36
chemical reactions and 𝐾 = 14 chemical species. The mechanism file contains all
the reactions for the complete N − H − O system but the reactions involving O are
commented out because of this assumption.

Altogether, the system consists of 𝐾 + 3 differential equations: two first-order
ordinary differential equations from the Keller–Miksis equation (which is a second-
order ODE), a first-order ODE for the internal temperature, and 𝐾 first-order ODEs
for the change of concentrations.

To close the equation system, an algebraic equation is needed, which is the
ideal gas law. This makes connection between the volume, the internal temperature
and the internal pressure. Because the volume is computed from the bubble radius
𝑅 and the temperature from the first law of thermodynamics, the ideal gas law is
used in order to obtain the internal pressure.

3. Control parameters and numerical method

The main control parameters of a freely oscillating spherical bubble system
are the equilibrium size of the bubble 𝑅𝐸 ; the expansion ratio 𝑅0/𝑅𝐸 , where 𝑅0
denotes the initial size of the bubble at the beginning of the simulations, which is
also the maximum bubble radius; the initial mole fraction of hydrogen in terms of
percentage; and finally, the ambient pressure 𝑃∞. The effect of varying the sound
speed of the liquid 𝑐𝐿 , the flow behavior index 𝑛 and the consistency index 𝐾 are
also explored. The applied ranges of these control parameters are summarized in
Table 2.

The reason for selecting these control parameters is the following. The equi-
librium bubble size influences the initial amount of nitrogen and hydrogen gas
inside the bubble: bubbles with larger equilibrium size contain more substances
which can react with each other. However, the bubble radius should not be greater
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Table 2. Summary of the control parameters and their employed ranges during the simulations

𝑅𝐸 (μm) 𝑅0/𝑅𝐸 𝑃∞ (bar) H% 𝑐𝐿 (m/s) 𝑛 𝐾 (Pa · s)

1−10000 3−11 1−1000 65−85
1483; 0.25; 0.5; 0.7248 0.0001; 0.001; 0.01;
1600 1.25; 1.5 0.07466; 0.1; 1; 10; 100

than 10 mm, otherwise the spherical stability of the bubble would be very poor
[7, 13]. The expansion ratio is in connection with the initial potential energy of the
bubble; it is introduced in more detail in Section 4. This energy is responsible for
the extreme temperature and pressure at the first collapse of the bubble. In the long
term, it is dissipated by the viscous forces during the oscillation. The reason for
varying the mole fraction is the following: from stoichiometric considerations, the
optimal initial mixture in the bubble would be 75% hydrogen and 25% nitrogen.
Nevertheless, the initial composition of the bubble may not be fully converted
into ammonia, because the time scale of the extreme conditions is short and the
reaction pathway is very complex; it involves also intermediates such as NH and
NH2. Therefore, the energy intensity may be better if the initial gas composition
differs from the stoichiometric mixture. The importance of the ambient pressure
is reflected in the amount of the input energy. The biggest part of it is the en-
ergy needed to displace the volume of the surrounding liquid: less displacement
needs significantly less input energy, see in Section 4. However, ambient pressure
also influences the bubble dynamics: increasing the ambient pressure makes the
temperature and pressure peak wider, facilitating the ammonia conversion. It is an
interesting question, which effect is more dominant in a specific case. The ambient
pressure needs to be limited at 1000 bar because typical engineering applications
operate up to this value. The effect of sound speed is also analyzed because an
important result was in [30] that it can substantially affect on the energy inten-
sity. Finally, the flow behavior index and the consistency index affect the viscous
dissipation in a nontrivial way. At lower values of these parameters, the appar-
ent viscosity is small during high-velocity phases of the oscillation, which leads
to faster bubble motion. However, this also implies that the bubble cannot col-
lapse to very small radii, as a significant portion of the energy is dissipated before
strong compression occurs. As a result, the peak temperature remains low and the
chemical yield is poor. In contrast, higher values of the rheological parameters
increase the viscous resistance, slowing down the motion but allowing the bubble
to spend more time in a compressed state. This favors higher peak temperatures
and longer reaction durations, which may improve the ammonia conversion. The
balance between dissipation and confinement time remains a key question to be
addressed.

The differential equation system is stiff, that is why it is solved in Python using
LSODA and Radau method, which are stiff solvers. The full program code can be
accessed at [58]. We ensure that the optimal values do not fall on the upper or lower
boundaries of the specified parameters.
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4. Definition of the chemical yield and the energy intensity

In Fig. 1, typical time curves of a freely oscillating bubble are depicted. The
top panel shows the bubble radius (blue) and the internal temperature (red) versus
time. The equilibrium radius of the bubble is 50 μm, and the initial expansion is
7. At the beginning of the simulation, the bubble starts to collapse because its size
is bigger than the equilibrium radius. Because of the inertia of the surrounding
liquid, the bubble radius swings through its equilibrium value resulting in a large
compression ratio. The peak temperature at the minimal radius is almost 6000 K.
After the first collapse, the bubble emits a shock wave from itself, consequently,
it loses most of its energy. This phenomenon is called the acoustic emission [59].
Therefore, the second local maximum temperature is much lower than the first one,
the amplitude of the oscillations gradually decreases afterward, and the dynamics
of the bubble converges to its equilibrium state. In the bottom panel of Fig. 1, the
temporal evolution of the chemical species inside the bubble is depicted in moles
(𝑛𝑘). The initial content of the bubble consists of only nitrogen and hydrogen, but,
during the first collapse, around the minimum bubble radius, a small part of the
hydrogen dissociates and other chemical species are formed. Nevertheless, most
of the nitrogen (dashed red curve) and the hydrogen (solid orange curve) remain
intact. The main product of the reactions is ammonia (bold blue curve). The other
chemical species appear with orders of magnitude lower concentration, which is
advantageous for the energy intensity of producing ammonia. The chemical yield
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of a bubble is defined as the amount of ammonia (𝑛NH3) present inside the bubble
once chemical equilibrium is reached. This corresponds to the final time instant of
the simulation, represented by the black dot on the bold blue curve in the bottom
panel of Fig. 1.

The mass of the produced ammonia is obtained via

𝑚NH3 = 𝑛NH3𝑀NH3 , (44)

where 𝑀NH3 denotes the molar mass of ammonia.
The energy needed to expand the bubble from the equilibrium radius 𝑅𝐸 to

the maximum radius 𝑅0 (or, in other words, the potential energy, 𝑊𝑃) consists of
three parts [29]:

𝑊𝑃 = 𝑊𝐺 +𝑊𝐴 +𝑊𝐿 , (45)
The first term in (45) is the physical work done on the internal gas, assuming that
the expansion is slow (therefore, the process is isothermic):

𝑊𝐺 = −𝑁𝑡 ,0𝑅𝑔𝑇𝐸 ln

(
𝑅3

0

𝑅3
𝐸

)
, (46)

where the initial amount of gas in moles is marked by 𝑁𝑡 ,0. The second term is
the work which is required to enlarge the surface of the bubble against the surface
tension:

𝑊𝐴 = 𝜎4𝜋
(
𝑅2

0 − 𝑅
2
𝐸

)
. (47)

And, the last term is the work needed to expand the bubble against the liquid
domain:

𝑊𝐿 = 𝑃∞
4𝜋
3

(
𝑅3

0 − 𝑅
3
𝐸

)
. (48)

This work is required to displace the volume of the liquid against the ambient
pressure.

The hydrogen as a primary commodity also needs energy to be produced,
which has to be taken into account. It is assumed that the hydrogen is produced via
electrolysis. According to [29], its energy requirement is

𝑤H2 = 𝑚H/NH3𝑊𝐸 =
3𝑀H
𝑀NH3

𝑊𝐸 , (49)

where 𝑚H/NH3 denotes the mass fraction of atomic hydrogen in ammonia molecule
(its unit is t H/t NH3), 𝑀H is the molar mass of hydrogen, and 𝑊𝐸 = 180 GJ/t is
the energy needed for the electrolysis of water.

If the ambient pressure is higher than the atmospheric pressure, the initial
bubble content needs to be pressed into the reaction chamber. As stated in [29], its
energy requirement is given as

𝑤𝑝 = 𝑅N2H2𝑇 ln
(
𝑃∞
𝑃𝑠𝑡

)
, (50)
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where the index 𝑝 suggests that it is a pressing energy, and

𝑅N2H2 =
𝑅N2𝑀N2𝑋N2 + 𝑅H2𝑀H2𝑋H2

𝑀N2𝑋N2 + 𝑀H2𝑋H2

, (51)

where the specific gas constants are 𝑅N2 = 297 J/(kg · K) and 𝑅H2 = 4124 J/(kg · K)
[29].

The total input energy of the bubble system consists of three main compo-
nents: the energy required to expand the bubble, the energy needed to produce the
hydrogen content, and the energy for pressing. This total energy requirement (𝑤𝑇𝐵,
expressed in GJ/t) can be obtained by

𝑤𝑇𝐵 =
𝑊𝑃

𝑚NH3

+ 𝑤H2 + 𝑤𝑝 . (52)

Equation (52) strongly depends on the system parameters. For comparison, the
energy intensity of the Haber–Bosch process, when hydrogen is produced via
electrolysis, is 𝑤HB = 39.1 GJ/t [60]. During parameter optimization, this value
serves as the reference for assessing the energy intensity of ammonia production
using bubbles.

5. Results of the parameter studies

This section examines the energy intensity as a function of the control parame-
ters defined in Section 3, using the quantities introduced in Section 4. In Fig. 2, the
energy intensity is depicted as a function of the equilibrium bubble radius at several
initial expansion ratios (color-coded curves). Here, the ambient pressure is 1 bar
and the initial gas mixture is stoichiometric (75% H2 and 25% N2). The horizon-
tal red and blue lines represent the energy intensity of the Haber–Bosch process.
The optimal parameters and energy intensity are the following: 𝑅𝐸 = 45.35 μm,
𝑅0/𝑅𝐸 = 6 and 𝑤𝑇𝐵 = 1936.2 GJ/t, which is 49.5 times higher than that of the
Haber–Bosch process. However, this value is 10.8% better than the optimal energy
intensity at 1 bar in water [29] (2145 GJ/t).

In an idealistic case, the optimal initial gas composition of the bubble is
75% H2 and 25% N2, considering that all molecules participate in the formation
of ammonia. Nevertheless, in our case, as it can be already seen in Fig. 1, a
large amount of the reagents do not take part in the reactions. For example, the
initial amount of hydrogen in the bubble is 3.269 · 10−11 mol, which decreases to
3.193 · 10−11 mol by the end of the simulation. This corresponds to a consumption
of approximately 2.3% of the initial hydrogen content. Since ammonia formation
involves the dissociation of H2 and subsequent reactions of intermediates like NH
and NH2, optimizing the initial mole fractions of nitrogen and hydrogen could
potentially enhance these intermediate reactions and improve energy efficiency.
Fig. 3 shows the energy intensities for 65, 75 and 85% initial hydrogen content
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at the best initial expansion ratio from Fig. 2 and at the same ambient pressure
(1 bar). From Fig. 3, one can see that the best mole fraction of hydrogen is still
75%, similarly to [29], as the lowest energy intensity in the figure corresponds to
this hydrogen mole fraction.
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In the next step, the value of the ambient pressure is optimized. In these
simulations, the initial mole fractions of hydrogen and nitrogen are 75% and 25%,
respectively (according to the best case in Fig. 3). Plots similar to Fig. 2 are
generated for various ambient pressures, each showing seven initial expansion
ratios to maintain clarity and avoid overcrowding. The results are depicted in
Fig. 4. Similarly to [29], the bubble dynamics can change significantly if the
ambient pressure is increased; therefore, the time curve of the internal temperature
and the intensity of the chemical reactions are also affected. As mentioned before,
the upper limit of the bubble size is 10 mm otherwise the bubble will have poor
spherical stability [7, 13].

From Fig. 4, it can be seen that the optimal energy intensity improves if the
ambient pressure is increased (similarly to [29]), but here, the best energy intensity
is somewhat better, 682.6 GJ/t, which is 17.46-fold that of the Haber–Bosch process
(it is 5.3% better than the optimal value of 719 GJ/t in [29], but it is much worse
than the optimal value of 234.42 GJ/t in [30]). The optimal parameters in the
investigated range are 𝑅𝐸 = 2983.7 μm, 𝑅0/𝑅𝐸 = 6 and 𝑃∞ = 1000 bar. The
optimal parameter combinations and energy intensities are summarized in Table 3.
In some cases, the simulation cannot run, especially at high ambient pressures; that
is why the initial sections of these curves (where the equilibrium bubble radius is
small) are missing.

The maximal ambient pressure applied here is 1000 bar, which is much higher
than the operating pressure of the Haber–Bosch process. However, in this study,
only the theoretical energy intensity limits are investigated, therefore, higher am-
bient pressures than that of the Haber–Bosch process are allowed. Most of the
optimal bubble sizes are also bigger than 1 mm: these bubble are large and can
collapse in non-spherical state. Nevertheless, the long-term spherical stability of
the bubble is not necessary, the bubble needs to withstand only a single collapse.
In our model, it is assumed that the primary chemical reactions occur during the
first collapse, in which the bubble is expected to remain approximately spheri-
cal. Therefore, as long as the bubble retains structural integrity up to this point,
possible nonspherical effects during subsequent oscillations are not expected to
significantly influence the simulated energy intensity. Therefore, these cases are
also included in Table 3. The optimal expansion ratios vary in the range of 4–6
(similarly to [29]). The tendency of the energy intensity as a function of the am-
bient pressure is summarized in Fig. 5. Similarly to [29], approximately above
10 bar ambient pressure, the energy intensity declines rapidly but the value tends
to approximately 680 GJ/t which is somewhat lower than the saturation level of
700 GJ/t in [29].

The question arises, what the reason is for the improvement of the opti-
mal energy intensity in comparison to [29]: the non-Newtonian behavior or the
higher sound speed (in [29], water was applied, where the sound speed was
𝑐𝐿 = 1483 m/s). To investigate it, the plots in Fig. 4 at 1000 bar are made also
at the sound speed in water. The other parameters of the liquid presented in Table 1
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Table 3. Summary of the optimal parameters and the optimal energy intensity
at the ambient pressure used in Fig. 4

𝑃∞ (bar) 𝑅
opt
𝐸

(μm) (𝑅0/𝑅𝐸 )opt (−) 𝑤
opt
𝑇𝐵

(GJ/t)
5 25.95 6 1900.0
10 21.54 6 1875.5
20 3593.8 4 1655.9
50 10000 4 1141.5
100 509.4 5 1118.9
200 2257.0 5 822.5
500 10000 5 686.4
1000 2983.7 6 682.6

are not altered. The energy intensities as a function of the equilibrium radius are
depicted in Fig. 6. Results show that in this case, the optimal energy intensity is
719 GJ/t, which is the same as the corresponding value in [29]. Therefore, the
energy improvement in Fig. 4 is caused by the increment of the sound speed.

Next, the effect of varying the flow behavior index is analyzed at the best ambi-
ent pressure (1000 bar), as the non-Newtonian nature of the fluid could theoretically
influence the energy intensity. Therefore, the same simulations are made as in Fig. 4
at 1000 bar, but the flow behavior indices are 0.25, 0.5, 1.25 and 1.5. The results
are shown in Fig. 7, the optimal parameters and energy intensities are summarized
in Table 4. From the figures and the table one can see that the energy intensities at
the 𝑛 > 1 values are somewhat worse than at the original value, 𝑛 = 0.7248; and,
the system also responds more sensitively to the changes of the equilibrium bubble
radius. The optimal energy intensity marginally improves if 𝑛 is smaller than the
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Fig. 6. Energy intensity of ammonia production as a function of the equilibrium bubble radius
at different initial expansion ratios. The ambient pressure is 1000 bar, and the initial gas mixture

is stoichiometric (75% H2 and 25% N2). The sound speed equals to the value in water
(𝑐𝐿 = 1483 m/s), the other parameters of the liquid are taken from Table 1. The blue

and red lines represent the energy intensity of the Haber–Bosch process if the hydrogen
comes from the electrolysis of water and from methane, respectively

initial value, but it is not significant. The best energy intensity is at 𝑛 = 0.25, its
value is 682.601 GJ/t which is 17.5-fold that of the Haber–Bosch process. This is
the best energy intensity observed in the study.

Finally, the impact of varying the consistency index is investigated. Here, the
simulations in Fig. 4 are rerun with 𝐾 = 0.0001, 0.001, 0.01, 0.1, 1, 10, and 100 at
1000 bar ambient pressure. To maintain clarity, only the optimal parameters and
the best energy intensities are presented, as listed in Table 5. The results indicate
that increasing the consistency index leads to only a slight deterioration in energy
performance. This trend aligns with our previous findings in [30], where viscosity
showed negligible influence on energy intensity at this pressure level.

Table 4. Summary of the optimal parameters and the optimal energy intensity
as a function of the flow behavior index. The ambient pressure is 1000 bar,

the other parameters of the liquid are taken from Table 1

𝑛 (−) 𝑅
opt
𝐸

(𝜇m) (𝑅0/𝑅𝐸 )opt (−) 𝑤
opt
𝑇𝐵

(GJ/t)
0.25 2983.7 6 682.601
0.5 2983.7 6 682.602

0.7248 (original) 2983.7 6 682.604
1.25 2983.7 6 684.029
1.5 4328.8 6 701.776
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Fig. 7. Energy intensity of ammonia production as a function of the equilibrium bubble radius at
different initial expansion ratios and flow behavior indices. The other parameters of the liquid are
taken from Table 1. The initial mixture is always 75% H2 and 25% N2, the ambient pressure is

1000 bar. The blue and red lines represent the energy intensity of the Haber–Bosch process if the
hydrogen comes from the electrolysis of water and from methane, respectively

Table 5. Summary of the optimal parameters and the optimal energy intensity
as a function of the consistency index. The ambient pressure is 1000 bar,

the other parameters of the liquid are taken from Table 1

𝐾 (Pa · s) 𝑅
opt
𝐸

(μm) (𝑅0/𝑅𝐸 )opt (−) 𝑤
opt
𝑇𝐵

(GJ/t)
0.0001 2983.7 6 682.601
0.001 2983.7 6 682.602
0.01 2983.7 6 682.602

0.07466 (original) 2983.7 6 682.604
0.1 2983.7 6 682.605
1 2983.7 6 682.632
10 2983.7 6 682.913
100 3274.6 6 685.348
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6. Conclusions

The main goal of the present paper was to investigate the theoretical energy
intensity of ammonia production via a freely oscillating microbubble, which is
placed in non-Newtonian test fluids and initially contains nitrogen and hydrogen.
The chemical yield of ammonia is calculated using numerical simulations, where
the chemical reactions are analyzed in the bubble. The input energy is obtained
as the sum of the potential energy of the initially expanded bubble, the energy
needed to produce hydrogen via electrolysis of water and the energy required to
press the initial mixture into the reaction chamber. The control parameters were
the equilibrium bubble radius, the initial expansion ratio, the initial mole fraction
of hydrogen, the ambient pressure, the sound speed in the liquid and the flow
behavior index. At the optimal parameter combination, the energy intensity of
ammonia production was 682.601 GJ/t. Compared to [29] (where the optimal
energy intensity was 719 GJ/t), it is a 5.3% improvement. This energy intensity of
682.601 GJ/t is 17.5-fold higher than that of the Haber–Bosch process (its energy
intensity is in the best case 39.1 GJ/t if the hydrogen source is water electrolysis),
but, similarly to [29], this value is several orders of magnitude better than [23]
(882353 GJ/t). The reason is explained in [29]: while continuously exciting the
system in [23], after the first three or four acoustic cycles, only the energy of the
reactor is dissipated without useful chemical reactions.

The question was what the reason was for this 5.3% improvement compared
to [29]. The observed improvement is primarily attributed to the increase in the
liquid sound speed 𝑐𝐿 rather than the modification of the flow behavior index 𝑛
or the consistency index 𝐾 . The analysis indicates that the enhancement in energy
intensity is mainly driven by the higher speed of sound 𝑐𝐿 , while decreasing in the
flow behavior index 𝑛 and the consistency index 𝐾 has no significant impact on the
results. Nevertheless, increasing the flow behavior index above 1 or the consistency
index above 0.1 Pa · s would be moderately detrimental, leading to higher energy
intensity and weaker process performance.

Summarizing the results, ammonia production using microbubbles can still be
feasible; nevertheless, for lower energy intensity than the Haber–Bosch process and
for exploiting the potential environmental advantages of the sonochemical process,
the operation strategy needs to be reevaluated before scaling up the process to the
industrial level. For this purpose, the optimization of the excitation waveform of an
ultrasound irradiation can be a good starting point. The simplest example is a simple
sinusoidal wave, where the initial rarefaction phase expands the bubble and the
subsequent compression phase triggers collapse. After the impulse ends, the bubble
undergoes free oscillation. This scenario closely resembles the present model, but
its detailed analysis lies beyond the current scope. Alternatively, energy intensity
might be improved by utilizing bubble–bubble interactions, which could enhance
the local pressure and temperature fields through constructive interference effects.
However, their impact is highly system-dependent and not explicitly accounted for
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in the present model [61]. Further work using multi-bubble simulations would be
needed to assess their role under realistic excitation conditions. Another promising
route is to target the direct synthesis of fertilizing compounds, such as ammonium
nitrate (NH4NO3), thereby eliminating the need for downstream processing and
improving the overall process viability. There are also challenges in bubble control
and acoustic field propagation in non-Newtonian fluids complicate scalability,
which have to be addressed as well. However, since the tested non-Newtonian
fluids did not lead to improved energy efficiency, addressing these challenges in
such media is not a priority at this stage.
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