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Controllability of mild solutions for fractional neutral
evolution equations with state-dependent delay

Selma BAGHLI-BENDIMERADo and Chahrazed BOUDEFLAo

This paper examines the controllability of mild solutions for a specific class of neutral
fractional evolution equations with finite state-dependent delays in Fréchet space, employing
Caputo fractional derivatives. The study combines Avramescu’s nonlinear alternatives in Fréchet
spaces and semigroup theory, establishing sufficient conditions to the controllability of these
solutions.
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1. Introduction

In this paper, we investigate the controllability of mild solutions for a class of
neutral fractional evolution equations with finite state-dependent delay in a real
Banach space (𝐸, | · |).

In Section 3, we consider the following neutral functional evolution equation
𝑐𝐷𝛼

0
[
𝑦(𝑡) − 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

]
= 𝐴(𝑡)𝑦(𝑡) + 𝐶𝑢(𝑡) + 𝑓 (𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )),

a.e. 𝑡 ∈ 𝐽 := [0, +∞), (1)

𝑦(𝑡) = 𝜑(𝑡), 𝑡 ∈ 𝐻 := [−𝑟, 0] (2)

where 𝑟 > 0, 𝜑 ∈ C(𝐻, 𝐸), 𝑓 , 𝑔 : 𝐽 × C(𝐻, 𝐸) → 𝐸 and 𝜌 : 𝐽 × C(𝐻, 𝐸) →
[−𝑟, +∞) are given functions; 𝑐𝐷𝛼

0 is the Caputo’s fractional derivative for
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𝛼 ∈ (0, 1); the control function 𝑢(·) is given in 𝐿2(𝐽, 𝐸) is the Banach space of
admissible control function; 𝐶 is a bounded linear operator from 𝐸 into 𝐸 and
{𝐴(𝑡)}𝑡∈𝐽 is a family of linear closed (not necessarily bounded) operators from
𝐸 into 𝐸 .

For any continuous function 𝑦 defined on [−𝑟, +∞) and any 𝑡 ∈ 𝐽, we denote
by 𝑦𝑡 the element of C(𝐻, 𝐸) defined by

𝑦𝑡 (𝜃) = 𝑦(𝑡 + 𝜃) for 𝜃 ∈ 𝐻.

Here 𝑦𝑡 (·) represents the history of the state from time 𝑡 − 𝑟 up to the present
time 𝑡.

Then in Section 4, we give an example illustrating the result of this paper.
Fractional calculus is a branch of mathematical analysis that extends integral

and differential operations to non-integer orders. It finds applications in various
fields such as applications in chemistry, physics, mathematical biology, fractal
media, electromagnetism, statistical mechanics, etc. Technical applications re-
sults and inductance separation performs can be related as in [11] and [12]. The
field has attracted attention for its ability to describe phenomena related to long-
range dependence, memory, and genetic traits. Applications include modeling
viscoelastic materials, describing anomalous diffusion, and analyzing circuits
with component damage. See Kilbas et al. [22], Podlubny [29], and references
therein for more details.

Control theory is an area of applied mathematics concerned with the analysis
and design of control systems. The concept of controllability plays an important
role in various fields of science and technology. More specifically, the control-
lability problem involves the existence of a control function that governs the
solution of a system from an initial state to a final state, where these two states
can vary spatially.

In recent years, considerable attention has been devoted to exploring the ex-
istence and controllability of first-order function evolution equations with both
finite and infinite time delays. Baghli and Benchohra have played a pivotal role in
advancing this area of research, as evident from their referenced papers [4,9,10].
Concurrently, the investigation of state-dependent time-delay functional differen-
tial equations has seen a notable rise in interest due to their significance across
various scientific and engineering applications, including chemical engineering,
life sciences, dynamical systems, and medicine. Numerous studies have con-
tributed to this field, with notable works for first and second order evolution
equations with state-dependent delay with local and nonlocal conditions such as
those by Baghli et al. in [2, 3, 5, 7, 8, 13–15,26].

The existence of solutions for various kinds of fractional evolution has been
investigated by many authors. In recent years, El-Borai [16] discussed the ex-
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istence and uniqueness of mild solutions to the Cauchy problem in a Banach
space fractional evolution equation. Using the Laplace transform, he provided
equivalent integral equations for a class of fractional evolution equations, ex-
pressed in terms of certain probability densities. Mesri and Benchohra utilized
non-compactness measures to investigate fractional non-autonomous evolution
equations in the Fréchet space in [27].

Very recently, Lachachi et al. in [23–25] have conducted studies on the exis-
tence and uniqueness of mild solutions to various perturbed and non-perturbed
partial functional and neutral functional evolution problems with finite state-
dependent delay in Banach spaces

𝑐𝐷𝛼
0 𝑦(𝑡) − 𝐴(𝑡)𝑦(𝑡) = 𝑓 (𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) + 𝑤(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

+ 𝑐𝐷𝛼
0𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )), a.e. 𝑡 ∈ [0, 𝑏], 𝑏 > 0,

𝑦(𝑡) = 𝜑(𝑡), 𝑡 ∈ 𝐻 := [−𝑟, 0], 𝑟 > 0,

where 𝑓 , 𝑤, 𝑔 : 𝐽 × C(𝐻, 𝐸) → 𝐸 and 𝜌 : 𝐽 × C(𝐻, 𝐸) → [−𝑟, 𝑏] are given
functions.

The main aim of this paper is to extend the controllability results previ-
ously established by Baghli et al. to encompass the fractional derivation problem
(1)−(2). Utilizing Avramescu’s nonlinear alternative method [6] for the sum of
compact operators and contraction maps in Fréchet spaces, in conjunction with
semigroup theory [28], we establish sufficient conditions for the controllability
of mild solutions for neutral evolution equations with finite state-dependent delay
involving Caputo’s fractional derivative.

2. Preliminaries

In this section, we present some notations, definitions, lemmas and theorems
that will be useful in this paper.

Let C(𝐻, 𝐸) be the Banach space of continuous functions from 𝐻 into 𝐸 with
the norm

∥𝑦∥ = sup{|𝑦(𝑡) | : 𝑡 ∈ 𝐻}.

Let 𝐵(𝐸) be all bounded linear operators’ space from 𝐸 into 𝐸 , with the norm

∥𝑁 ∥𝐵(𝐸) = sup{|𝑁 (𝑦) | : |𝑦 | = 1}.

A measurable function 𝑦 : 𝐽 → 𝐸 is Bochner integrable if and only if |𝑦 | is
Lebesgue integrable. Let 𝐿1(𝐽, 𝐸) be the Banach space of measurable functions
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𝑦 : 𝐽 → 𝐸 which are Bochner integrable normed by

∥𝑦∥𝐿1 =

+∞∫
0

|𝑦(𝑡) |d𝑡.

Let 𝑋 be a Fréchet space with a semi-norms family {∥ · ∥𝑛}𝑛∈N. We assume
that the semi-norms family {∥ · ∥𝑛} verifies:

∥𝑥∥1 ¬ ∥𝑥∥2 ¬ ∥𝑥∥3 ¬ · · · for every 𝑥 ∈ 𝑋.

Let 𝑌 ⊂ 𝑋 , we say that 𝑌 is bounded if for every 𝑛 ∈ N, there exists 𝑀𝑛 > 0
such that

∥𝑦∥𝑛 ¬ 𝑀𝑛 for all 𝑦 ∈ 𝑌 .

Definition 1. [19] A function 𝑓 : 𝐽 × C(𝐻, 𝐸) → 𝐸 is said to be an 𝐿1
𝑙𝑜𝑐

-
Carathéodory function if it satisfies:

(i) for each 𝑡 ∈ 𝐽 the function 𝑓 (𝑡, ·) : C(𝐻, 𝐸) → 𝐸 is continuous;
(ii) for each 𝑦 ∈ C(𝐻, 𝐸) the function 𝑓 (·, 𝑦) : 𝐽 → 𝐸 is measurable;
(iii) for every positive integer 𝑞 there exists 𝜗𝑞 ∈ 𝐿1

𝑙𝑜𝑐
(𝐽,R+) such that

| 𝑓 (𝑡, 𝑦) | ¬ 𝜗𝑞 (𝑡) for all ∥𝑦∥ ¬ 𝑞 and almost each 𝑡 ∈ 𝐽.

Set
R(𝜌−) = {𝜌(𝑠, 𝜑) : (𝑠, 𝜑) ∈ 𝐽 × C(𝐻, 𝐸), 𝜌(𝑠, 𝜑) ¬ 0}.

We always assume that 𝜌 : 𝐽 × C(𝐻, 𝐸) → [−𝑟, +∞) is continuous. Addi-
tionally, we introduce the following hypothesis:
(𝐻𝜑) The function 𝑡 → 𝜑𝑡 is continuous from R(𝜌−) into C(𝐻, 𝐸) and there
exists a continuous and bounded function L𝜑 : R(𝜌−) → (0, +∞) such that

∥𝜑𝑡 ∥ ¬ L𝜑 (𝑡)∥𝜑∥ for every 𝑡 ∈ R(𝜌−).

Remark 1. Continuous and bounded functions verified frequently the condition
(𝐻𝜑) (see [1, 21]).

Lemma 1. [21] If 𝑦 : [−𝑟, +∞) → 𝐸 is a function such that 𝑦0 = 𝜑, then

∥𝑦𝑠∥ ¬ L𝜑∥𝜑∥ + sup {|𝑦(𝜃) |; 𝜃 ∈ [0,max{0, 𝑠}]} , 𝑠 ∈ R(𝜌−) ∪ 𝐽

where L𝜑 = sup
𝑡∈R(𝜌−)

L𝜑 (𝑡).

Proposition 1. From (𝐻𝜑), (𝐴1) and Lemma 1, for all 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N we
have

∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥ ¬ |𝑦(𝑡) | + L𝜑∥𝜑∥.
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Definition 2. [22, 29] The Riemann-Liouville fractional integral operator of
order 𝛼 > 0 for a function 𝑓 : R+ → R is defined as

𝐼𝛼0 𝑓 (𝑡) =
1

Γ(𝛼)

𝑡∫
0

(𝑡 − 𝑠)𝛼−1 𝑓 (𝑠)d𝑠,

where Γ(·) is the Euler’s gamma function defined by the integral Γ(𝛼) =∫ +∞
0 𝑡𝛼−1𝑒−𝑡 d𝑡.

For instance, 𝐼𝛼 𝑓 exists for all 𝛼 > 0 when 𝑓 ∈ C(R+) ∩ 𝐿1
𝑙𝑜𝑐

(R+). Note also
that when 𝑓 ∈ C(R+) then 𝐼𝛼 𝑓 ∈ C(R+) and moreover 𝐼𝛼 𝑓 (0) = 0.
Definition 3. [22, 29] The Caputo fractional derivative of order 𝛼 > 0 for a
function 𝑓 : R+ → R is defined by

𝑐𝐷𝛼
0 𝑓 (𝑡) =

1
Γ(𝑚 − 𝛼)

𝑡∫
0

(𝑡 − 𝑠)𝑚−𝛼−1 𝑓 (𝑚) (𝑠)d𝑠 = 𝐼𝑚−𝛼0 𝑓 (𝑚) (𝑡).

Here 𝑚 = [𝛼] + 1 and [𝛼] denotes the integer part of 𝛼.
In what follows, we assume that {𝐴(𝑡)}𝑡∈𝐽 is a family of closed densely defined

linear operators not necessarily bounded on the Banach space 𝐸 with domain
𝐷 (𝐴(𝑡)) independent of 𝑡. Additionally, throughout this paper, we assume that
the linear operator 𝐴(𝑡) satisfies the following conditions (see [16], for more
details):
(𝐴1) For any 𝜆 with 𝑅𝑒(𝜆) ­ 0, the operator 𝜆𝐼 − 𝐴(𝑡) exists a bounded inverse

operator (𝜆𝐼 − 𝐴(𝑡))−1 in 𝐵(𝐸) and

(𝜆𝐼 − 𝐴(𝑡))−1

 ¬ 𝐾

|𝜆 | + 1
,

where 𝐾 is a positive constant independent of both 𝑡 and 𝜆.
(𝐴2) For any 𝑡, 𝜏, 𝑠 ∈ 𝐼 , there exists a constant 𝛾 ∈ (0, 1] such that

∥ [𝐴(𝑡) − 𝐴(𝜏)]𝐴−1(𝑠)∥ ¬ 𝐾 |𝑡 − 𝜏 |𝛾,
where the constants 𝛾 and 𝐾 > 0 are independent of both 𝑡, 𝜏 and 𝑠.

Remark 2. From Henry [20], Pazy [28] and Temam [31], we know that the as-
sumption (𝐴1) means that for each 𝑠 ∈ 𝐼, the operator 𝐴(𝑠) generates an analytic
semigroup 𝑒−𝑡𝐴(𝑠) (𝑡 > 0), and there exists a positive constant 𝐾 independent of
both 𝑡 and 𝑠 such that 


−𝐴(𝑠)𝑒𝑡𝐴(𝑠)


 ¬ 𝐾

𝑡
,

where 𝑡 > 0 and 𝑠 ∈ 𝐽.
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Definition 4. [16] Define the operators Ψ(𝑡, 𝑠), 𝜙(𝑡, 𝑠) and𝑈 (𝑡) by

Ψ(𝑡, 𝑠) = 𝛼
∞∫

0

𝜃𝑡𝛼−1𝜉𝛼 (𝜃)𝑒𝑡
𝛼𝜃𝐴(𝑠)d𝜃,

𝜙(𝑡, 𝑠) =
+∞∑︁
𝑘=1

𝜙𝑘 (𝑡, 𝑠)

and

𝑈 (𝑡) = −𝐴(𝑡)𝐴−1(0) −
𝑡∫

0

𝜙(𝑡, 𝑠)𝐴(𝑠)𝐴−1(0)d𝑠,

where 𝜉𝛼 is a probability density function defined on [0, +∞) such that its Laplace
transform is given by

∞∫
0

𝜉𝛼 (𝜃)𝑒𝜃𝑥d𝜃 =
∞∑︁
𝑖=1

(−𝑥)𝑖
Γ(1 + 𝛼𝑖) 0 < 𝛼 ¬ 1, 𝑥 > 0,

𝜙1(𝑡, 𝑠) = [−𝐴(𝑡) + 𝐴(𝑠)]Ψ(𝑡 − 𝑠, 𝑠),

and

𝜙𝑘+1(𝑡, 𝜂) =
𝑡∫

𝑠

𝜙𝑘 (𝑡, 𝜏)𝜙1(𝜏, 𝑠)d𝜏, 𝑘 = 1, 2, . . . .

For more details about the definition and property of the probability density
function, one can see the paper [18].

The following properties about the operators Ψ, 𝜙 and 𝑈 will be needed in
our argument.

Lemma 2. [16] The operator-valued functions Ψ(𝑡 − 𝑠, 𝑠) and 𝐴(𝑡)Ψ(𝑡 − 𝑠, 𝑠)
are continuous in uniform topology about the variables 𝑡 and 𝑠, where 𝑡 ∈ 𝐽,
0 ¬ 𝑠 ¬ 𝑡 − 𝜖 for any 𝜖 > 0, and

∥Ψ(𝑡 − 𝑠, 𝑠)∥ ¬ 𝐾 (𝑡 − 𝑠)𝛼−1, (3)

where 𝐾 is a positive constant independent of both 𝑡 and 𝑠. Furthermore,

∥𝜙(𝑡, 𝑠)∥ ¬ 𝐾 (𝑡 − 𝑠)𝛾−1 (4)

and
∥𝑈 (𝑡)∥ ¬ 𝐾 (1 + 𝑡𝛾). (5)
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Now, we present the following integrals which will be widely used in the
proof of our main result

𝐼1 =

𝑡∫
0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠 = 𝑡𝛼
(
𝛼−1 + 𝑡𝛾𝛽(𝛼, 𝛾 + 1)

)
, (6)

𝐼2 =

𝑡∫
0

(𝑡 − 𝑠)𝛼−1d𝑠 = 𝑡𝛼𝛼−1 (7)

and

𝐼3 =

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1d𝜏d𝑠 = 𝑡𝛼+𝛾𝛾−1𝛽(𝛼, 𝛾 + 1), (8)

where 𝛽(·, ·) is the beta Euler’s function defined by 𝛽(𝛼, 𝛾) =
∫ 1
0 𝑡𝛼−1(1−𝑡)𝛾−1d𝑡.

Definition 5. [17] A function 𝑓 : 𝑋 → 𝑋 is said to be a contraction if there
exists 𝜅 ∈ [0, 1) such that:

∥ 𝑓 (𝑥) − 𝑓 (𝑦)∥ ¬ 𝜅∥𝑥 − 𝑦∥ for all 𝑥, 𝑦 ∈ 𝑋.

Now we present the Avramescu nonlinear alternative in Fréchet space used
in this paper, which is an extension of the Burton and Kirk alternative in Banach
space. For more details, the reader is referred to [6] and the references therein.

Theorem 1. Nonlinear Alternative of Avramescu
Let 𝑋 be a Fréchet space and let 𝐴, 𝐵 : 𝑋 → 𝑋 be two operators satisfying:

(1) 𝐴 is a compact operator,
(2) 𝐵 is a contraction.

Then either one of the following statements holds:
(C1) The operator 𝐴 + 𝐵 has a fixed point;

(C2) The set
{
𝑥 ∈ 𝑋, 𝑥 = 𝜆𝐴(𝑥) + 𝜆𝐵

( 𝑥
𝜆

)
, for some 0 < 𝜆 < 1

}
is unbounded.

3. Semilinear Evolution Equation

In this section, we give the controllability results for the problem (1)−(2).
Before stating and proving this result, we introduce the definition of mild solutions
for the neutral fractional evolution problem (1)–(2), which is obtained from El-
Borai’s work in [16].
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Definition 6. We say that the continuous function 𝑦(·) : [−𝑟, +∞) → 𝐸 is a mild
solution of (1)−(2) if 𝑦(𝑡) = 𝜑(𝑡) for 𝑡 ∈ 𝐻 and 𝑦 satisfies the following integral
equation

𝑦(𝑡) = 𝜑(0) − 𝑔(0, 𝜑) + 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

−
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝑈 (𝑠)𝐴(0) [𝜑(0) − 𝑔(0, 𝜑)]d𝑠

−
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐴(0)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 +
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐶𝑢(𝑠)d𝑠

+
𝑡∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏)𝐶𝑢(𝜏)d𝜏d𝑠 +
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠) 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠

+
𝑡∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏) 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))d𝜏d𝑠, for each 𝑡 ∈ 𝐽. (9)

Definition 7. The neutral evolution problem (1)−(2) is said to be controllable if
for every initial function 𝜑 ∈ C(𝐻, 𝐸), 𝑦̂ ∈ 𝐸 and 𝑛 ∈ N, there is some control
𝑢 ∈ 𝐿2( [0, 𝑛], 𝐸) such that the mild solution 𝑦(·) of (1)−(2) satisfies the terminal
condition

𝑦(𝑛) = 𝑦★. (10)

We will need to introduce the following hypotheses which are assumed there-
after:
(𝐻1) The function 𝑓 is Carathéodory.
(𝐻2) There exists a continuous function 𝑝 : R+ → R+ such that

∥ 𝑓 (𝑡, 𝑢)∥ ¬ 𝑝(𝑡) (1 + ∥𝑢∥); for a.e. 𝑡 ∈ R+, and each 𝑢 ∈ 𝐸.

For 𝑛 ∈ N, let 𝑝∗𝑛 = sup
𝑡∈[0,𝑛]

𝑝(𝑡).

(𝐻3) For all 𝑅 > 0, there exists 𝑙𝑅 ∈ 𝐿1
𝑙𝑜𝑐

(𝐽,R+) such that:

| 𝑓 (𝑡, 𝑢) − 𝑓 (𝑡, 𝑣) | ¬ 𝑙𝑅 (𝑡)∥𝑢 − 𝑣∥

for all 𝑢, 𝑣 ∈ C(𝐻, 𝐸) with ∥𝑢∥ ¬ 𝑅 and ∥𝑣∥ ¬ 𝑅.
Set 𝑙∗𝑛 = ess sup

𝑡∈[0,𝑛]
𝑙𝑛 (𝑡).
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(𝐻4) For each 𝑛 ∈ N, the linear operator𝑊 : 𝐿2( [0, 𝑛], 𝐸) → 𝐸 is defined by

𝑊𝑢 =

𝑛∫
0

Ψ(𝑛 − 𝑠, 𝑠)𝐶𝑢(𝑠)d𝑠 +
𝑛∫

0

𝑠∫
0

Ψ(𝑛 − 𝑠, 𝑠)𝜙(𝑠, 𝜏)𝐶𝑢(𝜏)d𝜏d𝑠,

has a pseudo invertible operator 𝑊−1 which takes values in
𝐿2( [0, 𝑛], 𝐸)/ker𝑊 and there exists positive constants 𝑀 and 𝑀1 such
that:

∥𝐶∥𝐵(𝐸) ¬ 𝑀 and ∥𝑊−1∥𝐵(𝐸) ¬ 𝑀1.

(𝐻5) There exists a constant 𝑀0 > 0 such that

∥𝐴−1(𝑡)∥𝐵(𝐸) ¬ 𝑀0 for all 𝑡 ∈ 𝐽.

(𝐻6) There exists a constant 0 < 𝐿 < 1
𝑀0

such that

|𝐴(𝑡)𝑔(𝑡, 𝜑) | ¬ 𝐿 (∥𝜑∥ + 1) , for all 𝑡 ∈ 𝐽 and 𝜑 ∈ C(𝐻, 𝐸).

(𝐻7) The function 𝑔 is completely continuous and for any bounded set 𝑄 ⊂
C(𝐻, 𝐸) the set
{𝑡 → 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) : 𝑦 ∈ 𝑄} is equicontinuous in C(𝐽, 𝐸).

(𝐻8) There exists a constant Υ𝑛 = 𝛼−1 + 𝐾𝑛𝛾𝛾−1𝛽(𝛼, 𝛾 + 1) for 𝑛 ∈ N such that
𝑙∗𝑛 < 𝐾

−1𝑛−𝛼Υ−1
𝑛 and

𝑝∗𝑛 < Υ−1
𝑛

[
𝐾−1𝑛−𝛼

(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)−1 (

1 − 𝑀0𝐿
)
− 𝑀0𝐿 |𝐴(0) |𝛼−1

]
.

Remark 3. For the construction of 𝑊−1, see the paper of Quinn and
Carmichael [30].

For every 𝑛 ∈ N, we define in C([−𝑟, +∞), 𝐸) the semi-norms by:

∥𝑦∥𝑛 = sup
𝑡∈[0,𝑛]

|𝑦(𝑡) |, for 𝑛 ∈ N.

Then C([−𝑟, +∞), 𝐸) is a Fréchet space with these family of semi-norms {∥ ·
∥𝑛}𝑛∈N .

Theorem 2. Assume that hypotheses (𝐻𝜑) and (𝐻1)-(𝐻8) are satisfied. Then,
the fractional evolution equation with finite state-dependent delay (1)−(2) is
controllable on [−𝑟, +∞).
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Proof. We transform the problem (1)−(2) into a fixed-point problem. For that,
let us consider the operator 𝑁 : C([−𝑟, +∞), 𝐸) → C([−𝑟, +∞), 𝐸) defined by

𝑁 (𝑦) (𝑡) =



𝜑(𝑡), if 𝑡 ∈ 𝐻;
𝜑(0) − 𝑔(0, 𝜑) + 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

−
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝑈 (𝑠)𝐴(0) [𝜑(0) − 𝑔(0, 𝜑)]d𝑠

−
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐴(0)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠

+
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐶𝑢𝑦 (𝑠)d𝑠

+
𝑡∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏)𝐶𝑢𝑦 (𝜏)d𝜏d𝑠

+
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠) 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠

+
𝑡∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏) 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))d𝜏d𝑠 if 𝑡 ∈ 𝐽.

Using assumption (𝐻4), for arbitrary function 𝑦(·), we define the control for
each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

𝑢𝑦 (𝑡) = 𝑊−1

[
𝑦★ − 𝜑(0) + 𝑔(0, 𝜑) − 𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))

+
𝑛∫

0

Ψ(𝑛 − 𝑠, 𝑠)𝑈 (𝑠)𝐴(0) [𝜑(0) − 𝑔(0, 𝜑)]d𝑠

+
𝑛∫

0

Ψ(𝑛 − 𝑠, 𝑠)𝐴(0)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 −
𝑛∫

0

Ψ(𝑛 − 𝑠, 𝑠) 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠

−
𝑛∫

0

𝑠∫
0

Ψ(𝑛 − 𝑠, 𝑠)𝜙(𝑠, 𝜏) 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))d𝜏d𝑠

]
(𝑡).
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By the hypothesis (𝐻4) and inequalities (3), (4) and (5), we get for each
𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝑢𝑦 (𝑡) | ¬ ∥𝑊−1∥𝐵(𝐸)

[
|𝑦★| + |𝜑(0) | + |𝑔(0, 𝜑) | + |𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛)) |

+
𝑛∫

0

∥Ψ(𝑛 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥ |𝐴(0) | ( |𝜑(0) | + |𝑔(0, 𝜑) |) d𝑠

+
𝑛∫

0

∥Ψ(𝑛 − 𝑠, 𝑠)∥ |𝐴(0) | |𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+
𝑛∫

0

∥Ψ(𝑛 − 𝑠, 𝑠)∥ | 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+
𝑛∫

0

𝑠∫
0

∥Ψ(𝑛 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥ | 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏)) |d𝜏d𝑠


¬ 𝑀1

[
|𝑦★| + ∥𝜑∥ +



𝐴−1(0)


 |𝐴(0)𝑔(0, 𝜑) |

+


𝐴−1(𝑛)



 ��𝐴(𝑛)𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))��
+ 𝐾2 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1(1 + 𝑠𝛾)
(
∥𝜑∥ +



𝐴−1(0)


 |𝐴(0)𝑔(0, 𝜑) |) d𝑠

+ 𝐾 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 

𝐴−1(𝑠)


 ��𝐴(𝑠)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))�� d𝑠

+ 𝐾
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 | 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+ 𝐾2
𝑛∫

0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 | 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏)) |d𝜏d𝑠
 .
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Using (𝐻5) and (𝐻6), we obtain for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
|𝑦★| + ∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1) + 𝑀0𝐿

(
∥𝑦𝜌(𝑛,𝑦𝑛) ∥ + 1

)
+ 𝐾2 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1(1 + 𝑠𝛾)
(
∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)

)
d𝑠

+ 𝐾 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1𝑀0𝐿
(
∥𝑦𝜌(𝑠,𝑦𝑠) ∥ + 1

)
d𝑠

+ 𝐾
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 | 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+ 𝐾2
𝑛∫

0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 | 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏)) |d𝜏d𝑠
]
.

Then, for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
|𝑦★| +

(
𝑀0𝐿 + 1

)
∥𝜑∥ + 2𝑀0𝐿 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾2 |𝐴(0) |

((
𝑀0𝐿 + 1

)
∥𝜑∥ + 𝑀0𝐿

) 𝑛∫
0

(𝑛 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠

+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1d𝑠

+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 | 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+ 𝐾2
𝑛∫

0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 | 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏)) |d𝜏d𝑠
]
. (11)
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Applying (𝐻2) and using inequalities (6) and (7), we have for each 𝑡 ∈ [0, 𝑛]
and 𝑛 ∈ N

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝑛𝛾𝛽(𝛼, 𝛾 + 1)

) )
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾2 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝑛𝛾𝛽(𝛼, 𝛾 + 1)

) )
+ 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿𝑛

𝛼𝛼−1 |𝐴(0) | + 𝐾𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾
𝑛∫

0

(𝑛 − 𝑠)𝛼−1𝑝(𝑠) (1 + ∥𝑦𝜌(𝑠,𝑦𝑠) ∥)d𝑠

+ 𝐾2
𝑛∫

0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝑝(𝜏) (1 + ∥𝑦𝜌(𝜏,𝑦𝜏) ∥)d𝜏d𝑠
]

¬ 𝑀1

[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝑛𝛾𝛽(𝛼, 𝛾 + 1)

) )
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾2 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝑛𝛾𝛽(𝛼, 𝛾 + 1)

) )
+ 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿𝑛

𝛼𝛼−1 |𝐴(0) | + 𝐾𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1d𝑠 + 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1d𝜏d𝑠

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]
.

Using inequalities (7) and (8), we obtain for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

) )
+ 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)
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+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾𝑝∗𝑛𝑛𝛼
(
𝛼−1 + 𝐾𝑛𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

)
+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]
.

So, for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N, we have

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]
. (12)

Using this control, we shall show that the operator 𝑁 has a fixed point 𝑦(·)
which is the mild solution of the evolution equation (1)−(2).

Define the operators 𝐹, 𝐺 : C([−𝑟, +∞), 𝐸) → C([−𝑟, +∞), 𝐸) by

𝐹 (𝑦) (𝑡) =



𝜑(𝑡), if 𝑡 ∈ 𝐻;
𝜑(0) − 𝑔(0, 𝜑) + 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

−
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝑈 (𝑠)𝐴(0) [𝜑(0) − 𝑔(0, 𝜑)]d𝑠

−
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐴(0)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 +
𝑡∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐶𝑢𝑦 (𝑠)d𝑠

+
𝑡∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏)𝐶𝑢𝑦 (𝜏)d𝜏d𝑠, if 𝑡 ∈ 𝐽.
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and

𝐺 (𝑦) (𝑡) =



0, if 𝑡 ∈ 𝐻;

𝑡∫
0

Ψ(𝑡 − 𝑠, 𝑠) 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠

+
𝑡∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏) 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))d𝜏d𝑠, if 𝑡 ∈ 𝐽.

Clearly the operator 𝑁 has a fixed point is equivalent to 𝐹 + 𝐺 has one, so
it turns to prove that 𝐹 + 𝐺 has a fixed point. The proof will be given in the
following steps.
Step 1: 𝐹 is continuous.

Let (𝑦𝑘 )𝑘∈N be a sequence in C([−𝑟, +∞), 𝐸) such that 𝑦𝑘 → 𝑦 in
C([−𝑟, +∞), 𝐸). Then

|𝐹 (𝑦𝑘 ) (𝑡) − 𝐹 (𝑦) (𝑡) |
¬
��𝑔(𝑡, 𝑦𝑘𝜌(𝑡,𝑦𝑘𝑡 )) − 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))��
+

𝑡∫
0

∥𝜓(𝑡 − 𝑠, 𝑠)∥ |𝐴(0) |
��𝑔(𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))�� d𝑠

+
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦𝑘 (𝑠) − 𝑢𝑦 (𝑠) |d𝑠

+
𝑡∫

0

𝑠∫
0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦𝑘 (𝜏) − 𝑢𝑦 (𝜏) |d𝜏d𝑠.

Using the hypothesis (𝐻4) and inequalities (3), (4) and (11), we obtain for
each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝐹 (𝑦𝑘 ) (𝑡) − 𝐹 (𝑦) (𝑡) |
¬
��𝑔(𝑡, 𝑦𝑘𝜌(𝑡,𝑦𝑘𝑡 )) − 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))��
+ 𝐾 |𝐴(0) |

𝑡∫
0

(𝑡 − 𝑠)𝛼−1 ��𝑔(𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))�� d𝑠
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+ 𝐾𝑀
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑀1

[ ��𝑔(𝑛, 𝑦𝑘𝜌(𝑛,𝑦𝑘𝑛)) − 𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))��
+ 𝐾 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝜏)𝛼−1 ��𝑔(𝜏, 𝑦𝑘𝜌(𝜏,𝑦𝑘𝜏)) − 𝑔(𝜏, 𝑦𝜌(𝜏,𝑦𝜏))�� d𝜏
+ 𝐾

𝑛∫
0

(𝑛 − 𝜏)𝛼−1 | 𝑓 (𝜏, 𝑦𝑘𝜌(𝜏,𝑦𝑘𝜏)) − 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏)) |d𝜏

+ 𝐾2
𝑛∫

0

𝜏∫
0

(𝑛 − 𝜏)𝛼−1(𝜏 − 𝜂)𝛾−1 | 𝑓 (𝜂, 𝑦𝑘𝜌(𝜂,𝑦𝑘𝜂)) − 𝑓 (𝜂, 𝑦𝜌(𝜂,𝑦𝜂)) |d𝜂d𝜏
]
d𝑠

+ 𝐾2𝑀

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝑀1

[ ��𝑔(𝑛, 𝑦𝑘𝜌(𝑛,𝑦𝑘𝑛)) − 𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))��
+ 𝐾 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝜂)𝛼−1 ��𝑔(𝜂, 𝑦𝑘𝜌(𝜂,𝑦𝑘𝜂)) − 𝑔(𝜂, 𝑦𝜌(𝜂,𝑦𝜂))�� d𝜂
+ 𝐾

𝑛∫
0

(𝑛 − 𝜂)𝛼−1 | 𝑓 (𝜂, 𝑦𝑘𝜌(𝜂,𝑦𝑘𝜂)) − 𝑓 (𝜂, 𝑦𝜌(𝜂,𝑦𝜂)) |d𝜂

+ 𝐾2
𝑛∫

0

𝜂∫
0

(𝑛 − 𝜂)𝛼−1(𝜂 − 𝑤)𝛾−1�� 𝑓 (𝑤, 𝑦𝑘𝜌(𝑤,𝑦𝑘𝑤))
− 𝑓 (𝑤, 𝑦𝜌(𝑤,𝑦𝑤))

��d𝑤d𝜂
]
d𝜏d𝑠

¬
��𝑔(𝑡, 𝑦𝑘𝜌(𝑡,𝑦𝑘𝑡 )) − 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))��
+ 𝐾 |𝐴(0) |

𝑡∫
0

(𝑡 − 𝑠)𝛼−1 ��𝑔(𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))�� d𝑠
+ 𝐾𝑀𝑀1𝑛

𝛼
[
𝛼−1 + 𝐾𝑛𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

] [ ��𝑔(𝑛, 𝑦𝑘𝜌(𝑛,𝑦𝑘𝑛)) − 𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))��
+ 𝐾 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 ��𝑔(𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))�� d𝑠
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+ 𝐾
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 | 𝑓 (𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+ 𝐾2
𝑛∫

0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 | 𝑓 (𝜏, 𝑦𝑘𝜌(𝜏,𝑦𝑘𝜏)) − 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏)) |d𝜏d𝑠
]

¬
��𝑔(𝑡, 𝑦𝑘𝜌(𝑡,𝑦𝑘𝑡 )) − 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))��
+ 𝐾 |𝐴(0) |

𝑡∫
0

(𝑡 − 𝑠)𝛼−1 ��𝑔(𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))�� d𝑠
+ 𝐾𝑀𝑀1𝑛

𝛼Υ𝑛
��𝑔(𝑛, 𝑦𝑘𝜌(𝑛,𝑦𝑘𝑛)) − 𝑔(𝑛, 𝑦𝜌(𝑛,𝑦𝑛))��

+ 𝐾2𝑀𝑀1𝑛
𝛼Υ𝑛 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 ��𝑔(𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))�� d𝑠
+ 𝐾2𝑀𝑀1𝑛

𝛼Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 | 𝑓 (𝑠, 𝑦𝑘𝜌(𝑠,𝑦𝑘𝑠)) − 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+ 𝐾3𝑀𝑀1𝑛
𝛼Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1�� 𝑓 (𝜏, 𝑦𝑘𝜌(𝜏,𝑦𝑘𝜏))
− 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))

��d𝜏d𝑠.

Then, for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N, we have

∥𝐹 (𝑦𝑘 ) − 𝐹 (𝑦)∥𝑛
¬


𝑔(·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑔(·, 𝑦𝜌(·,𝑦 ·))

𝑛
+ 𝐾 |𝐴(0) |

𝑡∫
0

(𝑡 − 𝑠)𝛼−1d𝑠


𝑔(·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑔(·, 𝑦𝜌(·,𝑦 ·))

𝑛

+ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛



𝑔(·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑔(·, 𝑦𝜌(·,𝑦 ·))

𝑛
+ 𝐾2𝑀𝑀1𝑛

𝛼Υ𝑛 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1d𝑠


𝑔(·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑔(·, 𝑦𝜌(·,𝑦 ·))

𝑛

+ 𝐾2𝑀𝑀1𝑛
𝛼Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1d𝑠


 𝑓 (·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑓 (·, 𝑦𝜌(·,𝑦 ·))




𝑛
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+ 𝐾3𝑀𝑀1𝑛
𝛼Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛− 𝑠)𝛼−1(𝑠−𝜏)𝛾−1d𝜏d𝑠


 𝑓 (·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑓 (·, 𝑦𝜌(·,𝑦 ·))

𝑛

¬
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

1 + 𝐾 |𝐴(0) |𝑛𝛼𝛼−1
) 

𝑔(·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑔(·, 𝑦𝜌(·,𝑦 ·))

𝑛

+ 𝐾2𝑀𝑀1𝑛
2𝛼Υ2

𝑛 ∥ 𝑓 (·, 𝑦𝑘𝜌(·,𝑦𝑘 ·)) − 𝑓 (·, 𝑦𝜌(·,𝑦 ·))∥𝑛.

From the hypothesis (𝐻7) and since 𝑓 is Carathéodory function, by the Lebesgue
dominated convergence theorem, we obtain

∥𝐹 (𝑦𝑘 ) − 𝐹 (𝑦)∥𝑛 → 0 as 𝑘 → +∞.

Thus 𝐹 is continuous.
Step 2: 𝐹 maps bounded sets of C([−𝑟, +∞), 𝐸) into bounded sets.

Indeed, it is enough to show that for any 𝑑 > 0, there exists a positive constant
ℓ such that for each 𝑦 ∈ 𝐵𝑑 = {𝑦 ∈ C([−𝑟, +∞), 𝐸) : ∥𝑦∥𝑛 ¬ 𝑑} one has
∥𝐹 (𝑦)∥𝑛 ¬ ℓ.

Let 𝑦 ∈ 𝐵𝑑 . By the hypothesis (𝐻4) and inequalities (3), (4) and (5), we have

|𝐹 (𝑦) (𝑡) | ¬ |𝜑(0) | + |𝑔(0, 𝜑) | + |𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) |

+
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥ |𝐴(0) | ( |𝜑(0) | + |𝑔(0, 𝜑) |) d𝑠

+
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥ |𝐴(0) | |𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦 (𝑠) |d𝑠

+
𝑡∫

0

𝑠∫
0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦 (𝜏) |d𝜏d𝑠

¬ ∥𝜑∥ + ∥𝐴−1(0)∥ |𝐴(0)𝑔(0, 𝜑) | + ∥𝐴−1(𝑡)∥ |𝐴(𝑡)𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) |

+ 𝐾2 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)
(
∥𝜑∥ + ∥𝐴−1(0)∥ |𝐴(0)𝑔(0, 𝜑) |

)
d𝑠
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+ 𝐾 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1∥𝐴−1(𝑠)∥ |𝐴(𝑠)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+ 𝐾𝑀
𝑡∫

0

(𝑡 − 𝑠)𝛼−1 |𝑢𝑦 (𝑠) |d𝑠

+ 𝐾2𝑀

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 |𝑢𝑦 (𝜏) |d𝜏d𝑠.

Using inequality (12) and hypotheses (𝐻5) and (𝐻6), we obtain

|𝑦(𝑡) | ¬ ∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1) + 𝑀0𝐿
(
∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥ + 1

)
+ 𝐾2 |𝐴(0) |

(
∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)

) 𝑡∫
0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠

+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1 (∥𝑦𝜌(𝑠,𝑦𝑠) ∥ + 1
)

d𝑠

+ 𝐾𝑀
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑀1

[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝜏)𝛼−1 

𝑦𝜌(𝜏,𝑦𝜏)

 d𝜏

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝜏)𝛼−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝜏∫
0

(𝑛 − 𝜏)𝛼−1(𝜏 − 𝜂)𝛾−1∥𝑦𝜌(𝜂,𝑦𝜂) ∥d𝜂d𝜏
]
d𝑠

+ 𝐾2𝑀

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝑀1
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·
[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝜂)𝛼−1 

𝑦𝜌(𝜂,𝑦𝜂)

 d𝜂

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝜂)𝛼−1∥𝑦𝜌(𝜂,𝑦𝜂) ∥d𝜂

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝜂∫
0

(𝑛 − 𝜂)𝛼−1(𝜂 − 𝑤)𝛾−1∥𝑦𝜌(𝑤,𝑦𝑤) ∥d𝑤d𝜂

]
d𝜏d𝑠.

So, for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N, we get

|𝑦(𝑡) | ¬
(
𝑀0𝐿 + 1

)
∥𝜑∥ + 2𝑀0𝐿 + 𝑀0𝐿∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥

+ 𝐾2𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠

+ 𝐾2 |𝐴(0) |
(
𝑀0𝐿 + 1

)
∥𝜑∥

𝑡∫
0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠

+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1d𝑠

+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾𝑀𝑀1𝑡
𝛼
(
𝛼−1 + 𝐾𝑡𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

)
·
[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)
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+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]
.

From inequalities (6), (7) and (8), we obtain for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝑦(𝑡) | ¬ (𝑀0𝐿 + 1)∥𝜑∥ + 2𝑀0𝐿 + 𝑀0𝐿∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥

+ 𝐾2𝑀0𝐿 |𝐴(0) |𝑛𝛼
(
𝛼−1 + 𝑛𝛾𝛽(𝛼, 𝛾 + 1)

)
+ 𝐾2 |𝐴(0) |

(
𝑀0𝐿 + 1

)
𝑛𝛼

(
𝛼−1 + 𝑛𝛾𝛽(𝛼, 𝛾 + 1)

)
∥𝜑∥

+ 𝐾𝑀0𝐿 |𝐴(0) |𝑛𝛼𝛼−1 + 𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾𝑀𝑀1𝑛
𝛼
(
𝛼−1 + 𝐾𝑛𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

)
·
[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]

¬
(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

) )
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+ 𝑀0𝐿∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥ + 𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛

[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]
.

Then

|𝑦(𝑡) | ¬ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛 |𝑦★|

+
(
𝑀0𝐿 + 1

) (
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛
)
∥𝜑∥

+ 𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

2 + 𝐾 |𝐴(0) |𝑛𝛼 (𝛼−1 + 𝐾Θ𝑛)
)

+ 𝐾2𝑀𝑀1𝑛
2𝛼𝑝∗𝑛Υ

2
𝑛 + 𝑀0𝐿∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥

+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾2𝑀𝑀1𝑛

𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾2𝑀𝑀1𝑛
𝛼Υ𝑛𝑝

∗
𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾3𝑀𝑀1𝑛
𝛼Υ𝑛𝑝

∗
𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠.
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Using Proposition 1, we get

𝑦𝜌(𝑛,𝑦𝑛)

 ¬ |𝑦★| + L𝜑∥𝜑∥ (13)

and 

𝑦𝜌(𝑡,𝑦𝑡 )

 ¬ |𝑦(𝑡) | + L𝜑∥𝜑∥. (14)

Since 𝑦 ∈ 𝐵𝑑 , then we have

𝑦𝜌(𝑡,𝑦𝑡 )

 ¬ 𝑑 + L𝜑∥𝜑∥ ¬ 𝛿. (15)

By the inequalities (14) and (13), we obtain

|𝑦(𝑡) | ¬ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛 |𝑦★|

+
(
𝑀0𝐿 + 1

) (
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛
)
∥𝜑∥

+ 𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

2 + 𝐾 |𝐴(0) |𝑛𝛼 (𝛼−1 + 𝐾Θ𝑛)
)

+ 𝐾2𝑀𝑀1𝑛
2𝛼𝑝∗𝑛Υ

2
𝑛 + 𝑀0𝐿 ( |𝑦(𝑡) | + L𝜑∥𝜑∥)

+ 𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1 ( |𝑦(𝑠) | + L𝜑∥𝜑∥) d𝑠

+ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿

(
|𝑦★| + L𝜑∥𝜑∥

)
+ 𝐾2𝑀𝑀1𝑛

𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 ( |𝑦(𝑠) | + L𝜑∥𝜑∥) d𝑠

+ 𝐾2𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 ( |𝑦(𝑠) | + L𝜑∥𝜑∥) d𝑠

+ 𝐾3𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 ( |𝑦(𝜏) | + L𝜑∥𝜑∥) d𝜏d𝑠

¬ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛 (𝑀0𝐿 + 1) |𝑦★| + 𝐾𝑀𝑀1𝑛

𝛼Υ𝑛𝑀0𝐿L𝜑∥𝜑∥

+
(
𝑀0𝐿 + 1

) (
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛
)
∥𝜑∥

+ 𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

2 + 𝐾 |𝐴(0) |𝑛𝛼 (𝛼−1 + 𝐾Θ𝑛)
)

+ 𝑀0𝐿
(
1 + 𝐾 |𝐴(0) |𝑛𝛼𝛼−1

(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
))
𝛿

+ 𝐾2𝑀𝑀1𝑛
2𝛼𝑝∗𝑛Υ

2
𝑛 (𝛿 + 1) := ℓ𝑛.
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Thus, there exists a positive number ℓ𝑛 such that

∥𝐹 (𝑧)∥𝑛 ¬ ℓ𝑛.

Therefor, 𝐹 (𝐵𝑑) ⊂ 𝐵ℓ𝑛 .

Step 3: 𝐹 maps bounded sets into equicontinuous sets of C([−𝑟, +∞), 𝐸).
We consider 𝐵𝑑 as in Step 2 and we show that 𝐹 (𝐵𝑑) is equicontinuous. Let

𝑡1, 𝑡2 ∈ 𝐽 with 𝑡2 > 𝑡1 and 𝑦 ∈ 𝐵𝑑 . Then

|𝐹 (𝑦) (𝑡2) − 𝐹 (𝑦) (𝑡1) | ¬
���𝑔(𝑡2, 𝑦𝜌(𝑡2,𝑦𝑡2 )) − 𝑔(𝑡1, 𝑦𝜌(𝑡1,𝑦𝑡1 ))���

+
𝑡1∫

0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥ |𝐴(0) | (∥𝜑∥ + |𝑔(0, 𝜑) |)d𝑠

+
𝑡2∫

𝑡1

∥𝜓(𝑡2 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥ |𝐴(0) | (∥𝜑∥ + |𝑔(0, 𝜑) |)d𝑠

+
𝑡1∫

0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥ |𝐴(0) | |𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+
𝑡2∫

𝑡1

∥𝜓(𝑡2 − 𝑠, 𝑠)∥ |𝐴(0) | |𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+
𝑡1∫

0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥ ∥𝐶∥|𝑢𝑦 (𝑠) |d𝑠

+
𝑡2∫

𝑡1

∥𝜓(𝑡2 − 𝑠, 𝑠)∥∥𝐶∥|𝑢𝑦 (𝑠) |d𝑠

+
𝑡1∫

0

𝑠∫
0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥ ∥𝜙(𝑠, 𝜏)∥∥𝐶∥|𝑢𝑦 (𝜏) |d𝜏d𝑠

+
𝑡2∫

𝑡1

𝑠∫
0

∥𝜓(𝑡2 − 𝑠, 𝑠)∥ ∥𝜙(𝑠, 𝜏)∥∥𝐶∥|𝑢𝑦 (𝜏) |d𝜏d𝑠.
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By the inequalities (12) and (15), we have

|𝑢𝑦 (𝑡) | ¬ 𝑀1

[
(𝑀0𝐿 + 1) |𝑦★| +

(
𝑀0𝐿L𝜑 + (𝑀0𝐿 + 1)

(
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

))
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

) )
+ 𝐾𝑀0𝐿 |𝐴(0) |𝑛𝛼𝛼−1

+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 (𝛿 + 1)
]

:= 𝜔𝑛. (16)

Using hypotheses (𝐻4), (𝐻5) and (𝐻6) and inequality (15) and the previous
one, we get

|𝐹 (𝑦) (𝑡2) − 𝐹 (𝑦) (𝑡1) |

¬
���𝑔(𝑡2, 𝑦𝜌(𝑡2,𝑦𝑡2 )) − 𝑔(𝑡1, 𝑦𝜌(𝑡1,𝑦𝑡1 ))���

+ (∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)) |𝐴(0) |
𝑡1∫

0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥d𝑠

+ (∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)) |𝐴(0) |
𝑡2∫

𝑡1

∥𝜓(𝑡2 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥d𝑠

+ 𝑀0𝐿 (𝛿 + 1) |𝐴(0) |
𝑡1∫

0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥d𝑠

+ 𝑀0𝐿 (𝛿 + 1) |𝐴(0) |
𝑡2∫

𝑡1

∥𝜓(𝑡2 − 𝑠, 𝑠)∥d𝑠

+ 𝑀𝜔𝑛
𝑡1∫

0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥ d𝑠 + 𝑀𝜔𝑛
𝑡2∫

𝑡1

∥𝜓(𝑡2 − 𝑠, 𝑠)∥d𝑠

+ 𝑀𝜔𝑛
𝑡1∫

0

𝑠∫
0

∥𝜓(𝑡2 − 𝑠, 𝑠) − 𝜓(𝑡1 − 𝑠, 𝑠)∥ ∥𝜙(𝑠, 𝜏)∥d𝜏d𝑠

+ 𝑀𝜔𝑛
𝑡2∫

𝑡1

𝑠∫
0

∥𝜓(𝑡2 − 𝑠, 𝑠)∥ ∥𝜙(𝑠, 𝜏)∥d𝜏d𝑠.
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From hypothesis (𝐻7) and since Ψ is a continuous function in uniform topol-
ogy. The right-hand side of the above inequality tends to zero as 𝑡2 − 𝑡1 → 0.

As a consequence of Steps 1 to 3 together with the Arzelá-Ascoli theorem it
suffices to show that the operator 𝐹 maps 𝐵𝑑 into a precompact set in 𝐸 .

Let 𝑡 ∈ 𝐽 be fixed and let 𝜖 be a real number satisfying 0 < 𝜖 < 𝑡. For 𝑦 ∈ 𝐵𝑑
we define

𝐹𝜖 (𝑦) (𝑡) = 𝜑(0) − 𝑔(0, 𝜑) + 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 ))

−
𝑡−𝜖∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝑈 (𝑠)𝐴(0) [𝜑(0) − 𝑔(0, 𝜑)]d𝑠

−
𝑡−𝜖∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐴(0)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 +
𝑡−𝜖∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐶𝑢𝑦 (𝑠)d𝑠

+
𝑡−𝜖∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏)𝐶𝑢𝑦 (𝜏)d𝜏d𝑠.

Note that the set{
𝜑(0) − 𝑔(0, 𝜑) + 𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) −

𝑡−𝜖∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝑈 (𝑠)𝐴(0) [𝜑(0) − 𝑔(0, 𝜑)]d𝑠

−
𝑡−𝜖∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐴(0)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠))d𝑠 +
𝑡−𝜖∫

0

Ψ(𝑡 − 𝑠, 𝑠)𝐶𝑢𝑦 (𝑠)d𝑠

+
𝑡−𝜖∫

0

𝑠∫
0

Ψ(𝑡 − 𝑠, 𝑠)𝜙(𝑠, 𝜏)𝐶𝑢𝑦 (𝜏)d𝜏d𝑠 : 𝑦 ∈ 𝐵𝑑
}

is bounded.
Then for 𝑡 > 0, the set 𝑌𝜖 (𝑡) = {𝐹𝜖 (𝑦) (𝑡) : 𝑦 ∈ 𝐵𝑑} is precompact in 𝐸 for

every 𝜖 sufficiently small, 0 < 𝜖 < 𝑡. Moreover using (16), we have

|𝐹 (𝑦) (𝑡) − 𝐹𝜖 (𝑦) (𝑡) |

¬

𝑡∫
𝑡−𝜖

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥ |𝐴(0) |
(
∥𝜑∥ + ∥𝐴−1(0)∥ |𝐴(0)𝑔(0, 𝜑) |

)
d𝑠
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+
𝑡∫

𝑡−𝜖

∥Ψ(𝑡 − 𝑠, 𝑠)∥ |𝐴(0) |∥𝐴−1(𝑠)∥ |𝐴(𝑠)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+
𝑡∫

𝑡−𝜖

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦 (𝑠) |d𝜏d𝑠

+
𝑡∫

𝑡−𝜖

𝑠∫
0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦 (𝑠) |d𝑠

¬
(
∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)

)
|𝐴(0) |

𝑡∫
𝑡−𝜖

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥d𝑠

+ 𝑀0𝐿 (𝛿 + 1) |𝐴(0) |
𝑡∫

𝑡−𝜖

∥Ψ(𝑡 − 𝑠, 𝑠)∥d𝑠 + 𝑀𝜔𝑛
𝑡∫

𝑡−𝜖

∥Ψ(𝑡 − 𝑠, 𝑠)∥d𝑠

+ 𝑀𝜔𝑛
𝑡∫

𝑡−𝜖

𝑠∫
0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥d𝜏d𝑠.

Then
|𝐹 (𝑦) (𝑡) − 𝐹𝜖 (𝑦) (𝑡) | → 0 𝑎𝑠 𝜖 → 0.

Therefore, the set {𝐹 (𝑦) (𝑡) : 𝑦 ∈ 𝐵𝑑} is precompact in 𝐸 . So we deduce from
Steps 1, 2 and 3 that 𝐹 is a continuous compact operator.
Step 4: 𝐺 is a contraction.

Indeed, consider 𝑦, 𝑦 ∈ C([−𝑟, +∞), 𝐸). By the inequalities (3) and (4) and
the hypothesis (𝐻3), we get

|𝐺 (𝑦) (𝑡) − 𝐺 (𝑦) (𝑡) |

¬

𝑡∫
0

∥𝜓(𝑡 − 𝑠, 𝑠)∥
��� 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) − 𝑓 (𝑠, 𝑦𝜌(𝑠,𝑦𝑠))

��� d𝑠
+

𝑡∫
0

𝑠∫
0

∥𝜓(𝑡 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥
��� 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏)) − 𝑓 (𝜏, 𝑦𝜌(𝜏,𝑦𝜏))

��� d𝑠
¬ 𝐾

𝑡∫
0

(𝑡 − 𝑠)𝛼−1𝑙𝑛 (𝑠)∥𝑦𝜌(𝑠,𝑦𝑠) − 𝑦𝜌(𝑠,𝑦𝑠) ∥ d𝑠
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+ 𝐾2
𝑡∫

0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝑙𝑛 (𝜏)∥𝑦𝜌(𝜏,𝑦𝜏) − 𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠.

Using inequality (14), we obtain for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝐺 (𝑦) (𝑡) − 𝐺 (𝑦) (𝑡) | ¬ 𝐾
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑙𝑛 (𝑠) |𝑦(𝑠) − 𝑦(𝑠) |d𝑠

+ 𝐾2
𝑡∫

0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝑙𝑛 (𝜏) |𝑦(𝜏) − 𝑦(𝜏) |d𝜏d𝑠

¬ 𝐾𝑙∗𝑛

𝑡∫
0

(𝑡 − 𝑠)𝛼−1d𝑠∥𝑦 − 𝑦∥𝑛

+ 𝐾2𝑙∗𝑛

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1d𝜏d𝑠∥𝑦 − 𝑦∥𝑛

¬ 𝐾𝑙∗𝑛
[
𝑡𝛼𝛼−1 + 𝐾𝑡𝛼+𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

]
∥𝑦 − 𝑦∥𝑛

¬ 𝐾𝑙∗𝑛𝑛
𝛼
[
𝛼−1 + 𝐾𝑛𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

]
∥𝑦 − 𝑦∥𝑛.

Therefore,
∥𝐺 (𝑦) − 𝐺 (𝑦)∥𝑛 ¬ 𝐾𝑙∗𝑛𝑛𝛼Υ𝑛∥𝑦 − 𝑦∥𝑛.

So, for 𝐾𝑙∗𝑛𝑛𝛼Υ𝑛 < 1, the operator 𝐺 is a contraction for all 𝑛 ∈ N.
Step 5: To apply Theorem 1, we must check (C2): i.e. it remains to show that the
following set is bounded

𝛤 =

{
𝑦 ∈ C([−𝑟, +∞), 𝐸) : 𝑦 = 𝜆𝐹 (𝑦) + 𝜆𝐺

( 𝑦
𝜆

)
for some 0 < 𝜆 < 1

}
.

Let 𝑦 ∈ 𝛤. By the hypothesis (𝐻4) and inequalities (3), (4) and (5), we get

|𝑦(𝑡) | ¬ 𝜆 |𝜑(0) | + 𝜆 |𝑔(0, 𝜑) | + 𝜆 |𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) |

+ 𝜆
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝑈 (𝑠)∥ |𝐴(0) | ( |𝜑(0) | + |𝑔(0, 𝜑) |) d𝑠

+ 𝜆
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥ |𝐴(0) | |𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠
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+ 𝜆
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦 (𝑠) |d𝑠

+ 𝜆
𝑡∫

0

𝑠∫
0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥∥𝐶∥𝐵(𝐸) |𝑢𝑦 (𝜏) |d𝜏d𝑠

+ 𝜆
𝑡∫

0

∥Ψ(𝑡 − 𝑠, 𝑠)∥
���� 𝑓 (𝑠, 𝑦𝜌(𝑠, 𝑦𝑠𝜆 )

𝜆

)���� d𝑠
+ 𝜆

𝑡∫
0

𝑠∫
0

∥Ψ(𝑡 − 𝑠, 𝑠)∥∥𝜙(𝑠, 𝜏)∥
���� 𝑓 (𝜏, 𝑦𝜌(𝜏, 𝑦𝜏𝜆 )

𝜆

)���� d𝜏d𝑠

¬ 𝜆∥𝜑∥ + 𝜆∥𝐴−1(0)∥ |𝐴(0)𝑔(0, 𝜑) | + 𝜆∥𝐴−1(𝑡)∥ |𝐴(𝑡)𝑔(𝑡, 𝑦𝜌(𝑡,𝑦𝑡 )) |

+ 𝜆𝐾2 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)
(
∥𝜑∥ + ∥𝐴−1(0)∥ |𝐴(0)𝑔(0, 𝜑) |

)
d𝑠

+ 𝜆𝐾 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1∥𝐴−1(𝑠)∥ |𝐴(𝑠)𝑔(𝑠, 𝑦𝜌(𝑠,𝑦𝑠)) |d𝑠

+ 𝜆𝐾𝑀
𝑡∫

0

(𝑡 − 𝑠)𝛼−1 |𝑢𝑦 (𝑠) |d𝑠

+ 𝜆𝐾2𝑀

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 |𝑢𝑦 (𝜏) |d𝜏d𝑠

+ 𝜆𝐾
𝑡∫

0

(𝑡 − 𝑠)𝛼−1
���� 𝑓 (𝑠, 𝑦𝜌(𝑠, 𝑦𝑠𝜆 )

𝜆

)���� d𝑠
+ 𝜆𝐾2

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
���� 𝑓 (𝜏, 𝑦𝜌(𝜏, 𝑦𝜏𝜆 )

𝜆

)���� d𝜏d𝑠.

By hypotheses (𝐻5) and (𝐻6) and inequality (12), we obtain for each 𝑡 ∈ [0, 𝑛]
and 𝑛 ∈ N

|𝑦(𝑡) | ¬ 𝜆∥𝜑∥ + 𝜆𝑀0𝐿 (∥𝜑∥ + 1) + 𝜆𝑀0𝐿
(
∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥ + 1

)
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+ 𝜆𝐾2 |𝐴(0) |
(
∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)

) 𝑡∫
0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠

+ 𝜆𝐾 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑀0𝐿
(
∥𝑦𝜌(𝑠,𝑦𝑠) ∥ + 1

)
d𝑠

+ 𝜆𝐾𝑀
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑀1

[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝜏)𝛼−1 

𝑦𝜌(𝜏,𝑦𝜏)

 d𝜏

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝜏)𝛼−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝜏∫
0

(𝑛 − 𝜏)𝛼−1(𝜏 − 𝜂)𝛾−1∥𝑦𝜌(𝜂,𝑦𝜂) ∥d𝜂d𝜏
]
d𝑠

+ 𝜆𝐾2𝑀

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝑀1

·
[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝜂)𝛼−1 

𝑦𝜌(𝜂,𝑦𝜂)

 d𝜂

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝜂)𝛼−1∥𝑦𝜌(𝜂,𝑦𝜂) ∥d𝜂

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝜂∫
0

(𝑛 − 𝜂)𝛼−1(𝜂 − 𝑤)𝛾−1∥𝑦𝜌(𝑤,𝑦𝑤) ∥d𝑤d𝜂
]
d𝜏d𝑠
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+ 𝜆𝐾
𝑡∫

0

(𝑡 − 𝑠)𝛼−1
���� 𝑓 (𝑠, 𝑦𝜌(𝑠, 𝑦𝑠𝜆 )𝜆

)���� d𝑠
+ 𝜆𝐾2

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
���� 𝑓 (𝜏, 𝑦𝜌(𝜏, 𝑦𝜏𝜆 )𝜆

)���� d𝜏d𝑠

¬ 𝜆(𝑀0𝐿 + 1)∥𝜑∥ + 2𝜆𝑀0𝐿 + 𝜆𝑀0𝐿∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥

+ 𝜆𝐾2 |𝐴(0) |
(
∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)

) 𝑡∫
0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠

+ 𝜆𝐾 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑀0𝐿
(
∥𝑦𝜌(𝑠,𝑦𝑠) ∥ + 1

)
d𝑠

+ 𝜆𝐾𝑀𝑀1𝑡
𝛼
(
𝛼−1 + 𝐾𝑡𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

)
·
[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

))
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠

+ 𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]

+ 𝜆𝐾
𝑡∫

0

(𝑡 − 𝑠)𝛼−1
���� 𝑓 (𝑠, 𝑦𝜌(𝑠, 𝑦𝑠𝜆 )𝜆

)���� d𝑠
+ 𝜆𝐾2

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
���� 𝑓 (𝜏, 𝑦𝜌(𝜏, 𝑦𝜏𝜆 )𝜆

)���� d𝜏d𝑠.
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Applying (𝐻2), we have for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

|𝑦(𝑡) | ¬ 𝜆(𝑀0𝐿 + 1)∥𝜑∥ + 2𝜆𝑀0𝐿 + 𝜆𝑀0𝐿∥𝑦𝜌(𝑡,𝑦𝑡 ) ∥

+ 𝜆𝐾2 |𝐴(0) |
(
∥𝜑∥ + 𝑀0𝐿 (∥𝜑∥ + 1)

) 𝑡∫
0

(𝑡 − 𝑠)𝛼−1(1 + 𝑠𝛾)d𝑠

+ 𝜆𝐾 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑀0𝐿
(
∥𝑦𝜌(𝑠,𝑦𝑠) ∥ + 1

)
d𝑠

+ 𝜆𝐾𝑀𝑀1𝑡
𝛼
(
𝛼−1 + 𝐾𝑡𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

)
·
[
|𝑦★| +

(
𝑀0𝐿 + 1

) (
1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛

)
∥𝜑∥

+ 𝑀0𝐿
(
2 + 𝐾 |𝐴(0) |𝑛𝛼

(
𝛼−1 + 𝐾Θ𝑛

) )
+ 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛 + 𝑀0𝐿



𝑦𝜌(𝑛,𝑦𝑛)


+ 𝐾𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 

𝑦𝜌(𝑠,𝑦𝑠)

 d𝑠 +𝐾𝑝∗𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1∥𝑦𝜌(𝑠,𝑦𝑠) ∥d𝑠

+ 𝐾2𝑝∗𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1∥𝑦𝜌(𝜏,𝑦𝜏) ∥d𝜏d𝑠
]

+ 𝜆𝐾
𝑡∫

0

(𝑡 − 𝑠)𝛼−1𝑝(𝑠)
(
1 +





 𝑦𝜌(𝑠, 𝑦𝑠𝜆 )

𝜆





) d𝑠

+ 𝜆𝐾2
𝑡∫

0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝑝(𝜏)
(
1 +





 𝑦𝜌(𝜏, 𝑦𝜏𝜆 )

𝜆





) d𝜏d𝑠.

Using Proposition 1, we get



 𝑦𝜌(𝑠, 𝑦𝑠𝜆 )

𝜆





 ¬ |𝑦(𝑠) |
𝜆

+ L𝜑∥𝜑∥. (17)

By the inequalities (13), (14) and the previous one, we obtain for each 𝑡 ∈ [0, 𝑛]
and 𝑛 ∈ N

|𝑦(𝑡) | ¬ 𝜆𝐾𝑀𝑀1𝑛
𝛼Υ𝑛 |𝑦★|

+ 𝜆
(
𝑀0𝐿 + 1

) (
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛
)
∥𝜑∥

+ 𝜆𝐾2𝑀𝑀1𝑛
2𝛼𝑝∗𝑛Υ

2
𝑛



CONTROLLABILITY OF MILD SOLUTIONS FOR FRACTIONAL NEUTRAL
EVOLUTION EQUATIONS 825

+ 𝜆𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

2 + 𝐾 |𝐴(0) |𝑛𝛼 (𝛼−1 + 𝐾Θ𝑛)
)

+ 𝜆𝑀0𝐿 ( |𝑦(𝑡) | + L𝜑∥𝜑∥)

+ 𝜆𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1 ( |𝑦(𝑠) | + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿

(
|𝑦★| + L𝜑∥𝜑∥

)
+ 𝜆𝐾2𝑀𝑀1𝑛

𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |
𝑛∫

0

(𝑛 − 𝑠)𝛼−1 ( |𝑦(𝑠) | + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾2𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 ( |𝑦(𝑠) | + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾3𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 ( |𝑦(𝜏) | + L𝜑∥𝜑∥) d𝜏d𝑠

+ 𝜆𝐾𝑝∗𝑛
𝑛𝛼

𝛼
+ 𝐾2𝑝∗𝑛𝑛

𝛼+𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)

+ 𝜆𝐾𝑝∗𝑛

𝑡∫
0

(𝑡 − 𝑠)𝛼−1
(
|𝑦(𝑠) |
𝜆

+ L𝜑∥𝜑∥
)

d𝑠

+ 𝜆𝐾2𝑝∗𝑛

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
(
|𝑦(𝜏) |
𝜆

+ L𝜑∥𝜑∥
)

d𝜏d𝑠.

Consider the function 𝑢̃(𝑡) := sup
𝜃∈[0,𝑡]

|𝑦(𝜃) |. Then, we get for each 𝑡 ∈ [0, 𝑛]

and 𝑛 ∈ N(
1 − 𝑀0𝐿

)
𝑢̃(𝑡)

¬ 𝜆𝐾𝑀𝑀1𝑛
𝛼Υ𝑛

(
𝑀0𝐿 + 1

)
|𝑦★|

+ 𝜆𝐾𝑝∗𝑛𝑛𝛼Υ𝑛
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)

+ 𝜆(𝑀0𝐿 + 1)
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛
)
∥𝜑∥

+ 𝜆𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

2 + 𝐾 |𝐴(0) |𝑛𝛼 (𝛼−1 + 𝐾Θ𝑛)
)
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+ 𝜆𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)
L𝜑∥𝜑∥

+ 𝜆𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾2𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾2𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾3𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 (𝑢̃(𝜏) + L𝜑∥𝜑∥) d𝜏d𝑠

+ 𝜆𝐾𝑝∗𝑛

𝑡∫
0

(𝑡 − 𝑠)𝛼−1
(
𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥
)

d𝑠

+ 𝜆𝐾2𝑝∗𝑛

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
(
𝑢̃(𝜏)
𝜆

+ L𝜑∥𝜑∥
)

d𝜏d𝑠.

We set

𝜛𝑛 := 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛 (𝑀0𝐿 + 1) |𝑦★| + 𝐾𝑝∗𝑛𝑛𝛼Υ𝑛

(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)

+ (𝑀0𝐿 + 1)
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

1 + 𝐾2 |𝐴(0) |𝑛𝛼Θ𝑛
)
∥𝜑∥

+ 𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (

2 + 𝐾 |𝐴(0) |𝑛𝛼 (𝛼−1 + 𝐾Θ𝑛)
)

+ 𝑀0𝐿
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)
L𝜑∥𝜑∥.

So, for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N, we have(
1 − 𝑀0𝐿

)
𝑢̃(𝑡)

¬ 𝜆𝜛𝑛 + 𝜆𝐾𝑀0𝐿 |𝐴(0) |
𝑡∫

0

(𝑡 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠
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+ 𝜆𝐾2𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾2𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝜆𝐾3𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 (𝑢̃(𝜏) + L𝜑∥𝜑∥) d𝜏d𝑠

+ 𝜆𝐾𝑝∗𝑛

𝑡∫
0

(𝑡 − 𝑠)𝛼−1
(
𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥
)

d𝑠

+ 𝜆𝐾2𝑝∗𝑛

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
(
𝑢̃(𝜏)
𝜆

+ L𝜑∥𝜑∥
)

d𝜏d𝑠.

Thus, for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N, we obtain

𝑢̃(𝑡)
𝜆

+L𝜑∥𝜑∥ ¬ L𝜑∥𝜑∥ + 𝜛𝑛

1 − 𝑀0𝐿

+ 1
1 − 𝑀0𝐿

[
𝐾𝑀0𝐿 |𝐴(0) |

𝑡∫
0

(𝑡 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝐾2𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝐾2𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1 (𝑢̃(𝑠) + L𝜑∥𝜑∥) d𝑠

+ 𝐾3𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1 (𝑢̃(𝜏) +L𝜑∥𝜑∥) d𝜏d𝑠

+ 𝐾𝑝∗𝑛

𝑡∫
0

(𝑡 − 𝑠)𝛼−1
(
𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥
)

d𝑠
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+ 𝐾2𝑝∗𝑛

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
(
𝑢̃(𝜏)
𝜆

+ L𝜑∥𝜑∥
)

d𝜏d𝑠
]
.

Set Λ𝑛 := L𝜑∥𝜑∥ + 𝜛𝑛

1 − 𝑀0𝐿
. For 𝜆 < 1, we obtain for each 𝑡 ∈ [0, 𝑛] and

𝑛 ∈ N

𝑢̃(𝑡)
𝜆

+L𝜑∥𝜑∥ ¬ Λ𝑛 +
𝐾

1 − 𝑀0𝐿

[
𝑀0𝐿 |𝐴(0) |

𝑡∫
0

(𝑡 − 𝑠)𝛼−1
(
𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥
)

d𝑠

+ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1
(
𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥
)

d𝑠

+ 𝐾𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1
(
𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥
)

d𝑠

+ 𝐾2𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
(
𝑢̃(𝜏)
𝜆

+L𝜑∥𝜑∥
)

d𝜏d𝑠

+ 𝑝∗𝑛

𝑡∫
0

(𝑡 − 𝑠)𝛼−1
(
𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥
)

d𝑠

+ 𝐾𝑝∗𝑛

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1
(
𝑢̃(𝜏)
𝜆

+ L𝜑∥𝜑∥
)

d𝜏d𝑠
]
.

We consider the function 𝜇 defined by

𝜇(𝑡) := sup
0¬𝑠¬𝑡

𝑢̃(𝑠)
𝜆

+ L𝜑∥𝜑∥, for 𝑡 ∈ 𝐽.

Let 𝑡★ ∈ [−𝑟, 𝑡] be such that 𝜇(𝑡★) = 𝑢̃(𝑡★)
𝜆

+ L𝜑∥𝜑∥. If 𝑡★ ∈ [0, 𝑡], by the
previous inequality, we have for each 𝑡 ∈ [0, 𝑛] and 𝑛 ∈ N

𝜇(𝑡) ¬ Λ𝑛 +
𝐾

1 − 𝑀0𝐿

[
𝑀0𝐿 |𝐴(0) |

𝑡∫
0

(𝑡 − 𝑠)𝛼−1𝜇(𝑠)d𝑠
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+ 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛𝑀0𝐿 |𝐴(0) |

𝑛∫
0

(𝑛 − 𝑠)𝛼−1𝜇(𝑠)d𝑠

+ 𝐾𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

(𝑛 − 𝑠)𝛼−1𝜇(𝑠)d𝑠

+ 𝐾2𝑀𝑀1𝑛
𝛼𝑝∗𝑛Υ𝑛

𝑛∫
0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝜇(𝜏)d𝜏d𝑠

+ 𝑝∗𝑛

𝑡∫
0

(𝑡 − 𝑠)𝛼−1𝜇(𝑠)d𝑠 + 𝐾𝑝∗𝑛

𝑡∫
0

𝑠∫
0

(𝑡 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝜇(𝜏)d𝜏d𝑠
]

¬ Λ𝑛 +
𝐾

1 − 𝑀0𝐿

[
𝑀0𝐿 |𝐴(0) |

(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) 𝑛∫

0

(𝑛 − 𝑠)𝛼−1𝜇(𝑠)d𝑠

+ 𝑝∗𝑛
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) 𝑛∫

0

(𝑛 − 𝑠)𝛼−1𝜇(𝑠)d𝑠

+ 𝐾𝑝∗𝑛
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) 𝑛∫

0

𝑠∫
0

(𝑛 − 𝑠)𝛼−1(𝑠 − 𝜏)𝛾−1𝜇(𝜏)d𝜏d𝑠
]

¬ Λ𝑛 +
𝐾

1 − 𝑀0𝐿

[
𝑀0𝐿 |𝐴(0) |𝑛𝛼𝛼−1

(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)
∥𝜇∥

+ 𝑝∗𝑛𝑛𝛼𝛼−1
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)
∥𝜇∥

+ 𝐾𝑝∗𝑛
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)
𝑛𝛼+𝛾𝛾−1𝛽(𝛼, 𝛾 + 1)∥𝜇∥

]
¬ Λ𝑛 +

𝐾

1 − 𝑀0𝐿

[
𝑀0𝐿 |𝐴(0) |𝑛𝛼𝛼−1

(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)
∥𝜇∥

+ 𝑝∗𝑛𝑛𝛼Υ𝑛
(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
)
∥𝜇∥

]
¬ Λ𝑛 +

𝐾𝑛𝛼

1 − 𝑀0𝐿

(
𝐾𝑀𝑀1𝑛

𝛼Υ𝑛 + 1
) (
𝑀0𝐿 |𝐴(0) |𝛼−1 + 𝑝∗𝑛Υ𝑛

)
∥𝜇∥.
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Consequently,

∥𝑦∥𝑛 ¬
Λ𝑛

1 − 𝐾𝑛𝛼 1 + 𝐾𝑀𝑀1𝑛
𝛼Υ𝑛

1 − 𝑀0𝐿

(
𝑀0𝐿 |𝐴(0) |𝛼−1 + 𝑝∗𝑛Υ𝑛

) ,
which shows that the set 𝛤 is bounded, i.e. the statement (C2) in Theorem 1
does not hold. Then the nonlinear alternative of Avramescu [6] implies that (C1)
holds: i.e. the operator 𝐹 + 𝐺 has a fixed-point 𝑦★. Then, there exists at least
𝑦★(𝑡), 𝑡 ∈ [−𝑟, +∞) which is a fixed point of the operator 𝑁 , which is a mild
solution of the problem (1)–(2). Thus the evolution system (1)–(2) is controllable
on [−𝑟, +∞).

4. Example

We consider the following control problem given by the neutral functional
differential equation

𝑐𝐷𝛼
0

𝑣(𝑡, 𝜉) −
0∫

−𝑟

𝑎3(𝑠 − 𝑡)𝑣 ©­«𝑠 − 𝜌1(𝑡)𝜌2
©­«

𝜋∫
0

𝑎2(𝜂) |𝑣(𝑡, 𝜂) |2d𝜂ª®¬ , 𝜉ª®¬ d𝑠


= 𝑎0(𝑡, 𝜉)
𝜕2𝑣

𝜕𝜉2 (𝑡, 𝜉) + 𝑑 (𝜉)𝑢(𝑡)

+
0∫

−𝑟

𝑎1(𝑠 − 𝑡)𝑣
𝑠 − 𝜌1(𝑡)𝜌2

©­«
𝜋∫

0

𝑎2(𝜂) |𝑣(𝑡, 𝜂) |2d𝜂ª®¬ , 𝜉
 d𝑠,

𝑡 ­ 0, 𝜉 ∈ [0, 𝜋],
𝑣(𝑡, 0) = 𝑣(𝑡, 𝜋) = 0, 𝑡 ­ 0,
𝑣(𝜃, 𝜉) = 𝑣0(𝜃, 𝜉), −𝑟 < 𝜃 ¬ 0, 𝜉 ∈ [0, 𝜋],

(18)

where 0 < 𝛼 < 1, 𝑎0 : R+ × [0, 𝜋] → R is a given function such that 𝑎0(·, 𝜉) is
continuous and 𝑎0(𝑡, ·) is uniformly Hölder continuous in 𝑡; 𝑎1, 𝑎3 : [−𝑟, 0] → R;
𝜌1 : R+ → R ; 𝜌2 : R → R; 𝑎2 : [0, 𝜋] → R and 𝑣0 : [−𝑟, 0] × [0, 𝜋] → R are
continuous functions.

Let 𝐸 = 𝐿2( [0, 𝜋],R), 𝑢(·) : R+ → 𝐸 is a given control and 𝑑 : [0, 𝜋] → 𝐸

is a continuous function.
Consider the operator 𝐴 : 𝐷 (𝐴) ⊂ 𝐸 → 𝐸 given by 𝐴𝑤 = 𝑤′′ with domain

𝐷 (𝐴) := {𝑤 ∈ 𝐸 : 𝑤′′ ∈ 𝐸, 𝑤(0) = 𝑤(𝜋) = 0}.

A is the infinitesimal generator of an analytic semigroup 𝑒𝑡𝐴(𝑠) on 𝐸 which
satisfies the assumptions (𝐴1) and (𝐴2).
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Theorem 3. Let 𝜑 ∈ C(𝐻, 𝐸). Assume that condition (𝐻𝜑) holds and the func-
tions 𝑑 : [0, 𝜋] → 𝐸 , 𝑎1, 𝑎3 : [−𝑟, 0] → R; 𝜌1 : R+ → R ; 𝜌2 : R → R;
𝑎2 : [0, 𝜋] → R and 𝑣0 : [−𝑟, 0] × [0, 𝜋] → R are continuous. Then the system
(18) is controllable on [−𝑟, +∞).

Proof. From the assumptions, we have

𝑦(𝑡) (𝜉) = 𝑣(𝑡, 𝜉), 𝑡∈[−𝑟, +∞), 𝜉∈[0, 𝜋],

𝑓 (𝑡, 𝜓) (𝜉) =
0∫

−𝑟

𝑎1(𝑠)𝜓(𝑠, 𝜉)d𝑠, 𝑡­0, 𝜉∈[0, 𝜋],

𝑔(𝑡, 𝜓) (𝜉) =
0∫

−𝑟

𝑎3(𝑠)𝜓(𝑠, 𝜉)d𝑠, 𝑡­0, 𝜉∈[0, 𝜋],

𝜌(𝑡, 𝜓) (𝜉) = 𝑡−𝜌1(𝑡)𝜌2
©­«

𝜋∫
0

𝑎2(𝜂) |𝜓(0, 𝜉) |2d𝜂ª®¬, 𝑡­0, 𝜉∈[0, 𝜋],

𝐶𝑢(𝑡) (𝜉) = 𝑑 (𝜉)𝑢(𝑡), 𝑡­0, 𝜉∈[0, 𝜋], 𝑢∈R, 𝑑 (𝜉)∈𝐸,

and

𝜑(𝑡) (𝜉) = 𝑣0(𝑡, 𝜉), − 𝑟<𝑡¬0, 𝜉∈[0, 𝜋],

are well defined which permits to transform system (18) into the abstract system
(1)−(2). Moreover, the function 𝑓 and 𝑔 are bounded linear operators. Then,
the controllability of mild solutions can be deduced from a direct application of
Theorem 2.

From Remark 1, we have the following result.

Corollary 1. Let 𝜑 ∈ C(𝐻, 𝐸) be continuous and bounded. Then the system (18)
is controllable on [−𝑟, +∞).
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