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On some new classes of functionals and their
applications in optimization models

Valeria CÎRLANo and Savin TREANŢĂo

This paper investigates a class of multi-objective variational control problems, named
(VCP), characterized by vector-valued integral objective/cost functional and differentiable in-
equality constraints. More precisely, we formulate the problem in a general framework and, in
order to analyze optimality criteria, we associate scalar subproblems with the multi-objective
setting and establish conditions under which efficient solutions of the original vector prob-
lem correspond to optimal solutions of these scalarized problems. We derive the necessary
optimality conditions in the form of Euler–Lagrange-type equations, involving multipliers
and piecewise smooth functions as variables. Furthermore, we introduce the new notion of
(𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 pair of functionals, adapted to the variational control setting.
The introduced generalized convexity concepts are very important in characterizing efficient
solutions and in deriving enhanced optimality conditions. These results enrich the theoretical
framework of multi-objective variational control and provide a solid basis for future research
and applications in mathematical optimization and control theory.
Key words: optimization models, control problem, efficient solution

1. Introduction

Multi-objective variational problems have become one of the most discussed
themes in mathematical optimization due to their relevance in diverse appli-
cations across control theory, physics, economics, or engineering. These prob-
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lems, which involve optimizing multiple conflicting objectives simultaneously,
present real theoretical challenges, especially in the absence of convexity which
is conventional basics in optimization theory. Traditional approaches have re-
lied considerably on convexity assumptions to obtain necessary and sufficient
optimality conditions as well as duality correlations. However, many real-world
problems cannot be solved with convex structures. This limitation has guided to
the development of generalized convexity concepts, such as, invexity [23, 25],
generalized invexity [13, 26], generalized type-I invexity [20], 𝑉-invexity [27],
generalized type-I univexity [18], or (𝐹, 𝜌)-convexity [3], that extend the theo-
retical framework to include an ample class of functions and control problems.
Duality theory fill as a fundamental analytical instrument, enabling the trans-
formation of primal optimization problems into dual problems which are often
easier to analyze or solve. This area has been enriched with new forms of dual
constructs, such as Wolfe and Mond-Weir type duals, within generalized dual-
ity theorems under the newly proposed generalized structure [14]. Bellman [6],
Mond and Hanson [24] and Hanson [15] are essential works which have been
substantially extended in later research as [2, 7] and many others. The study
of duality and optimality in multi-objective variational problems under gener-
alized convexity assumptions has also attracted attention for many researchers.
For example, Bhatia and Mehra [8], Khazafi and Rueda [18, 19] and Liu [21]
developed duality frameworks for variational and control problems using various
generalizations of convexity. Craven [10] established the Kuhn-Tucker neces-
sary conditions for optimality in certain multi-objective variational problems.
Furthermore, he demonstrated that these conditions become sufficient when the
constraint functions are quasi-convex and the objective functions are pseudo-
convex. Fantuzzi [11] studied convex relaxation duality in constrained variational
problems, establishing strong duality under specific assumptions offering compu-
tationally efficient formulations. In a related direction, Joshi [17] introduced new
duality results for vanishing constraint problems, employing generalized invex
functions and improved dual formulations in mathematical programming. Recent
literature also draw attention to nonconvex and nondifferentiable assumptions
by Antczak et al. [4] and Reddy and Mukherjee [31] to find efficient solutions
in generalized variational models illustrated by Treant,ă [33]. The achievements
obtained by Xiuhong [37] and Zhian and Qingkai [38] have enriched the knowl-
edge in this field by establishing duality theorems for classes of multiobjective
control problems using generalized invexity, highlighting the current evolution
and development applicability of these mathematical tools to computational the-
ory. On the other side, control theory combined with variational principles, make
easier practical implementations in dynamic’s field. The study of multiobjective
variational control problems, particularly those that contain system dynamics,
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constraints and fractional control problems has attracted significant attention.
Recently works as those of Antczak et al. [4] or Treanţă [35], provided metic-
ulous analysis on the efficiency and duality of non-differentiable, non-convex
and vector fractional problems. Alternative approaches to generalized convexity,
nonconvex optimization and vector optimization have been developed by Mishra
et al. [22]. These studies emphasize the importance of pseudo-invexity, 𝑉 − 𝐾𝑇
conditions and (𝜌, 𝑏)-quasi-invexity, which are applicable in theoretical research
and engineering systems. Also, Treanţă [34] defined strong formulations by de-
veloping necessary and sufficient optimality conditions adapted to variational
problems exposed to perturbations and uncertainty. New approach on general-
ized convexity and nonsmooth fractional interval-valued optimization belong to
Hung and Van Tuyen [16]. Adly and Kien [1] formulated first and second order
KKT conditions for multiobjective control systems with mixed constraints, high-
lighting sustainable energy management applications. Saadati and Oveisiha [32]
explored robust nonsmooth optimization in Asplund spaces, incorporating fuzzy
and variational tools to model uncertainty and nonconvexity. These formulations,
as seen in the works of Preda [30] and Reddy and Mukherjee [31], allow for
a more comprehensive handling of constraint qualifications and solution effi-
ciency, particularly in multi-objective and fractional frameworks. The research
of Khazafi and Rueda [19], along with extensions by Nahak and Behera [29],
has highlighted the utility of 𝜌 − (𝜂, 𝜃) − 𝐵 − 𝑡𝑦𝑝𝑒 − 𝐼 functions in formu-
lating necessary and sufficient optimality conditions for multiobjective control
problems.

In this paper, our aim is to contribute to this growing field by investigating new
duality results and sufficient efficiency conditions for a class of multiobjective
variational control problems under (generalized) (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼
assumptions of implied functionals. Based on existing literature, we provide gen-
eral conditions that summarizes a large presentation of functional forms and
constraints. The results presented not only generalize classical duality struc-
tures but also offer enhanced analytical tools for addressing complex con-
trol systems governed by multiple objectives. To this purpose, we introduce
(𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 pairs of functionals in order to derive more general
results for sufficient efficiency criteria and duality associated with multi-objective
optimization problems.

The paper continues as follows. In Section 2, we define the problem under
study, called (VCP), and some preliminaries. In Section 3, we study efficiency
criteria associated with (VCP) and ennounce certain theorems to establish several
sufficient efficiency conditions. In the next section, we focus on reciprocal results,
providing various outcomes of dual type. In the last section, we present our
conclusions and future directions, which are worth further investigation.
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2. Problem formulation and preliminaries

Consider the following multi-objective variational control problem:

(𝑉𝐶𝑃) min
(𝜎,𝜔)


𝑏∫

𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 := ©­«
𝑏∫

𝑎

𝜇1( 𝑓 , 𝜎, 𝜔)d 𝑓 , . . . ,
𝑏∫

𝑎

𝜇𝑡 ( 𝑓 , 𝜎, 𝜔)d 𝑓 ª®¬


subject to

𝜎(𝑎) = 𝛼, 𝜎(𝑏) = 𝛽,
ℎ( 𝑓 , 𝜎, ¤𝜎, 𝜔) := 𝑔( 𝑓 , 𝜎, 𝜔) − ¤𝜎 ≦ 0, 𝑓 ∈ 𝐼 := [𝑎, 𝑏] .

Let the set of feasible pairs associated with (𝑉𝐶𝑃) be denoted as

𝑄 =

{
(𝜎, 𝜔) ∈ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
| 𝜎(𝑎) = 𝛼, 𝜎(𝑏) = 𝛽,

ℎ( 𝑓 , 𝜎, ¤𝜎, 𝜔) ≦ 0, 𝑓 ∈ 𝐼
}
.

Regarding (𝑉𝐶𝑃), we formulate the minimization model
(
𝑃∗
𝑞

)
, with 𝑞 =

1, . . . , 𝑡, as follows: (
𝑃∗
𝑞

)
min
(𝜎,𝜔)

𝑏∫
𝑎

𝜇𝑞 ( 𝑓 , 𝜎, 𝜔)d 𝑓

subject to 𝜎(𝑎) = 𝛼, 𝜎(𝑏) = 𝛽,
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎, 𝜔)d 𝑓 ¬
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 , 𝑝 = 1, 2, . . . , 𝑡, 𝑝 ≠ 𝑞,

ℎ𝑠 ( 𝑓 , 𝜎, ¤𝜎, 𝜔) ¬ 0, 𝑠 = 1, . . . , 𝑛, 𝑓 ∈ 𝐼 .
Next, by considering Geoffrion [12], Nahak and Nanda [28], or Treanţă et

al. [36], we formulate the following definitions.
Definition 1. A pair (𝜎∗, 𝜔∗) in 𝑄 is said to be an efficient pair of (𝑉𝐶𝑃) if, for
all (𝜎, 𝜔) ∈ 𝑄, we have

𝑏∫
𝑎

𝜇𝑝 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 ­
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎, 𝜔)d 𝑓 , ∀𝑝 ∈ {1, . . . , 𝑡}

=⇒
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎∗, 𝜔∗) d 𝑓 =
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎, 𝜔)d 𝑓 , ∀𝑝 ∈ {1, . . . , 𝑡}.
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Definition 2. A pair (𝜎∗, 𝜔∗) in𝑄 is said to be a properly efficient pair of (𝑉𝐶𝑃)
if there exists a real number 𝑂 > 0 such that

𝑏∫
𝑎

𝜇𝑝 ( 𝑓 , 𝜎∗, 𝜔∗) d 𝑓 −
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎, 𝜔)d 𝑓

¬ 𝑂 ©­«
𝑏∫

𝑎

𝜇 𝑗 ( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜇 𝑗 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 ª®¬ , ∀𝑝 ∈ {1, . . . , 𝑡},

for all (𝜎, 𝜔) ∈ 𝑄 and for some 𝑗 such that
𝑏∫

𝑎

𝜇 𝑗 ( 𝑓 , 𝜎, 𝜔)d 𝑓 >
𝑏∫

𝑎

𝜇 𝑗 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓

whenever (𝜎, 𝜔) is in 𝑄 and
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎, 𝜔)d 𝑓 <
𝑏∫

𝑎

𝜇𝑝 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 .

Next, in accordance with Chankong and Haimes [9], we establish the following
result.

Lemma 1. The pair (𝜎∗, 𝜔∗) is an optimal solution of
(
𝑃∗
𝑞

)
, with 𝑞 = 1, 2, . . . , 𝑡,

is equivalent to (𝜎∗, 𝜔∗) is an efficient pair of (𝑉𝐶𝑃).
According to Treanţă [34], following Mond and Hanson [24], we state the

theorem.

Theorem 1. Let (𝜎∗, 𝜔∗) be a normal optimal solution of
(
𝑃∗
𝑞

)
, 𝑞 = 1, 2, . . . , 𝑡.

Then, there exist the scalars 𝜙1𝑞, . . . , 𝜙𝑡𝑞, where 𝜙𝑞𝑞 = 1, and 𝜁𝑞: 𝐼 → R𝑛

(piecewise differentiable function) such that

𝜇𝑞𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) +
𝑡∑︁
𝑝=1
𝑝≠𝑞

𝜙𝑝𝑞𝜇𝑝𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜁𝑞 ( 𝑓 )𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

=
𝑑

𝑑𝑓

(
𝜇𝑞 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) +

𝑡∑︁
𝑝=1
𝑝≠𝑞

𝜙𝑝𝑞𝜇𝑝 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝜁𝑞 ( 𝑓 )𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)
)
, 𝑓 ∈ 𝐼, (1)
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𝜇𝑞𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) +
𝑡∑︁
𝑝=1
𝑝≠𝑞

𝜙𝑝𝑞𝜇𝑝𝜔 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝜁𝑞 ( 𝑓 )𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0, 𝑓 ∈ 𝐼, (2)

𝜁𝑞 ( 𝑓 )𝑇ℎ ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0, 𝑓 ∈ 𝐼, (3)

𝜁𝑞 ( 𝑓 ) ≧ 0, 𝑓 ∈ 𝐼, (4)

𝜙𝑝𝑞 ­ 0, 𝑝 = 1, 2, . . . , 𝑡, 𝑝 ≠ 𝑞 (5)

are satisfied, for all 𝑓 ∈ 𝐼, except at discontinuities.

Definition 3. Let 𝜇 and ℎ be two real-valued functionals. The pair (𝜇, ℎ) is said
to be (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
with

respect to 𝜈, 𝜉, and 𝜗 if there exist 𝑐0, 𝑐1:
(
𝐶1 (𝐼,R𝑛) ×𝐶

(
𝐼,R𝑙

) )2
→ R+, 𝜈, 𝜗:

𝐼 ×
(
𝐶1 (𝐼,R𝑛) ×𝐶

(
𝐼,R𝑙

) )2
→ R𝑛, 𝜉: 𝐼 ×

(
𝐶1 (𝐼,R𝑛) ×𝐶

(
𝐼,R𝑙

) )2
→ R𝑙 , with

𝜈( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣) | 𝑓=𝑎,𝑏 = 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 0, 𝜖0, 𝜖1 ∈ R,

such that, for all (𝜎, 𝜔) ∈ 𝑄, we have

𝑐0(𝜎, 𝜔, 𝐺, 𝑣)


𝑏∫
𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜇( 𝑓 , 𝐺, 𝑣)d 𝑓


­

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜎 ( 𝑓 , 𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜔 ( 𝑓 , 𝐺, 𝑣) + 𝜖0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 (6)

and

− 𝑐1(𝜎, 𝜔, 𝐺, 𝑣)
𝑏∫

𝑎

ℎ( 𝑓 , 𝐺, ¤𝐺, 𝑣)d 𝑓

­

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ ¤𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜔 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 .
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If in the previous definition, the relation given in (6) is satisfied as a strict
inequality, then we say that the pair (𝜇, ℎ) is semi-strictly - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) −
𝑡𝑦𝑝𝑒 − 𝐼 at (𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
with respect to 𝜈, 𝜉, and 𝜗.

Definition 4. The pair (𝜇, ℎ) is said to be quasi - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at
(𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛)×𝐶

(
𝐼,R𝑙

)
with respect to 𝜈, 𝜉, and𝜗, if there exist 𝑐0, 𝑐1 :(

𝐶1 (𝐼,R𝑛)×𝐶
(
𝐼,R𝑙

) )2
→ R+, 𝜈, 𝜗 : 𝐼×

(
𝐶1 (𝐼,R𝑛)×𝐶

(
𝐼,R𝑙

) )2
→ R𝑛, 𝜉 : 𝐼×(

𝐶1 (𝐼,R𝑛) ×𝐶
(
𝐼,R𝑙

) )2
→ R𝑙 , with 𝜈( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣) | 𝑓=𝑎,𝑏 =

𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 0, 𝜖0, 𝜖1 ∈ R, such that, for all (𝜎, 𝜔) ∈ 𝑄, the inequality

𝑐0(𝜎, 𝜔, 𝐺, 𝑣)


𝑏∫
𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜇( 𝑓 , 𝐺, 𝑣)d 𝑓
 ¬ 0

implies

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜎 ( 𝑓 , 𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜔 ( 𝑓 , 𝐺, 𝑣) + 𝜖0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ¬ 0,

and

−𝑐1(𝜎, 𝜔, 𝐺, 𝑣)
𝑏∫

𝑎

ℎ( 𝑓 , 𝐺, ¤𝐺, 𝑣)d 𝑓 ¬ 0

involves
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ ¤𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜔 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ¬ 0.

Definition 5. The pair (𝜇, ℎ) is said to be strongly - pseudo - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) −
𝑡𝑦𝑝𝑒 − 𝐼 at (𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
with respect to 𝜈, 𝜉, and 𝜗,

if there exist 𝑐0, 𝑐1 :
(
𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

) )2
→ R+, 𝜈, 𝜗 : 𝐼 ×

(
𝐶1 (𝐼,R𝑛) ×

𝐶
(
𝐼,R𝑙

) )2
→ R𝑛, 𝜉 : 𝐼×

(
𝐶1 (𝐼,R𝑛)×𝐶

(
𝐼,R𝑙

) )2
→ R𝑙 , with 𝜈( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) =
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𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣) | 𝑓=𝑎,𝑏 = 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 0, 𝜖0, 𝜖1 ∈ R, such that, for all
(𝜎, 𝜔) ∈ 𝑄, the following relation

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜎 ( 𝑓 , 𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜔 ( 𝑓 , 𝐺, 𝑣) + 𝜖0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ­ 0

involves

𝑐0(𝜎, 𝜔, 𝐺, 𝑣)


𝑏∫
𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜇( 𝑓 , 𝐺, 𝑣)d 𝑓
 ­ 0,

and

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ ¤𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜔 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ­ 0

implies

−𝑐1(𝜎, 𝜔, 𝐺, 𝑣)
𝑏∫

𝑎

ℎ( 𝑓 , 𝐺, ¤𝐺, 𝑣)d 𝑓 ­ 0.

Definition 6. The pair (𝜇, ℎ) is said to be pseudo - quasi - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) −
𝑡𝑦𝑝𝑒 − 𝐼 at (𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
with respect to 𝜈, 𝜉, and 𝜗,

if there exist 𝑐0, 𝑐1 :
(
𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

) )2
→ R+, 𝜈, 𝜗 : 𝐼 ×

(
𝐶1 (𝐼,R𝑛) ×

𝐶
(
𝐼,R𝑙

) )2
→ R𝑛, 𝜉 : 𝐼×

(
𝐶1 (𝐼,R𝑛)×𝐶

(
𝐼,R𝑙

) )2
→ R𝑙 , with 𝜈( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) =

𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣) | 𝑓=𝑎,𝑏 = 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 0, 𝜖0, 𝜖1 ∈ R, such that, for all
(𝜎, 𝜔) ∈ 𝑄, are verified the conditions: if

𝑐0(𝜎, 𝜔, 𝐺, 𝑣)


𝑏∫
𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜇( 𝑓 , 𝐺, 𝑣)d 𝑓
 ¬ 0
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we have
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜎 ( 𝑓 , 𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜔 ( 𝑓 , 𝐺, 𝑣) + 𝜖0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ¬ 0,

and from
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ ¤𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜔 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ­ 0

there result that

−𝑐1(𝜎, 𝜔, 𝐺, 𝑣)
𝑏∫

𝑎

ℎ( 𝑓 , 𝐺, ¤𝐺, 𝑣)d 𝑓 ­ 0.

If in the previous definition, we have
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ ¤𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜔 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ­ 0

there result that

−𝑐1(𝜎, 𝜔, 𝐺, 𝑣)
𝑏∫

𝑎

ℎ( 𝑓 , 𝐺, ¤𝐺, 𝑣)d 𝑓 > 0,

then we say that the pair (𝜇, ℎ) is strictly - pseudo - quasi - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) −
𝑡𝑦𝑝𝑒 − 𝐼 at (𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
with respect to 𝜈, 𝜉, and 𝜗.

Definition 7. The pair (𝜇, ℎ) is said to be strongly - pseudo - quasi - (𝜖0, 𝜖1) −
(𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
with respect to

𝜈, 𝜉, and 𝜗, if there exist 𝑐0, 𝑐1 :
(
𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

) )2
→ R+, 𝜈, 𝜗 : 𝐼 ×(

𝐶1 (𝐼,R𝑛) × 𝐶
(
𝐼,R𝑙

) )2
→ R𝑛, 𝜉 : 𝐼 ×

(
𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

) )2
→ R𝑙 , with

𝜈( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣) | 𝑓=𝑎,𝑏 = 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎, 𝜔) = 0, 𝜖0, 𝜖1 ∈ R,
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such that, for all (𝜎, 𝜔) ∈ 𝑄, are verified the conditions:
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜎 ( 𝑓 , 𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜔 ( 𝑓 , 𝐺, 𝑣) + 𝜖0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ­ 0

implies

𝑐0(𝜎, 𝜔, 𝐺, 𝑣)


𝑏∫
𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜇( 𝑓 , 𝐺, 𝑣)d 𝑓
 ­ 0,

and

−𝑐1(𝜎, 𝜔, 𝐺, 𝑣)
𝑏∫

𝑎

ℎ( 𝑓 , 𝐺, ¤𝐺, 𝑣)d 𝑓 ¬ 0

gives
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ ¤𝜎 ( 𝑓 , 𝐺, ¤𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇ℎ𝜔 ( 𝑓 , 𝐺, ¤𝐺, 𝑣) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ¬ 0.

If in the previous definition, if we have
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜎 ( 𝑓 , 𝐺, 𝑣) +

𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝐺, 𝑣)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)𝑇𝜇𝜔 ( 𝑓 , 𝐺, 𝑣) + 𝜖0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝐺, 𝑣)∥2
]
d 𝑓 ­ 0

implies

𝑐0(𝜎, 𝜔, 𝐺, 𝑣)


𝑏∫
𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜇( 𝑓 , 𝐺, 𝑣)d 𝑓
 > 0,

then we say that the pair (𝜇, ℎ) is strictly – strongly – pseudo – quasi – (𝜖0, 𝜖1) −
(𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝐺, 𝑣) ∈ 𝑄 ⊂ 𝐶1 (𝐼,R𝑛) × 𝐶

(
𝐼,R𝑙

)
with respect to 𝜈, 𝜉,

and 𝜗.
Lemma 2 ((Nahak and Behera [29])). Every (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 pair
of functions is strongly - pseudo - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼. The converse is
false.
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3. Efficiency criteria associated with (VCP)

Theorem 2 (Necessary efficiency conditions). If (𝜎∗, 𝜔∗) ∈ 𝐶1 (𝐼,R𝑛)×𝐶
(
𝐼,R𝑙

)
is a properly efficient pair of (𝑉𝐶𝑃), which is assumed to be a normal optimal
solution for

(
𝑃∗
𝑞

)
, 𝑞 = 1, 2, . . . , 𝑡, then there exist 𝜙∗ ∈ R𝑡 and 𝜁∗ : 𝐼 → R𝑛 a

piecewise smooth function such that

𝜙∗𝑇 𝑓𝑥 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜁∗( 𝑓 )𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

=
𝑑

𝑑𝑓

(
𝜙∗𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜁∗( 𝑓 )𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

)
, 𝑓 ∈ 𝐼, (7)

𝜙∗𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜁∗( 𝑓 )𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0, 𝑓 ∈ 𝐼, (8)

𝜁∗( 𝑓 )𝑇ℎ ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0, 𝑓 ∈ 𝐼, (9)

𝜁∗( 𝑓 ) ≧ 0, 𝜙∗ ­ 0, 𝑓 ∈ 𝐼 . (10)

Proof. Taking into account Lemma 1 and Theorem 1, the proof is obvious. 2

Theorem 3 (Sufficient efficiency conditions). Let (𝜎∗, 𝜔∗) ∈ 𝑄 be a feasible
pair of (𝑉𝐶𝑃). Suppose that there exist 𝜙∗ ∈ R𝑡 , 𝜙∗ > 0 and 𝜁∗ : 𝐼 → R𝑛

a piecewise smooth function such that for all 𝑓 ∈ 𝐼 the relations (7)–(10) are
satisfied. If (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗) ∈ 𝑄 ⊂
𝐶1 (𝐼,R𝑛) ×𝐶

(
𝐼,R𝑙

)
, with respect to 𝜈, 𝜉, and 𝜗, and 𝜖0, 𝜖1 ∈ R, 𝜖0 + 𝜖1 ­ 0, with

𝑏0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, for all (𝜎, 𝜔) ∈ 𝑄, then (𝜎∗, 𝜔∗) is a properly efficient
pair of (𝑉𝐶𝑃).

Proof. Due to (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗) ∈ 𝑄,
with respect to 𝜈, 𝜉, and 𝜗, and 𝜖0, 𝜖1 ∈ R, 𝜖0 + 𝜖1 ­ 0, with 𝑏0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0,
for all (𝜎, 𝜔) ∈ 𝑄, it follows

𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓


­

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜖0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓
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and

− 𝑐1(𝜎, 𝜔, 𝜎∗, 𝜔∗)
𝑏∫

𝑎

(𝜁∗)𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)d 𝑓

­

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 .

Since (𝜁∗)𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0, we obtain

0 ­
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 .

By addition the above relations, we obtain

𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓


­

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇

[
(𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

]
+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇

[
(𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

]
+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇

[
(𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

]
+ (𝜌0 + 𝜌1)∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2

]
d 𝑓 . (11)
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The relation in (11) becomes

𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓


­

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)) + (𝜁∗)𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

− 𝑑

𝑑𝑓
((𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗))

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇
(
(𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

)
+ (𝜌0 + 𝜌1)∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2

]
d 𝑓 .

Considering the relations in (7), (8) and 𝜌0 + 𝜌1 ­ 0, we get

𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓
 ­ 0.

We know, by hypothesis, that 𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, so, it follows
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 ­ 0,

or, equivalent,
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 ­
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 ,

which means that (𝜎∗, 𝜔∗) is a minimizer for
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 over 𝑄,

with 𝜙∗ > 0. Therefore, (𝜎∗, 𝜔∗) becomes properly efficient pair of (𝑉𝐶𝑃) (see
Theorem 1 of Bector and Husain [5]). 2

Theorem 4. Consider that (𝜎∗, 𝜔∗) ∈ 𝑄 is a feasible pair of (𝑉𝐶𝑃) and there
exist 𝜙∗ ∈ R𝑡 , 𝜙∗ > 0 and 𝜁∗ : 𝐼 → R𝑛 such that, for every 𝑓 ∈ 𝐼, the relations
(7)−(10) are satisfied. If (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is 𝑠𝑒𝑚𝑖−𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦−(𝜖0, 𝜖1)− (𝑐0, 𝑐1)−
𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗), with respect to 𝜈, 𝜉, and 𝜗, and 𝜖0, 𝜖1 ∈ R, 𝜖0 + 𝜖1 ­ 0,
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with 𝑏0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, for all (𝜎, 𝜔) ∈ 𝑄, then (𝜎∗, 𝜔∗) is an efficient pair
of (𝑉𝐶𝑃).

Proof. Let us suppose that (𝜎∗, 𝜔∗) is not an efficient pair of (𝑉𝐶𝑃). Thus, there
exist (𝜎, 𝜔) ∈ 𝑄 and, for at least an index 𝑠 = 1, 2, ..., 𝑡, we have

𝑏∫
𝑎

𝑓 𝑗 ( 𝑓 , 𝜎, 𝜔)d 𝑓 ¬
𝑏∫

𝑎

𝑓 𝑗 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓

and
𝑏∫

𝑎

𝑓𝑠 ( 𝑓 , 𝜎, 𝜔)d 𝑓 <
𝑏∫

𝑎

𝑓𝑠 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 .

But, since 𝜙∗ > 0 and 𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, considering (26), we get

𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓
 ¬ 0.

We take in consideration that 𝜁∗( 𝑓 )𝑇ℎ ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0, 𝜁∗( 𝑓 ) ­ 0, 𝑓 ∈ 𝐼,
and obtain

−𝑐1(𝜎, 𝜔, 𝜎∗, 𝜔∗)
𝑏∫

𝑎

(𝜁∗)𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)d 𝑓 = 0.

As (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is semi-strictly - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗),
with respect to 𝜈, 𝜉, and 𝜗, we have

0 ­ 𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓


>

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗))

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜌0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓



ON SOME NEW CLASSES OF FUNCTIONALS AND THEIR APPLICATIONS
IN OPTIMIZATION MODELS 757

and

0 = −𝑐1(𝜎, 𝜔, 𝜎∗, 𝜔∗)
𝑏∫

𝑎

(𝜁∗)𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)d 𝑓

>

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝑥 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) + 𝜌1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 .

By joining the relations given above, we obtain
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)) + (𝜁∗)𝑇ℎ𝑥 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗))

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗))

(𝜌0 + 𝜌1)∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 < 0,

or, equivalently,
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

− 𝑑

𝑑𝑓
((𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)))

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗))

(𝜌0 + 𝜌1)∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 < 0,

which is contrary to Theorem 2 and 𝜌0 + 𝜌1 ­ 0. This means that our supposition
that (𝜎∗, 𝜔∗) is not an efficient pair of (𝑉𝐶𝑃) is false. So, we obtain that (𝜎∗, 𝜔∗)
is an efficient pair of (𝑉𝐶𝑃). 2

Theorem 5. Consider (𝜎∗, 𝜔∗) ∈ 𝑄 is a feasible pair of (𝑉𝐶𝑃), and there exist
𝜙∗ ∈ R𝑡 , 𝜙∗ > 0 and 𝜁∗ : 𝐼 → R𝑛 such that, for every 𝑓 ∈ 𝐼, the relations
in (7) and (8) are satisfied. If (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is strongly - pseudo - quasi -
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(𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗), with respect to functions 𝜈, 𝜉, and 𝜗,
and 𝜖0, 𝜖1 ∈ R, 𝜖0 + 𝜖1 ­ 0, with 𝑏0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, for all (𝜎, 𝜔) ∈ 𝑄, then
(𝜎∗, 𝜔∗) is a properly efficient pair of (𝑉𝐶𝑃).

Proof. Using relation given in (9), we obtain

−𝑐1(𝜎, 𝜔, 𝜎∗, 𝜔∗)
𝑏∫

𝑎

(𝜁∗)𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)d 𝑓 = 0.

From hypothesis, we know that (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is strongly - pseudo - quasi -
(𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗), with respect to functions 𝜈, 𝜉, and 𝜗.
Thus, we get

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗))

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) + 𝜌1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓

¬ 0,

or, equivalently,

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜁∗)𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) − 𝑑

𝑑𝑓
(𝜁∗)𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗))

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗)𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) + 𝜌1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓

¬ 0.

Using relations (7) and (8), it follows

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) − 𝑑

𝑑𝑓
(𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗))

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) − 𝜌1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓

­ 0,
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or, equivalently,
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) − 𝜌1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 ­ 0,

for all (𝜎, 𝜔) ∈ 𝑄. But, since 𝜌0 + 𝜌1 ­ 0, we get
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜌0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 ­ 0.

Now, we corroborate the last equation with the fact that (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is
strongly - pseudo - quasi - (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗), with respect
to functions 𝜈, 𝜉, and 𝜗, and 𝜖0, 𝜖1 ∈ R, 𝜖0 + 𝜖1 ­ 0, with 𝑏0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0,
for all (𝜎, 𝜔) ∈ 𝑄, and obtain

𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇 ‘𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓
 ­ 0.

But we know that 𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗ > 0. Therefore, it results
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 ­
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 ,

for all (𝜎, 𝜔) ∈ 𝑄, that is, the pair (𝜎∗, 𝜔∗) minimizes
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓

over 𝑄, with 𝜙∗ > 0, that is, (𝜎∗, 𝜔∗) is a properly efficient pair of (𝑉𝐶𝑃). 2

Theorem 6. Consider (𝜎∗, 𝜔∗) ∈ 𝑄 is a feasible pair of (𝑉𝐶𝑃), and there exist
𝜙∗ ∈ R𝑡 , 𝜙∗ > 0 and 𝜁∗ : 𝐼 → R𝑛 such that, for every 𝑓 ∈ 𝐼, the relations in
(7)−(10) are verified. If (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is strictly - pseudo - quasi - (𝜖0, 𝜖1) −
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(𝑐0, 𝑐1)−𝑡𝑦𝑝𝑒− 𝐼 at (𝜎∗, 𝜔∗), with respect to functions 𝜈, 𝜉, and 𝜗 and 𝜖0, 𝜖1 ∈ R,
𝜖0 + 𝜖1 ­ 0, with 𝑐1(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, for all (𝜎, 𝜔) ∈ 𝑄, then (𝜎∗, 𝜔∗) is an
efficient pair of (𝑉𝐶𝑃).

Proof. We suppose, contrary to the conclusion, that (𝜎∗, 𝜔∗) is not an efficient
pair of (𝑉𝐶𝑃). This means there exist (𝜎, 𝜔) ∈ 𝑄 and, for at least an index
𝑠 = 1, ..., 𝑡, we have

𝑏∫
𝑎

𝑓 𝑗 ( 𝑓 , 𝜎, 𝜔)d 𝑓 ¬
𝑏∫

𝑎

𝑓 𝑗 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓

and
𝑏∫

𝑎

𝑓𝑠 ( 𝑓 , 𝜎, 𝜔)d 𝑓 <
𝑏∫

𝑎

𝑓𝑠 ( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 .

Since 𝜙∗ > 0 and 𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, we obtain

𝑐0(𝜎, 𝜔, 𝜎∗, 𝜔∗)


𝑏∫
𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

(𝜙∗)𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓
 ¬ 0.

But, by hypothesis, (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) is strictly - pseudo - quasi - (𝜖0, 𝜖1) −
(𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝜎∗, 𝜔∗), with respect to functions 𝜈, 𝜉, and 𝜗. Thus, we
obtain:
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜌0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 ¬ 0,

or, equivalently,

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) − 𝑑

𝑑𝑓
(𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗))

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + 𝜌0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 ¬ 0.
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But we have

(𝜙∗)𝑇𝜇𝜎 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗( 𝑓 ))𝑇ℎ𝑥 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

=
𝑑

𝑑𝑓

(
(𝜙∗)𝑇𝜇 ¤𝜎 ( 𝑓 , 𝜎∗, 𝜔∗)

)
+ (𝜁∗( 𝑓 ))𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗),

(𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) + (𝜁∗( 𝑓 ))𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0.

In consequence, we get

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜁∗( 𝑓 ))𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

− 𝑑

𝑑𝑓

(
(𝜁∗( 𝑓 ))𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

)
− 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜙∗)𝑇𝜇𝜔 ( 𝑓 , 𝜎∗, 𝜔∗) − 𝜌0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2] d 𝑓 ­ 0,

equivalent with

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜁∗( 𝑓 ))𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

− 𝑑

𝑑𝑓

(
(𝜁∗( 𝑓 ))𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

)
+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗( 𝑓 ))𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

]
d 𝑓

­ 𝜌0∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2.

We use the condition 𝜌0 + 𝜌1 ­ 0, and obtain

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜁∗( 𝑓 ))𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

− 𝑑

𝑑𝑓

(
(𝜁∗( 𝑓 ))𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

)
+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗( 𝑓 ))𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝜌1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 ­ 0,
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that is,
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗( 𝑓 )𝑇ℎ𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 ((𝜁∗( 𝑓 ))𝑇ℎ ¤𝜎 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)𝑇 (𝜁∗( 𝑓 ))𝑇ℎ𝜔 ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)

+ 𝜌1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝜎∗, 𝜔∗)∥2
]
d 𝑓 ­ 0,

which, due to our hypotheses, implies

−𝑐1(𝜎, 𝜔, 𝜎∗, 𝜔∗)
𝑏∫

𝑎

(𝜁∗( 𝑓 ))𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)d 𝑓 > 0.

Since 𝑐1(𝜎, 𝜔, 𝜎∗, 𝜔∗) > 0, we get that −
𝑏∫

𝑎

(𝜁∗( 𝑓 ))𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗)d 𝑓 > 0,

which is contradiction to our hypothesis, namely, 𝜁∗( 𝑓 ))𝑇ℎ( 𝑓 , 𝜎∗, ¤𝜎∗, 𝜔∗) = 0.
We find that our initial supposition is false, so, the pair (𝜎∗, 𝜔∗) is an efficient
pair of (𝑉𝐶𝑃). 2

4. Reciprocal results associated with (VCP)

Consider the following multi-objective variational control problem:

(𝑉𝐶𝐷) max
(𝑧,𝜋)


𝑏∫

𝑎

𝜇( 𝑓 , 𝑧, 𝜋)d 𝑓 := ©­«
𝑏∫

𝑎

𝜇1( 𝑓 , 𝑧, 𝜋)d 𝑓 , . . . ,
𝑏∫

𝑎

𝜇𝑡 ( 𝑓 , 𝑧, 𝜋)d 𝑓 ª®¬


subject to
𝑧(𝑎) = 𝛼, 𝑧(𝑏) = 𝛽,

𝜙𝑇𝜇𝜎 ( 𝑓 , 𝑧, 𝜋) + 𝜁 ( 𝑓 )𝑇ℎ𝜎 ( 𝑓 , 𝑧, ¤𝑧, 𝜋)

=
𝑑

𝑑𝑓

(
𝜙𝑇𝜇 ¤𝜎 ( 𝑓 , 𝑧, 𝜋) + 𝜁 ( 𝑓 )𝑇ℎ ¤𝜎 ( 𝑓 , 𝑧, ¤𝑧, 𝜋)

)
, 𝑓 ∈ 𝐼, (12)

𝜙𝑇𝜇𝜔 ( 𝑓 , 𝑧, 𝜋) + 𝜁 ( 𝑓 )𝑇ℎ𝜔 ( 𝑓 , 𝑧, ¤𝑧, 𝜋) = 0, 𝑓 ∈ 𝐼, (13)
𝜁 ( 𝑓 )𝑇ℎ( 𝑓 , 𝑧, ¤𝑧, 𝜋) ­ 0, 𝑓 ∈ 𝐼,
𝜁 ( 𝑓 ) ≧ 0, 𝑓 ∈ 𝐼,
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𝜙 ∈ R𝑡 , 𝜙 ­ 0, 𝜙𝑇𝑒 = 1, 𝑒 = (1, ..., 1) ∈ R𝑡 .

In the following, we will establish various duality results between (𝑉𝐶𝑃) and
(𝑉𝐶𝐷) under the generalized (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 hypotheses of the
functionals involved.
Theorem 7 (Weak duality). Let (𝜎, 𝜔) ∈ 𝑄 be a feasible pair of (𝑉𝐶𝑃) and let
(𝑧, 𝜋, 𝜙, 𝜁) be a feasible pair of (𝑉𝐶𝐷). We suppose that one of the following
conditions is verified:
(𝑖) (𝜙𝑇𝜇, 𝜁 ( 𝑓 )𝑇ℎ) is 𝑠𝑒𝑚𝑖 − 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦 − (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝑧, 𝜋)

with respect to 𝜈, 𝜉 and 𝜗, and 𝜖0, 𝜖1 ∈ R, 𝜖0 + 𝜖1 ­ 0;
(𝑖𝑖) 𝜙 > 0 and (𝜙𝑇𝜇, 𝜁 ( 𝑓 )𝑇ℎ) is 𝑠𝑡𝑟𝑜𝑛𝑔𝑙𝑦 − 𝑝𝑠𝑒𝑢𝑑𝑜 − 𝑞𝑢𝑎𝑠𝑖 − (𝜖0, 𝜖1) −

(𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 at (𝑧, 𝜋) with respect to 𝜈, 𝜉 and 𝜗, and 𝜖0, 𝜖1 ∈ R,
𝜖0 + 𝜖1 ­ 0, with 𝑐1(𝜎, 𝜔, 𝑧, 𝜋) > 0, for all (𝜎, 𝜔) ∈ 𝑄;

(𝑖𝑖𝑖) (𝜙𝑇𝜇, 𝜁 ( 𝑓 )𝑇ℎ) is 𝑠𝑡𝑟𝑖𝑐𝑡𝑙𝑦− 𝑝𝑠𝑒𝑢𝑑𝑜−𝑞𝑢𝑎𝑠𝑖− (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒− 𝐼
at (𝑧, 𝜋) with respect to 𝜈, 𝜉 and 𝜗, and 𝜖0, 𝜖1 ∈ R, 𝜖0 + 𝜖1 ­ 0, with
𝑐0(𝜎, 𝜔, 𝑧, 𝜋) > 0, for all (𝜎, 𝜔) ∈ 𝑄.

Then, we have
𝑏∫

𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 ≰
𝑏∫

𝑎

𝜇( 𝑓 , 𝑧, 𝜋)d 𝑓 .

Proof. (𝑖) We assume on the contrary, that we have
𝑏∫

𝑎

𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 ¬
𝑏∫

𝑎

𝜇( 𝑓 , 𝑧, 𝜋)d 𝑓 ,

that is, there exist an index 𝑟, 1 ¬ 𝑟 ¬ 𝑡, such that, for every 𝑗 ≠ 𝑟, 𝑗 = 1, ..., 𝑡,
we have

𝑏∫
𝑎

𝑓 𝑗 ( 𝑓 , 𝜎, 𝜔)d 𝑓 ¬
𝑏∫

𝑎

𝜇 𝑗 ( 𝑓 , 𝑧, 𝜋)d 𝑓

and
𝑏∫

𝑎

𝑓𝑟 ( 𝑓 , 𝜎, 𝜔)d 𝑓 <
𝑏∫

𝑎

𝜇𝑟 ( 𝑓 , 𝑧, 𝜋)d 𝑓 .

Due to 𝜙 > 0 and 𝑏0(𝜎, 𝜔, 𝑧, 𝜋) > 0, the previous relation performs to

𝑏0(𝜎, 𝜔, 𝑧, 𝜋)
𝑏∫

𝑎

𝜙𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 ¬ 𝑏0(𝜎, 𝜔, 𝑧, 𝜋)
𝑏∫

𝑎

𝜙𝑇𝜇( 𝑓 , 𝑧, 𝜋)d 𝑓 ,
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equivalent to

𝑏0(𝜎, 𝜔, 𝑧, 𝜋)
©­«

𝑏∫
𝑎

𝜙𝑇𝜇( 𝑓 , 𝜎, 𝜔)d 𝑓 −
𝑏∫

𝑎

𝜙𝑇𝜇( 𝑓 , 𝑧, 𝜋)d 𝑓 ª®¬ ¬ 0.

We proceed to a parameter change as (𝑧, 𝜋) ↩→ (𝜎∗, 𝜔∗) and 𝜙 ↩→ 𝜙∗, and the
proof follows similar as in Theorem 4.

(𝑖𝑖) The inequality 𝜁 ( 𝑓 )𝑇ℎ( 𝑓 , 𝑧, ¤𝑧, 𝜋) ­ 0, 𝑓 ∈ 𝐼, involves

−
𝑏∫

𝑎

𝜁 ( 𝑓 )𝑇ℎ( 𝑓 , 𝑧, ¤𝑧, 𝜋)d 𝑓 ¬ 0.

Multiplying this relation with 𝑏1(𝜎, 𝜔, 𝑧, 𝜋) > 0, we obtain

−𝑏1(𝜎, 𝜔, 𝑧, 𝜋)
𝑏∫

𝑎

𝜁 ( 𝑓 )𝑇ℎ( 𝑓 , 𝑧, ¤𝑧, 𝜋)d 𝑓 ¬ 0,

involving, by hypothesis,
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎, 𝜔, 𝑧, 𝜋)𝑇 𝜁 ( 𝑓 )𝑇ℎ𝜎 ( 𝑓 , 𝑧, ¤𝑧, 𝜋)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎, 𝜔, 𝑧, 𝜋)𝑇 𝜁 ( 𝑓 )𝑇ℎ ¤𝜎 ( 𝑓 , 𝑧, ¤𝑧, 𝜋)

+ 𝜉 ( 𝑓 , 𝜎, 𝜔, 𝑧, 𝜋)𝑇 𝜁 ( 𝑓 )𝑇ℎ𝜔 ( 𝑓 , 𝑧, ¤𝑧, 𝜋) + 𝜖1∥𝜗( 𝑓 , 𝜎, 𝜔, 𝑧, 𝜋)∥2
]
d 𝑓 ¬ 0.

Now, we make a parameter change as (𝑧, 𝜋) ↩→ (𝜎∗, 𝜔∗) and 𝜁 ↩→ 𝜁∗, and the
proof follows similar to Theorem 5.

(𝑖𝑖𝑖) The proof of this part is omitted (see Theorem 6). 2

Theorem 8 (Strong duality). Consider (𝜎∗, 𝜔∗) ∈ 𝑄 is a properly efficient pair
of (𝑉𝐶𝑃), which is assumed to be a normal solution for (𝑃∗

𝑞), 𝑞 = 1, . . . , 𝑡.
Then there exist 𝜙∗ ∈ R𝑡 , 𝜙∗ ­ 0 and 𝜁∗ : 𝐼 → R𝑛 a piecewise smooth function
such that (𝜎∗, 𝜔∗, 𝜙∗, 𝜁∗) is a feasible pair for (𝑉𝐶𝐷). In addition, if for each
feasible solution (𝑧, 𝜋, 𝜙, 𝜁) of (𝑉𝐶𝐷), any of the conditions (i)–(iii) of the
previous theorem is verified, then (𝜎∗, 𝜔∗, 𝜙∗, 𝜁∗) is a properly efficient solution
of (𝑉𝐶𝐷).

Proof. By using Theorem 2 and Theorem 7, the proof follows immediately. 2
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Theorem 9 (Strict converse duality). Let (𝜎∗, 𝜔∗) ∈ 𝑄 be a feasible pair of
(𝑉𝐶𝑃) and let (𝑧∗, 𝜋∗, 𝜙∗, 𝜁∗) be a feasible solution of (𝑉𝐶𝐷) such that

𝑏∫
𝑎

𝜙∗𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 =
𝑏∫

𝑎

𝜙∗𝑇𝜇( 𝑓 , 𝑧∗, 𝜋∗)d 𝑓 .

Let (𝜙∗𝑇𝜇, 𝜁∗( 𝑓 )𝑇ℎ) be strictly-pseudo-quasi-(𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒 − 𝐼 in
(𝑧∗, 𝜋∗) with respect to 𝜈 , 𝜉 and 𝜗, and 𝜌0, 𝜌1 ∈ R with 𝜌0 + 𝜌1 ­ 0,
𝑏0(𝜎∗, 𝜔∗𝑧∗, 𝜋∗) > 0, 𝑏1(𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗) > 0, for all (𝜎∗, 𝜔∗) ∈ 𝑄. Then (𝜎∗, 𝜔∗)
is a properly efficient pair of (𝑉𝐶𝑃).
Proof. We suppose that (𝜎∗, 𝜔∗) ≠ (𝑧∗, 𝜋∗). Let (𝑧∗, 𝜋∗, 𝜙∗, 𝜁∗) to be feasible
solution for (𝑉𝐶𝐷). Then, we get

−
𝑏∫

𝑎

𝜁∗( 𝑓 )𝑇ℎ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗)d 𝑓 ¬ 0.𝑣𝑎𝑑𝑗𝑢𝑠𝑡

Since, 𝑏1(𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗) > 0, we obtain

−𝑏1(𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)
𝑏∫

𝑎

𝜁∗( 𝑓 )𝑇ℎ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗) ¬ 0.𝑣𝑎𝑑𝑗𝑢𝑠𝑡

As (𝜙∗𝑇 𝑓 , 𝜁∗( 𝑓 )𝑇ℎ) is strictly-pseudo-quasi-(𝜖0, 𝜖1)-(𝑐0, 𝑐1)-𝑡𝑦𝑝𝑒-𝐼 in (𝑧∗, 𝜋∗),
the previous relation implies

𝑏∫
𝑎

[
𝜈( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇 𝜁∗( 𝑓 )𝑇ℎ𝜎 ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇 𝜁∗( 𝑓 )𝑇ℎ ¤𝜎 ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗)

+ 𝜉 ( 𝑓 , 𝜎∗, 𝜔∗$, 𝑧∗, 𝜋∗)𝑇ℎ𝜔 ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗) + 𝜖1∥𝜗( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)∥2
]
d 𝑓 ¬ 0,

or, equivalently,
𝑏∫

𝑎

{
𝜈( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇

[
𝜁∗( 𝑓 )𝑇ℎ𝜎 ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗) −

𝑑

𝑑𝑓
𝜁∗( 𝑓 )𝑇ℎ ¤𝜎 ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗)

]
+ 𝜉 ( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇 𝜁∗( 𝑓 )𝑇ℎ𝜔 ( 𝑓 , 𝑧∗, ¤𝑧∗, 𝜋∗) + 𝜖1∥𝜗( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)∥2

}
d 𝑓

¬ 0.
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We use (12) and (13) and obtain
𝑏∫

𝑎

{
𝜈( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇

[
𝜙∗𝑇𝜇𝜎 ( 𝑓 , 𝑧∗, 𝜋∗) −

𝑑

𝑑𝑓
𝜙∗𝑇𝜇 ¤𝜎 ( 𝑓 , 𝑧∗, 𝜋∗)

]
+ 𝜉 ( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇𝜙∗𝑇𝜇𝜔 ( 𝑓 , 𝑧∗, 𝜋∗) − 𝜖1∥𝜗( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)∥2

}
d 𝑓 ­ 0.

As 𝜌0 + 𝜌1 ­ 0, we obtain
𝑏∫

𝑎

{
𝜈( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇

[
𝜙∗𝑇𝜇𝜎 ( 𝑓 , 𝑧∗, 𝜋∗) −

𝑑

𝑑𝑓
𝜙∗𝑇𝜇 ¤𝜎 ( 𝑓 , 𝑧∗, 𝜋∗)

]
+ 𝜉 ( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇𝜙∗𝑇𝜇𝜔 ( 𝑓 , 𝑧∗, 𝜋∗) + 𝜖0∥𝜗( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)∥2

}
d 𝑓 ­ 0,

or, equivalently,
𝑏∫

𝑎

[
𝜈( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇𝜙∗𝑇𝜇𝜎 ( 𝑓 , 𝑧∗, 𝜋∗)

+ 𝑑

𝑑𝑓
𝜈( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇𝜙∗𝑇𝜇 ¤𝜎 ( 𝑓 , 𝑧∗, 𝜋∗)

+ 𝜉 ( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)𝑇𝜙∗𝑇𝜇𝜔 ( 𝑓 , 𝑧∗, 𝜋∗) + 𝜖0∥𝜗( 𝑓 , 𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)∥2
]
d 𝑓 ­ 0.

Using the hypothesis formulated in theorem, we obtain

𝑏0(𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗)


𝑏∫
𝑎

𝜙∗𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 −
𝑏∫

𝑎

𝜙∗𝑇𝜇( 𝑓 , 𝑧∗, 𝜋∗)
 d 𝑓 > 0.

Because 𝑏0(𝜎∗, 𝜔∗, 𝑧∗, 𝜋∗) > 0, we obtain
𝑏∫

𝑎

𝜙∗𝑇𝜇( 𝑓 , 𝜎∗, 𝜔∗)d 𝑓 >
𝑏∫

𝑎

𝜙∗𝑇𝜇( 𝑓 , 𝑧∗, 𝜋∗)d 𝑓 ,

which is contradictory with our hypotheses. So, our supposition is false, and the
proof is complete. 2

5. Conclusions

Our outcomes provided a flexible and powerful theoretical foundation for
the analysis and solution of a given class of multi-objective variational control
problems. Their application to theoretical development and real-world decision-
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making offers a rich approach for continued exploration. This study established
(necessary and sufficient) efficiency criteria and a duality framework for the con-
sidered multi-objective variational control problem (VCP) and its dual (VCD)
under new (generalized) (𝜖0, 𝜖1) − (𝑐0, 𝑐1) − 𝑡𝑦𝑝𝑒− 𝐼 hypotheses. Through weak,
strong and strict converse duality theorems, we provided necessary and sufficient
conditions for proper efficiency, extending classical results to more general set-
tings. These results are applicable in a variety of multi-objective optimization
problems, such as robotics, aerospace logistic, and energy systems, where trade-
offs between conflicting objectives like cost, time, and safety, which should be
considered. Future research may focus on developing computational algorithms,
relaxing smoothness assumptions, and applying the theory to real world prob-
lems. Further exploration into the integration of machine learning techniques also
holds promise for advancing theoretical and practical aspects of multi-objective
control.
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