
1. Introduction 

Fluid flow across a sheet that is stretched radially is a significant 

subject in chemical, metallurgical, and biological engineering 

applications. It also plays a key role in wire drawing, hot rolling, 

polymer extrusion, metal spinning, and liquid metal processing. 

Numerous researchers have examined the features of mass and 

heat transmission in Newtonian and non-Newtonian fluid flow. 

Khan et al. [1] addressed the heat transfer and axisymmetric 

flow of a cross fluid on a radially stretched sheet. Ahmed et al. 

[2] investigated the effects of radiation and an angled magnetic 

field on the Sisko fluid across a sheet that is stretched radially. 

Utilising the homotopy analysis approach, Sreelakshmi et al. [3] 

explored the time-dependent Jeffrey nanofluid flow across a sur-

face that is expanding radially by employing convective bound-

ary conditions. Khan et al. [4] investigated the flow across 

a stretched sheet involving several slips, radiation, chemical re-

actions, and magnetic impacts. Nayak et al. [5] evaluated the  
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Abstract 

The steady laminar flow past a time-dependent radially stretching sheet with Soret and Dufour effects within a hybrid nanofluid 

is studied. The governing equations are transformed into ordinary differential equations utilising the similarity transformations. 

Successive linearization is employed to linearise the nonlinear system of equations. The resultant system of equations is solved 

using the Chebyshev collocation method. Plots of the velocity, temperature, and concentration for chosen parameters are 

displayed in conjunction with the Sherwood number, Nusselt number, and coefficient of skin friction. As the volume fraction 

of copper (Cu) nanoparticles increases, the important values of these variables decrease, while increasing the amount of alumina 

(Al2O3) nanoparticles causes them to rise. The hybrid nanofluid demonstrates a faster heat transfer rate than the nanofluid on 

the radially stretched surface. Additionally, it has been discovered that increasing the volume fractions of copper (Cu) 

nanoparticles minimizes the coefficient of skin friction, the Sherwood number, and the Nusselt number for the stretching 

surface, while increasing the volume fractions of alumina (Al2O3) nanoparticles boosts the skin friction coefficient, the 

Sherwood number, and lowers the Nusselt number. Furthermore, increasing the Dufour number maintains the Sherwood number 

at a constant level while decreasing the Nusselt number; in contrast, enhancing the Soret number decreases the Sherwood 

number and increases the Nusselt number. 
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Nomenclature 

A ‒ unsteadiness parameter, (c/a) 

a, b, c, d (≥0) ‒ constants 

C(r, z, t) – concentration, mol 

C∞ ‒ concentration of the surrounding medium, mol  

Cf  – coefficient of skin friction  

Cp – specific heat at constant pressure, J/(kg K) 

Cs – concentration susceptibility of the hybrid nanofluid 

Cw (Cw>C∞) – concentration at the stretched surface, mol 

Df  – Dufour number (
𝐷𝑚𝐾𝑡(𝐶𝑤−𝐶∞)

𝐶𝑠𝐶𝑝𝜈(𝑇𝑤−𝑇∞)
)  

Dm  ‒ mass diffusivity, (m2/s)  

f′(η) ‒ dimensionless velocity 

KT ‒ thermal diffusion ratio, 1/K 

khnf ‒ thermal conductivity of the hybrid nanofluid, W/(m K) 

Nu ‒ Nusselt number 

Pr ‒ Prandtl number, (𝜈/𝛼𝑓) 

r, z ‒ radial and axial coordinate axes, m 

Re ‒ local Reynolds number, (𝑟𝑈𝑤/𝜈) 

Sh ‒ Sherwood number 

Sc ‒ Schmidt number (/𝐷𝑚) 

Sr ‒ Soret number  (
𝐷𝑚𝐾𝑡(𝑇𝑤−𝑇∞)

𝑇𝑚𝜈(𝐶𝑤−𝐶∞)
) 

T∞ (Tw>T∞) – temperature of the surrounding medium, K 

T(r, z, t) ‒ temperature, K 

Tm ‒ mean fluid temperature, K 

Tw ‒ temperature at the stretched surface, K 

u(r, z, t), w(r, z, t) ‒ velocity components in r and z direction, m/s 

Uw ‒ time-dependent stretching velocity, m/s 

W0 ‒ suction/injection velocity 

 

Greek symbols 

 ‒ thermal diffusivity, m2/s 

 – dynamic viscosity, Pas  

ν ‒ kinematic viscosity, m2/s 

ρ – density, kg/m3  

ψ(r, z) ‒ stream function 

 

Subscripts and Superscripts 

n1 – for the Al2O3 nanoparticles  

n2 ‒ for the Cu nanoparticles 

f – for the fluid  

hnf ‒ for hybrid nanofluid 

 

Abbreviations and Acronyms 

CNT   – carbon nanotube 

MHD  – magnetohydrodynamics 

SLM   – successive linearisation method 

influence of a chemical reaction on mass transfer flow across  

a radially elongated sheet. The majority of research on the radi-

ally expanded surface focuses on steady-state conditions. On the 

other hand, unsteadiness becomes a crucial subject of analysis 

in many engineering processes. Shahzad et al. [6,7] analysed the 

effect of axially symmetrical flow and heat exchange on a time 

dependent radially stretching surface. Srinivasacharya and 

Shravan Kumar [8] used artificial neural networks to investigate 

the movement of Casson fluid across an unsteady sheet that is 

expanding radially under Soret and Dufour’s influence.  

Further, simultaneous heat and mass transfer from different 

geometries embedded in porous media has many engineering 

and geophysical applications. Chamkha and Khaled [9] consid-

ered simultaneous heat and mass transfer of an electrically‐con-

ducting fluid by mixed convection in a stagnation flow over  

a flat plate embedded in a porous medium in the presence of wall 

blowing or suction, magnetic field effects, and temperature‐de-

pendent heat generation or absorption effects. Krishna et al. [10] 

studied the effects of heat and mass transfer on free convective 

flow of micropolar fluid over an infinite vertical porous plate in 

the presence of an inclined magnetic field with a constant suc-

tion velocity and taking Hall current into account. Krishna et al. 

[11] explored the Hall and ion slip impacts on an unsteady lam-

inar magnetohydrodynamics (MHD) convective rotating flow of 

heat generating or absorbing second grade fluid over a semi-in-

finite vertical moving permeable surface. 

The topic of heat transfer improvement has gained lots of 

attention in the last several years. Since nanoparticles have 

a higher thermal conductivity than base fluid, thermal scientists 

have proposed including metallic or non-metallic nanoparticles 

in the base fluid to boost its thermal conductivity. A nanofluid 

is the resultant blend with enhanced chemical and physical char-

acteristics. In 1995, Choi and Eastman [12] coined the term 

"nanofluid." However, to accelerate heat transmission, research-

ers are looking into hybrid nanofluids, a new kind of nanofluids. 

Ordinary nanofluid contains only one nanoparticle in the base 

fluid, whereas hybrid nanofluid is considered a superior nano-

fluid, consisting of two distinct nanoparticles. Hybrid nanofluid 

provides better thermophysical qualities, thereby enhancing heat 

transfer efficiency. Other than the atypically high effective ther-

mal conductivity, hybrid nanofluid can provide great benefits 

when the nanosized particles are adequately dispersed. Hybrid 

nanofluid has been introduced to investigate the properties of 

heat transfer and make it even better. Heat transfer in the fields 

of microelectronics, microfluidics, manufacturing, and medi-

cine are a few of the applications for hybrid nanofluids. Several 

researchers have analysed the heat transfer and boundary layer 

flow of hybrid nanofluids. Devi and Devi [13,14] examined Cu 

nanoparticles regardless of magnetic effects when studying the 

motion of a hybrid nanofluid across a stretched surface. They 

discovered that, compared to ordinary nanofluid, hybrid nano-

fluid increases the heat transmission rate. Recently, many re-

searchers, including Hayat and Nadeem [15], Yousefi et al. [16], 

Subhani and Nadeem [17], Ghadikolaei et al. [18], Usman et al. 

[19], Rostami et al. [20], and Waini et al. [21,22] have analysed 

the heat and mass transfer properties in a hybrid nanofluid flow.  

Gangadhar et al. [23] studied the impact of convective heat-

ing boundary on a second-grade nanofluid flow alongside a Riga 

pattern using a Grinberg term and a Lorentz force applied paral-

lel to the wall of the Riga plate. Ontela et al. [24] studied the 

behaviour of a conducting hybrid nanofluid comprised of CuO 

and Cu nanoparticles over a nonlinear stretching surface filled 

with a porous matrix. Panda et al. [25] investigated the optimi-

sation of heat transportation rate in a nonlinear radiative buoy-

ancy-driven hydromagnetic carbon nanotube (CNT) hybrid 

nanofluid flow. 

Pattnaik et al. [26] analysed the convective transport of radi-

ative blood flow properties in the context of a heated stretch-
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ing/shrinking conducting Riga sensor plate. Panda et al. [27] 

considered the influence of radiating heat on the flow of Powell-

Eyring fluid over a Riga plate subjected to thermal stratification, 

utilising the Cattaneo-Christov heat flux model. 

The Dufour and Soret effects in hybrid nanofluids have been 

the subject of extensive research in recent years. Mass and heat 

transmission in a fluid flow are referred to as Dufour and Soret 

effects. In addition to mass transfer (the Soret effect), the tem-

perature gradient produces variations in concentration. These 

two effects, Dufour and Soret, are simultaneous coupling pro-

cesses. Nisar et al. [28] studied the effects of Dufour and Soret 

in the flow of hybrid nanofluids using numerical methods. Abad 

et al. [29] have documented their exploration of the implications 

of the stagnation point on a hybrid nanofluid based on water, in 

which alumina and Cu are the nanoparticles. Hayat et al. [30] 

examined the consequences of Soret and Dufour numbers on the 

magnetohydrodynamic movement of the Casson fluid across an 

extended surface. Kameswaran et al. [31] addressed the stagna-

tion point flow of a Casson fluid along a stretched sheet in the 

presence of Dufour and Soret effects.  

Many investigators have analysed the Soret and Dufour ef-

fects on the flow of hybrid nanofluid in various geometries. Isa 

et al. [32] researched the consequence of the Soret and Dufour 

effects on the flow of a hybrid nanofluid made of copper and 

alumina nanoparticles in water. Prathiba et al. [33] explored the 

Soret and Dufour effects over a rotating hybrid nanofluid. In the 

context of Dufour and Soret effects, Arif et al. [34] assessed nu-

merically the simultaneous transmission of mass and heat in 

a Maxwell hybrid nanofluid. Sharma et al. [35] performed 

a comparative analysis of the Ag-CuO/H2O hybrid nanofluid 

flow across an inclined stretched surface incorporating Dufour 

and Soret effects. Vijay et al. [36] evaluated magnetohydrody-

namic hybrid nanofluid flow on a revolving, slowing-down disk 

using Dufour and Soret effects. 

From the available literature, the flow of hybrid nanofluid 

over radially shrinking and stretching sheets is extremely rare, 

and none of the published articles consider separately the effect 

of Dufour and Soret parameters on such a fluid stream. Most of 

the investigations on the radially stretching sheet are restricted 

to steady-state. However, when the flow depends on time, 

unsteadiness becomes an important component of study in a va-

riety of engineering processes, e.g. in solar energy, refrigeration, 

heating, ventilation, and air conditioning applications. Hence, to 

bridge the gap, this paper investigates the hybrid nanofluid flow 

behaviour and heat transmission across the time-dependent ra-

dially extending surface with Soret and Dufour effects utilising 

the Tiwari and Das nanofluid model. Hybrid nanofluid is gene-

rated by suspending alumina and Cu nanoparticles in water. 

In the present study, the aluminium and copper nanopar-

ticles are chosen because of their unique thermal properties. The 

combination of aluminium oxide and copper helps to maintain 

nanofluid consistency over time while also giving strong 

thermal characteristics. Cu − Al2O3: H2O is one of the attractive 

choices for improved heat transfer in industries like electronics 

cooling, power generation, and chemical processing. As copper 

is one of the most thermally conductive metals, it enhances the 

thermal conductivity significantly, and Al2O3 adds stability and 

strength. The data of the current analysis is compared with the 

numerical results to verify the findings. 

2. Problem formulation 

The unsteady and laminar flow of a hybrid nanofluid over 

a radially stretching surface with Soret and Dufour effects is 

considered here. Figure 1 depicts the coordinate system and 

geometry. The flow is a consequence of the radial stretching of 

the surface, which has a time-dependent velocity: Uw = ar/(1−ct). 

Let Cw= C∞ + dr/(1−ct) and Tw= T∞ + br/(1−ct) indicate the 

concentration and the temperature at the stretched surface, 

respectively. Here, C∞ (Cw > C∞) and T∞ (Tw > T∞) are the 

concentration and temperature of the surrounding medium, with 

ct < 1 and a, b, c, d (≥ 0) are constants. ∞ 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The equations that govern the flow are [37−39]: 

 
∂𝑢

∂𝑟
+

𝑢

𝑟
+

∂𝑤

∂𝑧
= 0, (1) 

 
∂𝑢

∂𝑡
+ 𝑢

∂𝑢

∂𝑟
+ 𝑤

∂𝑢

∂𝑧
=

𝜇𝑛𝑛𝑓

𝜌𝑛𝑛𝑓

∂2𝑢

∂𝑧2, (2) 

 
∂𝑇

∂𝑡
+ 𝑢

∂𝑇

∂𝑟
+ 𝑤

∂𝑇

∂𝑧
=

𝐾𝑛𝑛𝑓

(𝜌𝐶𝑃)𝑛𝑛𝑓

∂2𝑇

∂𝑧2 +
𝐷𝑚𝐾𝑇

𝐶𝑆𝐶𝑃

∂2𝐶

∂𝑧2, (3) 

 
∂𝐶

∂𝑡
+ 𝑢

∂𝐶

∂𝑟
+ 𝑤

∂𝐶

∂𝑧
= 𝐷𝑚

∂2𝐶

∂𝑧2 +
𝐷𝑚𝐾𝑇

𝑇𝑚

∂2𝑇

∂𝑧2. (4) 

Following Devi and Devi [13,14], and Oztop and Abu-Nada 

[40], fluid and hybrid nanofluid thermophysical properties are 

assessed using the equations demonstrated in Table 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Coordinate system and geometry. 

Table 1. Thermophysical characteristics of hybrid nanofluid and fluid.  

Property Fluid Hybrid nanofluid [13,14,40] 

Heat 

capacity 
 𝜌𝐶𝑝 𝑓  

 𝜌𝐶𝑝 ℎ𝑛𝑓
= (1 − 𝜙2)× 

 (1 − 𝜙1) 𝜌𝐶𝑝 𝑓 + 𝜙1 𝜌𝐶𝑝 𝑛1
 + 

𝜙2 𝜌𝐶𝑝 𝑛2
 

Dynamic 

viscosity 
𝜇𝑓 𝜇ℎ𝑛𝑓 =  

𝜇𝑓

 (1 − 𝜙1)(1 − 𝜙2) 
2.5  

Density 𝜌𝑓 
𝜌ℎ𝑛𝑓 = 𝜙2𝜌𝑛2 + (1 − 𝜙2) (1 − 𝜙1)𝜌𝑓

+ 𝜙1𝜌𝑛1  

Thermal 

conductivity 
𝑘𝑓 

𝑘ℎ𝑛𝑓

𝑘𝑛𝑓

=  
𝑘𝑛2 − 2𝜙2 𝑘𝑛𝑓 − 𝑘𝑛2 + 2𝑘𝑛𝑓 

𝑘𝑛2 + 𝜙2 𝑘𝑛𝑓 − 𝑘𝑛2 + 2𝑘𝑛𝑓

  

where: 

𝑘𝑛𝑓

𝑘𝑓

=  
𝑘𝑛1 − 2𝜙1 𝑘𝑓 − 𝑘𝑛1 + 2𝑘𝑓

𝑘𝑛1 + 𝜙1 𝑘𝑓 − 𝑘𝑛1 + 2𝑘𝑓
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Table 2 gives the same information as Oztop and Abu-Nada 

[40] regarding the base fluid and nanoparticles. In this case, the 

subscripts 𝑛1, 𝑛2, 𝑓, and ℎ𝑛𝑓 stand for the Al2O3, Cu nano-

particles solid components, fluid, and hybrid nanofluid. 

 

 

 

 

 

 

 

 

 

The boundary conditions on the surface are: 

 𝑤 = 𝑊0,       𝑢 = 𝑈𝑤 =
𝑟𝑎

1−𝑡𝑐
,         𝑇𝑤 = 𝑇∞ +

𝑟𝑏

1−𝑡𝑐
,  

 𝐶𝑤 = 𝐶∞ +
𝑟𝑑

1−𝑡𝑐
𝑎𝑡𝑧 = 0, (5) 

 𝑢 → 0,        𝐶 → 𝐶∞,        𝑇 → 𝑇∞𝑎𝑠𝑧 → ∞,  

where Uw is the velocity of stretching and 𝑊0 = −2𝑆  
𝜈𝑈𝑤

𝑟
 

1

2
. 

Here on the surface, W0 < 0 (S > 0) signifies suction and W0 > 0 

(S < 0) signifies injection. 
The similarity transformations for the present problem are 

given by:  

 𝜓(𝑟, 𝑧) = −𝑟2𝑈𝑤Re−1/2𝑓(𝜂),             𝜂 =
𝑧

𝑟
Re1/2,  

 𝜃 =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
,                 𝜙(𝜂) =

𝐶−𝐶∞

𝐶𝑤−𝐶∞
, (6) 

where ψ(r,z) represents the stream function defined by  

𝑢 = −
1𝜕𝜓

𝑟𝜕𝑧
 and 𝑤 =

1𝜕𝜓

𝑟𝜕𝑟
. Re =

𝑟𝑈𝑤

𝜈
 denotes the local Reynolds 

number.  

Substituting Eq. (6) into Eqs. (1)–(4), leads to the dimension-

less equations shown below: 

 [
𝜇ℎ𝑛𝑓𝜌𝑓

𝜌ℎ𝑛𝑓𝜇𝑓
] 𝑓‴ + 2𝑓𝑓″ − 𝑓′2 − 𝐴  

1

2
𝜂𝑓″ + 𝑓′ = 0, (7) 

  
1

Pr

𝐾ℎ𝑛𝑓 𝜌𝐶𝑝 
𝑓

 𝜌𝐶𝑝 
ℎ𝑛𝑓

𝐾𝑓
 𝜃″ + Df‧𝜙″ + 2𝑓𝜃′ +  

 −𝑓′𝜃 − 𝐴  
1

2
𝜂𝜃′ + 𝜃 = 0, (8) 

 Sr‧𝜃″ +
1

𝑆𝑐
𝜙″ + 2𝑓𝜙′ − 𝑓′𝜙 − 𝐴  𝜙 +

1

2
𝜂𝜙′ = 0. (9) 

The accompanying boundary conditions are changed to the 

subsequent form: 

at η = 0: 

 𝜃(0) = 1,      𝑓′(0) = 1,      𝑓(0) = 𝑆,     𝜙(0) = 1, (10a) 

as η → ∞: 

 𝜃(𝜂) → 0,          𝑓′(𝜂) → 0,          𝜙(𝜂) → 0. (10b) 

The mass transfer rate (Sherwood number Sh), the heat 

transfer rate (Nusselt number Nu), and the coefficient of skin 

friction Cf are defined by: 

 

Sh = −
𝑟

(𝐶𝑤−𝐶∞)
(
𝜕𝐶

𝜕𝑧
)
𝑧=0

,           𝐶𝑓 =
2

𝜌𝑈𝑤
2 𝜇 (

𝜕𝑢

𝜕𝑧
)
𝑧=0

,

Nu = −
𝑟

(𝑇𝑤−𝑇∞)
(
𝜕𝑇

𝜕𝑧
)
𝑧=0

.
 (11) 

The non-dimensional form of Sherwood number Sh, skin 

friction coefficient 𝐶𝑓, and Nusselt number Nu are: 

 Re−
1

2Sh = −𝜙′(0),             
1

2
Re

1

2𝐶𝑓 = 𝑓″(0),  

 Re−
1

2Nu = −𝜃′(0). (12) 

3. Method of solution 

The basic principle of the successive linearisation method 

(SLM) is the assumption that the functions f(η), θ(η) and (η) 

can be interpreted as: 

 𝑓(𝜂) = 𝑓𝑘(𝜂) + ∑ 𝑓𝑚
𝑘−1
𝑚=0 (𝜂),  

 𝜃(𝜂) = 𝜃𝑘(𝜂) + ∑ 𝜃𝑚
𝑘−1
𝑚=0 (𝜂), (13) 

 𝜙(𝜂) = 𝜙𝑘(𝜂) + ∑ 𝜙𝑚
𝑘−1
𝑚=0 (𝜂).  

Here, fk, θk and k (k = 1, 2, 3, …) are unknown functions and 

θm, fm, and m (m ≥ 1) are the approximations that can be acquired 

repeatedly by computing the solution of the linear portion of the 

equations that arises from putting Eq. (13) into Eqs. (7)–(9). The 

basic principle concerning SLM is that when k grows in size,  

fk, θk and k become progressively smaller and thus ignored, i.e.  

 lim
𝑘→∞

𝑓𝑘 = lim
𝑘→∞

𝜃𝑘 = lim
𝑘→∞

𝜑𝑘 = 0. (14) 

The initial assumptions for f0(η), θ0(η) and 0(η) are made to 

fulfil the boundary conditions. The differential equations for  

fk, θk and k (k ≥ 1) are found by substituting Eq. (13) into  

Eqs. (7) – (9) and then taking only the linear terms. 

 𝑎1𝑓𝑘
‴ + 𝑎2𝑓𝑘

″ + 𝑎3𝑓𝑘
′ + 𝑎4𝑓𝑘 = 𝑟1, (15) 

 𝑏1𝑓𝑘
′ + 𝑏2𝑓𝑘 + 𝑏3𝜃𝑘

″ + 𝑏4𝜃𝑘
′ + 𝑏5𝜃𝑘 + Df‧𝜙𝑘

″ = 𝑟2, (16) 

 𝑐1𝑓𝑘
′ + 𝑐2𝑓𝑘 + Sr‧𝜃𝑘

″ +
1

𝑆𝑐
𝜙𝑘

″ + 𝑐3𝜙𝑘
′ + 𝑐4𝜙𝑘 = 𝑟3. (17) 

The linearised boundary conditions are: 

 𝜙𝑘(0) = 𝜙𝑘(∞) = 0,  

 𝑓𝑘(0) = 𝑓𝑘
′(0) = 𝑓𝑘

′(∞) = 0, (18) 

  𝜃𝑘(0) = 𝜃𝑘(∞) = 0,  

where the coefficients aq (q = 1, 2, 3, 4), bz (z = 1, 2, 3, 4, 5),  

cn (n = 1, 2, 3, 4), and rp (p = 1, 2, 3) are:  

 𝑎1 =
𝜇ℎ𝑛𝑓𝜌𝑓

𝜌ℎ𝑛𝑓𝜇𝑓
,              𝑎2 = 2∑ 𝑓𝑚

𝑘−1
𝑚=0 −

𝐴

2
𝜂,  

  𝑎3 = −[2∑ 𝑓𝑚
′𝑘−1

𝑚=0 + 𝐴],              𝑎4 = 2∑ 𝑓𝑚
″𝑘−1

𝑚=0 ,  

 𝑟1 = −𝑎1 ∑ 𝑓𝑚
‴𝑘−1

𝑚=0 +  
𝐴

2
𝜂 − 2∑ 𝑓𝑚

𝑘−1
𝑚=0  ∑ 𝑓𝑚

″𝑘−1
𝑚=0 +  

 +(∑ 𝑓𝑚
′𝑘−1

𝑚=0 )2 + 𝐴∑ 𝑓𝑚
′𝑘−1

𝑚=0 ,  

Table 2. Fluid thermophysical characteristics and nanoparticles [40]. 

Characteristics  Cu Al2O3  Water 

k, W/(m K)  400 40 0.613 

Cp, J/(kg K)  385 765 4179 

𝝆, kg/m3  8933 3970 997.1 

 



Hybrid nanofluid past time-dependent radially stretched sheet with Dufour and Soret effects 

 

23 

 𝑏1 = −∑ 𝜃𝑚
𝑘−1
𝑚=0 ,      𝑏2 = 2∑ 𝜃𝑚

′𝑘−1
𝑚=0 ,      𝑏3 =

1

Pr

𝐾ℎ𝑛𝑓 𝜌𝐶𝑝 
𝑓

 𝜌𝐶𝑝 
ℎ𝑛𝑓

𝐾𝑓
 ,  

 𝑏4 = 2∑ 𝑓𝑚
𝑘−1
𝑚=0 −

𝐴

2
𝜂,            𝑏5 = −[𝐴 + ∑ 𝑓𝑚

′𝑘−1
𝑚=0 ],  

 𝑟2 = −𝑏3 ∑ 𝜃𝑚
″𝑘−1

𝑚=0 +  
𝐴

2
𝜂 − 2∑ 𝑓𝑚

𝑘−1
𝑚=0  ∑ 𝜃𝑚

′𝑘−1
𝑚=0 +  

 +(∑ 𝑓𝑚
′𝑘−1

𝑚=0 + 𝐴)∑ 𝜃𝑚
𝑘−1
𝑚=0 − Df∑ 𝜙𝑚

″𝑘−1
𝑚=0 ,  

 𝑐1 = −∑ 𝜙𝑚
𝑘−1
𝑚=0 ,             𝑐2 = 2∑ 𝜙𝑚

′𝑘−1
𝑚=0 ,      ,  

 𝑐3 = 2∑ 𝑓𝑚
𝑘−1
𝑚=0 −

𝐴

2
,              𝑐4 = −[𝐴 + ∑ 𝑓𝑚

′𝑘−1
𝑚=0 ],  

 𝑟3 = −
1

𝑆𝑐
∑ 𝜙𝑚

″𝑘−1
𝑚=0 +  

𝐴

2
𝜂 − 2∑ 𝑓𝑚

𝑘−1
𝑚=0  ∑ 𝜙𝑚

′𝑘−1
𝑚=0 +  

 +(∑ 𝑓𝑚
′𝑘−1

𝑚=0 + 𝐴) ∑ 𝜙𝑚
𝑘−1
𝑚=0 − Sr∑ 𝜃𝑚

″𝑘−1
𝑚=0 .  

After calculating each solution for fk, k and θk (k ≥ 1) by 

repeatedly solving Eqs. (15)–(18) the following are the approxi-

mate values for f(η), (η) and θ(η): 

 𝑓(𝜂) ≈ ∑ 𝑓𝑠
𝑆
𝑠=0 (𝜂),  

 𝜙(𝜂) ≈ ∑ 𝜙𝑠
𝑆
𝑠=0 (𝜂), (19) 

 𝜃(𝜂) ≈ ∑ 𝜃𝑠
𝑆
𝑠=0 (𝜂),  

where S signifies the SLM approximation order. 

The solution to the system of Eqs. (15)–(16) may be compu-

ted analytically (if possible) or numerically using any methods, 

most notably collocation methods, finite differences, shooting 

technique based on Runge-Kutta, and finite elements. This study 

uses the spectral collocation method using Chebyshev polyno-

mials. This technique is based on using the Chebyshev interpola-

ting polynomials to approximate the unknown functions in 

a way that allows them to collocate at the Gauss-Lobatto points: 

 𝜉𝑘 = cos
𝜋𝑘

𝑀
,            𝑘 = 0,1, … ,𝑀, (20) 

where M + 1 collocation points are utilised. To put the method 

into practice, the domain truncation technique is used to change 

the physical domain into the domain [0,L]. The domain is 

changed to [−1,1] using the following mapping: 

 
𝜂

𝐿
=

𝜉+1

2
,          − 1 ≤ 𝜉 ≤ 1, (21) 

where L stands for the scaling value at infinity that activates the 

boundary condition. At the collocation points, the undefined 

functions fk, θk and k are approximated by the Chebyshev 

interpolating polynomials: 

 𝑓𝑘(𝜉) ≈ ∑ 𝑓𝑘
𝑀
𝑛=0 (𝜉𝑛)𝑇𝑛(𝜉𝑘),  

 𝜃𝑘(𝜉) ≈ ∑ 𝜃𝑘
𝑀
𝑛=0 (𝜉𝑛)𝑇𝑛(𝜉𝑘), (22) 

 𝜙𝑘(𝜉) ≈ ∑ 𝜙𝑘
𝑀
𝑛=0 (𝜉𝑛)𝑇𝑛(𝜉𝑘),  

where k = 0, 1, 2, ..., M and Tn is the nth Chebyshev polynomial 

described as: 

 𝑇𝑛(𝜉) = 𝑐𝑜𝑠[𝑛𝑐𝑜𝑠−1(𝜉)]. (23) 

The unknown function derivatives are computed as:  

 
𝑑𝑎𝑓𝑘

𝑑𝜂𝑎 = ∑ 𝐷𝑛𝑗
𝑎𝑀

𝑛=0 𝑓𝑘(𝜉𝑛),  

 
𝑑𝑎𝜃𝑘

𝑑𝜂𝑎 = ∑ 𝐷𝑛𝑗
𝑎𝑀

𝑛=0 𝜃𝑘(𝜉𝑛), (24) 

 
𝑑𝑎𝜙𝑘

𝑑𝜂𝑎 = ∑ 𝐷𝑛𝑗
𝑎𝑀

𝑛=0 𝜙𝑘(𝜉𝑛),  

where j = 0, 1, 2, …, M. Here D = 2D/L, where D is the 

Chebyshev spectral differentiation matrix and a is the order of 

differentiation. The matrix equation that emerges from substitu-

ting Eqs. (21)–(24) in Eqs. (15)–(18) is as follows. 

 𝑩𝒌−𝟏𝑋𝑘 = 𝑍𝑘−1, (25) 

along with the conditions on the boundary: 

 𝑓𝑘(𝜉𝑀) = ∑ 𝐷0𝑛
𝑀
𝑛=0 𝑓𝑘(𝜉𝑛) = ∑ 𝐷𝑁𝑛

𝑀
𝑛=0 𝑓𝑘(𝜉𝑛) = 0,  

 𝜃𝑘(𝜉𝑀) = 𝜃𝑘(𝜉0) = 𝜙𝑘(𝜉𝑀) = 𝜙𝑘(𝜉0) = 0, (26) 

in which Bk−1 is a square matrix of order 3(M + 1) and Xk Bk−1 

are column vectors 3(M + 1) × 1 described by:  

 𝐵𝑘−1 =  

𝐵11 𝐵12 𝐵13

𝐵21 𝐵22 𝐵23

𝐵31 𝐵32 𝐵33

 ,   𝑋𝑘 =  

𝐹𝑘

𝛩𝑘

𝛷𝑘

 ,   𝑍𝑘−1 =  

𝑧1

𝑧2

𝑧3

 , (27) 

where: 

 𝐵11 = 𝑎1𝐷
3 + 𝑎2𝐷

2 + 𝑎3𝐷 + 𝑎4,      𝐵12 = 0,      𝐵13 = 0,  

 𝐵21 = 𝑏1𝐷 + 𝑏2,      𝐵22 = 𝑏3𝐷
2 + 𝑏4𝐷 + 𝑏5,     𝐵23 = Df‧𝐷2,  

 𝐵31 = 𝑐1𝐷 + 𝑐2,      𝐵32 = Sr‧𝐷2,      𝐵33 =
1

Sc
𝐷2 + 𝑐3𝐷 + 𝑐4,  

 𝐹𝑘 = [𝑓𝑘(𝜉0), 𝑓𝑘(𝜉1), … , 𝑓𝑘(𝜉𝑀−1), 𝑓𝑘(𝜉𝑀)]𝑇 ,  

 𝛩𝑘 = [𝜃𝑘(𝜉0), 𝜃𝑘(𝜉1), … , 𝜃𝑘(𝜉𝑀−1), 𝜃𝑘(𝜉𝑀)]𝑇 ,  

 𝛷𝑘 = [𝜙𝑘(𝜉0), 𝜙𝑘(𝜉1), … , 𝜙𝑘(𝜉𝑀−1), 𝜙𝑘(𝜉𝑀)]𝑇 ,  

 𝑧1 = [𝑟1(𝜉0), 𝑟1(𝜉1), … , 𝑟1(𝜉𝑀−1), 𝑟1(𝜉𝑀)]𝑇 ,  

 𝑧2 = [𝑟2(𝜉0), 𝑟2(𝜉1), … , 𝑟2(𝜉𝑀−1), 𝑟2(𝜉𝑀)]𝑇 ,  

 𝑧3 = [𝑟3(𝜉0), 𝑟3(𝜉1), … , 𝑟3(𝜉𝑀−1), 𝑟3(𝜉𝑀)]𝑇 ,  

 𝑎𝑓 (𝑓 = 2,3,4),     𝑏𝑚 (𝑚 = 1,2,4,5),     𝑐𝑛 (𝑛 = 1,2,3,4),  

defined above are diagonal matrices of dimension (M + 1), and 

the transpose is indicated by the superscript T. On Eq. (25), the 

boundary constraints (26) are applied by altering the first and 

last rows of Bmn (m = 1, 2, 3; n = 1, 2, 3) and zp (p = 1, 2, 3). 

4. Findings and discussion 

In the current investigation, the Sherwood number Sh, velocity, 

Nusselt number Nu, temperature, coefficient of skin friction Cf, 

and concentration are evaluated for distinct values of solid 

volume fraction of 1 (Al2O3), 2 (Cu), unsteadiness parame- 

ter A, Schmidt number Sc, suction/ injection parameter S, Soret 

number Sr, and Dufour number Df and are graphically 

represented. Unless otherwise stated, numerical computations 

are performed using 1 = 0.1, 2 = 0.1, A = 0.5, S = 0.5, Df = 0.5, 

Sc = 0.2 and Sr = 0.2 to assess the influence of all the parameters 

involved. Eqs. (7)–(9) are linearised using the successive lineari-

sation procedure, and then the system is resolved by applying 
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the collocation technique. The resultant skin friction coefficient 

and Nusselt number are compared with the findings of previous 

investigations for 1 = 2 = 0. A well-justified comparison 

between our results and those of for θ ́ (0) and f"(0) is demonstra-

ted in Table 3.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2 demonstrates the influence of unsteadiness variable 

A over the velocity, heat transfer rate −θ ʹ(0), temperature, and 

mass transfer rate, −ʹ(0), concentration, and coefficient of skin 

friction f"(0). An enhancement in A decreases the f"(0), as 

demonstrated in Fig. 2a. This is due to the development of the 

velocity boundary layer is caused solely on the stretching plate. 

Figure 2b and Fig. 2c demonstrate that −ʹ(0) and −θ ʹ(0) 

enhance when parameter A increases. Physically, it means that 

the temperature gradient at the surface increases as A increases, 

which implies an increase of the heat transfer rate at the surface. 

The rise in parameter A led to an initial decrease in velocity, but 

later to a slow increment in the velocity, depicted in Fig. 2d. It 

can be viewed from Fig. 2e and Fig. 2f that the rise in parame-

ter A led to a decrease in concentration and temperature.  

The impact of 1 on the heat transfer rate −θ ʹ(0), concentra-

tion, coefficient of skin friction f"(0), temperature, mass transfer 

rate −ʹ(0), and velocity is described in Fig. 3. It has been noted 

that as 1 increases, the f"(0) and −ʹ(0) escalate, as demonstra-

ted in Fig. 3a and Fig. 3c, and −θ ʹ(0) diminishes, as depicted in 

Fig. 3b. It appears that the rise in parameter 1 the enhances 

temperature and velocity, as shown in Fig. 3d and Fig. 3e and 

decreases the concentration, as displayed in Fig. 3f.

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The influence of 𝜙2 on velocity, skin friction coefficient 

𝑓″(0), temperature, mass transfer rate −ʹ(0), concentration, and 

heat transfer rate −θ ʹ(0), are shown in Fig. 4. As 2 increases, 

f"(0), −θ ́ (0), and −ʹ(0) reduce, depicted in Fig. 4a, Fig. 4b, and 

Fig. 4c. It is noticed that the boost in parameter 2 lowers 

velocity, as shown in Fig. 4d, but increases temperature and 

concentration as illustrated in Fig. 4e and Fig. 4f.

Table 3. Comparison between f"(0) and θ ʹ(0) values at the surface by the 

current strategy with Shahzad et al. [6].  

A S Pr 

f"(0) Θʹ(0) 

Current 

values 

Shahzad  

et al. [6] 

Current  

values 

Shahzad  

et al. [6] 

0.5 1 1 -2.6713727 -2.655999 -2.4191865 -2.655999 

0.5 0.5 1 -1.9147295 -1.907999 -1.7474918 -1.907999 

0.5 0 1 -1.3104137 -1.308999 -1.2096476 -1.308999 

0.5 -0.5 1 -0.8867758 -0.887200 -0.8309926 -0.887200 

0.5 -1 1 -0.6192663 -0.620400 -0.5899393 -0.620400 

0 0.5 1 -1.8041331 -1.798999 -1.6397280 -1.798999 

0.5 0.5 0.5 -1.9147295 -1.907999 -1.0313962 -1.119999 

0.5 0.5 0.7 -1.9147295 -1.907999 -1.3312163 -1.450000 

1 0.5 1 -2.0244687 -2.016999 -1.8528471 -2.016999 

 

      a)                                                                               b)                                                                                 c) 

       

     d)                                                                               e)                                                                                  f) 

         

Fig. 2. Variation of f "(0), ’(0), −ʹ(0), f ʹ(), () and () with unsteadiness parameter A. 
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      a)                                                                               b)                                                                                  c) 

       

      d)                                                                               e)                                                                                  f) 

       

Fig. 3. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with nanoparticle volume fraction 1. 

      a)                                                                               b)                                                                                 c) 

       

     d)                                                                               e)                                                                                  f) 

       

Fig. 4. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with nanoparticle volume fraction 2. 
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The impact of Schmidt number Sc on the velocity, mass 

transfer rate −ʹ(0), concentration, heat transfer rate −θ ʹ(0), 

temperature, and skin friction coefficient f"(0) is demonstrated 

in Fig. 5. It has been noted that f"(0), is unaffected by an increase 

in parameter Sc, as depicted in Fig. 5a. Figures 5b and 5c 

demonstrate that as Sc grows, −θ ́ (0) drops and −ʹ(0) increases. 

It is noticed from Fig. 5d that the boost in parameter Sc does not 

affect velocity. Figure 5e demonstrates that as Sc enhances, the 

temperature initially increases and later diminishes. It is appa-

rent from Fig. 5f that a spike in Sc reduces the concentration. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6 demonstrates the influence of the Soret number Sr 

over temperature and mass transfer rate −ʹ(0), skin friction 

coefficient f"(0), concentration, velocity, and heat transfer rate 

−θʹ(0). The Soret number (Sr) describes the relative significance 

of mass diffusion (species diffusion) and thermal diffusion (heat 

conduction) in a fluid combination. When temperature gradients 

and concentration gradients combine, as they do in combustion, 

chemical processes, and in other reactive flow systems, the 

parameter Sr is especially important. It is noticed that as Sr 

increases, f"(0) is constant and −θ ʹ(0) escalates, as displayed in 

Fig. 6a and Fig. 6b. Figure 6c demonstrates that as Sr grows, 

−ʹ(0) diminishes. Note that the rise in parameter Sr has no 

effect on velocity, but the temperature decreases, as shown in 

Fig. 6d and Fig. 6e. Figure 6f reveals that an increase in Sr 

increases concentration.  

The enhancement in concentration is due to the Soret effect, 

where thermal gradients drive mass diffusion, enriching the 

species concentration near the surface. This enhanced diffusion 

also contributes to increased tangential motion. Conversely, the 

reduced temperature profile indicates that thermal energy is 

being redistributed to aid species transport, leading to a lower 

thermal boundary layer. 

The influence of Dufour number Df on the heat transfer rate 

−θ ʹ(0), coefficient of skin friction f"(0), mass transfer rate 

−ʹ(0), velocity, temperature, and concentration is presented in 

Fig. 7. The Dufour number Df describes how the diffusion 

coefficient in thermodynamics and transport phenomena 

changes with temperature θ(η). It reflects the temperature-

dependent variation in the rate of diffusion and can be useful for 

understanding and simulating diffusion processes in a variety of 

systems, such as gases, liquids, and solids. Figure 7a depicts that 

the rise in the parameter Df does not influence the f"(0). It is 

noticed from Fig. 7b and Fig. 7c that when the magnitude of the 

variable Df grows, (−θ ʹ) drops and (−ʹ) remains constant. The 

rise in parameter Df has no impact on velocity, but the increment 

in temperature is shown in Fig. 7d and Fig. 7e. This behaviour 

is attributed to the Dufour effect, where the energy flux induced 

by concentration gradients enhances thermal motion. It can be 

spotted from Fig. 7f that a spike in variable Df does not affect 

the concentration. 

The outcome of the suction/injection parameter S on the 

concentration, velocity and temperature is apparent in Fig. 8. As 

the value of S rises, the temperature, velocity, and concentration 

diminish as presented in Figs. 8a, 8b and 8c. 

       a)                                                                               b)                                                                                 c) 

       

      d)                                                                                e)                                                                                 f) 

        

Fig. 5. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with Schmidt number Sc. 
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       a)                                                                                 b)                                                                               c) 

       

       d)                                                                                 e)                                                                               f) 

       

Fig. 6. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with Soret number Sr. 

       a)                                                                               b)                                                                                 c) 

       

      d)                                                                                 e)                                                                                f) 

         

Fig. 7. Variation of f "(0), −’(0), −ʹ(0), f ʹ(), () and () with Dufour parameter Df. 
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5. Conclusions 

In this paper, the nonlinear differential equations arising from 

the hybrid nanofluid flow past a time-dependent sheet that is 

stretching radially with Dufour and Soret effects under the 

influence of the unsteadiness parameter A, suction or injection 

parameter, 1 and 2 at the surface, are solved employing the 

SLM approach. The effect of variables Sr, A, S, Sc, 1, 2 and 

Df over the pertinent physical quantities is scrutinised. The key 

findings are outlined below:  

 The skin friction falls when the unsteadiness parameter 2 

rises, and as 1 values rise, the skin friction enhances. As 

the Soret, Schmidt, and Dufour numbers rise, the skin 

friction doesn’t alter. 

 As the unsteadiness parameter increases, the Nusselt 

number rises, and decreases when 1 and 2 are increased. 

The Nusselt number diminishes as the Schmidt and Dufour 

numbers escalate but increases as the Soret number boosts. 

 As 2 gets higher, the Sherwood number goes down and 

rises when the unsteadiness parameter 1 increases. The 

Sherwood number advances with the Schmidt number, but 

it stays constant while the Dufour number rises and falls 

with the Soret number. 

 The velocity initially reduces and then increases when the 

unsteadiness parameter grows. The velocity decreases as 

the suction/injection parameter 2 increases, but the veloci-

ty escalates when 1 increases. As the Dufour, Schmidt, 

and Soret numbers grow, the velocity remains constant. 

 The temperature decreases as the suction/injection parame-

ter, Soret number, and unsteadiness parameter increase, 

and rises when 1, 2, and Dufour number are increased. 

The temperature increases initially and later diminishes 

while the Schmidt number grows. 

 The concentration drops while the Schmidt number, unste-

adiness parameter 1 and suction/injection parameter 

enhance, and rises when 2 and Soret number are incre-

ased. The rise in the Dufour number does not affects the 

concentration.  
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