
 

1. Introduction 

Nanofluids are stable dispersions of nanoparticles in a base 

fluid, in which the thermophysical properties, such as thermal 

conductivity, are enhanced several times compared to those of 

the pure liquid. On the other hand, these nanofluids are used in 

various sectors such as heat transfer, lubrication, biomedicine, 

and solar panels to have better optical characteristics and absorp-

tion ability of CO2. Although nanofluids have many advantages 

over other types of fluids, their stability is still a major hurdle 

when using them in diverse engineering fields. To overcome the 

issue, different stabilization strategies combined with numerous 

performance evaluation approaches have been  introduced.  It  is  
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Abstract 

Nanofluids have garnered significant interest in various fields due to their numerous advantages and potential applications. 
The appeal of ethylene glycol (EG)-based Cu-nanofluid lies in its excellent thermal conductivity, stability, and ability to 
enhance heat transfer properties, making it a promising candidate for diverse industrial applications. In this study, we 
analyse the flow behaviour of EG-based copper (Cu) nanofluid over a nonlinear stretching surface under the influence of 
Joule heating effects. The research involves the development of a mathematical model and formulating of governing equa-
tions represented as system of partial differential equations, which are subsequently transformed into nonlinear ordinary 
differential equations through suitable transformations. A numerical framework based on MATLAB bvp4c solver tech-
nique is employed to obtain approximate solutions. The study examines the influence of dimensionless parameters on 
velocity and thermal distributions. The findings for the local Nusselt number and skin friction are presented in tabular form, 
highlighting the effects of key parameters. The results are benchmarked against three different sources from existing liter-
ature, showing strong agreement in the case of reduced Nusselt number. 
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Nomenclature 

A – proportionality constant 

B – magnetic field, T 

B0 – constant magnetic field, T 

c – dimensional constant 

Cp – specific heat capacity, (J/kg K) 

Ec – Eckert number 

𝑓′(𝜂)– dimensional velocity distribution 

J – current density vector, A/m2 

k – thermal conductivity, W/(m K) 

K – slip parameter 

L – velocity gradient tensor, 1/s 

m – shape factor 

n – stretching parameter 

M – magnetic parameter 

Nu – Nusselt number 

Pr – Prandtl number 

q – electric charge, C 

Re – Reynolds number 

T – temperature parameter, K 

u, v – velocity components in the x- and y-axis directions, m/s 

U – surface velocity, m/s 

V – velocity vector, m/s 

x, y – Cartesian coordinates, m 

 

Greek symbols 

 – thermal diffusivity, m2/s 

𝜀𝑖 – constants (i = 1,2,3,4,5) 

𝜂  – similarity variable 

𝜃(𝜂)– dimensionless temperature distribution 

𝜇 – dynamic viscosity, Pas 

𝜐 – kinematic viscosity, m2/s 

𝜌 – density, kg/m3 

𝜎 – electrical conductivity, S/m 

𝜙 – volume fraction 

 

Subscripts and Superscripts 

𝑓 – fluid 

𝑛𝑓 – nanofluid 

s – solid particles 

w – wall 

∞ – surrounding fluid 

(·)ꞌ, (·)ꞌꞌ, (·)ꞌꞌꞌ – differentiation with respect to η 

 

Abbreviations and Acronyms 

EG – ethylene glycol 

MHD – magnetohydrodynamics 

ODE – ordinary differential equation 

PDE – partial differential equation  

 

generally accepted that the nanoparticle and base fluid character-

istics, preparation methods, external factors and stabilizer con-

tent play critical roles in assessing nanofluid stability over time. 

Literature review reveals that nanofluids are a rapidly grow-

ing field of research that is currently applied in many different 

fields. Several attempts have been made simultaneously to cre-

ate stable nanofluids. 

Copper (Cu) nanofluid can be defined as a liquid that com-

prises copper nanoparticles suspended in the base fluid, which 

can be, among others, water, ethylene glycol, or oil. The follow-

ing properties of copper are some of the reasons why copper 

nanofluids are applied in heat exchangers, solar collectors, cool-

ing of electronic devices, and some other loads where the pro-

cess of heat transfer needs improvement, high thermal conduc-

tivity and electrical conductivity. This is because the conduction 

of the copper within the nanofluids is high, hence improving the 

energy and overall performance of the nanofluids. Copper is also 

less expensive to incorporate into other nanomaterials and other 

related compounding materials to which it can be added. Copper 

nanoparticles are also known to have an antimicrobial property 

that makes these fluids useful in reducing biofouling in systems 

where water is used as the heat transfer medium. Hence, copper 

is employed in nanofluids due to its thermal/electrical conduc-

tivity, reasonable cost, and bacteriostatic properties. Eastman  

et al. [1] investigated that the nanofluid of copper nanoparticles 

in ethylene glycol has significantly higher effective thermal con-

ductivity than pure or oxide nanoparticles. This increase can be 

up to 40%, contradicting previous predictions of particle shape 

and size having no effect on thermal conductivity. Chakraborty 

and Panigrahi [2] discussed the stability of nanofluid and its sig-

nificance in industrial applications, and offer recommendations 

for its wider practical adoption. Patel et al. [3] explored thermal 

conductivities of nanoparticles in water and toluene media, re-

vealing variations based on particle type and stabilization, with 

additional factors influencing the thermal conductivity mecha-

nism in nanofluids. Liu et al. [4] examined the flow and heat 

transfer near a rotating disk containing nanofluids, showing var-

iations in boundary layer thicknesses and heat transfer rates with 

different nanoparticle volume fractions and materials. The flow 

and heat transfer properties of nanofluids in a rotating frame 

were studied by Das [5], who considered two types of nanofluids 

and analysed the effects of different parameters. Nanofluid flow 

and heat transfer are extensively studied for various industrial 

and engineering applications. 

Utilizing the Buongiorno model, the work [6] investigates 

mass and heat transfer in nanofluid-connected flow and discov-

ers that heat transmission diminishes as thermal radiation and 

convection parameters grow. Research [7] explores the impact 

of external forces like natural convection, thermal radiation, and 

chemical reactions on heat and mass transfer. Nanofluid combi-

nations can minimize the skin friction coefficient and maximize 

heat transfer rates. Magnetic fields and thermal radiation influ-

ence hybrid nanofluids, enhancing thermal conductivity. The 

study of Sakiadis [8] offers valuable insights into optimizing 

nanofluid flow and heat transfer processes. Ferdows et al. [9] 

analysed the effects of MHD flow and Hall currents on boundary 

layer flow over a three-dimensional extending surface to demon-

strate improvements in velocity, profile and heat flux, and trans-

fer rates. 

Ahmad et al. [10] examined the mixed convection flow of 

hybrid nanofluid over a nonlinear stretching sheet, showing that 

the magnetic field velocity decreases and thermal radiation tem- 

perature increases. The influence of a magnetic  field  and  nano- 



Shape effects on steady flow and heat transfer of Cu-nanofluid over a nonlinear…  

 

91 
 

particles on Carreau fluid flow and heat, and mass transfer over 

a porous nonlinear stretching surface was studied by Eid et al. 

[11]. Hayat et al. [12] present a numerical simulation study on 

boundary layer flow over a nonlinear curved stretchable surface, 

examining various parameters. Zaimi et al. [13] present a math-

ematical study on boundary layer flow and heat transfer in 

a nanofluid, examining the effects of parameters and identifying 

dual solutions. When dust particles and polymers combine in 

a viscous liquid, Athar et al. [14] observed that the polymers un-

dergo deformation inside the boundary layer but not outside of 

it. Shah et al. [15] used graphs and the homotopy analysis ap-

proach to analyse the heat transfer and boundary layer flow of 

couple stress fluid at the stagnation point over an exponentially 

extending surface.  

Venkateswarlu et al. [16] and Vidya et al. [17] conducted 

a study on the incompressible stagnation point flow of a conduc-

tive hyperbolic radiative nanoliquid past a stretching surface. 

They found that increasing Weissenberg's number reduced fluid 

velocity. Hashim et al. [18] extended the mathematical formula-

tion for the aligned magnetic field on Williamson fluid over 

a stretching sheet with Newtonian heating, analysing the effects 

of various parameters on temperature and velocity profiles.  

Chen [19] examined both Joule heating and viscous dissipa-

tion on MHD (magnetohydrodynamic) flow over a stretching 

sheet, considering the influence of free convection, thermal ra-

diation, and surface suction/blowing. The study of Khashi’ie 

et al. [20] reveal the variation of flow and heat transfer charac-

teristics of a hybrid nanofluid of a shrinking cylinder with Joule 

heating with distinct types of nanofluids. Joule heating effects 

on fluid movement and heat transmission over an exponentially 

extending sheet are explored by Srinivasacharya and 

Jagadeeshwar [21] mainly in view of its relevance to industrial 

applications and magnetohydrodynamic flows. Ganesh Kumar 

et al. [22] discuss the effect of viscous dissipation and Joule 

heating on Jeffrey nanofluid and how the temperature profile 

and the thickness of the thermal boundary layer are affected by 

it. Ghaffarpasand [23] investigates MHD natural convection in 

a cavity filled with Fe3O4-water nanofluid, revealing improved 

heat transfer with ferrite nanoparticles and increased entropy 

generation under Joule heating and Lorenz force. Mutuku et al. 

[24] analyse the impact of Joule heating and viscous dissipation 

on nanofluid flow past an inclined plate, highlighting the signif-

icant influence of controlling parameters on flow fields. Ali et 

al. [25] conducted a study on the impact of various forces and 

parameters on ethylene glycol-based nanofluids suspended 

above a thin vertical needle. 

Shankar Goud et al. [26] investigated the effects of Joule 

heating on surfaces that stretch exponentially, and Khashi'ie et 

al. [27] communicated about the Joule heating effect of hybrid 

nanofluid. According to the research of Rana et al. [28] on an 

exponentially stretched surface, the thermal boundary layer 

structure is improved by both Joule and viscous heating mecha-

nisms, which lowers nano-liquid velocity. Viscoelastic nano-

fluid has greater momentum, according to research by Tara-

karamu et al. [29] on the effects of different physical parameters 

on MHD nanofluid flow to a stretched surface. 

The research community in engineering  and  modelling  has  

extensively investigated the boundary layer flow and heat trans-

fer of nanofluids under Joule heating, focusing on factors like 

hydromagnetic forces, mixed convection, thermal stratification, 

chemical reactions, and viscous dissipation. Saleem et al. [30] 

investigated the impact of various copper nanoparticle shapes on 

the flow and heat transfer characteristics of a water-based 

nanofluid over a flat surface. Fakour et al. [31] studied the flow 

and heat transfer characteristics of nanofluid thin films over an 

unsteady stretching elastic sheet using the lattice Boltzmann 

method (LBM). Using aluminum and copper with water, 

Mathews and Tallab [32] discussed the nonlinearity of the 

stretching sheet. Triveni et al. [33] analyse the heat transfer of 

MHD Casson nanofluid flow over a nonlinear stretching sheet 

in the presence of a nonuniform heat source. Hayat et al. [34] 

analysed MHD thin film flow with viscous dissipation and slip 

effects for nanofluids of various nanoparticle shapes on an un-

steady radially stretching surface.  

A numerical study using a vertical cone and Williamson 

nanofluid flow has been discussed by Sathyanarayana and Goud 

[35]. Joachimiak et al. [36] investigated the effects of different 

physical criteria on thermochemical attitudes while conducting 

a numerical study of an aluminum alloy. In his discussion of the 

various nanoparticle shape parameters, Hayat and Shahzad [37] 

included a numerical study and analysis of the impacts of heat 

transmission and thin film flow for various gold nanoparticle 

shapes on a vertically stretched sheet. In another study [38], au-

thors considered gold nanoparticles and the effects of different 

shape factors on a radial stretching sheet. Ali et al. [39] proposed 

a model for the unsteady flow of silica nanofluid over a stretch-

ing cylinder and considered the shape effects of the nanoparti-

cles. Gangadhar et al. [40] investigated the flow performance of 

silver-engine oil-based nanofluids with different non-Newto-

nian models through a Riga plate. In [41], Gangadhar and co-

authors presented a numerical study on the performance of an 

HVAC (heating, ventilation, and air conditioning) system utiliz-

ing Sutterby flow ternary nanofluids, with a focus on a Cu-Ag-

AA7075/C6H9NaO7 nanofluid. In other works [42−44], Gan-

gadhar et al. provided the PDEs (partial differential equations) 

model-based Williamson fluid over a heated cylinder with con-

vective heating. Furthermore, they considered thermal radiation 

and Cattaneo-Christov energy diffusion. They incorporated gra-

phene and magnetic oxide nanoparticles to improve thermal 

conductivity. Their studies showed that enhanced thermal radi-

ation increases the temperature of the fluid, while suction re-

duces skin friction coefficients but enhances heat and mass 

transfer rates. Their model was validated by comparing results 

with existing literature. Furthermore, Gangadhar et al. [45] ex-

plored the self-propelled movement of gyrotactic swimming mi-

croorganisms in a Casson nanofluid slip flow over a stretching 

cylinder with a strong magnetic field, using a non-dimensional 

numerical model and bvp4c technique. In another work [46], Gan-

gadhar et al. examined the effect of a strong magnetic field and 

thermal radiation on the free convective flow of a ternary nano-

fluid over a moving wedge surface. 

The PDE model provided in the manuscript has potential ap-

plications in heat transfer enhancement. It is evident that the 

copper-based nanofluid has extraordinary thermal conductivity. 
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This peculiar property makes them an ideal candidate for en-

hancing heat transfer for real-life applications, including cooling 

microelectronics and solar collectors. The proposed model, 

which includes PDEs with complex boundary conditions and the 

study of different particle shapes, is the first of its kind. Nanoflu-

idic models with nonlinear stretching surfaces are highly appli-

cable in industrial processes like sheet drawing, sustainable pol-

ymer production. The literature suggests studying efficient cool-

ing and uniform heat distribution for high-quality engineering 

products. Nanofluid models are used for controlled heating pro-

cesses in aerospace, automation and renewable energy. A better 

PDE model with realistic boundary conditions will enable the 

research community to design efficient devices. 

This article investigates the steady heat transfer and flow in 

Cu nanoparticles with the added effects of thermal radiation, 

Joule heating, magnetohydrodynamics, and velocity slip over 

time-independent nonlinear stretching surfaces. It is the first 

study to investigate steady-state heat transfer and flow over  

a time-independent stretching surface with ethylene glycol (EG) 

as the base liquid. Here, we utilize a Cartesian coordinate system 

for the mathematical description of the problem and solve the 

obtained system of simplified nonlinear ordinary differential equa-

tions (ODEs) by utilizing an effective and convergent technique 

bvp4c. All the necessary calculations are performed in 

MATLAB. Additionally, a graph is included to explain the im-

pact of physical parameters on temperature, velocity, skin fric-

tion number and Nusselt number. 

2. Materials and methods  

Heat and mass transfer analysis of a steady, viscous, incom-

pressible nanofluid under laminar flow through a stacking and 

two-dimensional, regulated, nonlinear and stretching surface is 

depicted in Fig. 1. Parameter 𝑇𝑤 represents the surface temper-

ature and 𝑇∞ denotes the temperature of the surrounding fluid. 

The x-axis is taken along the surface and the y-axis is taken per-

pendicular to it. 

It is further assumed that the stretching velocity of the sur-

face is given by 

𝑈 = 𝑐𝑥𝑛, (1) 

where n is the stretching parameter, and the magnetic field ap-

plied perpendicular to the surface is equal to 

𝑩 = 𝐵0𝑥
𝑛−1

2 , 
(2) 

where 𝐵0 is a constant magnetic field. It was also assumed that 

any generated magnetic field component is much smaller than the 

external magnetic field and the base fluid is ethylene glycol con-

taining copper nanoparticles. These nanoparticles exist in vari-

ous shapes and have a uniform size without any distortions, re-

maining in thermodynamic equilibrium with the fluid in which 

they are suspended. 

In light of the above assumptions, the governing equations 

of continuity, momentum and energy for the current study are 

expressed as follows: 

∇ · 𝑽 = 0, (3) 

 

𝜌𝑛𝑓(𝑽 · ∇)𝑽 = ∇ · 𝝉 + 𝑱 × 𝑩, (4) 

 

𝜌𝑛𝑓
𝑑𝑇

𝑑𝑡
= 𝝉 · 𝑳 − ∇ · 𝒒 +

𝑱2

𝜎𝑛𝑓
, (5) 

 

where 𝑽 is the velocity vector, 𝝉 is the stress tensor, 𝑱 is the cur-

rent density vector, 𝑇 is the temperature, 𝑡 is the time, 𝜌𝑛𝑓 is the 

density of the nanofluid, 𝑳 is the velocity gradient tensor, 𝒒 is 

the electric charge of particles. In the case of a two-dimensional 

nanofluid model, the vector form reduces to the following sys-

tem of equations [39,40]:  

𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (6) 

 

(𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) =

𝜇𝑛𝑓

𝜌𝑛𝑓
(
𝜕2𝑢

𝜕𝑦2
) −

𝜎𝑛𝑓𝐵
2

𝜌𝑛𝑓
𝑢, 

(7) 

 

(𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝛼𝑛𝑓

𝜕2𝑇

𝜕𝑦2
+

𝜇𝑛𝑓

(𝜌𝐶𝑝)𝑛𝑓

(
𝜕𝑢

𝜕𝑦
)
2

+
𝜎𝑛𝑓𝐵

2

(𝜌𝐶𝑝)𝑛𝑓

𝑢2, 
(8) 

 

where 𝜇𝑛𝑓 is the dynamic viscosity of the nanofluid and 𝛼𝑛𝑓 is 

the thermal diffusivity of the nanofluid, B is the strength of the 

magnetic field and 𝐶𝑝 is the specific heat.  

The boundary conditions for the problem under considera-

tion at 𝑦 = 0 are: 

{
 

 𝑢 = 𝑈 + 𝐴 𝜈𝑓
𝜕𝑢

𝜕𝑦
,

𝑣 = 0,
𝑇 = 𝑇𝑤 ,

 

 

 

(9) 

as 𝑦 → ∞, 𝑢 approaches 0 and 𝑇 approaches 𝑇∞.  

The pertinent physical parameters from literature are defined 

as [31]: 

𝛼𝑛𝑓 =
𝑘𝑛𝑓

 (𝜌𝐶𝑝)𝑛𝑓

,  

 

𝜌𝑛𝑓 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑠,  

 

𝜇𝑛𝑓 = 𝜇𝑓(1 + 𝐴1𝜙 + 𝐴2𝜙
2),  

(10) 

𝜎𝑛𝑓 = 𝜎𝑓(1 − 𝜙)𝜎𝑓 + 𝜙𝜎𝑠,  

 

 

Fig. 1. Schematic diagram of the problem. 
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(𝜌𝐶𝑝)𝑛𝑓 =
(1 − 𝜙)(𝜌𝐶𝑝)𝑓 + 𝜙 (𝜌𝐶𝑝)𝑠, 

 

 

𝐾𝑛𝑓

𝐾𝑓
= [

𝐾𝑠  +  (𝑚 − 1)𝐾𝑓  +  (𝑚 − 1)(𝐾𝑠 − 𝐾𝑓)𝜙

𝐾𝑠  +  (𝑚 − 1)𝐾𝑓  −  (𝐾𝑠 − 𝐾𝑓)𝜙
] 

 

 

where 𝜙 is the volume fraction, 𝑚 is the shape factor, 𝐾𝑛𝑓 , 𝐾𝑓, 

and 𝐾𝑠   are slip parameters of nanofluid, base fluid and solid 

particles, respectively.  

Using the similarity transformation [30] mentioned below, 

we will obtain the dimensionless form of the governing equa-

tions: 

𝜓 = e−
1

2𝑓(𝜂),  

 

𝜂 =
𝑦

𝑥
Re

1

2, 
(11) 

𝜃(𝜂) =
𝑇− 𝑇∞

𝑇𝑤−𝑇∞
, 

 

 

where 𝜓 is the stream function, 𝜂 is the similarity variable, and 

𝜃 is the dimensionless temperature. Function f represents a di-

mensionless similarity function that describes the velocity dis-

tribution within the boundary layer. The pattern of flow is de-

fined by the stream function, and the components of velocity can 

be obtained as follows: 

𝑢 =  
𝜕𝜓

 𝜕𝑦
 

 

 

(12) 

𝑣 = −
 𝜕𝜓

𝜕𝑥
 

 

Here 

Re =  
𝑥𝑈

𝜗𝑓
 

(13) 

is the Reynolds number. From the above transformation, we 

have  

𝑢 = 𝑈𝑓(𝜂),  

(14) 

𝑣 = −𝑈Re
1

2 [
𝑛+1

2
𝑓(𝜂) +

𝑛−1

2
𝜂𝑓′(𝜂)].  

By using the above transformation, the continuity Eq. (6) holds 

automatically, and Eqs. (7) and (8) take the following non-di-

mensional forms, respectively: 

𝜀1𝑓
′′′ − 𝑛𝑓′

2
−
𝑛 + 1

2
𝑓𝑓′′ − 𝜀3𝑀𝑓

′  

− (𝑛 − 1) 𝜂𝑓′𝑓′′ = 0, 

 

(15) 

 

 

𝜃′′(𝜂) +
Pr

𝜀2
(
𝑛 + 1

2
𝑓𝜃′(𝜂) + 𝜀4Ec𝑓

′′2   

+ 𝜀5Ec 𝑀𝑓′
2) = 0. 

 

(16) 

Now, the boundary conditions in terms of the transformed vari-

able become: 

{
 
 

 
 

𝑓(0) = 0,

𝑓′(0) = 1 + 𝐾𝑓′′(0),

𝑓′(∞) = 0,

𝜃(0) = 1,

𝜃(∞) = 0.

 

 

 

(17) 

The dimensionless constants are defined as follows: 

   Prandtl number Pr =
(𝜌𝐶𝑝𝜈)𝑓

𝑘𝑓
, 

 

   slip parameter 𝐾 = 𝐴√
𝜈 𝑈𝑤

𝑥
, 

 

   Eckert number Ec =
𝑈2

𝐶𝑝(𝑇𝑤−𝑇∞)
, 

 

   magnetic parameter 𝑀 =
𝐵𝑜
2 𝜎𝑓

𝑐 𝜌𝑛𝑓
. 

 

Since the Nusselt number (Nu) and skin friction coefficient (𝐶𝑓) 

are significant in engineering, they can be defined as: 

𝐶𝑓 =
𝑇𝑤

𝜌𝑓𝑈
2, 

 

 

(18) 

Nu =
𝑥 𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
.  

 

Further the constants 𝜀𝑖, for 𝑖 =  1, . . . , 5 are defined as:  

𝜀1 =
1  +I 𝐴1 𝜙 + 𝐴2 𝜙

2

1 –  𝜙 +  𝜙(
𝜌𝑠
𝜌𝑓
 )

,  

 

 

𝜀2 =

𝐾𝑛𝑓

𝐾𝑓

1–  𝜙 +  𝜙[
(𝜌𝐶𝑝)𝑠

 

(𝜌𝐶𝑝)𝑓
 ]

, 

 

 

 

 

𝜀3 =
1  − 𝜙  + 𝜙 (

𝜎𝑠
𝜎𝑓
 )

1 –  𝜙 +  𝜙(
𝜌𝑠
𝜌𝑓
)

, 

 

(19) 

 

 

𝜀4 =
1  +i 𝐴1 𝜙 + 𝐴2 𝜙

2

1 –  𝜙 +  𝜙[ 
(𝜌𝐶𝑝)𝑠

(𝜌𝐶𝑝)𝑓
]

,  

 

 

𝜀5 =
1  − 𝜙  + 𝜙(

𝜎𝑠
𝜎𝑓
 )

1 –  𝜙 +  𝜙[
(𝜌𝐶𝑝)𝑠

(𝜌𝐶𝑝)𝑓
]

. 

 

 

 

 

3. Numerical solution 

This article uses the bvp4c [31] in MATLAB to get the mathe-

matical solution of the reduced Eqs. (15) and (16) along with the 

boundary conditions Eq. (17). The main characteristics of the 

suggested bvp4c technique, which include handling single 

boundary  value  problems  (BVPs),  direct  acceptance  of  both  
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two-point and multipoint BVPs with improved accuracy, and 

faster convergence with reduced error, are well recognized in 

the research community. The basic numerical method imple-

mented in bvp4c is a form of Simpson’s method that is rather 

generic and can be found in numerous programs. To apply this 

strategy, the third-order ODE (15) and the second-order ODE 

(16) are transformed into the first-order differential equations as 

follows: 

𝑓 = 𝑦(1). (20) 

Then we can write  

𝑓′ = 𝑦(1)
′ = 𝑦(2),  

 

𝑓′′ = 𝑖𝑦(2)
′ = 𝑦(3),  

 

𝑓′′′ = 𝑦(3)
′ =

1

𝜀1
 (𝑛𝑦(2)

2 +
𝑛+1

2
𝑦(1)𝑦(3)  + 𝜀3𝑀𝑦(2)  +

 +𝑛𝜂𝑦(2)𝑦(3)), 

 

 

(21) 

 

𝜃 = 𝑦(4),  

 

𝜃′ = 𝑦(4)
′ = 𝑦(5), 

 

𝜃′′ = 𝑦(5)
′ =

Pr

𝜀2
 [− (

𝑛+1

2
) 𝑦(1) 𝑦(5) − Ec 𝜀4𝑦(3)

2 +

−𝜀5 Ec 𝑀𝑦(2)
2  ]. 

 

Boundary conditions are:  

{
 
 

 
 𝑦(2)

(0) = 1 + 𝐾𝑦(3)(0),

 𝑦(1)(0) = 0,

𝑦(2)(∞) = 0,

 𝑦(4)(∞) = 0.

 

 

 

(22) 

4. Results and discussion  

In this research, we explore a model that investigates how 

nanofluids, containing copper nanoparticles of various shapes, 

behave in two-dimensional boundary layer flow. By employing 

similarity transformations, we transform the given differential 

equations into simpler ordinary differential equations. After-

ward, we analyse how factors like the magnetic parameter, slip 

parameter, volume fraction, stretching parameter and Eckert 

number impact the velocity and temperature profiles within the 

layer, considering various shapes of copper nanoparticles. These 

influences are illustrated through graphs shown in Figs. 2 to 12. 

The pertinent impact of the magnetic parameter, which oc-

curs through the modelling of Maxwell’s equations on the ve-

locity profile within the boundary layer, is comprehensively an-

alysed and illustrated in Fig. 2 for EG-Cu nanofluid for various 

nanoparticle shapes. The results are presented for blade, brick, 

cylinder, platelets, and sphere, highlighting the influence of the 

shape factor on the velocity profile. Increasing the magnetic pa-

rameter leads to a noticeable reduction in the velocity of copper 

Fig. 2. Impact of the magnetic parameter (M) on the velocity profile 

of EG-Cu nanofluid for various nanoparticle shapes: 

blade, brick, cylinder, platelets, and sphere. 
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nanofluids across various nanoparticle shapes. This effect is at-

tributed to the enhancement of Lorentz forces, which act as re-

sistive forces opposing the fluid’s motion, thereby decreasing 

the velocity profile.  

From the graphical representation of the velocity profile, it 

is clear that an increase in the magnetic parameter (M) leads to 

a noticeable reduction in the velocity of the copper nanofluid 

across all nanoparticle shapes. This peculiar behaviour can be 

attributed to the presence of the Lorentz force, which arises from 

the interaction between the externally applied magnetic field and 

the induced electrical currents within the nanofluid. The Lorentz 

force acts as a resistive drag force, opposing the motion of the 

fluid and thereby reducing its velocity profile.  

This effect is particularly significant within the boundary 

layer, where the interplay between magnetic forces and viscous 

forces becomes more pronounced. The reduction in velocity due 

to the magnetic parameter highlights the potential for controlling 

fluid dynamics in magnetohydrodynamic applications, where 

the magnetic field is utilized to manipulate the flow properties 

of conducting fluids, such as nanofluids, for engineering and in-

dustrial purposes. 

Figure 3 presents the relationship between the magnetic pa-

rameter M and the fluid temperature of EG–Cu nanofluid for 

different nanoparticle shapes, including blade, brick, cylinder, 

platelets and sphere. The results clearly demonstrate that fluid 

temperature increases as M rises, emphasizing the critical role 

of nanoparticle geometry in dictating thermal behaviour. This 

trend is explained by the Lorentz force, which is induced when 

a magnetic field interacts with an electrically conducting 

nanofluid. The Lorentz force resists the motion of nanofluid par-

ticles, thereby dissipating their kinetic energy and converting it 

into thermal energy. This process enhances the overall heat 

transfer rate of the fluid. Importantly, the results highlight a dual 

effect: while the Lorentz force restricts particle movement and 

slows fluid motion, it simultaneously boosts thermal energy 

generation through dissipation. Consequently, higher values of 

M lead to a substantial rise in fluid temperature, as depicted in 

Fig. 3. These observations underscore not only the impact of 

magnetic fields on thermal transport but also the significance of 

nanoparticle shape in modifying velocity and temperature distri-

butions within nanofluids. 

Figure 4 illustrates the influence of the slip parameter K on 

the velocity profile of EG–Cu nanofluid for various nanoparticle 

shapes. As K increases, the velocity decreases for all particle ge-

ometries due to reduced momentum transfer at the fluid–wall 

interface under partial slip conditions. The results also highlight 

that nanoparticle shape strongly influences this behaviour: par-

ticles with larger surface areas, such as blades or platelets, ex-

hibit more pronounced velocity reductions, while smoother ge-

ometries, like spheres, show smaller variations. These observa-

tions emphasize the importance of nanoparticle shape in govern-

ing flow characteristics under slip conditions. 

Figure 5 depicts the influence of the partial slip condition (K) 

on the thermal field in EG-Cu nanofluid for five distinct nano-

particle shapes: blade, brick, cylinder, platelets, and sphere. 

 

Fig. 3. Influence of magnetic parameter (M) on temperature profile 

of EG-Cu nanofluid for various nanoparticle shapes: 

blade, brick, cylinder, platelets, and sphere. 
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Fig. 4. Impact of slip parameter (K) on the velocity profile of EG-Cu 

nanofluid for various nanoparticle shapes: 

blade, brick, cylinder, platelets, and sphere. 

Fig. 5. Impact of the slip parameter (K) on the temperature profile 

of EG-Cu nanofluid for various nanoparticle shapes: 

blade, brick, cylinder, platelets, and sphere. 
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Increasing the slip parameter K reduces the friction at the 

boundary, which in turn reduces the rate of convective heat 

transfer. This reduction in heat transfer efficiency leads to 

a decrease in the temperature distribution within the EG-Cu 

nanofluid, regardless of the nanoparticle shape (blade, brick, 

cylinder, platelets, or sphere). Different shapes will exhibit 

different magnitudes of this effect due to their varying thermal 

conductivity and interaction with the base fluid, but the overall 

trend with respect to K will be the same. 

Figure 6 demonstrates the influence of the nanoparticle vol-

ume fraction (ϕ) on the velocity profile for EG-Cu nanofluid for 

five nanoparticle shapes: blade, brick, cylinder, platelets, and 

sphere. The results demonstrate how the concentration of nano-

particles affects fluid flow, with each shape exhibiting unique 

flow characteristics. For instance, blade-shaped nanoparticles, 

with their sharp and elongated design, tend to increase resistance 

and turbulence, causing noticeable changes in the velocity pro-

file. In contrast, spherical particles, due to their smooth and sym-

metrical shape, enable more uniform and stable flow. Platelet-

shaped particles, with their flat and wide structure, enhance the 

velocity profile, while cylindrical and brick-shaped particles 

show intermediate flow patterns. Notably, increasing ϕ enhances 

the velocity for most copper nanoparticle shapes, including cyl-

inders, platelets, blades, and bricks. However, a unique excep-

tion is observed for spherical nanoparticles, where increasing ϕ 

leads to a velocity decrease. This contrasting behaviour can be 

attributed to the interplay between various factors such as parti-

cle shape, interparticle interactions, and heat transfer mecha-

nisms. Figure 7 delves into the influence of nanoparticle volume 

fraction (ϕ) on the temperature for EG-Cu nanofluid for various 

nanoparticle shapes. The results are presented for blade, brick, 

cylinder, platelets, and sphere, highlighting the influence of 

shape factor on the temperature profile. Interestingly, increasing 

ϕ generally leads to a temperature increase for most copper na-

noparticle shapes, including cylinders, platelets, blades, and 

bricks. This can be attributed to enhanced heat generation within 

the nanofluid due to higher particle concentration. 

The impact of the stretching parameter (n) on the velocity 

profile with different shapes of copper nanoparticles is shown in 

Fig. 8 for the EG-Cu nanofluid for five nanoparticle shapes: 

blade, brick, cylinder, platelets, and sphere. The results demon-

strate how the rate of surface stretching influences fluid flow, 

with each nanoparticle shape showing unique flow characteris-

tics. These findings highlight the significant role of nanoparticle 

geometry in determining fluid dynamics during stretching, 

providing critical insights for applications, such as industrial 

coating, polymer processing, or flexible electronics, where con-

trolling flow behaviour under deformation is essential for opti-

mizing performance. The velocity profile also tends to reduce 

with a rise in n values, as mentioned earlier; a rise in the values 

of n reduces the boundary layer thickness. 

 

 

 

 

 

 

  

   

  

  

Fig. 6. Impact of volume fraction (ϕ) on the velocity profile 

of EG-Cu nanofluid for various nanoparticle shapes: 

blade,  brick,  cylinder,  platelets, and  sphere. 
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Fig. 8. Effect of the stretching parameter (n) on the velocity profile 

of EG-Cu nanofluid for various nanoparticle shapes: 

blade, brick, cylinder, platelets, and sphere. 

  

   

  

  

  

Fig. 7. Impact of volume friction (ϕ) on the temperature profile 

of EG-Cu nanofluid for various nanoparticle shapes:  

blade, brick, cylinder, platelets, and sphere. 
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Figure 9 portrays the impact of stretching parameter (n) on 

the temperature profile for EG-Cu nanofluid for five nanoparti-

cle shapes: blade, brick, cylinder, platelets, and sphere. The re-

sults illustrate how the rate of surface stretching influences ther-

mal behaviour, with each nanoparticle shape displaying distinct 

heat transfer characteristics.  

The findings emphasize the importance of optimizing nano-

particle shape to achieve desired thermal performance in sys-

tems, where stretching and heat transfer are interconnected. It is 

noted that the temperature also reduces with a rise in the stretch-

ing parameter. 

Figure 10 sheds light on the role of the Eckert number (Ec) 

in shaping the temperature profile. As Ec increases, we observe  

a further enhancement in temperature. This signifies the grow-

ing importance of viscous dissipation with increasing fluid ve-

locity. 

Figure 11 provides an intriguing comparison of the velocity 

profiles for different copper nanoparticle shapes. We observe 

that the velocity ranking, from highest to lowest, is as follows: 

platelets, cylinders, blades, bricks and spheres. This suggests 

that platelet-shaped nanoparticles offer the strongest enhance-

ment in nanofluid velocity, while spherical nanoparticles exhibit 

the least impact. 

Finally, Fig. 12 offers a scientifically compelling results for 

comparison of temperature profiles for different copper nano-

particle shapes. We can discern that the temperature ranking, 

from highest to lowest, follows the order: platelets, cylinders, 

blades, bricks and spheres. This suggests that platelet-shaped na-

noparticles have the most significant impact on heat generation, 

while spherical nanoparticles contribute the least. These find-

ings unveil the intricate relationships between various parame-

ters and their impact on the thermal behaviour of copper 

nanofluids. Such insights can guide the design and optimization 

of nanofluid-based systems for diverse applications in thermal 

management, energy harvesting, and beyond. 

Table 1 shows the physical and thermal characteristics of 

base fluids and copper nanoparticles [32] and Table 2 exhibits 

the varying values of the shape factor and viscosity of fluid un-

der consideration [31]. In Table 3, the current result is contrasted 

with the findings of Khan and Pop [47], Wang [48], and Reddy 

Gorla and Sidawi [49] across a range of Prandtl numbers. We 

noticed that our results are in great agreement with existing lit-

erature for specific values. In Table 4, numerical values of skin 

friction are listed for different shapes of copper nanoparticles 

under various physical conditions. The data show that an in-

crease in volume fraction (ϕ), magnetic field strength (M) and 

stretching parameter (n) leads to an increase in the skin friction 

coefficient for multi-shaped copper nanoparticles. However, the 

trend is reversed for the slip parameter (K). In Table 5, the heat 

transfer coefficient (Nusselt number, Nu) is computed for pa-

rameters such as magnetic field strength (M), volume fraction 

(ϕ) stretching parameter (n) and slip parameter (K). The Nusselt 

number reduces with increasing values of magnetic field 

strength (M), volume fraction (ϕ) and Eckert number (Ec), for 

multi-shaped copper nanoparticles. Conversely, a different pat-

tern is observed for the slip parameter (K) and stretching param-

eter (n). 
  

  

   

  

  

  

Fig. 9. Effect of the stretching parameter (n) on the temperature pro-

file of EG-Cu nanofluid for various nanoparticle shapes: 

blade, brick, cylinder,  platelets, and sphere. 
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Fig 11. Impact of nanoparticle shape on the velocity profile. 

Fig. 12: Impact of nanoparticle shape on the temperature profile. 

Table 1. Physical and thermal characteristics of base fluids and copper 

nanoparticles [32]. 

Nanoparticles / 
Base fluid 

Specific heat,  
Cp (J/kgK) 

Thermal  
conductivity, 

k (W/m K) 

Density,  
ρ (kg/m3) 

Copper     385 401.0 8933 

Ethylene glycol  2430 0.253 1115 

 

Table 2. Varying values of the shape factor and viscosity [31]. 

Parameters / Nanoparticles A1 A2 m 

Blade 14.6 123.3 8.26 

Brick    1.0 471.4 3.72 

Cylinder 13.5 904.4 4.82 

Platelets 37.1 612.6 5.72 

Sphere    2.5      6.5 3.00 

 

   

    

   

   

   

Fig. 10. Impact of the Eckert number (Ec) on the temperature profile 

of EG-Cu nanofluid for various nanoparticle shapes: 

blade, brick, cylinder, platelets, sphere. 
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Table 4. Values of skin-friction coefficient for multi-shape nanoparticles.  

𝑴 𝑲 𝝓 n 
𝑪𝒇𝐑𝐞

𝟏
𝟐 

Cylinder Platelets Sphere Blade Brick 

0.5 0.5 0.02 2 -1.138160 -1.306940 -0.830585 -0.989867 -0.928154 

0.0 − − − -0.998848 -1.145640 -0.731201 -0.869857 -0.816152 

1.0 − − − -1.246380 -1.433560 -0.906007 -1.082130 -1.013850 

.5 0.0 − − -2.023270 -2.232800 -1.624970 -1.834350 -1.754120 

− 1.0 − − -0.811870 -0.945852 -0.573870 -0.696044 -0.648416 

− 0.5 0.00 − -0.758920 -0.758920 -0.758920 -0.758920 -0.758920 

− − 0.01 − -0.903964 -1.010440 -0.794841 -0.868059 -0.817518 

− − 0.02 1 -1.046630 -1.197250 -0.770443 -0.913785 -0.858335 

− − − 3 -1.210200 -1.393640 -0.877531 -1.049520 -0.982801 

 

Table 5: Comparison of the numerical values of Nusselt number for multi-shape nanoparticles.  

M 𝑲 𝐄𝐜 𝝓 𝒏 
𝐍𝐮𝐑𝐞− 

𝟏
 𝟐 

Cylinder Platelets Sphere Blade Brick 

0.5 0.5 0.2 0.02 2 5.797680      5.45369   6.40553     6.41026      6.22636 

0.0 − − − − 8.654940      8.54567   8.79801     9.11713      8.77341 

1.0 − − − − 3.635770      3.07073   4.66863     4.40239      4.3504 

0.5 0.0 − − − 0.340441   −0.13803   1.35575     1.03829      1.0155 

− 1.0 − − − 6.716180      6.57152   6.89114     7.12693      6.8602 

− 0.5 0.0 − − 11.574800 11.8706 10.91440 11.7129 11.1567 

− − 0.1 − − 8.686250      8.66215   8.65996     9.06153      8.69152 

− − 0.2 0.00 − 6.892040      6.89204   6.89204     6.89204      6.89204 

− − − 0.01 − 6.472940      6.26860   6.64252     6.68574      6.62141 

− − − 0.02 1 3.334780      2.91268   4.12472     3.94395      3.87874 

− − −  3 7.679450      7.39147   8.15487     8.29984      8.02463 

 

Table 3. Comparison of results for the reduced Nusselt number 𝜃′(0) 

considering: 𝐾 = 0, 𝑀 = 0, 𝜙 = 0, Ec = 0, 𝑛 = 1. 

Pr Khan [1] Wang [2] Sidawi [50] Present 

  0.7 0.4539 0.4539 0.53 0.4544 

  2.0 0.9113 0.9114 0.9114 0.9114 

  7.0 1.8954 1.8954 1.8905 1.8954 

20.0 3.3539 3.3539 3.3539 3.3539 

70.0 6.4621 6.4622 6.4622 6.4622 
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5. Conclusions 

In this article, heat transfer enhancement due to variation in cop-

per nanoparticle shape factor for blades, spheres, bricks, cylin-

ders and platelets in a nanofluid over stretching surfaces has 

been studied theoretically. Additionally, the effect of thermo-

physical quantities like volume fraction on heat transfer rates 

has been investigated. It is observed in this study that the surface 

area of nanoparticles greatly influences the thermal conductivity 

and all other properties of the nanofluid, and the increase in 

shape factor values enhances the heat transfer rate. Hence, the 

heat transfer rate for bricks is the highest in comparison to all 

other shapes of nanoparticles due to the large interfacial contact 

area. Regarding the role of the shape factors in heat transfer, it 

has been concluded that brick-shaped nanoparticles can be con-

sidered a good choice for future nanofluid applications in heat 

exchangers. 

Based on the obtained results, the new findings are as follows: 

 Nanoparticles in the shape of platelets offer excellent 

flow and bricks offer excellent heat transfer properties. 

 Spherical nanoparticles have poor flow and heat trans-

fer rates as compared to other shapes. 

 An increase in the magnetic parameter M reduces ve-

locity and hence decreases the boundary layer thick-

ness. 

 The interaction of the magnetic field and the conduct-

ing fluid causes Joule heating, which occurs when elec-

trical energy is transformed into heat by flow-induced 

currents. This increased heat generation influences the 

temperature distribution and results in an increase in 

temperature. 

 Increasing the slip parameter reduces both velocity and 

temperature profiles.  

 Increasing the stretching parameter value reduces both 

the velocity distribution and the temperature of the cop-

per nanofluid. 

 An increase in the volume fraction enhances velocity 

and temperature profiles. 

 Nusselt number enhances with increasing values of all 

parameters, such as the slip parameter and stretching 

parameter. 

 Comparing the impact of the Eckert number, volume 

fraction and magnetic parameter, it was found that the 

Nusselt number decreases as these parameters increase. 

 Skin fraction magnitude increases for increasing values 

of volume fraction, stretching parameter, and magnetic 

parameter,  and decreases for increasing values of slip 

parameter. 
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