
 

1. Introduction 

In boundary layer flow, heat and mass transfer across a curved 

stretching surface is an important topic among researchers due to 

its numerous applications in polymer production, metallurgy and 

chemical engineering. Designing and creating new machinery and 

equipment with a high rate of heating or cooling draws the curi-

osity of many engineers and scientists. In industries, the intended 

final products are mostly determined by the rate of cooling. Addi-

tionally, a magnetic field has the potential to change heat transfer 

properties by rearranging fluid concentration. Furthermore, the di-

rection and intensity of the applied magnetic field can be used to 

alter the fluid's behaviour. In industry, pure crystal semiconductor 

growth may be regulated by varying the magnetic field. Variable 

magnetic fields have been used to cure peptic ulcers, as well as 

for medical diagnostic and therapeutic purposes. Thus, studying 

the interactions between flow, heat, and mass transfer across 

curved stretching surfaces provides insights into complex physi-

cal phenomena and facilitates the development of innovative tech-

nologies and solutions across a wide range of industries. 

Sajid et al. [1] were the first to explore the viscous flow caused 

by a curved stretching surface, discovering that dimensionless cur-

vature increases boundary layer thickness while decreasing skin 

friction coefficients. Abbas et al. [2] investigated viscous fluid flow  

Co-published by 

Institute of Fluid-Flow Machinery 

Polish Academy of Sciences 

Committee on Thermodynamics and Combustion 

Polish Academy of Sciences 

 
Copyright©2025 by the Authors under licence CC BY-NC-ND 4.0 

 
http://www.imp.gda.pl/archives-of-thermodynamics/ 

Received: 28.09.2024; revised: 21.05.2025; accepted: 27.05.2025 

Abstract 

This study presents a novel investigation into the boundary layer flow, heat, and mass transfer of a Newtonian, incom-
pressible and electrically conducting viscous fluid flow past a permeable curved stretching surface embedded in porous 
media with Soret and Dufour effects subject to varying magnetic fields and thermal slip. The research uniquely combines 
these complex phenomena, addressing a significant gap in the literature. This configuration has potential applications in 
electronic cooling systems, polymer manufacturing and compact heat exchangers in various industries. The main objectives 
are to understand how various parameters influence fluid flow, heat and mass transfer behaviour to optimize the design for 
enhanced performance. To attain the numerical results the governing equations are transformed into to a set of nonlinear 
ordinary differential equations, which are then solved numerically by using MATLAB’s built-in solver bvp4c. The param-
eters of engineering interest are tabulated and validated with previous results. The outcomes of the study suggest that the 
presence of a larger magnetic parameter, Dufour number, Joule parameter, thermal slip and curvature parameter contribute 
to reducing the cooling rate of the system by 2.73%, 10.53%, 12.39%, 9.29% and 6.28%, respectively. Also, the curvature 
of the surface can be enlarged from 5 to 10 to obtain 6.87% reduction in surface drag force. 
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Nomenclature 

𝑎 ‒ stretching rate 

𝐵 ‒ strength of magnetic field, T 

𝐵0 ‒ constant magnetic field, T  

C ‒ species concentration, kg m3  

𝑐𝑝 ‒ specific heat at constant pressure, J kg1 K1 

𝐶𝑓𝑠 ‒ local skin friction coefficient  

𝐶∞ ‒ ambient fluid concentration, kg m3 

𝐶𝑤 ‒ surface concentration, kg m3 

𝑐𝑠 ‒ concentration susceptibility 

Da ‒ Darcy parameter, =
𝜈

𝑘𝑝𝑎
 

𝐷𝑚 ‒ mass diffusion coefficient, m2 s-1  

Du ‒ Dufour number, =
𝐷𝑚𝑘𝑇(𝐶𝑤−𝐶∞)

𝑐𝑠𝑐𝑝𝜈(𝑇𝑤−𝑇∞)
 

Ec ‒ Eckert number, =
𝑢𝑤

2

𝑐𝑝(𝑇𝑤−𝑇∞)
 

𝑓 ‒ dimensionless stream function 

J ‒ Joule heating parameter, = 𝑀2PrEc 

K ‒ curvature parameter, = 𝑅√
𝑎

𝜈
 

𝑘 ‒ thermal conductivity, W m1 K1  

𝑘𝑝  ‒ coefficient of permeability 

𝑘𝑇 ‒ ratio of thermal diffusion 

𝐿 ‒ thermal slip parameter, = 𝐿1√
𝑎

𝜈
 

𝐿1 ‒ thermal slip constant 

M ‒ magnetic parameter, √
𝜎𝐵0

2

𝜌𝑎
 

Nus ‒ local Nusselt number 

𝑃 ‒ dimensionless pressure  

𝑝 ‒ pressure, N m2  

Pr ‒ Prandtl number, =
𝜇𝑐𝑝

𝑘
 

𝑅 ‒ radius of curved surface, m 

Res ‒ local Reynolds number, =
𝑢𝑤𝑠

𝜈
 

𝑟, 𝑠 ‒ curvilinear coordinates 

Sc ‒ Schmidt number, =
𝜈

𝐷𝑚
 

Sh𝑠 ‒ local Sherwood number 

Sr ‒ Soret number, =
𝐷𝑚𝑘𝑇(𝑇𝑤−𝑇∞)

𝑇𝑚𝜈(𝐶𝑤−𝐶∞)
 

𝑇 ‒ fluid temperature, K 

𝑇∞ ‒ ambient fluid temperature, K 

𝑇𝑤 ‒ surface temperature, K 

𝑇𝑚 ‒ mean fluid temperature, K 

𝑢, 𝑣 ‒ velocity components in r- and s- directions, m s1  

(·)ꞌ, (·)ꞌꞌ, (·)ꞌꞌꞌ – differentiation with respect to variable η 

 

Greek symbols 

𝜈 ‒ kinematic viscosity of the fluid, m2 s1 

𝜂 ‒ similarity variable 

𝜇 ‒ dynamic viscosity 

𝜎 ‒ electrical conductivity of the fluid, S m1 

𝜌 ‒ fluid density, kg m3 

𝜃    ‒ dimensionless fluid temperature 

𝜙    ‒ dimensionless fluid concentration 

𝜆 ‒ suction/injection parameter 

and heat transfer in the presence of a constant applied magnetic 

field over a curved stretched surface. Rosca and Pop [3] used 

mass suction to study the problem of unstable viscous flow 

across a curved stretching or shrinking surface and found that, 

in the case of a curved stretching surface, the pressure inside 

the boundary layer cannot be disregarded. Sanni et al. [4,5] 

studied the transfer of heat from a non-linear curved stretched 

surface in the absence and presence of a varying magnetic field. 

Hayat et al. [6] investigated the flow of viscous fluid across  

a nonlinear curved stretching surface under convective heat and 

mass circumstances. Saranya et al. [7] analysed bio-convective 

nanofluid flow over a curved surface employing the shifted Le-

gendre collocation method, concluding that the concentration 

of motile bacteria significantly decreases with an increase in the 

curvature parameter. Abbas and Shatanawi [8] employed the 

bvp4c numerical technique to examine micropolar fluid on  

a curved surface. Majeed et al. [9] observed that the presence 

of a magnetic field reduces the heat transfer rate and shear stress 

in the analysis of bio-convective nanoparticle fluid flow across 

a stretched surface. Abbas et al. [10] examined cilia flow in  

a curved channel subjected to a radial magnetic field, revealing 

a substantial influence on the thermal characteristics of the sys-

tem. Mahesha et al. [11] investigated nanofluid behaviour 

within an annular space formed by two concentric cylinders, 

indicating that quadratic resistance significantly affects both 

flow dynamics and heat transfer characteristics. 

A medium with holes or blank spaces is said to be porous. 

Some examples of materials with pores include sand, wood, 

boulders, and soil. Porosity and permeability are two of a porous 

material’s most crucial characteristics. Porosity is the quality of 

being porous, whereas permeability measures how easily gases, 

liquids, or certain compounds may transport through a material. 

Understanding porous media may help explain a lot of elements 

of transport processes. The porous material can regulate the 

heating or cooling process. Because of their importance in geo-

physics, petroleum technology, cooling of nuclear reactors, bio-

chemical processes and other fields, transport mechanisms in 

porous media have received a lot of attention in recent years. 

Ahmed et al. [12] discussed boundary layer flow over a curved 

surface embedded in a porous medium and it was observed that 

increasing values of the porosity parameter decreases the fluid 

velocity. Using the homotopy analysis method, Riaz et al. [13] 

examined the motion of nanoparticles in a non-Darcy porous 

curved channel. Adeyemo et al. [14] emphasized understanding 

the impact of changing viscosity on nonlinear convective fluid 

flow in a porous medium. Sonam and Yadav [15] examined 

steady, laminar Casson fluid flow generated by a semi-infinite 

vertical plate, incorporating the effects of the Darcy-Forchhei-

mer model and employing the bvp4c numerical method. Simi-

larly, Jagadha et al. [16] developed a model for the steady flow 

of Jeffrey nanofluid over a nonlinearly stretching flat sheet of 

variable thickness, also governed by the Darcy-Forchheimer re-

lation, using the Runge-Kutta numerical approach. 
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Due to its numerous applications, including the solidification 

of binary alloys, oil reservoirs, isotope separation, chemical re-

actors, and mixtures of gases, Soret and Dufour effects are sig-

nificant fields of study in heat and mass transfer processes. En-

ergy flux due to concentration gradient and mass flux due to 

temperature gradient in a medium are known as the Dufour and 

Soret effects, respectively. They are important mechanisms in 

transport phenomena and are often ignored because of their low 

order of magnitude. Imtiaz et al. [17] identified the impacts of 

Soret and Dufour in the flow of viscous fluid by a curved stretch-

ing surface. Magnetohydrodynamic (MHD) boundary layer 

mixed convection flow past an exponentially extending perme-

able sheet in porous media was presented by Konwar et al. [18] 

together with the Soret and Dufour effects. In another numerical 

investigation conducted by Jamir et al. [19], the significance of 

Soret and Dufour effects on the fluid flow system about a stre-

tching sheet was presented. Soret and Dufour effects were found 

to impact the concentration and temperature profile for a system 

involving ferromagnetic hybrid nanofluid flow over a permeable 

surface [20].  

In engineering and industries, the study of viscous dissipa-

tion is a crucial factor in understanding the energy balance 

within a system.  The dissipation of mechanical energy into heat 

through viscous effects can have implications for the efficiency 

and heat generation in various processes, such as fluid transport 

in pipelines, blood flow in arteries, or any situation involving 

the flow of viscous fluids. Heat and mass transfer through a po-

rous medium was discussed by Haile and Shankar [21] on MHD 

flow of nanofluids with the effects of viscous dissipation, ther-

mal radiation and chemical reaction. A study conducted by 

Oladapo et al. [22], who reported that the presence of slip effect 

significantly influences the flow and heat transfer of the system, 

referred to the case of a non-Newtonian fluid for enhanced heat 

transfer devices. Sademaki [23] elucidated the impact of viscous 

dissipation on sustained heat transfer in chemically reactive 

MHD nanofluid flow, incorporating mass and heat diffusion 

characteristics within a vertical cone filled with a saturated po-

rous medium. Another study indicated that the Soret and Dufour 

effects impact the heat transfer rate in the flow of viscoelastic 

fluid caused by a stretching surface with viscous dissipation 

[24]. 

In the above literature survey, it is evident that MHD flow 

over curved surfaces is of great interest to researchers and is ap-

plicable in various fields of engineering. Taking into account the 

significance of the flow on curved surface, the present problem 

aims to provide insight into the problem of boundary layer flow, 

heat, and mass transfer over a permeable curved stretching sheet 

in porous media with Soret and Dufour effects subject to varia-

ble magnetic fields and thermal slip, which has not been ac-

counted for in any of the literature cited above. The study aims 

to analyse the outcomes as well as find answers to how these 

parameters may possibly contribute to improving or reducing 

the boundary layers of the system under consideration. The 

study also looks into the parameters of engineering interest, 

which will significantly contribute towards finding new innova-

tions to enhance cooling rates in curved devices and equipment, 

such as cooling electronics, heat exchanger design, polymer 

manufacturing and metal forming. 

2. Mathematical formulation  

This issue pertains to examining the flow of a two-dimensional, 

steady, Newtonian, incompressible, and electrically conducting 

viscous fluid flow past a permeable curved stretching sheet curled 

in a circle of radius R and the sheet is being stretched in s-direction 

with a velocity 𝑢 = 𝑎𝑠, where a > 0 (see Fig. 1). Also, a variable 

magnetic field of strength 𝐵(𝑟) = 𝑅𝐵0(𝑅 + 𝑟)−1𝑒𝑟̂ is applied in 

the radial direction of the curved sheet and takes a constant value, 

when 𝑅 → ∞, where 𝑒𝑟̂ is the unit vector in the radial direction. 

Assuming the magnetic Reynolds number is negligible, the influ-

ence of the induced magnetic field can be disregarded. Addition-

ally, the work presents thermal slip conditions at the surface-fluid 

interface. This enhancement enriches our analysis and enables  

a more detailed examination of fluid flow.  

The present analysis includes a thorough array of assump-

tions, such as:  

1. Integration of porous media effects, recognizing the impact 

of permeability on flow dynamics.  

2. Assessment of suction-injection effects, essential for eval-

uating fluid transport phenomena. 

3. Incorporation of viscous dissipation, Soret and Dufour ef-

fects to improve heat and mass transfer, particularly rele-

vant to energy systems, augmentation of heat transfer, pol-

ymer processing, and advanced thermal management tech-

nologies. 

4. Utilization of boundary layer approximation methods to 

analyse fluid flow near walls. 

5. Consideration of thermal slip effect to reflect the realistic 

scenarios. 

The flow in curvilinear coordinates is modelled by the gov-

erning equations, which are expressed as [5,7]:  

 𝜕𝑟[(𝑅 + 𝑟)𝑣] + 𝑅𝜕𝑠𝑢 = 0, (1) 

 
𝑢2

𝑅+𝑟
=

1

𝜌
𝜕𝑟𝑝, (2) 

 𝑣𝜕𝑟𝑢 + (
𝑅𝑢

𝑅+𝑟
) 𝜕𝑠𝑢 +

𝑢𝑣

𝑅+𝑟
= −

1

𝜌
(

𝑅

𝑅+𝑟
) 𝜕𝑠𝑝 

               +𝜈 [𝜕𝑟
2𝑢 + (

1

𝑅+𝑟
) 𝜕𝑟𝑢 −

𝑢

(𝑅+𝑟)2] −
𝜎𝐵0

2𝑅2𝑢

𝜌(𝑅+𝑟)2 −
𝜈𝑢

𝑘𝑝
, (3) 

 

Fig. 1. Geometric configuration of the flow. 
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 [𝑣𝜕𝑟𝑇 + (
𝑅𝑢

𝑅+𝑟
) 𝜕𝑠𝑇] =

𝑘

𝜌𝑐𝑝
[𝜕𝑟

2𝑇 + (
1

𝑅+𝑟
) 𝜕𝑟𝑇] + 

+
𝜇

𝜌𝑐𝑝
(𝜕𝑟𝑢 −

𝑢

𝑅+𝑟
)

2

+
𝐷𝑚𝑘𝑇

𝑐𝑠𝑐𝑝
[𝜕𝑟

2𝐶 + (
1

𝑅+𝑟
) 𝜕𝑟𝐶] +

𝜎𝐵0
2𝑅2𝑢2

𝜌𝑐𝑝(𝑅+𝑟)2, (4) 

 𝑣𝜕𝑟𝐶 + (
𝑅𝑢

𝑅+𝑟
) 𝜕𝑠𝐶 = 𝐷𝑚 (𝜕𝑟

2𝐶 +
1

𝑅+𝑟
𝜕𝑟𝐶) + 

                              +
𝐷𝑚𝑘𝑇

𝑇𝑚
(𝜕𝑟

2𝑇 +
1

𝑅+𝑟
𝜕𝑟𝑇). (5) 

The appropriate boundary conditions are [8]: 

 𝑢 = 𝑢𝑤 = 𝑎𝑠, 𝑣 = −𝑣𝑤 , 𝑇 = 𝑇𝑤 + 𝐿1𝜕𝑟𝑇, 𝐶 = 𝐶𝑤  

                                                                               at 𝑟 = 0, (6) 

 𝑢 → 0, 𝜕𝑟𝑢 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞ as 𝑟 → ∞, (7) 

where 𝑣𝑤 =
𝑅𝑣0 

𝑅+𝑟
  and 𝑣0  is the initial value and variable velocity 

at the wall, respectively.  

The following similarity transformations [1]: 

 𝑢 = 𝑎𝑠𝑓′(𝜂), 𝑣 =
−𝑅

𝑅+𝑟
√𝑎𝜈 𝑓(𝜂), 𝜂 = √𝑎 𝜈⁄ 𝑟,  

             𝑝 = 𝜌𝑎2𝑠2𝑃(𝜂), 𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
, 𝜙(𝜂) =

𝐶−𝐶∞

𝐶𝑤−𝐶∞
 (8) 

satisfy Eq. (1), and Eqs. (2) and Eq. (3) transform to: 

 𝑃′ =
𝑓′2

𝜂+𝐾
, (9) 

 
2𝐾

𝜂+𝐾
𝑃 = 𝑓′′′ +

𝑓′′

𝜂+𝐾
−

𝑓′

(𝜂+𝐾)2 −
𝐾𝑓′2

𝜂+𝐾
+

𝐾𝑓𝑓′′

𝜂+𝐾
+ 

                                 +
𝐾𝑓𝑓′

(𝜂+𝐾)2  −
𝑀2𝐾2𝑓′

(𝜂+𝐾)2 − Da𝑓′. (10) 

Eliminating pressure P from Eqs. (9) and (10), the following di-

mensionless momentum equation is obtained: 

 𝑓′𝑣 +
2𝑓′′′+𝐾(𝑓𝑓′′′−𝑓′𝑓′′)

𝜂+𝐾
−

𝑓′′−𝐾(𝑓𝑓′′−𝑓′2
)

(𝜂+𝐾)2 +
𝑓′−𝐾𝑓𝑓′

(𝜂+𝐾)3 + 

                  −
𝑀2𝐾2

(𝜂+𝐾)2 [𝑓′′ −
𝑓′

(𝜂+𝐾)
] − Da (𝑓′′ +

𝑓′

𝜂+𝐾
) = 0. (11) 

Prime in this case represents derivatives with regard to the sim-

ilarity variable 𝜂. 

With the transformations (8), the energy and species concen-

tration equations in dimensionless form become: 

 𝜃′′ +
𝜃′

𝜂+𝐾
+

Pr𝐾 𝑓𝜃′

𝜂+𝐾
+ PrEc (𝑓′′ −

𝑓′

𝜂+𝐾
)

2

+ 

                           +PrDu (𝜙′′ +
𝜙′

𝜂+𝐾
) +

𝐽𝐾2𝑓′2

(𝜂+𝐾)2 = 0, (12) 

 𝜙′′ +
𝜙′

𝜂+𝐾
+

Sc𝐾 𝑓𝜙′

𝜂+𝐾
+ ScSr (𝜃′′ +

𝜃′

𝜂+𝐾
) = 0 (13) 

together with transformed boundary conditions: 

𝑓(𝜂) = 𝜆,  𝑓′(𝜂) = 1,  𝜃(𝜂) = 1 + 𝐿𝜃′(𝜂),  𝜙(𝜂) = 1 at 𝜂 = 0,

  (14) 

 𝑓′(𝜂) → 0,  𝑓′′(𝜂) → 0, 𝜃(𝜂) → 0, as 𝜂 → ∞, (15) 

were suction is represented by 𝜆 =
𝑣0

√𝑎𝜈
> 0 and injection by 

𝜆 < 0 [18]. 

The skin friction coefficient 𝐶𝑓𝑠 = 𝜏𝑟𝑠/(𝜌𝑢𝑤
2 ), Nusselt  

number Nu𝑠 = 𝑠𝑞𝑤/{𝑘(𝑇𝑤 − 𝑇∞)}, and Sherwood number  

Sh𝑠 = 𝑠𝑞𝑚/{𝐷𝑚(𝐶𝑤 − 𝐶∞)} are engineering characteristics that 

contribute significantly to understanding heat and mass transfer. 

Here, 𝜏𝑟𝑠 = 𝜇 (𝜕𝑟𝑢 −
𝑢

𝑟+𝑅
)

𝑟=0 
 is the wall shear stress,  

𝑞𝑤 = −𝑘(𝜕𝑟𝑇)𝑟=0 is the wall heat flux and  

𝑞𝑚 = −𝐷𝑚(𝜕𝑟𝐶)𝑟=0 represents the wall mass flux. 

Upon using Eqs. (8), the following are determined: 

 the skin friction coefficient: 

 Re𝑠

1

2𝐶𝑓𝑠 = 𝑓′′(0) −
𝑓′(0)

𝐾
, (16) 

 the Nusselt number: 

 Re𝑠
−

1

2Nu𝑠 = −𝜃′(0), (17) 

and the Sherwood number:  

 Re𝑠
−

1

2Sh𝑠 = −𝜙′(0). (18) 

3. Numerical procedure  

The bvp4c method (a finite difference method that provides  

C1-continuous solution) [25] is utilized to derive the computa-

tional solution of Eqs. (11)−(13), subject to the limitations de-

fined by Eqs. (14) and (15). Current flow difficulties include di-

mensionless ordinary differential equations that exhibit a partic-

ularly high nonlinear nature. The principal research objective is 

to precisely tackle challenges pertaining to non-linear flow phe-

nomena. The bvp4c numerical approach within the MATLAB 

software is the most suitable for acquiring the quantitative solu-

tion of the present model [25]. It is important to supply three 

distinct categories of data: the first-order equations to be solved, 

the corresponding boundary conditions, and the first guess em-

ployed to ascertain the solution to the problem. The integration 

interval is defined from zero to five and from zero to ten, with  

a relative tolerance set at 10−7. The mesh is automatically chan-

ged to enhance accuracy based on this tolerance. 

We reformulate the provided equations for the bvp4c code as 

a system of first-order ordinary differential equations (ODEs): 

 𝑓 = 𝑦1, 𝑓′ = 𝑦2, 𝑓′′ = 𝑦3, 𝑓′′′ = 𝑦4,   

  (19) 

 𝜃 = 𝑦5, 𝜃′ = 𝑦6,  𝜙 = 𝑦7, 𝜙′ = 𝑦8.  

By substituting Eqs. (19) into equations Eqs. (11)−(13), the re-

sultant system of 1st-order ODE can be derived: 

 𝑦1
′ = 𝑦2, (20) 

 𝑦2
′ = 𝑦3, (21) 

 𝑦3
′ = 𝑦4, (22) 

 𝑦4
′ = −

2𝑦4+𝐾(𝑦1𝑦4−𝑦2𝑦3)

𝜂+𝐾
+

𝑦3−𝐾(𝑦1𝑦3−𝑦2
2)

(𝜂+𝐾)2 −
𝑦2−𝐾𝑦1𝑦2

(𝜂+𝐾)3 + 

                        +
𝑀2𝐾2

(𝜂+𝐾)2 (𝑦3 −
𝑦2

𝜂+𝐾
) + Da (𝑦3 +

𝑦2

𝜂+𝐾
), (23) 

 𝑦5
′ = 𝑦6, (24) 
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 𝑦6
′ =

1

1−PrDuSrSc
[−

𝑦6

𝜂+𝐾
−

Pr𝐾𝑦1𝑦6

(𝜂+𝐾)
− PrEc (𝑦3 −

𝑦2

(𝜂+𝐾)
)

2

+ 

                       −
𝐽𝐾2𝑦2

2

(𝜂+𝐾)2 − PrDu (−
𝐾Sc𝑦1𝑦8

𝜂+𝐾
−

ScSr𝑦6

𝜂+𝐾
)], (25) 

 𝑦7
′ = 𝑦8, (26) 

𝑦8
′ = −

𝑦8

𝜂+𝐾
−

𝐾Sc𝑦1𝑦8

𝜂+𝐾
− ScSr {

1

(1−PrDuSrSc)
[−

𝑦6

𝜂+𝐾
+  

  −
Pr𝐾𝑦1𝑦6

𝜂+𝐾
− PrEc (𝑦3 −

𝑦2

𝜂+𝐾
)

2

−
𝐽𝐾2𝑦2

2

(𝜂+𝐾)2 + 

                      −PrDu (−
𝐾Sc𝑦1𝑦8

𝜂+𝐾
−

ScSr𝑦6

𝜂+𝐾
)] +

𝑦6

𝜂+𝐾
} (27) 

with the transformed boundary conditions as follows: 

 𝑦1(0) − 𝜆,  𝑦2(0) − 1,  𝑦5(0) − 1 − 𝐿y6(0), 𝑦7(0) − 1,   
 (28) 

 𝑦2(∞);  𝑦3(∞); 𝑦5(∞); 𝑦7(∞). (29) 

4. Validation of results  

To validate the methodology used in this study, numerical values 

that have been obtained in the study have been compared to those 

obtained by Abbas et al. [2] and Sanni et al. [5], using the shooting 

method with the Runge-Kutta algorithm in MATLAB. This is 

shown in Table 1, which tabulates the values of the surface drag 

force and the heat transfer rate upon varying the curvature param-

eter and the magnetic parameter. The data recorded in Table 1 are 

seen to be in good convergence, which shows the accuracy of the 

present numerical scheme.  

5. Results and discussion  

This paper examines the steady, two-dimensional boundary 

layer flow, heat and mass transfer, thermal slip, and variable 

magnetic field of a Newtonian, incompressible, viscous, and 

electrically conducting fluid past a permeable curved stretching 

surface in porous media. The distributions of fluid temperature, 

concentration, and velocity are represented graphically with the 

numerical findings, and the behaviour of different parameters is 

examined. Different parameter values are taken into considera-

tion, with Prandtl number Pr = 0.7 taken for air and Schmidt 

number Sc = 0.6 taken for water vapour, K = 5, Da = 0.5,  

M = 0.2, J = 0.2, Ec = 0.2, Sr = 0.4, Du = 0.2, λ = 0.2, L = 0.2, 

unless stated otherwise.  

Figures 2−7 illustrate the outcome of the curvature parame-

ter (K) and the magnetic parameter (M) on the boundary layers 

of the fluid. It has been observed that 𝑓′(𝜂), 𝜃(𝜂), and 𝜙(𝜂) ex-

hibit an increase as 𝐾 becomes greater. As 𝐾 grows, the surface 

shape transforms, hence modifying the fluid flow over it. En-

hanced curvature results in elevated gradients within the veloc-

ity field owing to the more significant bending of the surface. 

This improves velocity distributions. The extended surface will 

improve the thermal and species dispersion of the fluid due to 

its significant capacity for fluid movement and contact with the 

surface. Consequently, the thickness of the thermal and concen-

tration boundary layers will increase. 

A reverse effect is noticed for the magnetic parameter. The 

resistive force known as the Lorentz force, produced due to the 

effect of the magnetic field on an electrically conducting fluid, 

suppresses the bulk motion of the fluid and, as a result, both the 

components of fluid velocity decrease. Moreover, because of the 

friction caused by this resistive force, more heat is generated, 

which eventually increases the temperature and concentration 

distribution in the flow. According to tabulated data in Table 3, 

upon increasing curvature of the surface (5 ≤ K ≤ 10) and mag-

netic field intensity (0.2 ≤ M ≤ 0.5), both the heat transfer rate 

and mass transfer rate reduce, by 6.28% and 2.73%, and by 7.3% 

and 1.15%, respectively. Thus, one can increase the cooling rate 

in conducting fluid flows by considering lesser curvature param-

eter and magnetic field. Moreover, for a larger curved surface, the 

Table 1. Comparison of −Res

1

2𝐶𝑓𝑠 and Re𝑠

−
1

2Nu𝑠 for different values of 𝐾 and 𝑀, when Pr = 0.7, Ec = 0.2,  

in absence of other parameters. 

 Abbas et al. [2] Sanni et al. [5] Present result 

𝑲 𝑴 
−Re𝑠

1
2𝐶𝑓𝑠 Re𝑠

−
1
2Nu𝑓𝑠 −Re𝑠

1
2𝐶𝑓𝑠 Re𝑠

−
1
2Nu𝑓𝑠 −Re𝑠

1
2𝐶𝑓𝑠 Re𝑠

−
1
2Nu𝑓𝑠 

     5 0.2 1.22881 0.43268 1.20372 0.42418 1.20442 0.42716 

  10 0.2 1.12311 0.41896 1.10709 0.41132 1.10485 0.41137 

  20 0.2 1.07541 0.41094 1.06389 0.40365 1.06045 0.40009 

  50 0.2 1.04849 0.40571 1.03958 0.39864 1.02779 0.39370 

100 0.2 1.03982 0.40390 1.03175 0.39691 1.02389 0.39113 

200 0.2 1.03553 0.40298 1.02788 0.39604 1.02080 0.38981 

  10 0.2 1.12311 0.41896 1.10709 0.41132 1.11909 0.41137 

  10 0.4 1.18306 0.40717 1.16408 0.39975 1.17579 0.39754 

  10 0.6 1.27633 0.38927 1.25344 0.38190 1.26228 0.38109 

  10 0.8 1.39562 0.36727 1.36870 0.35953 1.37096 0.35223 

 

Table 2. Numerical values of −Re𝑠

1

2𝐶𝑓𝑠 with Pr = 0.7, Ec = 0.2, 

Du = 0.2, J = 0.2, Sc = 0.6, Sr = 0.4 and L = 0.2. 

𝑲 𝑴 𝐃𝐚 𝝀 −𝐑𝐞𝒔

𝟏
𝟐𝑪𝒇𝒔 

5 0.2 0.5 0.2 1.54627 

10 0.2 0.5 0.2 1.44009 

5 0.5 0.5 0.2 1.61541 

5 0.2 0.7 0.2 1.62783 

5 0.2 0.5 0.4 1.63839 
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surface drag force decreases by about 6.87%, while as the mag-

netic field intensifies, the surface drag also improves by around 

4.47% (see Table 2). 

Figures 8−10 represent the effects of Darcy parameter (Da) on 

velocity component (𝑓′(𝜂)), temperature (𝜃(𝜂)) and concentration 

(𝜙(𝜂)) distributions. The porous medium physically exemplifies 

a type of external resistance that restricts fluid movement, resulting 

in a reduction of fluid velocity. It is established that an increase in 

Darcy number alters the permeability rate of the fluid through the 

porous medium, consequently diminishing the velocity distribution. 

However, the temperature of the fluid increases due to the rising 

values of Da. This is because increased porosity facilitates greater 

 

Fig. 2. Velocity distribution over varying K. 

 

Fig. 4. Concentration distribution over varying K. 

 

Fig. 5. Velocity distribution over varying M. 

 

Fig. 6. Temperature distribution over varying M. 

 

Fig. 7. Concentration distribution over varying M.  

 

Fig. 3. Temperature distribution over varying K. 
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fluid movement across the medium, hence enhancing convective 

heat transfer, which effectively transports heat and causes a tem-

perature increase within the porous medium. Also, an increase 

in the concentration distribution is noted when the values of Da 

increase. This is due to the rate of permeability of the porous 

medium, which makes the thickness of the boundary layer con-

tinuously increasing (see Fig. 10). From Tables 2 and 3, it has 

been observed that surface drag increases by about 5.27%, while 

the heat and mass transfer rates both reduce by 3.22% and 

1.35%, respectively, within 0.5  Da 0.7.  

Figures 11 and 12 depict the impact of the Prandtl number 

(Pr) on the temperature distribution (𝜃(𝜂)) and the concentra-

tion distribution (𝜙(𝜂)), correspondingly. The parametric values 

evaluated for Pr are 0.015, 0.7, 1.38 and 7.0, which correspond 

 

Fig. 9. Temperature distribution over varying Da. 

 

Fig. 10. Concentration distribution over varying Da. 

Table 3. Numerical values of Re𝑠

−
1

2Nu𝑠 and Re𝑠

−
1

2Sh𝑠 when 𝜆 = 0.2. 

𝑲 𝑴 𝐃𝐚 𝐏𝐫 𝐄𝐜 𝐃𝐮 𝑱 𝐒𝐜 𝐒𝐫 𝑳 𝐑𝐞𝒔

−
𝟏
𝟐𝐍𝐮𝒇𝒔 𝐑𝐞𝒔

−
𝟏
𝟐𝐒𝐡𝒇𝒔 

5 0.2 0.5 0.7 0.2 0.2 0.2 0.6 0.4 0.2 0.33151 0.47911 

10 0.2         0.31066 0.44414 

5 0.5         0.32246 0.47359 

 0.2 0.7        0.32085 0.47264 

  0.5 1.38       0.46581 0.44967 

   0.7 0.4      0.22965 0.50344 

    0.2 0.4     0.29661 0.48721 

     0.2 0.4    0.29044 0.48892 

      0.2 0.94   0.31418 0.62965 

       0.6 0.8  0.33513 0.44537 

        0.4 0.4 0.30072 0.48362 

 

 

Fig. 8. Velocity distribution over varying Da. 

 

Fig. 11. Temperature distribution over varying Pr. 
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to liquid metal, air, ammonia, and water, respectively. The re-

sults indicate a significant decrease in temperature for large 

Prandtl numbers, resulting in the weakening of the thermal 

boundary layer. The concentration of fluid along the wall in-

creases and falls away from the sheet when the value of 𝜂 is 

greater than 2.3 for materials with high Pr values. Physically,  

a higher Pr value indicates a lower thermal diffusivity, which 

means that heat is dispersed more slowly from the surface, re-

sulting in a drop in the temperature of the fluid. Table 3 demon-

strates that when the values of Pr grow (0.7  Pr  1.38), the heat 

transfer rate experiences a substantial increase of 40.51%; how-

ever, the mass transfer rate decreases by approximately 6.14%. 

Fluids with lower Prandtl numbers have stronger thermal con-

ductivities, facilitating faster heat dissipation from the surface 

compared to fluids with higher Pr values. Prandtl number can 

therefore be used to increase the cooling rate in conducting fluid 

flows. 

The outcome of the rising values of the Eckert number (Ec) 

on the temperature (𝜃(𝜂)) and concentration (𝜙(𝜂)) distribu-

tions is depicted in Figs. 13 and 14. It is known that temperature 

is considered the average of kinetic energy, while on the other 

hand, Ec exhibits a relation with kinetic energy. Thus, keeping 

these two conditions, it can be concluded that upon improving 

the energy dissipation, the kinetic energy increases, which in 

turn significantly improves the temperature distribution. It is 

also important to note that because of this factor, the concentra-

tion of the fluid near the vicinity of the surface declines, while 

upon entering the region η > 1.9, a reverse trend is noticed in the 

concentration distribution. Also, from Table 3, it can be con-

cluded that Ec is an important parameter in the heat transport 

phenomenon and can be incorporated to significantly reduce, by 

30.73%, the rate of cooling and enhance by 5.08% the mass 

transfer rate. 

In Figs. 15 and 16, the influence of the Joule heating param-

eter (𝐽) on the distributions of temperature and concentration is 

presented. Physically, as the Joule heating parameter enhances 

the impact of the energy dissipation, as well as the magnetic 

field, intensifies, thus the resulting Lorentz force aids in promot-

ing the heating of the curved surface; also, due to inside friction 

of molecules, the mechanical energy, which gets converted to 

thermal energy aids in improving the temperature distribution 

significantly (mainly near the vicinity of the curved surface). 

 

Fig. 13. Temperature distribution over varying Ec. 

 

Fig. 14. Concentration distribution over varying Ec. 

 

Fig. 15. Temperature distribution over varying J. 

 

Fig. 12. Concentration distribution over varying Pr. 
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Because of these factors, although the concentration distribution 

is found to be declining near the vicinity of the surface in a re-

gion beyond η > 1.9, the species concentration distribution 

slowly rises. From Table 3, it can be concluded that improving 

𝐽 can significantly reduce, by 12.39%, the cooling rate and en-

hance by 2.05% the mass transfer rate. 

The effects of Schmidt number (Sc) on concentration (𝜙(𝜂)) 

distribution of the fluid are shown in Fig. 17. Parametric values 

considered for Sc are 2.35, 1.32, 0.94, and 0.22 corresponding 

to naphthalene, ethanol, hydrogen sulphide, and helium, respec-

tively. Data plotted show that as the Sc concentration increases, 

the fluid concentration within the boundary layer drops. The rea-

son for this is that a greater value of Sc indicates a higher kine-

matic viscosity, which hinders the movement of mass and, con-

sequently, results in a reduction of the fluid concentration.  

A significant hike in the mass transfer rate (by 31.42% ) is also 

recorded in Table 3 for 0.6  Sc  0.94. 

Figures 18 and 19 depict the effects of Dufour (Du) and Soret 

(Sr) on the temperature (𝜃(𝜂)) and species concentration (𝜙(𝜂)) 

distributions, respectively. It has been observed that an increase 

in the Dufour number causes a rise in the temperature of the 

fluid, while under the same influence, a varying outcome is ob-

served on the concentration distribution. As reflected in Fig. 19, 

the concentration of species declines near the vicinity of the 

curved surface; however, beyond η > 4.5, the species concentra-

tion begins to rise. When the Dufour number is relatively ele-

vated, thermal diffusion prevails over mass diffusion. This may 

lead to fluctuations in temperature gradients, which can subse-

quently generate buoyancy effects, altering the density distribu-

tion and perhaps affecting flow patterns through natural convec-

tion. The Dufour phenomenon results in a broader temperature 

distribution compared to its absence. From Figs. 18 and 19, it is 

also clear that Sr significantly improves species concentration, 

while reducing the temperature profile to a certain extent. The 

distribution of concentrations in the Soret phenomenon is influ-

enced by the temperature gradient. In fact, higher Soret numbers 

cause more convective flow since they are linked to larger tem-

perature gradients. The dispersion of the concentration rises  

as a result. Analysis from Table 3 shows that a higher  

0.2  Du 0.4 aids in reducing the heat transfer rate significantly 

(by 10.53%), while enhancing the mass transfer rate (by 1.69%). 

On the contrary, higher 0.4  Sr  0.8 aids in enhancing the heat 

 

Fig. 16. Concentration distribution over varying J. 

 

Fig. 18. Temperature distribution over varying Du and Sr. 

 

Fig. 17. Concentration distribution over varying Sc. 

 

Fig. 19. Concentration distribution over varying Du and Sr. 
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transfer rate (by 1.09%) and significantly reduces the mass 

transfer rate (by 7.04%). 

Figure 20 depicts the graphical data of the temperature 

(𝜃(𝜂)) distribution upon enhancing the thermal slip parameter 

(𝐿). It is clear from Fig. 20 that increasing 𝐿 results in a substan-

tial decrease in the temperature distribution in the region closer 

to the curved wall. Physically, this decrease in surface tempera-

ture happens as a result of thermal slip, which facilitates heat 

transfer from the fluid surface to its interior. The temperature 

inside the thermal boundary layer drops as a result of the im-

proved heat transfer brought on by thermal slip. The data pre-

sented in Table 3 indicates a notable decrease of around 9.29% 

in heat transfer rates for 0.2 ≤ 𝐿 ≤ 0.4. 

6. Conclusions  

Based on the preceding discussions, the following conclusions 

can be drawn:  

 Velocity of fluid increases for higher curvature parame-

ter and decreases with increasing Darcy parameter and 

magnetic parameter. 

 The curvature parameter, magnetic parameter and Darcy 

parameter can be increased for the reduction of the heat 

transfer rate (by around 6.28%, 2.73%, and 3.22%,  re-

spectively), as well as the mass transfer rates (by around 

7.30%, 1.15%, and 1.35%, respectively).  

 For large Prandtl numbers, there is a significant decrease 

in temperature. Therefore, the Prandtl number can be uti-

lized to enhance the cooling rate (by around 40.51%) in 

the flow of conducting fluids. 

 The Eckert number, Dufour number and the Joule heating 

parameter tend to reduce the species concentration in the 

vicinity of the curved region, while at a distance away 

from the surface, they also aid in gradually boosting the 

species concentration. 

 The Soret number increases the concentration of the fluid. 

The heat transfer rate increases (by 1.09%), but the mass 

transfer rate decreases (by 7.04%) for larger values of the 

Soret number. 

 The Dufour number significantly contributes towards rais-

ing the temperature of the fluid and aids in reducing the 

cooling rate by 10.53%. 

 The mass transfer rate increases for higher values of the 

Dufour number (by 1.69%), the Schmidt number (by 

31.42%), the Joule heating parameter (by 2.05%) and the 

Eckert number (by 5.08%). 

The physics of flow on curved surfaces with variable magnetic 

field and heat slip can be employed in various physical domains, 

including industries, aeronautics, medicinal research, and engi-

neering sciences.  
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