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Controllability of mild solutions for fractional neutral
evolution equations with state-dependent delay
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This paper examines the controllability of mild solutions for a specific class of neutral
fractional evolution equations with finite state-dependent delays in Fréchet space, employing
Caputo fractional derivatives. The study combines Avramescu’s nonlinear alternatives in Fréchet
spaces and semigroup theory, establishing sufficient conditions to the controllability of these
solutions.
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1. Introduction

In this paper, we investigate the controllability of mild solutions for a class of
neutral fractional evolution equations with finite state-dependent delay in a real
Banach space (E, | - |).

In Section 3, we consider the following neutral functional evolution equation

‘DY [y(1) = g(1:Yp(y)] = Ay (1) + Cu(t) + f(t, ypieyn)s
ae. t €J :=[0,+0), (1)

y(t) = ¢(1), t€H:=[-r0] (2)

where r > 0,9 € C(H,E), f, g : JXC(H,E) > Eandp : J XC(H,E) —
[-r,+c0) are given functions; CDg is the Caputo’s fractional derivative for
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@ € (0, 1); the control function u(-) is given in L*(J, E) is the Banach space of
admissible control function; C is a bounded linear operator from E into E and
{A(?) }1ey is a family of linear closed (not necessarily bounded) operators from
E into E.

For any continuous function y defined on [—r, +c0) and any ¢ € J, we denote
by y, the element of C(H, E) defined by

y/(0) =y(t+6) for6eH.

Here y,(-) represents the history of the state from time ¢ — r up to the present
time 7.

Then in Section 4, we give an example illustrating the result of this paper.

Fractional calculus is a branch of mathematical analysis that extends integral
and differential operations to non-integer orders. It finds applications in various
fields such as applications in chemistry, physics, mathematical biology, fractal
media, electromagnetism, statistical mechanics, etc. Technical applications re-
sults and inductance separation performs can be related as in [11] and [12]. The
field has attracted attention for its ability to describe phenomena related to long-
range dependence, memory, and genetic traits. Applications include modeling
viscoelastic materials, describing anomalous diffusion, and analyzing circuits
with component damage. See Kilbas et al. [22], Podlubny [29], and references
therein for more details.

Control theory is an area of applied mathematics concerned with the analysis
and design of control systems. The concept of controllability plays an important
role in various fields of science and technology. More specifically, the control-
lability problem involves the existence of a control function that governs the
solution of a system from an initial state to a final state, where these two states
can vary spatially.

In recent years, considerable attention has been devoted to exploring the ex-
istence and controllability of first-order function evolution equations with both
finite and infinite time delays. Baghli and Benchohra have played a pivotal role in
advancing this area of research, as evident from their referenced papers [4,9, 10].
Concurrently, the investigation of state-dependent time-delay functional differen-
tial equations has seen a notable rise in interest due to their significance across
various scientific and engineering applications, including chemical engineering,
life sciences, dynamical systems, and medicine. Numerous studies have con-
tributed to this field, with notable works for first and second order evolution
equations with state-dependent delay with local and nonlocal conditions such as
those by Baghli et al. in [2,3,5,7,8,13-15,26].

The existence of solutions for various kinds of fractional evolution has been
investigated by many authors. In recent years, El-Borai [16] discussed the ex-
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istence and uniqueness of mild solutions to the Cauchy problem in a Banach
space fractional evolution equation. Using the Laplace transform, he provided
equivalent integral equations for a class of fractional evolution equations, ex-
pressed in terms of certain probability densities. Mesri and Benchohra utilized
non-compactness measures to investigate fractional non-autonomous evolution
equations in the Fréchet space in [27].

Very recently, Lachachi ef al. in [23-25] have conducted studies on the exis-
tence and uniqueness of mild solutions to various perturbed and non-perturbed
partial functional and neutral functional evolution problems with finite state-
dependent delay in Banach spaces

‘Dyy(t) = Ay (1) = (£, Yp(y) + Wt Yp(y)
+CDgg(l‘,yp(,7yt)), a.e. r € [(), b], b >0,

y(t) = ¢(1), teH:=[-r,0], r>0,

where f, w, g : I XC(H,E) > Eand p : J XC(H,E) — [-r,b] are given
functions.

The main aim of this paper is to extend the controllability results previ-
ously established by Baghli et al. to encompass the fractional derivation problem
(1)—(2). Utilizing Avramescu’s nonlinear alternative method [6] for the sum of
compact operators and contraction maps in Fréchet spaces, in conjunction with
semigroup theory [28], we establish sufficient conditions for the controllability
of mild solutions for neutral evolution equations with finite state-dependent delay
involving Caputo’s fractional derivative.

2. Preliminaries

In this section, we present some notations, definitions, lemmas and theorems
that will be useful in this paper.

Let C(H, E) be the Banach space of continuous functions from H into E with
the norm

Iyl = sup{ly(®)] : 7 € H}.
Let B(E) be all bounded linear operators’ space from E into E, with the norm
INllse) = sup{IN(Y)| - [yl = 1}.

A measurable function y : / — E is Bochner integrable if and only if |y]| is
Lebesgue integrable. Let L' (J, E) be the Banach space of measurable functions
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y : J — E which are Bochner integrable normed by

400
Iyll: = / y()]dr.
0

Let X be a Fréchet space with a semi-norms family {|| - ||, }senv. We assume
that the semi-norms family {|| - ||, } verifies:

lxlli < llxll2 < llxll3 < ---  forevery x € X.

LetY C X, we say that Y is bounded if for every n € N, there exists M,, > 0
such that .
Iyll, <M, forallyeY.

Definition 1. [/9] A function f : J X C(H,E) — E is said to be an Llloc'
Carathéodory function if it satisfies:

(i) for eacht € J the function f(t,-) : C(H, E) — E is continuous;
(ii) for each y € C(H, E) the function f(-,y) : J — E is measurable;
(iii) for every positive integer q there exists ¥, € Lllnc (J,R*) such that

|f(t,y)| <9y(2) forall|ly|l < q and almost eacht € J.

Set
R(p7) ={p(s,9) : (5,9) € IXC(H,E), p(s,¢) <0}

We always assume that p : J X C(H,E) — [—r,+00) is continuous. Addi-
tionally, we introduce the following hypothesis:
(H,) The function t — ¢, is continuous from R(p~) into C(H, E) and there
exists a continuous and bounded function £L¥ : R(p~) — (0, +o0) such that

el < LE(Dllgll forevery r € R(p").

Remark 1. Continuous and bounded functions verified frequently the condition
(Hy) (see [1,21]).

Lemma 1. [2]]Ify: [-r,+c0) — E is a function such that yy = ¢, then
lysll < LZNlgll + sup {Iy(0)]; 6 € [0,max{0,s}]}, s € R(p™)UJ

where L9 = sup L%(1).
teR(p~)

Proposition 1. From (Hy), (A1) and Lemma 1, for all t € [0,n] and n € N we
have

Voo ll < Iy + L7l
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Definition 2. [22, 29] The Riemann-Liouville fractional integral operator of
order a > 0 for a function f: R* — R is defined as

£ (1) = ﬁ / (1 — )7 f(s)ds,
0

wizere ['(-) is the Euler’s gamma function defined by the integral T'(a@) =
fr et dr.
0

For instance, 1% f exists for all @ > 0 when f € C(R*) N L! (R*). Note also

l
that when f € C(R*) then I? f € C(R*) and moreover I“f(O)Oi 0.
Definition 3. [22, 29] The Caputo fractional derivative of order a > 0 for a
function f: R* — R is defined by

1 t
DY) = s [ (6= 9" P s)ds = 7).
0

(m—a)

Here m = [a] + 1 and [«a] denotes the integer part of «.

In what follows, we assume that { A(¢) },<; is a family of closed densely defined
linear operators not necessarily bounded on the Banach space E with domain
D(A(t)) independent of ¢. Additionally, throughout this paper, we assume that
the linear operator A(t) satisfies the following conditions (see [16], for more
details):

(A1) For any A with Re(A) > 0, the operator A — A(t) exists a bounded inverse
operator (A1 — A(¢))~! in B(E) and
K
]+ 1’

where K is a positive constant independent of both ¢ and A.

(A1 = A())7Y| <

(Ay) Foranyt,7,s € I, there exists a constant y € (0, 1] such that
I[A(1) = A(D]A™ ()]l < Kt =],
where the constants y and K > 0 are independent of both 7, 7 and s.

Remark 2. From Henry [20], Pazy [28] and Temam [31], we know that the as-
sumption (A1) means that for each s € I, the operator A(s) generates an analytic
semigroup e~"A) (t > 0), and there exists a positive constant K independent of

both t and s such that K
< —
1t

)

H—A(s)em(s)

wheret > Qand s € J.
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Definition 4. [16] Define the operators Y(t, s), ¢(t,s) and U(t) by

(o)

Y(t,s) =a / 01971, (0)e" A1) 4,

0

b(t,8) = > di(t,s)
k=1

and

U(1) = ~A(HA™(0) - / 6(.5)A()A™ (0)ds,
0

where &, is a probability density function defined on [0, +0) such that its Laplace
transform is given by

/éa(e)e“de ZF(_X)I O<a<l, x>0,

1 + ai)
o1(t,5) = [-A(t) + A(s)]¥(t — s, 5),

and

t
Or+1(t,m) = /¢k(t, )¢ (7,s)dr, k=1,2,....

For more details about the definition and property of the probability density
function, one can see the paper [18].

The following properties about the operators ¥, ¢ and U will be needed in
our argument.

Lemma 2. [16] The operator-valued functions Y(t — s, s) and A(t)¥Y(t — s, s)
are continuous in uniform topology about the variables t and s, where t € J,
0<s<t—e€foranye >0, and

¥ (=5, 9)Il < K(t =5)"7", 3)
where K is a positive constant independent of both t and s. Furthermore,
g (e, )l < K(1— )" )

and
U@ < K(1+17). (5)
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Now, we present the following integrals which will be widely used in the
proof of our main result

t

I = /(t — )1+ )ds = (a_l +1"B(a,y + 1)) , (6)
0

L= /(t —5)%lds = 1%7! (7
0

and
t

I = //(t - ) (s =1 ldrds =y B(a, y + 1), (8)
0

0
where B(-, ) is the beta Euler’s function defined by B(a, y) = /01 1 (1-r)r"1ds.

Definition 5. [I/7] A function f: X — X is said to be a contraction if there
exists k € [0, 1) such that:

1F ) = fODII < kllx =yl forallx,y € X.

Now we present the Avramescu nonlinear alternative in Fréchet space used
in this paper, which is an extension of the Burton and Kirk alternative in Banach
space. For more details, the reader is referred to [6] and the references therein.

Theorem 1. Nonlinear Alternative of Avramescu
Let X be a Fréchet space and let A, B: X — X be two operators satisfying:

(1) A is a compact operator,
(2) B is a contraction.
Then either one of the following statements holds:
(C1) The operator A + B has a fixed point;

(C2) The set {x €eX, x=1A(x)+AB (j—;) , for some 0 < A < 1} is unbounded.

3. Semilinear Evolution Equation

In this section, we give the controllability results for the problem (1)—(2).
Before stating and proving this result, we introduce the definition of mild solutions
for the neutral fractional evolution problem (1)—(2), which is obtained from El-
Borai’s work in [16].
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Definition 6. We say that the continuous function y(-) : [—r,+c0) — E is a mild
solution of (1)—Q2) if y(t) = ¢(t) fort € H and y satisfies the following integral
equation

y() = ¢(0) —g(0,9) +g(t, yp(i,y,))
- / W(1 - 5,5)U()A0)[0(0) - g (0, ¢)]ds

0
t t

- /‘P(l —5,8)A(0)g(s, Yp(s,y,))ds + /‘P(t —s,8)Cu(s)ds

0 0
t

+‘O/‘O/‘P(t—s,s)¢(s,T)Cu(T)d‘rds+/‘P(t—s,s)f(s,yp(s,ys))ds

0

tr s
+ //‘I’(t = 5,8)0(s,7) f(T,Yp(r,y,))dTds, foreacht e J. (9)
00

Definition 7. The neutral evolution problem (1)—(2) is said to be controllable if
for every initial function ¢ € C(H,E), y € E and n € N, there is some control
u € L*([0,n], E) such that the mild solution y(-) of (1)—(2) satisfies the terminal

condition
y(n) = y*. (10)

We will need to introduce the following hypotheses which are assumed there-
after:

(H1) The function f is Carathéodory.

(H2) There exists a continuous function p : R* — R* such that
£z, )|l < p(t)(1+||ul]); fora.e.t € R, andeachu € E.

Forn e N, let p; = sup p(t).
te[0,n]

(H3) Forall R > 0, there exists [g € L, (J,R*) such that:
|f (& u) = f@v)] <Ig(@)|lu—vl
for all u,v € C(H, E) with ||u|| < R and ||v|| < R.

Set [y =ess sup [,(1).
te[0,n]
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(H4) For each n € N, the linear operator W : L([0, n], E) — E is defined by

n

Wu = /‘P(n —5,5)Cu(s)ds + O/O/‘P(n —5,8)¢(s, 7)Cu(tr)drds,

0

has a pseudo invertible operator W~ which takes values in
L*([0,n], E)/ker W and there exists positive constants M and M; such
that:

ICllsey <M and W lpe) < M.
(H5) There exists a constant M > 0 such that

AT (D) lpry < Mo forall t e J.
(H6) There exists a constant 0 < L < ML such that
0
|A(t)g(t,0)| < L(|l¢l|+1), forall teJandy € C(H,E).

(H7) The function g is completely continuous and for any bounded set Q C
C(H, E) the set
{t = g(t,yp@,y,)) 1 ¥ € O} is equicontinuous in C(J, E).

(H8) There exists a constant Y,, = a~' + Kn”y~!B(a,y + 1) for n € N such that
I < K~'n=@Y; ! and

_ — -1 _ _
pi< ;! [K‘ln_“ (KMMln“Yn + 1) (1 - MOL) — MoLIA(0)|a"|.

Remark 3. For the construction of WL, see the paper of Quinn and
Carmichael [30].

For every n € N, we define in C([-r, +0), E) the semi-norms by:

Iylln = sup [y(#)|, for neN.
te[0,n]
Then C([-r,+), E) is a Fréchet space with these family of semi-norms {|| -
lln}nen -

Theorem 2. Assume that hypotheses (H,) and (H1)-(H8) are satisfied. Then,
the fractional evolution equation with finite state-dependent delay (1)—(2) is
controllable on [—r, +00).
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Proof. We transform the problem (1)—(2) into a fixed-point problem. For that,
let us consider the operator N : C([-r,+), E) — C([-r,+0), E) defined by

@(1), ifr € H;
©(0) —g(0,¢9) +g(t, ¥p(1.y,))
t

- / V(1 — 5, 5)U(s)A(0)[0(0) — 5(0, )] ds

0
_/‘P(t—s, $)A(0)g (5, Yp(s.y,))ds
0
NG)(1) = +0/ (it = 5,5)Cuy()ds

+.0/0/‘P(t—s,s)gb(s,T)Cuy(T)d‘rds

+ /‘P(t = 5,8) f (5, Yp(s.y,))ds

0

t s
+//‘I’(t—s, $)P(s,T) f(T,Yp(r,y,))drds ift e J.
00

Using assumption (H4), for arbitrary function y(-), we define the control for
eacht € [O,n] andn e N

wy (1) = WHy* = 0(0) + 2(0,9) — g(1, Y p(ny,)

+ [ ¥(n—s,5)U(s)A(0)[¢(0) - g(0,¢)]ds

W1 = 5, 8)A0)g (5, ¥p(s.0ry)ds — / W= 5, ) (5, Yp(s00) s
0

+

[
; |

—//‘P(n—s,s)¢(s,‘r)f(T,yp(T’yT))des](t).
00
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By the hypothesis (H4) and inequalities (3), (4) and (5), we get for each
t €[0,n] andn € N

Juy (D] < IW ™ sy |11+ 19 (0)] + 120, ) + 18 (1, ¥,y

+/n”‘1’("—S»s)||||U(S)|||A(0)| (10(0)] + 2(0. &)]) ds
0
+lelP(n_S’S)|||A(O)||g(s’yp(s,ys))lds
0
+./n”‘P(n_S’S)Hlf(s’yp(s,ys))|ds
0
+/n/s||‘1‘(n—s,s)||||¢(s,T)|||f(7-,yp(77yr))|drds
00

< Mi|1y*I+ el +[|A71 (0)[| A (0)g (0, ¢)|

AT el[|Ams (. yoena)

KO [r-597 1457 (el + 47 O 14018 0. ) ds
0
+KIAO [0 47 G AW 53000 ds
0

n
+K / (1= ) F (5, 0000 | ds
0

n

N
+ K? //(n - s)“_1 (s — 7)7_1 (T, Yp(ry))ldTds|.
0

0
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Using (H5) and (H6), we obtain for each ¢t € [0,n] andn € N

Juy (D] < My {[y*] + llll + MoL (llgll + 1) + MoL (11 peayl + 1)

+ KA [0 97 157 (Il + FoL (el + 1) s
0
+ KIA(0)] / (= )" ToL (ly(s0ll + 1) ds
0
+K / (1= )% £ (52 ypisn)|ds
0
+K? //(n—s)“_l(s—7)7_1|f(7,yp(7,y7))|d‘rds .
00

Then, foreach ¢ € [0,n] andn € N

luy (1)] < M,

341+ (MoL + 1) llg + 2MoL + MoL ||y,

+ K2|A0))| ((MOL + 1) el +MOL)/(n — (1 +57)ds
0
+ KMyL|A0)| [(n—s5)*'ds
/

ds

n
+ KMoL|A(0)] / (= 9" Vptsmn]
0
n
+K / (1= )" £ (5, ¥pism)|ds
0

+ KZ//(n - s)o‘_l(s - T)”_llf(T,yp(T,yT))|des . (11)
0 0
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Applying (H2) and using inequalities (6) and (7), we have for each ¢ € [0, n]
andn € N

Juy (1) < M

41+ (MoL +1) 1+ KA (07! +17Blay + 1)) )liel

+M0L(2 + K2|A(O)|n“ (a_l +n?B(a,y + 1)) ) + MyL ||yp(n,yn)

ds

+ KMoLn®a '|A(0)| + KMoL|A(0)] / (n=9)""ypesye)
0

n
+K / (=9 () (1 + [ypeas D ds
0

n

e / / (n— )" (s — 1" p(e)(1 + ||yp<r,y7>||>drds]
0

0

< Mi||y*] + (MOL + 1) (1 + K?|A(0)|n® (a_l +n"B(a,y + 1)) )||<P||

+ MoL(2+ KA (@™ +n7B(a,y + D) | + MoL ||y,

ds

+ KMoLn®a"'|A(0)] + KM0L|A(0)|/(” - 5)*! ”yP(s,ys)
0

+Kpfl/(n—s)“'lds+K2pf,//(n—s)“_l(s—T)”_ld‘rds
0 0 0

n

+Kp? / (= )"y s llds

0
n

S
+ K2 / (= )" (s =7 lypirs ldrds
00

Using inequalities (7) and (8), we obtain for each ¢ € [0,n] andn € N

juy (0] < M| Iy* |+ (MoL + 1) (1+ K400, ) Il

+M0L(2 + K|A(0)|n® (a‘l + K@n) ) + MoL ||y pnym
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ds

n
+ KMoL|A(0)] / (= 9 ypsnn
0
n
+Kpin® (o7 + Kn'y ' Blasy + D) + K / (n= )" lyp(s.yo llds
0

n s
FK2p: / / (= )" (s = 2" ypryn I drds
00

So, for each ¢t € [0,n] and n € N, we have

Juy (1) < M

341+ (MoL +1) (1+K2A©In0,) llel

+ MoL(2+ KA (@™ + KO,)) + Kpn® Y + MoL [[¥p(ny,)

ds

n
+ KMoL|A(0)] / (= 9" ¥ pisn
0
n
+Kp, / (1= 9 yp(eallds
0

n s
+K2pf,//(n—s)a_l(s—T)7_1||yp(T,yT)||des . (12)
00

Using this control, we shall show that the operator N has a fixed point y(-)
which is the mild solution of the evolution equation (1)—(2).

Define the operators F, G : C([-r,+),E) — C([-r,+), E) by

@(1), ifr € H;
¢©(0) —g(0,0) +g(t, ¥p(1.y,))
t

- / V(1 — 5, 5)U(s)A0)[0(0) — 5(0, )] ds

0
F(y)()=1 } :
- /‘{’(t —5,5)A0)g(s, Yp(s,y,))ds + /‘P(t —5,5)Cuy(s)ds
0 0

t s
+//‘P(t —5,8)¢(s,7)Cuy(r)d7ds, ifr e J.
00
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and
0, ift € H;

t

/‘I’(t —5,8) (8, Yp(s,y,))ds

0

t s
+//T(t - 5,8)¢(s,7) f(T,Yp(ryy)d7ds, ifrelJ.
00

G(y)(1) =9

Clearly the operator N has a fixed point is equivalent to ' + G has one, so
it turns to prove that F + G has a fixed point. The proof will be given in the
following steps.

Step 1: F is continuous.

Let (yx)renw be a sequence in C([-r,+o0),E) such that y, — y in
C([-r,+), E). Then

|[F(ye) (1) = F(y)(2)]
< |8 (t, Yp(ryun) = &(1: Yo(ryn)|

t
+ /Iltﬁ(t =5, A0 |8 (S, Yap(s.yan) = 8(S Vp(s.ye))| ds
0
t
+ /II‘P(I = 5, )ClIBe)luy, () —uy(s)|ds
0

t s
+ / / (2 = 5, )11l (s, NICll e iy, (7) — 0y () drds.
00

Using the hypothesis (H4) and inequalities (3), (4) and (11), we obtain for
eacht € [O,n] andn e N

|[F(ye) (1) = F(y)(1)]
< |t Yap(eyin) = &6 Yp(ryn)|

t
+ K|A(0)] / (1= 9" g (5. Yeptom) — 805 Yptsan)| ds
0
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N

t
+ KM/(I - S)a_IMI [ |g(n, ykp(n,ykn)) - g(n’ yp(n,yn))|
0
n
+ KlA(O)l/(l’l - T)a/_l |g(T’ ykp(‘r,ykT)) - g(T’ yp(‘r,y.,))| dr
0

n
+K / (=D iptemen) = F (@ ogesm)ldT
0

n

)
+ K / / (0= 0" (@ = ) O Yeptasen) — £ 1Yot dnde |ds
00

t s
+ K20 / / (1 = )" (s = VB | g (s Yiptmeny) — 8(1 Ypnany)]
00
n
+ KIA(O)I/(n =) e Ykptryin) = 8 Yoy dn
0
n
+K / (= 0" L F O Yaptroen) — £ Sprpy)dn
0

n n
+K2 / / (=) =) | F OV Vi)
00

- f(w7 yp(w,yw))|deT]:| deS

|g(t, Yip(tyi)) — 81 yp(t,yr))|

t
+KIA(0)] / (1= 9" g (5. Yeptom) — 8052 Yotoan)| ds
0
+KMMn® [ + Kn”y ' B,y +1)] [ |81 Yep(nyin) = &1 ¥ p(nya))|

n
+KIA(0)] / (= 9" 505, Viptsme) — 8052 Yotsan)| ds
0



www.czasopisma.pan.pl P N www.journals.pan.pl
Y

CONTROLLABILITY OF MILD SOLUTIONS FOR FRACTIONAL NEUTRAL
EVOLUTION EQUATIONS 809

n
+K / (= 9" 1F (55 Yo tomn)) = F(5s Yo |ds
0

n S
LK / / (= 9" (5 = L (0 Vinteme) = £ (T2 Vocea)|drds
00

N

|g(t’ ykp(t,Ykz)) - g(t’ yp(t’)’z))|
t
+KIA(0)] / (1= |g(5. Voo = 8052 Yotsa)| ds
0
+ KMMn® Y, |g(1, Yepnyi) — 8 Yo(nym)|

n
+ KM M;n" nlA(O)l/(n =) g (5, Yep(s.yee)) = 8(8s Vp(siys)| ds
0
n
+ K2R R0, / (1= ) (5 Vepton) = F(5s Vo)l ds
0

n s
+ KSMMIHQY;@//(H - S)a_l (s — T)y_l |f(T’ ))kp(‘r,ykT))
00

- f(r, )’p(r,y,))|deS-

Then, for each ¢ € [0,n] and n € N, we have

1F (i) = F )l

< ||g( ykp(~,yk.)) -8(, )’p(uy-))“n
t
+ K|A(O)|/(t = )" s ||lg o Yrp(yi) = 8 o),
0
+ KMM Y, |8 (. Yio(ye)) = 8C Vo),

n
+ KZMMlnaYn|A(O)| /(n - S)a_l ds ||g(', ykp(gykA)) - g(', yp(-,y,))”n
0

+K2MM1naYn/(n - S)a/_lds ||f(a ykp(~,yk<)) - f(a yp(',)k))”n
0
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n s
+ K3, / / (n— )™ (s =) drds | 2 Yiptmy)—F Coyoto)l
00

< (KM, + 1) (1+ KA ) lgCo ko) = 86 o),
+ KM S o Ykp) = £ Yoty )l

From the hypothesis (H7) and since f is Carathéodory function, by the Lebesgue
dominated convergence theorem, we obtain

WF(yk) = FY)|l, =0 ask — +oo.

Thus F is continuous.
Step 2: F maps bounded sets of C([—r, +o0), E) into bounded sets.

Indeed, it is enough to show that for any d > 0, there exists a positive constant
¢ such that for each y € B; = {y € C([-r,+),E) : ||y|l. < d} one has
IF D)l < €.

Let y € B,. By the hypothesis (H4) and inequalities (3), (4) and (5), we have

IF) (O] < 1e(0)] + 180, ©) + 18 (2, yo(1,y,))]

+ / 19 = 5. UG NAO)] (¢(0)] +1g(0. 9)]) ds
0

+ / 1 = 5. A0 g(5. V(50 ds
0

+ / 1 = 5, ) MICllace iy ()]s
0

+ / / 1 = 5. 9) 116 (s, D NICllace luy ()] drds
00
< el + 1A ) 11A(©)g(0. 9)] + A~ DINAD g (1. o)

KA [(= 97 (1457) (ol + 147 O 1400 (0. ) ds
0
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+ KIA(O)I/(t =) NAT ONA()E(5, Y p(s,yy)|ds
0
+KM [(t =5 uy(s)|ds
/
+K*M | [(t=5)* (s =) Huy(7)|d7ds.
[/

Using inequality (12) and hypotheses (H5) and (H6), we obtain
ly()] < llell + MoL (llgll + 1) + MoL (I1yp(rypll +1)

+ KA (Il + oL (el + ) [ =971+ 57
0

t
+ KMoLIA(0)) / (1= 9 (Iypisanll + 1) ds
0

t
+ KM’/(t —9)*'M,
0

+M0L(2 + K|A(0)|n” (a_l + K@n)) +Kp,n®Y, + ML ”yp(n,yn)

dr

+ KMoLIA(0)] / (=" |y p(rn
0

n
+Kp) / (=1 Ny (e lldr
0

n

.
+K’p;, / (n=1)"""(r =) ypipy,lldndr |ds
00

tr s
+ KZM//(t — ) (s =) 'M,
0 0

341+ (MoL +1) 1+ K21A©)1n°0,) liel
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341+ (MoL +1) (1+ K240, lle]

+ MOL(Z + K|A(0)|n® (a_l - K@n)) +Kpin®Y, + MoL ||yp(n,yn)

n
+ KMoLIA(0)] / (= [¥pny || A
0

n
+Kp) / (= 1" Nyptro 147
0

non
+ szil//(ﬂ - —w)! ”yp(w,yw)”den] drds.
00

So, for each ¢t € [0,n] and n € N, we get

()] < (Mol + 1) llgll + 2MoL + MoL Iy, |

+ K2M0L|A(O)|/(t — )N (1 +5)ds
0
+ K2|A(0)| (M0L+ 1) ||(p||/(t — )N (1 +57)ds
0
+ KMoL|A0)| [(r =) 'ds
/

t
+ K¥oLIA(0)] / (= " Nypeyy llds
0
+ KM M, 1* (oz_1 + K"y 'B(a,y + 1))
- [|y*| + (MoL +1) (1+ K400, ) Il

+M0L(2 + K|A(0)|n” (a_l + K@n)) + Kp,n®Y, + ML ”yp(n,yn)
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ds

n
+ KMoL|A(0)] / (= 9" ypsn
0
n
+Kp) / (= )"y s llds
0

n s
+ k23 [ for-o s -0t ||yp(f,y,)||drds].
00

From inequalities (6), (7) and (8), we obtain for each ¢ € [0,n] andn € N
ly (D] < (MoL + Dlgll + 2MoL + MoL|lyp (s,
+ K2 MyL|A(0)|n® (a—l " B(a,y + 1))

+ K2|A(0)| (MOL + 1) na(a_l +n’B(a,y + 1)) ]|
t
+ KMOLlA(O)an‘a/_1 + KMoL|A(0)| /(t - s)"_lllyp(s,ys)ﬂds
0

+ KMM;n® (a_l +Kn"y 'B(a,y + 1))
- [Iy*l + (Mol +1) (1+ K400, ) llgl

+ MOL(Z + K|A(0)|n” (a/_l + KG),,)) +Kp,n®Y, + ML ||yp(n,y,,)

ds

n
+ KMoL|A(0)] / (= 9" ¥ psn
0
n
+Kp, / (= 9" Myl ds
0

n s
+ sz,’;//(n -5)" (s =) ||yp(T,yT)||deS]
00

< (MOL + 1) (1 +K2|A(0)|n”®n) ol

+ MOL(z + K|A(0)|n® (a_l + K@n) )
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Then

+ MoL(2+ KIAO)|n” (07" + KO, )) + Kpn® Y, + MoL ||yo(ny,

+ KMoLIA(0)| / (= 9"y pis
0

t
+ MoLIly p(r.y) Il + KMoLIA(0))| /(t =) MY p(syo llds
0

KA, 171+ (Mol + 1) (14 K407, o]

ds

n
+Kp’ / (= )"y s llds
0

n s
k2, [ for-o s -0t ||yp<f,y,)||drds].
00

ly(1)] < KMM;n®Y,|y*|

+ (MOL + 1) (KM‘MlnaYn + 1) (1 + K2|A(O)|n“®n) el
+ MoL (KMMln“Yn + 1) (2 + K|A(O)|n% (2" + K@n))
+ KZMMNZZQPZY% + MOL”yp(t,y,) ||

t
+ KMoLIA(0)) / (1 = 9% Ny psanllds
0

+ KAA/iAA/ilnaYnMOL ”)’p(n,yn)

ds

n
+ K2MMn®Y,MyL|A(0)] / (n =) [Yp(s.00)
0

n
+ KA Y, / (= )" [ p(eyn I ds
0

n

\)
+ K31\711\71n“ np;kl//(n - s)“_1 (s — T)7_1 Iy p(rylldTds.
00
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Using Proposition 1, we get
1Y pmymll < 1y*1+ LIl (13)
and
[Ypianll < Iy + LE el (14)
Since y € B, then we have
[yotanll < d+ LENgll < 6. (15)

By the inequalities (14) and (13), we obtain
ly(H)] < KMMin®Y,|y*|
+ (MOL + 1) (KMMln“Y,, + 1) (1 + K2|A(O)|n0‘®n) ol
+ ML (KMA?Zln“Yn + 1) (2 + K|AO)|n (2" + K@n))
+ K>MMn** py X5+ MoL (ly(1)| + Lf]|¢]))

+ KMOLIA(O)I/(t =" () + L lel) ds
0

+ KM M n®Y,MoL (|y*] + L¢|l¢l])

+ KZAZJVImC’YnMoLIA(O)I/(n =) () + L lel) ds
0

n
KA p'Y, / (n =) (Iy(s)] + LE D¢l ds
0

n s
+ KMV p Y, / / (n=5)"" (s =) (ly(0)] + LE]lll) drds
00

< KMMn®Y,,(MoL + 1)|y*| + KMMn®Y,,MoLL |||
+ (MOL + 1) (K]VIMm"Y,, + 1) (1 + K2|A(O)|n0‘®n) Il
+ ML (KMMln“Yn + 1) (2 + K|AO)|n (2" + KG)”))
+ MoL (1 + K|A(0)|n%a! (KM’MlnaYn + 1)) 5
+ K2MM\n®*pi Y2 (5 + 1) := €,.
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Thus, there exists a positive number ¢,, such that
IF ()0 <

Therefor, F(B,) C By, .
Step 3: F maps bounded sets into equicontinuous sets of C([—r, +), E).

We consider By as in Step 2 and we show that F(B,) is equicontinuous. Let
t1, trp € Jwithtp >ty and y € By. Then

F(5)(12) = O] <[22, ¥pianyn)) = (01 Ypiopme)

+jl||w(tz—s, s) =y (t1 = 5, )T NAO)[([[ell +1g(0, @) ds
0

+j2||w(tz—s,S)IIIIU(S)IIIA(O)I(IIsDII+Ig(O,SO)I)dS

+jl||¢(tz = 5,8) =¥ (11 = 5, 5)[|AC0)]1g (5, yp(sy,)) | ds

0

+/2||w(tz =5, 9)[[IA0)[1g (s, yp(s.yy))lds
+/1||w(tz—s,S)—w(t1—s,S)II ICluy(s)lds

0

+j2||¢f(t2—s,S)IIIICIIIMy(S)IdS

+ 0/ 0/ 12— 5.5) = (1 = 5.9)]| 195 DICllley ()] drds

+ / 0/ (12 — 5. )1l 16 (s, DINClley ()] drds.

131
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By the inequalities (12) and (15), we have
Juy (1)] < A, [(MOL + D[+ (MoL LY + (MoL +1) (1+ K408, ) ) I¢
+ MOL(z + K|A(0)[n® (a—l + K@n) ) + KMoL|A(0)|n%a~!

+Kp,n®Y,(6+1)

= w,. (16)

Using hypotheses (H4), (H5) and (H6) and inequality (15) and the previous
one, we get

[F(y)(12) = F(y)(11)]

< (8012, Yp(aayy) = 8(11, yp(rl,yq)))

+ (llell + MoL(llell + 1))|A(O)|/tlllt/f(tz = 5.8) =¥ (1 = 5. 9)|[IU(s)l|ds
0
+ (llell + MoL(llll + 1))|A(0)|j2||w(tz = 5. 9)IIU(s)llds
+MoL(5 + 1)|A(0)|/ﬁ|lw(tz —5,8) =y(t1 =5, 5)[|ds
0

+MoL(5 + 1)|A(0)|j2||w(t2 —s,5)[lds
+ Mwn/llllw(tz = 5,8) =¢(t1 =5, 9)[| ds + Mwn/tzllw(tz —s,5)[lds

0 h
+ Mwnjl/s (12 = s5.5) = (t1 =5, 5) [ llg(s, 7)[|d7ds

00

19}

+ Mo, / / 1 (12— 5.9)|| [ 6(s. 7)l| drds,
0

131
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From hypothesis (H7) and since ¥ is a continuous function in uniform topol-
ogy. The right-hand side of the above inequality tends to zero as t, —t; — O.

As a consequence of Steps 1 to 3 together with the Arzeld-Ascoli theorem it
suffices to show that the operator F' maps B, into a precompact set in E.

Let t € J be fixed and let € be a real number satisfying 0 < € < ¢. Fory € By
we define

Fe(y)(1) = ¢(0) — g(0,9) + (1, Yo(r.y,)

- / W(1 — 5.5)U(s)A(0) [¢(0) - (0, 0)]ds
0

—/‘I’(t—s,s)A(O)g(s,yp(S,ys))ds+/‘I’(t—s, s)Cuy(s)ds
0 0

+//‘P(t—s,s)¢(s,T)Cuy(T)des.
0 0

Note that the set

{90(0) —8(0,0) +8(t, yp(i,y,) —/‘P(I—S,S)U(S)A(O)[so(o) —8(0,¢)]ds
t—e 0 t—e
—/‘P(t—s,s)A(O)g(s,yp(s,ys))ds+/‘P(t—s,s)Cuy(s)ds
0 0

t—e s

+‘0/ O/T(t - 5,8)¢(s,7)Cuy(r)drds : y € Bd}

is bounded.

Then for ¢ > 0, the set Y. (¢) = {Fc(y)(¢) : y € By} is precompact in E for
every e sufficiently small, O < € < t. Moreover using (16), we have

[F(y)(1) = Fe(y)(1)]

< [ 19 = s MUE1AO) (Il + 147 O 14 ©)g 0. 0 ds
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+/II‘I‘(I—S,S)IIIA(O)IIIA_I(S)IIIA(S)g(S,yp(s,ys))lds

t
+/II‘P(t—S,S)||||C||B<E)|uy(S)|des
—€

t

+ / / (2 = 5. ) 1165 DIC 5y ey ()] ds

t—e (0

< (el + 3oLl + D) 14©) [ 19 - 5. 9)lUG s

t

t t
+M0L(6+1)|A(O)|/||T(t—s,s)||ds+Mwn/||‘P(t—s,s)||ds
t—€ 1—€

+Mwn//||‘l’(t—s,s)||||¢(s,T)||des.

—e (O

Then
|[F(y)() = Fe(y)()] > 0 ase— 0,

Therefore, the set { F(y)(t) : y € B} is precompact in E. So we deduce from
Steps 1, 2 and 3 that F' is a continuous compact operator.

Step 4: G is a contraction.
Indeed, consider y, y € C([—r, +0), E). By the inequalities (3) and (4) and
the hypothesis (H3), we get

GO0~ G
< [ 10t = 5530000 = £15:F005,0] s
0

o [ Il O Erpins ) = 10 T05,)] ds

00

t
<K [t 9" OMpter =Ty Il 45
0
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t

S
8 [ [6= 9= 07 Ol = Tyreslldrds.
00

Using inequality (14), we obtain for each t € [0,n] andn € N

t

G (@) -GG ()] < K/(t =) a(5)ly(s) =T (s)lds

0
t

+K> [ [(1=5)"" (s = 1) u(0)y(7) = V(7)|d7ds
[

0

t
<KD / (t = )" dslly - Tl
0

t

YK / / (t =)™ (5 = )" drdslly - ¥,
00
<K [t + Kty Ba,y + D]y = Yl

<KL [+ Kn?y ' Ba,y + D] Iy = Yl

Therefore,
IG(Y) = G ln < KLY, |1y = Vlln-

So, for KI;n*Y, < 1, the operator G is a contraction for all n € N.

Step 5: To apply Theorem 1, we must check (C2): i.e. it remains to show that the
following set is bounded

r= {yeC([—r,+oo),E) cy=AF(y) +AG (%) for some 0 < A < 1}.

Let y € I'. By the hypothesis (H4) and inequalities (3), (4) and (5), we get

[y()] < Ae(0)] + g0, )| + g (2, yp(r,y))]

+4 / (2 =5, )T )NAO)] ([0(0)] +[2(0, 9)[) ds
0

t
2 / 121 = 5. A 15 (5, (s ds
0
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t
2 / 121 = 5, I Cllage ey (5)]ds
0

2 / / (1 = 5. )16 (s DNIC ey ()] drds
00

t
Yp(s, %)
+ﬂ/||‘P(t—s,s)|| ‘f(s, ﬂ* )

0
2 / / 19t - 5, 9)llllg(s, )] ‘f r
0 0

< Allgll + AT (O)I|A0)g (0, )| + AUAT (DINA@)(E, Yoy,

ds

yp(T,yTT
A

)‘drds

+AKAO) [(0= 57149 (el + 147 O1A©)g(0.0)1) s
0

+ AKJA(0)] / (1 = )™ A (A5 Yp(s0)|ds
0

t
+AKM /(r — )% Huy(s)|ds
0

t s
+AK*’M //(r ~ )" (s = 1) Nuy(7)|drds
00

t
+1AK [ (t - 5)*!
Ju-9 :
0

+ AK? / / (t—5)2 (s —7)7!
00

e

Y o(s 2
f(s, p(s’ﬂ))‘ds

Yy
Yp(r,2x

)‘ drds.

By hypotheses (H5) and (H6) and inequality (12), we obtain for each ¢ € [0, n]

andn € N

vl < Allgll + aMoL (llgll + 1) + AMoL (1Y pr.yo Il + 1)
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+ ARAO) (el + FoL (el + 1) [(0= )7 (14 57)as
0
+ AKIAO)] (=57 0L (ypispll+1) ds
0

t
+ AKM‘/(t — 5 M, [|y*| + (MOL + 1) (1 + K2|A(O)|n“®n) ol
0

+ MOL(Z + K|A(0)|n” (a‘l + K@n)) + Kpin®Yu + MoL ||y p(nyn)

dr

n
+ KMoL|A(0)] / (=2 Yo
0

n
+Kp) / (=1 Ny e lldr
0

n

)
+ K2 / / (=" @ = )" Yoy ||dndr] ds
0

0

r s
+ AKZM//(I — ) s =1)"'Mm,
0 0

- [|y*| + (Mol +1) (1+ K400, ) Il

+ MoL(2+ KIAQ)|n” (07" + KO, )) + Kpn® Y, + MoL ||yo(ny,

+ KMoLIA(0)] / (=0 pronll d
0

n
+Kp, / (= 1" ypr 147
0

n

n
“ Ko / / (=1 1 =)y | dwdn| drds
00
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+AK / (t —s5)*!

(=52
+AK* (r—s>“-1<s—1>7‘1f( o ))
[]

< AMoL + D@l + 2AMoL + AMo LIy pr.y) |l

drds

+ ARAO) (el + FoL (el + 1) [(0= )7 (14 57)as

+ /1K|A(O)|/(t =) "ML (|lyp(syoll +1) ds

+ AKMM;t® (a/_l + K"y 'B(a, y + 1))

~ [Iy*l + (Mol +1) (1+ K400, ) llgl

+ MOL(Z + K|A(0)|n” (a/_1 + K@n)) +Kpin®Y, + MoL ||yp(n,yn)

n
+ KMoL|A(0)] / (= 9" ypsn ]| ds

+Kp, / (= 9"yl ds

/ /(n 971 (s - )" 1||yp<fy,)||drds]
+/1K/(t 5)! ( Yol )‘ds
+/1K2//(t $)¥ (s — 7)1 f( To(ri )‘drds.

A
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Applying (H2), we have for each ¢t € [0,n] andn € N
y(D)] < AMoL + D)@l +2AMoL + AMoLllyp 1,y
t

+ AKAO) (Il + FoL (el + 1)) [ =97 (147)ds

+ AK|A(0)] /(t — ) "ML (Y p(siy) Il + 1) ds

+ AK MM, t* (a_l + K"y B,y + 1))

341+ (MoL +1) (1+ K240, lle]

+ MOL(z + K|A(0)[n® (a—l + K@n) ) + Kpin®Y,, + MoL ||y piay,)

+ KMoL|A(0)] / (= 9" ypen || ds + Kp) / (= )"y lds

LK / /(n 971 (s = 17 ey Il dds

Yp(s.%) ds

S~—

+AK [ (1 =9)p(s) (1 +
/

t s
y i
+/1K2//(t—s)a_l(s—T)y_lp(T) 1+ P ) )d ds.
00
Using Proposition 1, we get
Yo )| 1y(s)]

< + L?||el]. 17

; L Ll am

By the inequalities (13), (14) and the previous one, we obtain for each ¢ € [0, n]
andn € N

()] < AKMMn®Y,,|y*|
41 (MOL + 1) (Kﬂﬂln“Yn + 1) (1 +K2|A(0)|n"®n) ol
+ AK>MM\n* p:Y?
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+ AM,L (KMMInQYn + 1) (2 + K|AO)|n% (2" + KG)n))
+AMoL (ly(1)| + L ll¢ll)
t
+/U(M0L|A(0)|‘/(t =) (Iy(s)] + LNell) ds
0
+ AKM M n® Y, MoL (]y*| + L?]l¢ll)

+ AKCH Y, o LIA(0)] / (=" (y(s)] + L2Nell) ds
0
n
AR M Y, / (n =" (Iy(s)] + L¢Nell) ds
0

n S
AR H Y, / / (n= 5" (s =7 (ly(0)] + LElgll) drds
00

n(l
+AKp— + Kopn®y By + 1)

t
vk [e= (2 2ot 0
0

r s
wapy [ f-om oy (K20 ool aras,
00

Consider the function u(¢) := sup |y(8)|. Then, we get for each ¢ € [0, n]
0<[0,t]
andn € N

(1 —MOL) (1)
< AKMM,n°Y, (MOL + 1) Iy*|
+AKp,n*Y, (KMMWQY,, + 1)
+ A(MoL +1) (Kﬂﬂln“Yn n 1) (1 + K2|A(O)|na®n) el

+AMoL (Kfv?fv?ln“n + 1) (2 +K|A0)|n" (@™ + K®n))
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+ AM,L (KM‘M'WY,, + 1) £49l|

t
+AKM0L|A(O)|/(r —5)* 1 @(s) + Ll¢ll) ds
0
+ AK>M M n®Y,MoL|A(0)| / (n—s5)""@(s) + L?]¢|) ds
0
+AK* MM n®p:Y, / (n =) (u(s) + L)ell) ds
0
+AK3A7M1n“pZYn//(n - s)a_1 (s — 7)7_] (u(t) + L?)|¢l|) drds
00
t —~
+AKP, / (1 - 5)°! (%‘” +ﬁ||<p||) ds
0
r s .
+ ﬂsz;i//(t — )" s -1t (@ + 1:¢||¢||) drds.
00

We set
@, = KMMn®Y,,(MoL + 1)|y*] +Kp;n®Y, (KMMln“Yn + 1)
+ (MoL +1) (KM’MlnaYn + 1) (1 + K2|A(O)|n“®n) ol
+ ML (KI\7IA711n"Yn + 1) (2 + K|A)|n (2~ + K@n))

+ MoL (Km“ilnan + 1) £99ll.
So, for each ¢ € [0,n] and n € N, we have
(1 - MOL) ()

< Awy, + AKMOLIA(O)I/(I —5)"7! (@(s) + LNl ¢ll) ds
0
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+/1K2A7M1n“YnMoL|A(O)|/(n —9)*7 ! (u(s) + L2llgll) ds
S AKX 1 Y, / (n— 9" (ii(s) + LE]l¢]) ds
+AK3MM1nap:;Yn//(n— ) V(s =) (@) + £L2)¢|l) drds
t
* a—1 ( ) ©
+AKp: [(t =) + L?lell| ds
0

tr s _
+ ﬂsz,’i//(t —5)* (s —7)r! (@ + 1:¢||<,o||) drds.
00

Thus, for each t € [0,n] and n € N, we obtain

t n
O Lol < Lol + — 2
- 0

R [KMOLIA(O)I / (t — )1 (@(s) + L2]ell) ds
1-MyL
+ K2V Y, FoLIA(O)| / (n— )7 (i(s) + L ll) ds

n
+ KZMMIn“pZYn/(n =) (@(s) + L2 llgl) ds

+K3MMn®p /(n ) (s =) @(r) + Lf)¢||) drds

+Kp;2/<t—s ((s) + L7l ||)
0
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t s .
u(r
+K2p,”;//(z‘—s)o‘_l(s—7')7_l (%+£¢|I¢J|I) des].
00

Set A, := L?]|¢]| + 1L_n For A < 1, we obtain for each ¢ € [0,n] and
MyL

— My
neN

u(1) K [_ : - (u(s) )
—+ LYl < Ay + ——=—|MoLIA0)] [ (t - + L¢

+ L7 |lell + WL oL|A( )IO/( s) llell

+ KMMln“Y,,MOL|A(0)|/(n —5)o ! (@ + 139”||<p||) ds

+KMMn%p /(n—s)“l( ) L‘pIIQOII)ds
+ K2R R p / /<n 97 (s - )“(”(” ﬁuwn)drds

e [0t (B4 2ot as
0

t s
vk [ [0t =0t (B2 2ol aras|
00

We consider the function u defined by

i(s)

wu(t) := sup N + L%|ell, fort € J.
0<s<t
ok

Let r* € [-r, 1] be such that u(r*) = u(/l ) + L?]|e||. If t* € [0,1], by the

previous inequality, we have for each t € [0,n] andn € N

u(t) <Ay + L_ lMOL|A(O)| /(t — )% u(s)ds
1 L .

_MO
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<

<

<

<

n
+ KMMn®Y,MyL|A(0)| / (n—9)""u(s)ds
0
+ KM]VIln“pZYn /(n - )% u(s)ds
0

+ KzlqlqlnapZYn //(n - 5) (s =) u(r)drds
0 0

* _ a-l * _ a1 _ -1
) O/ (1 = )" p(s)ds + K} 0/ 0/ (1 = )" (s = ) () drds

A, +
1 -My

+ P, (KMAZanYn + 1) /(n — )% u(s)ds
0

n

+ Kp, (KMMlnaYn+1)//S(n—s)“_l(s—T)y_l,u(‘r)d‘rds]
0 0

A, +

1 -MyL
+pin®a”! (KMMln“Yn + 1) ¥

[M0L|A(O)|naa—‘ (KMM'ln“Yn + 1) ll

+Kpj (KM, + 1) n®y 7 Bl y + 1)l

K - S~ o~
A+ . [M0L|A(O)|naa_l (KMMm“Yn + 1) [l
— MyL

+ponY, (KMMln“Yn + 1) ||,u||]
Kn®

A+ — (Kﬂzﬁlnan + 1) (M0L|A(0)|a—‘ +p;;Y,,) .

1 - MyL

L_ [M0L|A(O)| (KMMInQYn + 1) /(n - )% u(s)ds
MyL 4
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Consequently,
A
n f—
1 - Kno i L (M0L|A(0)|a/_l +p;’;Y,,)
1-MyL

which shows that the set I is bounded, i.e. the statement (C2) in Theorem 1
does not hold. Then the nonlinear alternative of Avramescu [6] implies that (C1)
holds: i.e. the operator F + G has a fixed-point y*. Then, there exists at least
y*(t), t € [—r,+o0) which is a fixed point of the operator N, which is a mild
solution of the problem (1)—(2). Thus the evolution system (1)—(2) is controllable
on [—r,+c0).

4. Example

We consider the following control problem given by the neutral functional
differential equation

0 s
Dy [v(0.6) = [as(s =05 pr(opa | [armlvenPan €] as
—r 0
82
= ao (1, f)a—g‘;(r,-;f) +d(&)ult)
i f
+ [ai(s =0 [s—p1(Op2| [aa(mv(E,p)Pdy |, €| ds,
—r 0
t>0, £€0,nm],
v(t,0) =v(t,7) =0, t>0,
V(Q,f):\}o(g,é‘:), -r<0<0, € [0, 7],

where 0 < @ < 1, ap : R* x [0, 7r] — R is a given function such that a(-, £) is
continuous and a(t, -) is uniformly Holder continuous int; ay, a3 : [-r,0] — R;
p1:R*>R; 0 :R—>R;ay:[0,7] > Randvg: [-r,0] X [0,7] — R are
continuous functions.

Let E = L>([0,7],R), u(-) : R* — E is a given control and d : [0,7] — E
is a continuous function.

Consider the operator A : D(A) ¢ E — E given by Aw = w” with domain

D(A):={weE:w"eE,w0)=w(r) =0}

A is the infinitesimal generator of an analytic semigroup e’4**) on E which
satisfies the assumptions (A) and (A»).
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Theorem 3. Let ¢ € C(H, E). Assume that condition (H) holds and the func-
tions d : [0,n] — E, aj, a3 : [-r,0] > R; pj :R* > R, pr: R > R;
ay : [0,7] - Randvqy : [-r,0] X [0,7] — R are continuous. Then the system
(18) is controllable on [—r, +0).

Proof. From the assumptions, we have

)’(Z)(f) :V(t,f), IE[—F,+OO), fE[O,ﬂ],
0
F)(©) = / ar ()0 (s.€)ds. 20, £€[0,x].
4
S (1. 0)(€) = / a3(s)0 (s.€)ds. 20, £€[0,x].

-r
b

p(t, ) (&) =t=p1(t)p2 /az(n)lw(O,é)lzdn . 120, £€[0, 7],

0
Cu(r)(&) = d(&)u(?), t>0, £€[0,x1], ueR, d(¢)€E,
and
@(t)(f) :VO(I,§)7 —r<l<0, fE[O,ﬂ'],

are well defined which permits to transform system (18) into the abstract system
(1)=(2). Moreover, the function f and g are bounded linear operators. Then,
the controllability of mild solutions can be deduced from a direct application of
Theorem 2.

From Remark 1, we have the following result.

Corollary 1. Let ¢ € C(H, E) be continuous and bounded. Then the system (18)
is controllable on [—r,+c0).
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