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A novel 5D hyperchaotic system with multi-layer
attractors: sliding mode control and electronic
circuit implementation

Manal MECHEKEF and Lotfi MEDDOUR

This paper introduces a novel 5D hyperchaotic system derived from a 3D chaotic system. The
system has a unique equilibrium point at the origin and exhibits two positive Lyapunov exponents,
demonstrating a complex multi-layer attractor structure. Its rich dynamical behavior suggests
strong potential for applications in secure communications and control systems engineering. In
line with these capabilities, we propose a sliding mode control strategy to stabilize the system
at the origin. The designed controllers drive system states toward a predefined sliding surface
and maintain them there, with convergence and stability rigorously proven using Lyapunov
theory. Furthermore, we realize the system as an electronic circuit in Multisim and verify its
hyperchaotic behavior through phase portrait analysis in MATLAB.
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1. Introduction

Since the discovery of the Lorenz model in 1963 as a 3D chaotic system that
exhibits sensitivity to initial conditions [1], research in this field has accelerated.
Over time, researchers have introduced new chaotic systems that exhibit complex
dynamics and distinct topological properties, such as [2—8], although some studies
have demonstrated the equivalence of certain systems to the Lorenz model, such
as the Chen model [9, 10]. The rapid development of chaotic systems has led
to the emergence of hyperchaotic systems. Hyperchaos is a complex dynamical
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behavior typically described as an advanced form of a chaotic system that can
be extended and adapted to higher-dimensional systems. While chaotic systems
exhibit sensitivity to initial conditions, exponential trajectory divergence, and
a single positive Lyapunov exponent, hyperchaotic systems are characterized
by the presence of more than one positive Lyapunov exponent and require at
least four dimensions. This means that hyperchaotic systems exhibit exponential
divergence of trajectories in multiple directions, making their behavior even more
unpredictable and intricate than that of chaotic systems.

The concept of hyperchaos was first introduced by Otto Rossler in 1979 [11],
when he discovered a four-dimensional system by extending his three-dimensional
chaotic system into four dimensions. This system, later named the Rossler hy-
perchaotic system, marked the beginning of the study of hyperchaos. Since then,
numerous hyperchaotic systems have been developed, including the hyperchaotic
Lorenz system, the hyperchaotic Chen system, the hyperchaotic Chua’s circuit,
the hyperchaotic Lii system, and many others [12-20]. Due to their complex
properties, hyperchaotic systems are widely studied in various scientific and engi-
neering domains, especially in areas requiring high unpredictability and complex
signal generation, such as secure communication, cryptography, random number
generation, biological system modeling, and electronic circuits [21-25]. Among
the various classes of hyperchaotic systems, five-dimensional hyperchaotic sys-
tems represent a significant and increasingly studied category because of their
greater complexity and richer bifurcation structures. Additionally, due to the in-
trinsic sensitivity and unpredictability of hyperchaotic systems, controlling their
behavior becomes a crucial task, particularly for ensuring stable operation or
synchronization.

The study of hyperchaotic system control focuses on developing feedback
control strategies to achieve global or local asymptotic stabilization and reg-
ulate system outputs, this is essential for enhancing stability and performance
across diverse fields, including engineering, medicine, economics, and commu-
nications. Several approaches have been developed for controlling hyperchaotic
systems, such as active control [17,26,27], which directly modifies the system
equations; adaptive control [16,28,29], which is effective for systems with un-
known parameters; and sliding mode control [30-35], which provides robustness
against uncertainties and external disturbances, fast response, and relatively sim-
ple implementation once the sliding surface is defined, among others. To take
advantage of the above, hyperchaotic systems can be represented using con-
trolled electrical circuits, which serve as a low-cost and highly efficient solution
for encrypted communications, random number generation, bio-signal analysis,
intelligent systems, and noise filtering, especially for nonlinear or very weak
signals [36—43]. The biggest challenge lies in designing the optimal circuit,
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but with modern simulation tools, achieving this with precision has become
feasible.

This paper is structured as follows: Section 2 introduces a novel 5D hyper-
chaotic system with four nonlinear equations and analyzes its complexity by
examining its equilibrium points, stability, bifurcation diagrams, Lyapunov ex-
ponents, as well as visualizing its attractor using MATLAB. In Section 3, sliding
mode control is proposed to ensure the stability of the hyperchaotic system by
designing an exponential reaching law to force the system states to reach and
remain on the sliding surface, with stability established using Lyapunov theory.
The SMC approach has been chosen due to its effective for controlling nonlinear
systems, especially in chaotic and hyperchaotic systems. Due to its simple de-
sign, which makes its application easy compared to other methods. It also ensures
global asymptotic stability of the system and is characterized by its robustness
against uncertainties and external disturbances. In Section 4, the hyperchaotic
system is implemented in an electronic circuit using Multisim to validate the the-
oretical findings, demonstrating its practical feasibility. Finally, a brief conclusion
is provided in Section 5.

2. Formulation and Dynamic Analysis of a 5D Hyperchaotic System

2.1. Construction of a New Hyperchaotic System

The generalized Lorenz system family [44] is characterized by the following
dynamics:

x=a(y—x),
y=cx+dy-xz, (1)
Z=xy— ez.

Through state feedback control of system (1), we develop a new nonlinear system
described by:

x=a(y—x)+bu,
y=cx+dy—xz+v,

Jz=xy—ez, (2)
u=-mx— my3,
vV =-nyz,

where x, y, z, u, and v are state variables, and a, b, ¢, d, e, m, n € R are constant
parameters.

For parameter valuesa =1,b=7,¢=9,d =2,e =6, m =3,and n =7, the
system (2) exhibits hyperchaotic behavior with two positive Lyapunov exponents,
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as shown in Fig. 1. The Lyapunov exponents are:
Ly =3.300219, L, =0.163290, L3 =-0.062670,

L4y =-2.231652, and Ls=-6.170517,

satisfying:

ZS: L; < 0.
i=1

The Kaplan-Yorke dimension is given by:

J
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Figure 1: Time evolution of Lyapunov exponents of the system (2) with parametersa =1, b =7,
c=9,d=2,e=6,m=3,andn=7

The phase portraits of the system (2) across different planes, illustrating its
complex multi-layer attractor structure, are shown in Fig. 2.
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Figure 2: Phase portraits of the hyperchaotic system (2) in (a) x — y — z space; (b) x — y — v space;
(c) y—z—u space; (d) x—y plane; (e) x —z plane; (f) x—u plane, with parametersa = 1,b =7,¢ =9,
d=2,e=6,m=23,n="7,and initial conditions (x, yo, zo, 4o, Vo) = (0.1,0.1,0.1,0.1,0.1)

2.2. Symmetry and invariance

The system (2) exhibits invariance under the transformation (x, y, z, u,v) —
(=x, -y, z, —u, —v), which represents a reflection across the z-axis. This symme-
try means that the system’s behavior remains unchanged when the x, y, «, and
v coordinates are inverted, while the z coordinate remains unchanged. In sum-
mary, for every trajectory in the system, there exists a corresponding symmetric
trajectory, reflecting the system’s inherent structural invariance.

2.3. Dissipativity

The divergence of the novel system (2) is given by:

ox dy 0z o0u v
V = — -_— _— —_— _— = = - .
A" 0x+8y+6z+6u+6v (a—d+e) 3)
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Thus, system (2) is dissipative when (a — d + e) > 0. It exhibits exponential
contraction at a rate of exp (—(a — d + e)), converging to zero as t — oco. Conse-
quently, the system’s asymptotic behavior settles onto an attractor.

2.4. Equilibria and stability

The system (2) has a unique equilibrium point £y = (0, 0, 0, 0, 0), which can
be calculated by setting X =y =2=u=v =0.

The stability of the equilibrium E( can be studied by calculating the Jacobian
matrix (4), which is given by:

-aa 0 b0
c d 0 01
Je, =1 0 0 —e 00 (@Y)
-m0 0 00
0 0 0 0O
The characteristic polynomial of the Jacobian matrix given in (4) is:
A = A(A+e) (=2 + (—a + d)A*> + (ad + ac + bm)A — bm). (5)

The eigenvalues are obtained by solving the characteristic equation A(1) = 0,
which yields:

=0, b=-e - +(-a+d)A%+ (ad+ac+bm)d—-bm=0.

According to the Routh-Hurwitz stability criterion, all eigenvalues have negative
real parts if and only if the following conditions are satisfied:

a>d, bm>0, and bm < (-a+d)(ad+ac+bm). (6)

The equilibrium point E is stable when e > 0 and conditions (6) are satisfied.

2.5. Bifurcation and Poincaré section

The bifurcation diagram of system (2) for parameter n € [0, 30], as shown
in Fig. 3, exhibits rich and complex dynamical behavior. This diagram was
computed with fixed parametersa = 1, b =7,¢c=9,d =2,e =6, m = 3, and
initial conditions (xo, yo, zo, 10, vo) = (0.1,0.1,0.1,0.1,0.1).

Furthermore, we analyze the Poincaré map of system (2). As shown in Fig. 4,
the Poincaré sections consist of scattered points, confirming the chaotic behavior
of the system.

The combined theoretical analysis and numerical simulations confirm that the
novel hyperchaotic system (2) exhibits both complex topological structures and
diverse chaotic dynamics.
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Figure 3: Bifurcation diagram of system (2) with respect to parameter 7, for fixed
parameters ¢ = 1, b = 7, ¢ =9,d = 2, ¢ = 6, m = 3, and initial conditions
(xo,yo,z(), up, V()) = (0.1,0.1,0.1,0.1,0.1)
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Figure 4: The Poincaré map of the system (2) on the x — y plane
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3. Sliding mode control design for the novel SD hyperchaotic system

In this section, a sliding mode control strategy is applied to drive the system
state trajectories toward the sliding surface, achieving global stabilization of the
hyperchaotic dynamics.

The controlled hyperchaotic system is described as follows:

Xx=a(y—x)+bu+pu,,
y=cx+dy—xz+v+uy,
JZ=xy—ez+ U, (7)

= —mx —my> + iy,

V=-nyz+ iy,

where u; (for i = x,y,z,u,v) are feedback controllers that should be designed
based on the system variables x, y, z, u, v such that the system in equations (7)
globally converges to the origin asymptotically.

To ensure the asymptotic stability of the sliding mode, a suitable sliding
surface in this design is described as follows:

t

Sx:x+/lx/x(‘r)d7',

0
t

Sy:y+/1y/y(‘r)d‘r,
0
t

1S, = z+/lz/z(7)dr, ()

0
t

Su:u+/lu/u(7')dr,

0
t

Sv:v+/lV/v(T)dT,

0

where A; (fori = x,y, z, u, v) are positive constants chosen by the designer.
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The derivative of the sliding surface (8) is given as follows:

Sy =X+ Ax,
Sy =y+4yy,
18, =2+ 4.2, 9)
Su =u+A,u,
Sy =V + A,

The control law is presented as follows:

Wi = He; + Ud; (10)

where i € {x,y,z,u,v} and u,; is the equivalent controller, calculated using
the invariance condition, allowing us to cancel out the known terms on the
right-hand side of (9). It is determined using the exponential reaching law for
i€{x,y,z u,v}, given as follows:

Si>0 =4 S,‘<O,
Si<0 = S, >0,

which must satisfy two conditions:
Si=0 and S;=-n;sign(S;) — k;S; . (11)

By using the condition (11) in (8) and substituting (7) into (9), the equivalent
controller is given as:

He, = —a(y —x) — bu — A.x,
Hey = —cx —dy+xz+v —Ayy,
He, = —Xy +ez—A;2, (12)

He, = mXx + my’ — Au,

He, =nyz — Ayv.

And pg, fori € {x,y, z,u, v} is defined as an external discontinuous control effort
that forces the system to ensure finite-time convergence to the sliding surface.
Under condition (11), the controller u; is chosen as:

Ha; = —misign(S;) — kS, (13)
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where 7; and k; are positive constants. Substituting (12) and (13) into (10), the
controller is obtained:

px = —a(y = x) — bu — A;x — n,sign(Sx) — ki Sy,

My = —cx —dy +xz—v — A,y —nysign(S,) — k,S,,

U, =—Xxy+ez—A,7— UzSign(Sz) - kS, (14)
fu = mx +my> = dgu = 1,5ign(Su) = kuSu,

Wy =nyz — A,v —n,sign(S,) — kS, .

Theorem 1. Consider the system (7) with the initial condition values x(0), y(0),
z(0), u(0), v(0) € R. Under the proposed sliding mode controller (14), the origin
is globally asymptotically stable if the design parameters satisfy: 1; > 0, n; > 0,
ki >0, fori € {x,y,z,u,v}.

Proof. Let the Lyapunov function of the system be defined as:

1
‘/:§(ﬁ+5§+sahﬁ+sﬂ. (15)

Clearly, V > Oand V = O if and only if S, = §, =5, =8, =S, =0. Thus, V is
positive definite and radially unbounded.
Differentiating V along the system trajectories yields:
V=88 +8,S, +8,S; +SuSu + 5,8,
= Sy (—mysign(Sy) — kiSy) + Sy(—leSigﬂ(Sy) - kySy)
+ S, (—m.sign(S;) — kS;) + Su(—mysign(Sy) — kuSu)
+ Sv(_nvSign(Sv) - kav)
= —1x|Sx| = ka)% - 77y|Sy| - kysi = n|S;| - kzsg — M| Sul = kusi
— ISy] = koS
Since 7; > 0 and k; > 0 for all i € {x,y,z,u, v}, it follows that V < 0 for all
S; #0,and V = 0 only when S; = 0. Therefore, by Lyapunov’s direct method, the

system trajectories converge asymptotically to the sliding surface S; = 0.
On the sliding surface, S; = 0 implies:

X+A4x=0, y+4,y=0, z+4,z=0, u+A,u=0, v+4,v=0.
These are first-order linear systems with solutions:
x(1) = x(0)e™™",  y(1) = y(0)e™",

Since A; > O for all i € {x,y, z,u, v}, all states converge to zero as t — oo.
Hence, the system (7) is globally asymptotically stable at the origin. a
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In the simulation results, Python is used to solve the proposed hyper-
chaotic system (2) under sliding mode control. The initial conditions are set
as (xo, Yo, 20, 40, vo) = (0.1,0.1,0.1,0.1,0.1), and the parameters are chosen as
a=1,b=7,c=9,d=2,e =6, m =3, and n = 7. These values are selected to
ensure that the system exhibits hyperchaotic behavior before control is applied,
as confirmed in Section 2.

As shown in Fig. 5, the system trajectories successfully converge to zero under
the proposed sliding mode control (SMC). Specifically, the state variables z and
u reach zero at approximately ¢ = 0.045, followed by the variables y and v which
are still converging around # = 0.05. Finally, the variable x converges at t = 0.07.
The simulation results confirm that the sliding mode control effectively stabilizes
the system’s trajectories toward the origin.

s
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—20 4
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Figure 5: Time responses of the controlled 5D hyperchaotic system (2)

4. Circuit implementation of the novel hyperchaotic system

To design an electronic circuit equivalent to a hyperchaotic system, the process
involves three steps, applied as follows:

First step: To establish the appropriate power supply voltage, the temporal
trends of the five state variables must be analyzed using MATLAB. Figure 6
illustrates the behavior of these variables and the hyperchaotic attractor, with the
ranges defined as:

x€(=300,300), ye(-15,15), ze(=5,25), ue(-300,300), ve(-60,80).
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Figure 6: Numerical simulations of the system (2): the hyperchaotic attractor and the trends of
the state variables x,y,z,u, and vwitha =1,b=7,¢=9,d=2,¢ =6, m =3,n =7, and
(x0, Y0, 20, 40, vo) = (0.1,0.1,0.1,0.1,0.1)

The state variables of the system are scaled to bring the attractor within
the dynamic range of the operational amplifiers, where the transformations are
givenby:

X Y Z u v

=10 T T YT Voo

A new rescaled equivalent system is established (16), demonstrating that the
trends of the state variables oscillate within the voltage limits, as shown in Fig. 7.
Thus, the novel hyperchaotic system (2) can be rewritten as:

X =a(0.1Y — X) + bU,
Y =10cX +dY — 100XZ +V,

{7 =100XY - eZ, (16)
U=-mX - 10mY3,
V=-10nYZ.

Second step: Discuss the circuit associated with the rescaled system, utilizing
operational amplifiers to perform the basic operations of addition, subtraction,
and integration. The nonlinear terms in the equations are implemented using



www.czasopisma.pan.pl g iN www.journals.pan.pl
POTSRAAKADENIA MUK

A NOVEL 5D HYPERCHAOTIC SYSTEM WITH MULTI-LAYER ATTRACTORS:
SLIDING MODE CONTROL AND ELECTRONIC CIRCUIT IMPLEMENTATION

Z(t)

z
M‘ n\wal 1‘\ 4“)\ \\ i )‘ ‘I' W
z f ‘Z
"W J‘ ]J j# | bl «JM« i ‘M ’vgﬂ%\f’a'w‘.\y W‘UM M W’l

20

40
t (sec)

60 80 100 20 40 60

t (sec)

80 100 0 20 40

t (sec)

60 80 100
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multipliers AD633, along with other electronic components such
and capacitors. By applying Kirchhoff’s laws, the 5D hyperchaotic

dynamo system and its circuital equations are derived as:

dve,

S

dvc,
-

dc,
-

dvc,
-

dc,
-

1 1 1 R11 1 R17
= -, -,

C (Rl at Ry (RIO)( c)+ R; (R16)( C4))

1 (1 (R4 1 (R 1
= -0 - ——9¢c,

Cs (Re (Rs)( o)+ Ry (Rlo)( )+ 10Rg 'C

I [Rao
-0,

r 2 (72 o)) i
_1 1 R4 (19 9 ) 119 a7
_C3 10R12 v R13 <l

1 1 1
= —[—0c, +—03

C4 \R14 G Ris Cz)

1 1
= — Yo, %, |,

Cs \10R;5 C3)
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where ¢, , Uc,, 9c;, Uc,, and J¢, are the voltages across the capacitors Cy, C2, C3,
C4, and Cs, respectively. By comparing equation (16) with the circuital equation
(17), we obtain:

1
a=——,
CiR,
1 Ru)
0.1a = —,
CiR2 \Ryo
1 R
b= l)
CiR3 \Ri6
1 R
10c = =2,
CrRs \ Ry
1 R
d= J)
C2R7 \Ryo
1
100 = ——,
| = 1 (Rzo)
C2R9 \R19)’
1 R
100= —— (2],
10C5R 12 \ R4
1
e= ,
C3Ry3
1
m= ,
C4R14
1
10m = ,
C4R;s
1
10n= ——,
"= 10CsR 3

Third step: In this final step, the proposed circuit is implemented using
Multisim software (version 14.2). The simulation circuit diagram of the system
(17) shown in Fig. 8, where the circuital elements are chosen as follows: the power
supply voltage is £9 V; the capacitors are setto C; = C; = C3 = C4 = C5 = 1 nF;
and the resistors are R4 = Rjg = Rijg = Rj9 = 100kQ, and R5; = Rj; = Ry7 =
R>o = 50 kQ. The parameters are chosenasa =1,b=7,¢c=9,d =2, e =6,
m = 3, and n = 7. The Multisim phase portraits of the 5D hyperchaotic circuit
(17) are shown in Fig. 9 corresponding to the simulation presented in the 2D
MATLAB plots in Fig. 2, on the planes x — y, x — z, x —u, and y — u.
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Figure 8: Schematic diagrams of hyperchaotic circuit of circuital equations (17)
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Figure 9: 2-D plots of the 5-D hyperchaotic circuit (17) in (a) x — y plan, (b) x — z plan, (¢c) x —u
plan, (d) y — u plan

5. Conclusion

This paper focuses on the study of a new 5D hyperchaotic system (2) charac-
terized by four nonlinear terms. The complex dynamical behavior of the system is
analyzed using phase portraits, Lyapunov exponents, and bifurcation diagrams.
The results confirm the existence of a strang attractors and hyperchaotic be-
havior. Additionally, the system is symmetric with respect to the z-axis, adding
an interesting structural property to its dynamics. We have proposed a sliding
mode control strategy to stabilize the system at the origin. The method begins by
defining an appropriate sliding surface, followed by constructing a controller that
drives the system’s trajectories toward this surface using an exponential reaching
law. The Lyapunov stability criterion is employed to ensure system stability, and
Python-based simulations validate the performance of the proposed control ap-
proach. Finally, to validate the practical realization of the proposed hyperchaotic
system, an electronic circuit was simulated using Multisim software. The circuit
results confirm the presence of chaotic behavior, consistent with the theoreti-
cal model. Furthermore, the system’s attractor is simulated and visualized using
MATLAB, demonstrating an excellent correlation between numerical analysis
and circuit implementation.
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