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On some new classes of functionals and their
applications in optimization models

Valeria CIRLAN @ and Savin TREANTA

This paper investigates a class of multi-objective variational control problems, named
(VCP), characterized by vector-valued integral objective/cost functional and differentiable in-
equality constraints. More precisely, we formulate the problem in a general framework and, in
order to analyze optimality criteria, we associate scalar subproblems with the multi-objective
setting and establish conditions under which efficient solutions of the original vector prob-
lem correspond to optimal solutions of these scalarized problems. We derive the necessary
optimality conditions in the form of Euler-Lagrange-type equations, involving multipliers
and piecewise smooth functions as variables. Furthermore, we introduce the new notion of
(€9, €1) — (cg,c1) — type — I pair of functionals, adapted to the variational control setting.
The introduced generalized convexity concepts are very important in characterizing efficient
solutions and in deriving enhanced optimality conditions. These results enrich the theoretical
framework of multi-objective variational control and provide a solid basis for future research
and applications in mathematical optimization and control theory.
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1. Introduction

Multi-objective variational problems have become one of the most discussed
themes in mathematical optimization due to their relevance in diverse appli-
cations across control theory, physics, economics, or engineering. These prob-
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lems, which involve optimizing multiple conflicting objectives simultaneously,
present real theoretical challenges, especially in the absence of convexity which
is conventional basics in optimization theory. Traditional approaches have re-
lied considerably on convexity assumptions to obtain necessary and sufficient
optimality conditions as well as duality correlations. However, many real-world
problems cannot be solved with convex structures. This limitation has guided to
the development of generalized convexity concepts, such as, invexity [23, 25],
generalized invexity [13,26], generalized type-I invexity [20], V-invexity [27],
generalized type-I univexity [18], or (F, p)-convexity [3], that extend the theo-
retical framework to include an ample class of functions and control problems.
Duality theory fill as a fundamental analytical instrument, enabling the trans-
formation of primal optimization problems into dual problems which are often
easier to analyze or solve. This area has been enriched with new forms of dual
constructs, such as Wolfe and Mond-Weir type duals, within generalized dual-
ity theorems under the newly proposed generalized structure [14]. Bellman [6],
Mond and Hanson [24] and Hanson [15] are essential works which have been
substantially extended in later research as [2,7] and many others. The study
of duality and optimality in multi-objective variational problems under gener-
alized convexity assumptions has also attracted attention for many researchers.
For example, Bhatia and Mehra [8], Khazafi and Rueda [18, 19] and Liu [21]
developed duality frameworks for variational and control problems using various
generalizations of convexity. Craven [10] established the Kuhn-Tucker neces-
sary conditions for optimality in certain multi-objective variational problems.
Furthermore, he demonstrated that these conditions become sufficient when the
constraint functions are quasi-convex and the objective functions are pseudo-
convex. Fantuzzi [11] studied convex relaxation duality in constrained variational
problems, establishing strong duality under specific assumptions offering compu-
tationally efficient formulations. In a related direction, Joshi [17] introduced new
duality results for vanishing constraint problems, employing generalized invex
functions and improved dual formulations in mathematical programming. Recent
literature also draw attention to nonconvex and nondifferentiable assumptions
by Antczak et al. [4] and Reddy and Mukherjee [31] to find efficient solutions
in generalized variational models illustrated by Treanta [33]. The achievements
obtained by Xiuhong [37] and Zhian and Qingkai [38] have enriched the knowl-
edge in this field by establishing duality theorems for classes of multiobjective
control problems using generalized invexity, highlighting the current evolution
and development applicability of these mathematical tools to computational the-
ory. On the other side, control theory combined with variational principles, make
easier practical implementations in dynamic’s field. The study of multiobjective
variational control problems, particularly those that contain system dynamics,
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constraints and fractional control problems has attracted significant attention.
Recently works as those of Antczak et al. [4] or Treantd [35], provided metic-
ulous analysis on the efficiency and duality of non-differentiable, non-convex
and vector fractional problems. Alternative approaches to generalized convexity,
nonconvex optimization and vector optimization have been developed by Mishra
et al. [22]. These studies emphasize the importance of pseudo-invexity, V — KT
conditions and (p, b)-quasi-invexity, which are applicable in theoretical research
and engineering systems. Also, Treantd [34] defined strong formulations by de-
veloping necessary and sufficient optimality conditions adapted to variational
problems exposed to perturbations and uncertainty. New approach on general-
ized convexity and nonsmooth fractional interval-valued optimization belong to
Hung and Van Tuyen [16]. Adly and Kien [1] formulated first and second order
KKT conditions for multiobjective control systems with mixed constraints, high-
lighting sustainable energy management applications. Saadati and Oveisiha [32]
explored robust nonsmooth optimization in Asplund spaces, incorporating fuzzy
and variational tools to model uncertainty and nonconvexity. These formulations,
as seen in the works of Preda [30] and Reddy and Mukherjee [31], allow for
a more comprehensive handling of constraint qualifications and solution effi-
ciency, particularly in multi-objective and fractional frameworks. The research
of Khazafi and Rueda [19], along with extensions by Nahak and Behera [29],
has highlighted the utility of p — (7,0) — B — type — I functions in formu-
lating necessary and sufficient optimality conditions for multiobjective control
problems.

In this paper, our aim is to contribute to this growing field by investigating new
duality results and sufficient efficiency conditions for a class of multiobjective
variational control problems under (generalized) (ey, €1) — (co,c1) — type — 1
assumptions of implied functionals. Based on existing literature, we provide gen-
eral conditions that summarizes a large presentation of functional forms and
constraints. The results presented not only generalize classical duality struc-
tures but also offer enhanced analytical tools for addressing complex con-
trol systems governed by multiple objectives. To this purpose, we introduce
(€0, €1) — (co,c1) —type — I pairs of functionals in order to derive more general
results for sufficient efficiency criteria and duality associated with multi-objective
optimization problems.

The paper continues as follows. In Section 2, we define the problem under
study, called (VCP), and some preliminaries. In Section 3, we study efficiency
criteria associated with (VCP) and ennounce certain theorems to establish several
sufficient efficiency conditions. In the next section, we focus on reciprocal results,
providing various outcomes of dual type. In the last section, we present our
conclusions and future directions, which are worth further investigation.
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2. Problem formulation and preliminaries

Consider the following multi-objective variational control problem:
b b b

(vep)  min /mf,a,w)df:: /m(f,o,wdf,..., /uz(f,a,w)df

a a a

subject to

o(a)=a, o(b)=4,
hf,o,0,w) =¢g(f,oc,w)—c =0, fel:=]a,b].

Let the set of feasible pairs associated with (VCP) be denoted as
0= {(a,w) e C(ILR") x C (1, Rl) | o(a) = @, o(b) = B,

h(f,O',O',u)) <0, fEI}

Regarding (VCP), we formulate the minimization model (P;), with g =
1,...,¢, as follows:

b
(P2) min [ug(ronwrar
subject to o (a) = a, o(b) =,
b b
/Mp(f’o-’a))df < /:up(f’o-*aw*)df, p = 1’2?""t’ p ¢ Q?

hy(f,o,0,w) <0, s=1,...,n, fel.

Next, by considering Geoffrion [12], Nahak and Nanda [28], or Treanta et
al. [36], we formulate the following definitions.
Definition 1. A pair (c*, w*) in Q is said to be an efficient pair of (VCP) if, for
all (o, w) € Q, we have
b b
/up(f,a*,w*)df > /,up(f,O',w)df, Vpe{l,...,t}

a a
b b

= [y, (f,o",w)df = [u,(f,o,w)df, Vpe{l,... t}.

a a
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Definition 2. A pair (o*, w*) in Q is said to be a properly efficient pair of (VCP)
if there exists a real number O > 0 such that

b b

[ oy af = [ups.o.wars

’ b ’ b

<0 /uj(f,O',a))df— ui(f,o',w)df], Vpe{l,... t},

forall (o, w) € Q and for some j such that
b b
Juitrowar> [uir.otw)as
whenever (o, w) is in Q and
b b
Jutr.aor < [ur.om0ar
Next, in accordance with Chankong and Haimes [9], we establish the following
result.
Lemma 1. The pair (o, w*) is an optimal solution of (P*), withg =1,2,...,1t,
is equivalent to (o™, w*) is an efficient pair of (VCP).
According to Treantad [34], following Mond and Hanson [24], we state the
theorem.
Theorem 1. Let (0™, w*) be a normal optimal solution of (PZ), qg=12,...,t

Then, there exist the scalars ¢1q, ..., ¢y Where ¢gq = 1, and {;: I — R"
(piecewise differentiable function) such that

ﬂqv(f’ O-*’ (l)*) + Z ¢pqﬂp0’(f’ 0-*’ CL)*) + é/q(f)ThO'(f9 O-*’ 0-*’ (J)*)

p=1
P#q

t
ﬂq(’r(f» o, w") + Z PpgMpe (f,o" w")
p=1

P#q

_4
-

+ LN he(f o 0" 0|, fel )
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t
Hao (0%, 0) + D pattpo(f, 0, )
p=1

p#q
+ LN ho(f, 0% 0%, 0*) =0, fel, )
L(NTh(f.0% 6%, 0) =0, fel, 3)
(f)z0, fel, (4)
$pg >0, p=12,...,t, p#gq (5)

are satisfied, for all f € I, except at discontinuities.

Definition 3. Ler u and h be two real-valued functionals. The pair (u, h) is said
to be (o, €1) — (co,c1) —type — 1 at (G,v) € Q ¢ C' (I,R") x C (I,R!) with

respect to v, &, and 9 if there exist cq, cy: (C1 (I,LR")yxC (I, Rl) )2 - Ry, v, O
Ix (Cl (LR") x C (IR )2 LR £ T (cl (LLR") x C (I,R) )2 — R, with
v(f,o,w,0,w) =v(f,0,w,G,V)|fzap =E(f,0,w,0,0) =0, €,€ €R,

such that, for all (o, w) € Q, we have

b b

CO(O-’ w’G’V) '/,U(f, o, w)df - ,U(f,G,V)df

b

> / [V(f, o, a),G,v)Tﬂg(f,G,v) + %v(f, o, w,G,v)T,ud(f,G,v)

+ f(f’ o, w, G’ V)T,uw(f’ G’ V) + 60”79(]“’ o, w, G’ V)||2 df (6)

and

b
—ci(o,w,G,v) /h(f,G,G,v)df

b
> / [v(f, o, w,G,v)Thg(f,G,G,v) + %v(f, o, a),G,v)Th(T(f,G,G,v)

a

+ &(f 0, w0,G V) hy(f,G,G,v) +e||9(f, o, w, G, v)||*|df.
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If in the previous definition, the relation given in (6) is satisfied as a strict
inequality, then we say that the pair (u, k) is semi-strictly - (&g, €;) — (co,c1) —
type — 1 at (G,v) € Q c C' (I,R") x C (I,R!) with respect to v, &, and 9.

Definition 4. The pair (u, h) is said to be quasi - (&g, €1) — (co,c1) —type — I at
(G,v) € Q c CH(I,RYXC (I,R!) withrespect to v, £, and 9, if there exist ¢, c1 :

2 2
(c1 (I, R")xC (I,RY) ) SR, v, 1><(c1 (I, R")xC (I,RY) ) SR E I

2
(C1 (I,R)XC (I, Rl) ) — R withv(f,o,w,0,0) =v(f,o,w,G, W f=ab =
E(f,o,w,0,w) =0, €, € €R, such that, for all (o,w) € Q, the inequality

b b
co.w.G.0 ] [ur.o.war- [utr.Gmarg <o
implies
; d
/ [V(fa g, w, G’ V)Tll(f(f’ Ga V) + Ev(f’ og,w, G’ V)T,Ll(j-(f, G’ V)
+€(f.0,0,G ) 1y (f, G,v) + ell9(f, o0, w, G, v)|I*[d f <0,
and
b
—ci(o,w,G,v) /h(f, G,G, v)df <0
a
involves
; d
/ [V(f, o,w,G, V)Thg(f, G,G, V) + ﬁv(f, o,w,G, v)Th(,(f, G,G, V)

a

+&(f, w0, G hy (f, G, G v) + € |9(f, &, G, v)||2] df <0.

Definition 5. The pair (u, h) is said to be strongly - pseudo - (€, €1) — (co,c1) —
type — I at (G,v) € Q C C'(ILR") x C (I, Rl) with respect to v, &, and 9,

2
if there exist ¢, cy : (C1 (I,R") x C(I,Rl)) - R, v, :IXx (C1 (I,R") x

2 2
C (1, Rl)) - RLE: I><(C1 (I,R")xC (I,Rl)) — R withv(f, o, w, 0, w) =
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v(f,0,w,G, V)| f=qp = E(f,0,w,0,0) =0, €,€1 € R, such that, for all
(o, w) € Q, the following relation

b

/ [V(f, g, w, Gv V)TﬂU(f’ G’ V) + %V(f’ o,w, G’ V)T,u(ﬁ'(f’ G’ V)

a

+E(f 0,0, G 1y (f, G, v) + el f, o, w, G, v)||*|df >0

involves
b b

co(cr, .G, v) /u(ﬁmw)df— W(f,G L =0,

a a

and

b
/ [v(f, o, w,G,v)Thg(f,G,G,v) + %v(f, o, w,G,v)Th(T(f,G,G',v)

a

+ &(f, 0 w,Gv) hy(f, G, G, v) + al[9(f, o w, G, v)||2] df >0

implies
b
—ci(o,w,G,v) /h(f,G,G,v)df > 0.
a

Definition 6. The pair (u, h) is said to be pseudo - quasi - (&g, €1) — (co, 1) —
type — I at (G,v) € Q c C'(I,R") x C (I,R") with respect to v, &, and 9,

2
if there exist cqo,cq : (C1 (I,R") x C(I,Rl)) - R, v,0:1IX (Cl (I,R") x

2 2
C(I,Rl)) —>R”,§:I><(C1 (I, R")%C (I,R’)) s R withv(f, o, 0, 0, @) =

v(f, 0,0, G, V)| f=qp = E(f,0,w,0,0) =0, €,€1 € R, such that, for all
(o, w) € Q, are verified the conditions: if

b b

co(o,w,G,v) /u(f,(r,w)df— u(f,G,v)df; <0

a a
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we have
b

/ [V(f’ o, w, G’ V)TﬂO'(f’ G’ V) + %V(f’ o, w, G’ V)T/'lo"(f’ G’ V)

+E(f, 0,0, G (£, G, v) + &l9(f, o, w, G, v)||*|d f <0,

a

and from

b
/ [v(f, o, w,G,v)Thg(f,G,G,v) + %v(f, o, w,G,v)Th(T(f,G,G',v)

a

+ E(f, 00,6, hy (f, G, G, v) + e |0 f, o w, G, v)||2] df >0

there result that
b
—ci(o,w,G,v) /h(f, G,G,v)df > 0.

If in the previous definition, we have

b
/ [v(f,a',w,G,v)Thg(f,G,G,v) + %v(f, o, w,G,v)Th(T(f,G,G,v)

a

+&(f,0,0,G V) hy(f,G,G,v) + € ||0(f, 0,0, G,v)|?|df > 0

there result that

b
—ci(o,w,G,v) /h(f,G,G,v)df > 0,
a

then we say that the pair (u, i) is strictly - pseudo - quasi - (&g, €;) — (¢g, c1) —
type — I at (G,v) € Q c C' (I,R") x C (I, R") with respect to v, £, and 9.

Definition 7. The pair (u, h) is said to be strongly - pseudo - quasi - (€, €]) —
(co,c1) — type = I at (G,v) € Q C C!'(I,R") x C(I,R!) with respect to

2
v, &, and 9, if there exist cg,cq : (C1 (I,R") x C(I,Rl)) - R, v, : I X

2 2
(c1 (I, R") x c(I,R’)) LR E:IX (c1 (I,R") x C(I,R’)) 5 R, with
v(f,o,w,0,w) = v(f,0,w,G,V)|f=ap = E(f,0,0,0,0) =0, €,€ €R,
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such that, for all (o, w) € Q, are verified the conditions:

b
/[v(f,O',w,G,v)T,uU(f,G,v)+%v(f,a,w,G,v)T,u@-(f,G,v)
a
+&(f, 0,0, G V) uy(f,G,v) + &ll9(f, 0, w,G, v)||2]df >0
implies
b b
(0.6 [utrmwar - [ur.Gmarg>o
a a
and
b
—ci(o,w,G,v) /h(f,G,G,v)df <0
a
gives

b
/ [v(f, o, a),G,v)ThU(f,G,G,v) + %v(f, o, w,G,v)ThC-r(f,G,G,v)

a

+£(f, w0, G hy (f,G.Gov) + € |9(f, & w, G, v)||2] df <0

If in the previous definition, if we have

b
/ [V(f’ g, w, G’ V)TIUO'(f’ G’ V) + %V(f’ g, w, G’ V)T,U(‘;-(f, G7 V)
+E(f, 00,60 (£, Gv) + 19 f, 0@, G, P |df >0
implies
b b
(0.6 [ufrw)df = [u(f.G)af} >0

then we say that the pair (u, h) is strictly — strongly — pseudo — quasi — (€, €1) —
(co,c1) —type =T at (G,v) € Q c C' (I,R") x C (1, Rl) with respect to v, &,
and 9.

Lemma 2 ((Nahak and Behera [29])). Every (€, €1) — (co,c1) — type — I pair

of functions is strongly - pseudo - (€y, €1) — (co,c1) —type — 1. The converse is
false.
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3. Efficiency criteria associated with (VCP)

Theorem 2 (Necessary efficiency conditions). If (c*, w*) € C! (I, R")xC (I, R')
is a properly efficient pair of (VCP), which is assumed to be a normal optimal

solution for (Pf]), g = 1,2,...,t, then there exist ¢* € Rl and {*: I — R" a

piecewise smooth function such that

¢ fo(fo 0" 0 + () o (fo 0", 0, W)

- %(W%(ﬁ W) + (N ke (fo0" 000, fel ()
¢ o (f 0", 0) + (O h(f, 0" 6" 0) =0, fel, (8)
GO (f ot 0 w)=0, fel, 9)
(f)z0, ¢°>0, fel (10)

Proof. Taking into account Lemma 1 and Theorem 1, the proof is obvious. O

Theorem 3 (Sufficient efficiency conditions). Let (0%, w*) € Q be a feasible
pair of (VCP). Suppose that there exist ¢* € R',¢* > 0 and (* : I — R"
a piecewise smooth function such that for all f € I the relations (7)—(10) are

satisfied. If (¢*T u, &*(f)Th) is (€p, €1) — (co,c1) — type — I at (0*,w*) € Q C
C! (I,R") X C (I,R!), with respect to v, &, and 9, and €y, €| € R, €y+¢€ > 0, with
bo(o,w,c*,w*) > 0, for all (o,w) € Q, then (o™, w") is a properly efficient
pair of (VCP).

Proof. Due to (¢*7 11, *(f)Th) is (€, €1) — (co. 1) —type — I at (0¥, w*) € Q,
with respect to v, £, and 9, and €y, €] € R, 9+ €] > 0, with bo(o, w, 0", w*) > 0,
for all (o, w) € Q, it follows

b b
co(or, 0, 0%, %) / () u(f. o w)df - /(as*)Tu(f, o w)df

b

5 / [V(f.0 00", 0" (6 o (f 07 0)

a

+ iV(f’ g, w, O-*’ w*)T(qs*)T/lé'(f’ O-*’ w*)

df
+ ‘f(f, o, w, O-*’w*)T(¢*)Tﬂw(f’ O-*’w*) + 60||7-9(f’ o, w, O-*’w*)llz df
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and

b
—ci(o,w, 0", w") /({*)Th(f, o, o, w)df

b

> / [v(f, o, 0,07, a)*)T({*)Th(T(f, oo, w")

d
+ —v(f,0,w,07, w*)T(g“*)Th(T(f, o0, w")

df

+E(f, 00,050 () h(f, 0% 0% 0") + e |l9(f, o, w, 0% 0" 1P| df.

Since ()T h(f,o*, o*, w*) = 0, we obtain

b

0> / V(00,00 (Y he (07,67, )

a

d
+ —v(f, 0, 0,0, 0) () he (f 07,0, w")

s
+ £(f.0, 0,000 () ho(f.0. 5.0 + @[8(f.0r 0,07 0P d .

By addition the above relations, we obtain

b b
co(o, w, 07, w") {/(fb*)Tﬂ(f, o,w)df - /(¢*)T,u(f, CT*,w*)df}
b

> [0 ) [0 bo (fr0.07) + () o (fo07. 57 0)

a

d
+ ﬁv(f’ g, w, 0-*’ w*)T [(‘p*)T/JO'(f’ 0-*’ (1)*) + (é/*)ThO'(f’ 0-*’ 0-*7 LL)*)]
+ E(f,0,0,0%,00 [(8) 1o (f. 0" ) + (£ ho(f 0", 6", 0]

+ (po+pDIIO(f. 0 0.0, )P an
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The relation in (11) becomes

b b
co(or.w, 0, ") /(¢*)Tu(f,<f,w)df— /(¢*)Tu(f,a*,w*>df

b

> [0 000 0T b (Foo ) + () i (fo, 67 0)

d
- ﬁ(((ﬁ*)TﬂO’(‘f’ 0-*’ w*) + (g*)ThJ(f’ O-*, 0-*’ (.U*))
+ £(£.0.0.07 ) (0 ko (£, 0", 0") + () ho(f.0, 07, 0))
+ (po+ pOII9(f.0r 0.0 ).

Considering the relations in (7), (8) and pg + p1 > 0, we get

b b
co(er, w0, 0%, ") /<¢*>Tu<f,a,w)df— /(¢*)Tﬂ(f,0*,w*)df > 0.

We know, by hypothesis, that co(o, w, 0", w*) > 0, so, it follows

b b
/ (6 u(f. o w)d f - / 6 ulf. o w)df >0,

or, equivalent,

b b
/ () u(foow)df > / () u(f. o ") d S,

b
which means that (o, w*) is a minimizer for /(¢*)T,u(f, o,w)df over Q,

with ¢* > 0. Therefore, (0", w*) becomes properly efficient pair of (VCP) (see
Theorem 1 of Bector and Husain [5]). O

Theorem 4. Consider that (0", w*) € Q is a feasible pair of (VCP) and there
exist * € R', ¢* > 0 and (*: I — R" such that, for every f € I, the relations
(7)—(10) are satisfied. If (¢*T , £*(f)T h) is semi —strictly — (o, €1) — (co, c1) —
type — I at (o, w*), with respect to v, &, and ¥, and €y, €| € R, €y + €] > 0,
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with bo(o, w, 0", w*) > 0, for all (o, w) € Q, then (o*, W) is an efficient pair
of (VCP).

Proof. Let us suppose that (o*, w*) is not an efficient pair of (VCP). Thus, there
exist (o, w) € Q and, for at least an index s = 1,2, ..., f, we have

b b
/ Fi(foorw)df < / £i(frot w0 df

and

b b
/ L rw)df < / f(fro, W) d].

But, since ¢* > 0 and c¢o (o, w, ¥, w*) > 0, considering (26), we get

b b
CO(O-’ w, 0-*’ (L)*) /(¢*)T#(f’ o, (J))df - /(¢*)Tﬂ(f’ 0-*7 (L)*)df <0.

We take in consideration that Z*(f)Th (f,o*, 0", w*) =0, *(f) > 0, f € I,
and obtain

b
—ci(o, w, 0", w") /(5*)Th(f, o*, 0", w)df =0.

As (¢* T, £ (f)Th) is semi-strictly - (€9, €1) — (co, 1) — type — I at (o7, w*),
with respect to v, &, and ¢}, we have

b b
0> color, w, 0, &) /<¢*>Tﬂ<f, o w)df - /<¢*>Tu<f,o*,w*>df

b

. / V£, 00", ") (@) po(f. 0" 0))

a

+ iv(f’ o,w, O-*’ w*)T(¢*)Tﬂd(f’ O-*’ (1)*)

df
+E(f, 00,050 () po(f, 07, 0") + pollO(f, 0, 0, 0%, )P [d f
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and

b
0=——ci(o,w, 0", w") /({*)Th(f, of, 0", w)df

b

> [[Wroo0 o @ 0 )

a

d o
+ —v(f, o, 0,0, W) () he (f, 0%, 0%, w%)

df
+ E(f, 0, 0,050 () ho(f, 0,5 0) + pill0(f, 07, 0,07 ") |1P | d f

By joining the relations given above, we obtain
b

JIr.oi0.0" V(@ o (o0 ) + (€ bl f0 070

a

d
+ Ev(f’ o,w, 0-*’ w*)T((¢*)Tﬂ0(f’ O-*’ (,4)*) + ({*)ThO'(fa 0-*7 é-*’ (1)*))

+ &(f 0w, 0%, 0 (8 po(f, 0% ") + () ho(f, 0", 6%, w"))
(po+p)II(f, 0w, 0", w)|*|df <0,

or, equivalently,
b

[0 0.0 (@ o (.00 4 (@ ho(F 0,0

a

- %((aﬁ*)%(f, 0" 0" + () ho (0", 6, w0")

+ E(f, 0, 0,05, 0) (8 po(f, 0", ") + () ho(f. 0, 07, w5))
(PO +P1)||19(f, o, w, O-*’w*)llz df < O,

which is contrary to Theorem 2 and pg + p; > 0. This means that our supposition
that (o*, w*) is not an efficient pair of (VCP) is false. So, we obtain that (o, w*)
is an efficient pair of (VCP). O

Theorem 5. Consider (0", w*) € Q is a feasible pair of (VCP), and there exist
¢ € R,¢* > 0and * : I — R" such that, for every f € I, the relations
in (7) and (8) are satisfied. If (¢*T u, £*(f)"h) is strongly - pseudo - quasi -
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(€0, €1) — (co,c1) —type — I at (0%, w*), with respect to functions v, &, and 9,
and €y, €1 € R, €y + €] > 0, with bo(o, w, 0", w*) > 0, for all (o, w) € Q, then
(0", w") is a properly efficient pair of (VCP).

Proof. Using relation given in (9), we obtain
b
—ci(o, w, 0", W) /({"‘)Th(f, o', o, wh)df =0.
a

From hypothesis, we know that (¢*7 , £*(f)Th) is strongly - pseudo - quasi -
(€0, €1) — (co,c1) — type — I at (o, w*), with respect to functions v, &, and 9.

Thus, we get

b
[Ir.oi0.0" 0@ ho.0% 070

a

s L w0, Y () he (fr 0, 6 0%)

df
+ &(f, o, w, 0500 () hy(f, 0" 0% w) + p1|9(f, o, w, o W) |)* | d f
<0,
or, equivalently,

b

d
/[V(f’ g, w, 0-*’ w*)T((g*)ThO'(f’ 0-*’ é—*a (1)*) - ﬁ(g*)ThO'(fa 0-*7 O-*’ (U*))
+&(f, o 0,050 () ho(f. 0% 0% W) + p|0(f, 00, 0%, )P |d f
< 0.

Using relations (7) and (8), it follows

b
[t o0 ) (@ o001 = L@ oo )

+ &(f, o 0,0, 0N (8 po(f, 0", 0*) = plllO(f, o, w, 0%, 0") || d f

>0,
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or, equivalently,

b

[Ir.0.0.0% 0V @ s 0%, 0)

a

s L w0, o (6 s (f, 0, ")

df
+&E(f, 00,0 0) (¢ o (f, 0" w%) = prllO(f, 0 0, 0% 0| |df >0,

for all (o, w) € Q. But, since pg + p; > 0, we get
b

[Ir.000.0% 0V @ £ 07,0

a

+ iv(fa o,w, O-*’ w*)T(¢*)Tﬂd(f’ 0-*9 (x)*)

df
+E(f 00,0500 () po(f, 07 0") + poll(f, 07, w, 0%, ") P |d f > 0.

Now, we corroborate the last equation with the fact that (¢*7 u, 2*(f)Th) is
strongly - pseudo - quasi - (&g, €]) — (¢, c1) —type — I at (0, w*), with respect
to functions v, &, and ¢, and €, €; € R, €y + €1 > 0, with by(o, w, o™, w*) > 0,
for all (o, w) € Q, and obtain

b b
INCI /(¢*)Tu(f,cr,w>df— /(rb*)T‘ﬂ(f,Cf*,w*)df > 0,

But we know that ¢y (o, w, 0", w* > 0. Therefore, it results

b b
/ () u(f. o w)df > / () u(f 0" ") d .

b
for all (o, w) € Q, that is, the pair (0, w*) minimizes /(¢*)Tp(f, o,w)df

a
over Q, with ¢* > 0, that is, (0", w*) is a properly efficient pair of (VCP). O

Theorem 6. Consider (o, w*) € Q is a feasible pair of (VCP), and there exist
¢ € R, ¢* > 0and * : I — R" such that, for every f € I, the relations in
(7)—(10) are verified. If (¢*T , &*(f)Th) is strictly - pseudo - quasi - (e, €1) —
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(co,c1)—type—1at (o*, w"), with respect to functions v, &, and 9 and €y, € € R,
e+ € > 0, with ¢i(o,w,0",w*) > 0, for all (o, w) € Q, then (o*,w") is an
efficient pair of (VCP).

Proof. We suppose, contrary to the conclusion, that (o, w*) is not an efficient
pair of (VCP). This means there exist (o, w) € Q and, for at least an index
s=1,...,t, we have

b b
/ Fi(foorw)df < / £i(frot w0 df
and
b b
/ £ rw)df < / £(fr o) d].

Since ¢* > 0 and co(o, w, o*, w*) > 0, we obtain
b b
coiow.0”. ) [@) utr.o0df - [0 afow0)df <0
a a

But, by hypothesis, (¢*7 u, £*(f)Th) is strictly - pseudo - quasi - (€, €) —
(co,c1) —type — I at (", w"), with respect to functions v, &, and 3. Thus, we
obtain:

b

[P.0.0.0" 0@ i f 0",

a

+ iV(f’ o,w, 0-*’ w*)T((p*)T/J(T(f’ O-*’ (1)*)

df
+&(f,0,0,0%,0) () po(f, 0%, 0%) + pollO(f, 07, w, 0%, ) || d f <0,

or, equivalently,
b

/[V(f’ o, w, 0-*’ W*)T((¢*)Tﬂ0(f’ 0-*’ (,U*) - %(¢*)T”0’(f9 0-*’ (U*))

+E(f 00,0500 () po(f, 07 0") + poll(f, 07, 0,0, ") P |d f < 0.

a
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But we have

(6 o (f, 0", @) + (" (N he(f, 07, 57, 0")
d

df
(6 Ho(f, 0, 07) + (£ (N ho(f.0" 6, 0%) = 0.

In consequence, we get

b

[tr.0.0.0 0 (@ () o foo, 57 0)

d

(O ho(f.07,5%, )

((¢*)T,u0'(f’ 0'*,60*)) + (5*(f))Th0(f7 O-*’('T*’w*)’

- f(f’ o, w, O'*, w*)T(¢*)Tﬂw(f9 O-*’ w*) - PO”ﬁ(f, o, w, O-*’ w*) ”2] df > 0’

equivalent with

b

[Ir.0i0.0" 0 (@ ) ha(foo, 67 0)

d
o df

+£(f.0, 0,00 (D) ho(foo o)) |df

> PO”ﬁ(f, o,w, 0-*’ (1)*)”2

(@D ho(f, 0%, 6, )

We use the condition pg + p; > 0, and obtain

b

[.00.0 T () o foo, 57 0)

d * * 0 ek *
- @O ho(r0 0, 00)
+ pil9(f, 00,0 ) df > 0.
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that is,
b

[ 000 o @ (0 hafoo, 57 0)

a

d
+ EV(f’ o, w, O-*’w*)T((é*(f))ThO'(f’ 0-*’ O'*,(,()*)
+ f(f’ o, w, 0-*7w*)T({*(f))Thw(f’ O-*’ é-*’ w*)

+ pill9(f, 00,0, )P df >0,

which, due to our hypotheses, implies

b
—ci(o, w, 0", w") /({*(f))Th(f, o, 0", w)df > 0.

b
Since ¢y (o, w, o™, w*) > 0, we get that —/(g“*(f))Th(f, o, 0", w)df > 0,
a

which is contradiction to our hypothesis, namely, Z*(f)Th(f, 0", 0", w*) = 0.
We find that our initial supposition is false, so, the pair (", w*) is an efficient
pair of (VCP). O

4. Reciprocal results associated with (VCP)

Consider the following multi-objective variational control problem:

b b b
(VCD)  max / u(f, 2 m)df = ( / W (fozm)d s, / /lz(f,z,ﬂ)df)

subject to

z(a) =a, z(b)=p,
¢ o (foz,m) + L(F) he(fo2,2,7)

= %(¢Tﬂd’(f,Z,7T)+§(f)Th@-(f,Z,z',7r)), fEI, (12)
¢Tluw(f’z’7r)+§(f)Thw(f,Z,Z',7T):0, fEI, (13)

(NS 2 2.7m) > 0, fel
() zo, fel.
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peR, ¢>0, ¢le=1, e=(1,...,1)eR.

In the following, we will establish various duality results between (VCP) and
(VCD) under the generalized (eg, €1) — (co,c1) — type — I hypotheses of the
functionals involved.

Theorem 7 (Weak duality). Let (o, w) € Q be a feasible pair of (VCP) and let

(z, 7, ¢,0) be a feasible pair of (VCD). We suppose that one of the following

conditions is verified:

(i) (¢Tu, Z(F)Th) is semi — strictly — (ey, €1) — (co,c1) —type —1 at (z,7)
with respect to v, & and 9, and €y, €] € R, g + €1 > 0;

(i) ¢ > 0 and (¢"u, C(f)Th) is strongly — pseudo — quasi — (€y, €1) —
(co,c1) — type — I at (z, ) with respect to v, & and ¥, and €, €| € R,
€ +e€ >0, withc(o,w,z,m) >0, forall (o,w) € Q;

(i) (", C(f)Th) is strictly — pseudo — quasi — (e, €1) — (co, c1) —type —1I
at (z,m) with respect to v, & and ¥, and €, €] € R, € + €1 > 0, with
co(o,w,z,m) >0, forall (o, w) € Q.

b b

Then, we have /,Lt(f, o,w)ydf £ [ u(f,z,n)df.

a a
Proof. (i) We assume on the contrary, that we have
b b

[utscwas < [uts.zmar.

a a

that is, there exist an index r, 1 < r < t, such that, forevery j #r,j =1,...,t,
we have
b

b
/fj(f,mw)df</uj(f,z,7r)df

a

and
b

b
/ﬁ(f, rw)df < /yr(f, o df.

a

Due to ¢ > 0 and by(o, w, z, r) > 0, the previous relation performs to

b b
bo(w, 2 7) / o u(f, ) f < bo(or, w,2,7) / o u(f.zm)d S,



www.czasopisma.pan.pl P N www.journals.pan.pl
Y
S~

764 V. CIRLAN, S. TREANTA

equivalent to

b b
bo(0,,2,7) / o u(f. o w)df - / o u(f.zm)df | <0,

We proceed to a parameter change as (z,7) < (0", w*) and ¢ — ¢*, and the
proof follows similar as in Theorem 4.

(i) The inequality ()T h(f,z, 2,7) > 0, f € I, involves

b
- / LT f, 25, m)d f <0,

Multiplying this relation with b (o, w, z, 1) > 0, we obtain

b
-bi(o,w,z,m) /{(f)Th(f,z,z',ﬂ)df <0,

involving, by hypothesis,
b

/ [V(f.om 0.2 (D ho (o220

a

+ %v(f,0',w,Z,ﬂ)T{(f)Thér(f’Z’Z"”)

+ &(f, 0,0, 2,1 () ho(foz.2,71) + e ll0(f, o0, 2,0 |1*|d f <O.

Now, we make a parameter change as (z,7) — (0", ") and { <— (*, and the
proof follows similar to Theorem 5.

(ii7) The proof of this part is omitted (see Theorem 6). O

Theorem 8 (Strong duality). Consider (0", w*) € Q is a properly efficient pair
of (VCP), which is assumed to be a normal solution for (Py),q = 1,...,t.
Then there exist ¢* € R', ¢* > 0 and (* : I — R" a piecewise smooth function
such that (o*, w*, ¢*, ) is a feasible pair for (VCD). In addition, if for each
feasible solution (z,7,¢,() of (VCD), any of the conditions (i)—(iii) of the
previous theorem is verified, then (o, w*, ¢*, (") is a properly efficient solution
of (VCD).

Proof. By using Theorem 2 and Theorem 7, the proof follows immediately. O
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Theorem 9 (Strict converse duality). Let (0", w*) € Q be a feasible pair of
(VCP) and let (z*, 7, ¢*, (") be a feasible solution of (VCD) such that

b b
/ 6T u(f. 0" W) df = / o Tu(f 2 xS

Let (¢* i, &*(f)Th) be strictly-pseudo-quasi-(€y, €) — (co,c1) — type — I in
(z*, ™) with respect to v,& and ¥, and py, p1 € R with pg + p1 > 0O,
bo(c*,w*z", ") >0, b (0", w*, 7%, ") > 0, forall (c*, w*) € Q. Then (o™, w")
is a properly efficient pair of (VCP).

Proof. We suppose that (o*, w*) # (z*,7%). Let (", 7%, ¢*, (") to be feasible
solution for (VCD). Then, we get

b
—/é*(f)Th(f, 7,25, n")d f < 0.vadjust

Since, by (0", w*, z*, 1*) > 0, we obtain
b
b (o™, 0", 7", ") / C(HOTR(S, 25, 25, ) < 0.vadjust
a

As (¢*T £, 2*(f)Th) is strictly-pseudo-quasi-(eo, €1)-(co, c1)-type-I in (z*, 7%),
the previous relation implies

b
[tret ) e (T he(.2 20 )
d % k% s\T &% T % ek %
+ Ev(f’a- , W, 2 ,7T) 5 (f) hé’(f’z » < ,7T)
+ £, 08,257 ho (£, 22577 + alld(f, o 0 )P df <0,

or, equivalently,
b

. d
[ Ptet o [ e (1) = 2 O b £ 20

(.00, ) () ho(f, 227 + @llB(f.0 ' 2% )P d f

< 0.

a
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We use (12) and (13) and obtain
b

[t om0 o .2 m) = L0 o270

€002 ) T (.2 7) - all9(f o 0 2 T IP A f > 0.

a

As po + p1 > 0, we obtain
b

/ {V(f, O'*,U)*,Z*,ﬂ'*)T ¢*Tﬂ0'(f, Z*,ﬂ-*) _ %ﬁb*Tﬂ(r(f, Z*’n_*)]

+ 0,00 ) T (£ 207 + @lB(fL 0 0 )P d f >0,

a

or, equivalently,
b
R S AR
a
d * % sk _a\T gxT * %
+ —v(f, 0,02 1) ¢ ue (f, 27, )
df
+ &(f. 0" 0" 1) ¢ o (f. 25 77) + ell9(f. 0" w2 ) |F|d f > 0.

Using the hypothesis formulated in theorem, we obtain
b b
b2 ) | [0 utr.on0)ar = [6Tutra)|ag > o
a a
Because by (o *, w*, z*, 7*) > 0, we obtain
b b
[outr.otwrar > [o7uir.zaar.

which is contradictory with our hypotheses. So, our supposition is false, and the
proof is complete. O

5. Conclusions

Our outcomes provided a flexible and powerful theoretical foundation for
the analysis and solution of a given class of multi-objective variational control
problems. Their application to theoretical development and real-world decision-
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making offers a rich approach for continued exploration. This study established
(necessary and sufficient) efficiency criteria and a duality framework for the con-
sidered multi-objective variational control problem (VCP) and its dual (VCD)
under new (generalized) (&g, €1) — (co, ¢1) —type — I hypotheses. Through weak,
strong and strict converse duality theorems, we provided necessary and sufficient
conditions for proper efficiency, extending classical results to more general set-
tings. These results are applicable in a variety of multi-objective optimization
problems, such as robotics, aerospace logistic, and energy systems, where trade-
offs between conflicting objectives like cost, time, and safety, which should be
considered. Future research may focus on developing computational algorithms,
relaxing smoothness assumptions, and applying the theory to real world prob-
lems. Further exploration into the integration of machine learning techniques also
holds promise for advancing theoretical and practical aspects of multi-objective
control.
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