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Numerical Simulation Study on Movement Behavior of Rare Earth Inclusions  
in Die Steel at Molten Steel-Slag Interface

Rare earth (RE) has a significant metamorphic effect on inclusions in steel, but there are few systematic analyses on the float-
ing behavior of RE inclusions in molten metal. In this work, electroslag remelting die steel was taken as the research object, the 
separation process of RE inclusions at the molten steel-slag interface (MSSI) was discussed by mathematical model. The results 
show that the floating movement of RE inclusions in molten steel belongs to Stokes flow. The size of RE inclusions has a significant 
effect on the time it takes to pass through MSSI, and the larger the inclusion, the longer the time required. In addition, the move-
ment displacement of RE inclusions passing through MSSI is restricted by the surface tension between steel and slag, and a higher 
surface tension can reduce the movement displacement of RE inclusions, which is not conducive for RE inclusions to pass through 
the interface. Furthermore, the slag density has little influence on the velocity of RE inclusion passing through MSSI.

Keywords: Rare earth inclusions; Steel-slag interface; Reynolds number; Mathematical model

1. Introduction

Inclusions are heterogeneous substance in steel matrix, 
which will destroy the continuity of the steel matrix and deterio-
rate the mechanical properties and corrosion resistance of steel. 
It is the key to producing high-quality steel whether inclusions 
can be effectively removed. Inclusions can be removed by re-
fractory absorption [1] and filter filtration [2] methods, top-slag 
absorption is recognized as the most significant and effective. 
The floating process of inclusions in molten metal consists of 
three phases: inclusions float up to MSSI, inclusions cross MSSI 
and into the slag layer, and inclusions dissolve in slag. Among 
them, the first step, the floating process acts as the momentum 
accumulation stage [3] before approaching the interface, and 
the third step, the inclusions are dissolved in the slag phase [4]. 
At present, these two stages have been extensively studied and 
some instructive conclusions have been drawn. However, there 
are relatively few studies on the second step.

The mathematical model is one of the most important tools 
to study metallurgical processes. Since 1992, when Nakajima 
et al. [5] created the first model of the movement of inclusions 

at MSSI, there have been continuous innovations and break-
throughs in this field, which have offered many new insights 
into the movement of inclusions and the optimization of clean 
steel smelting processes. Considering the combined effects of 
buoyancy, additional mass force, capillary force, and drag force 
on the movement of inclusions cross MSSI during the separation 
process, Strandh et al. [6,7] proposed a series of ideal hypotheses 
on the key problems in the removal process of inclusions, and 
created a motion model of inclusions separation mechanisms 
at MSSI. Yang et al. [8,9] considered the effect of Reynolds 
number (Re), and modified the above mathematical model. 
They selected an appropriate model based on a larger range of 
Re, and obtained the displacement curve of inclusions over time. 
Tao et al. [10] established a water model experiment system us-
ing silicone oil to simulate slag phase and alumina particles to 
represent non-metallic inclusions by combining mathematical 
modeling and physical simulation, and analyzed the influence 
of key parameters such as slag viscosity and inclusion particle 
size on the movement behavior of inclusions at the interface. 
Zhou et al. [11] found that existing mathematical models of the 
separation process neglected the influence of resistance at MSSI 
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and could not reasonably explain the physical simulation experi-
ments. Therefore, the effects of Re and interface resistance must 
be considered when establishing a mathematical model of solid 
inclusions movement at MSSI.

Cao et al. [12] constructed a mathematical model cover-
ing the movement of inclusions, interfacial tension, and slag 
surface tension, and evaluated the ability of refining slag con-
taining Ce2O3 to remove Al2O3 inclusions. The results showed 
that larger inclusions and lower slag viscosity are beneficial to 
the removal of inclusions. At present, it has been recognized 
that RE can effectively modify inclusions in steel [13-17]. 
After treatment with RE, the inclusions usually have spherical, 
nearly spherical, or elliptical shapes, and the comprehensive me-
chanical performance of the solidified steel have been markedly  
improved.

However, to the best of our knowledge, the systematic 
research on the movement behaviors of RE inclusions at MSSI 
has been conducted less. In this work, the effects of Re and 
interface resistance is considered, and the change rules of rare 
earth inclusions in the molten steel and at the molten steel-slag 
interface is analyzed, and a mathematical model for the separa-
tion of spherical rare earth inclusions at the molten steel-slag 
interface. Furthermore, the influence of different variables on 
the inclusions crossing MSSI is discussed.

2. Mathematical model

2.1. Model hypotheses

Non-metallic inclusions exhibit distinct movement behav-
iors when crossing MSSI due to their different properties. The 
inclusions under the RE slag system are usually solid inclusions, 
so this study mainly focused on solid inclusions [13]. During the 
floating of inclusions, MSSI is stable, and the vertical veloci-
ties of the nearby molten steel, slag, and solid inclusions are 
converted into the floating velocity of the inclusions. Based on 
the following hypotheses, a mathematical model of solid RE 
inclusions passing through MSSI is established.
(1)	 During separation process, the composition, shape, and size 

of the inclusions remain unchanged.
(2)	 During separation process, the chemical reactions between 

molten steel, slag, and inclusions are ignored.
(3)	 The interfacial tensions of different phases (steel, slag, and 

solid inclusions) are all constant.
(4)	 The rotational speed of the inclusions is 0.
(5)	 Since the size of inclusions is very small, the pressure 

of molten steel on the inclusion surface is assumed to be 
the same, and the velocity gradient of steel around the 
inclusions is 0. In other words, the influence of horizontal 
steel and slag flow on inclusions passing through MSSI is 
ignored.

(6)	 The model assumes that the initial velocity of inclusions 
impacting the interface is the limiting floating velocity.

(7)	 The shape of the inclusions is spherical.

2.2. Equations of motion

2.2.1. Selection of floating terminal velocity of inclusions

The inclusions are subjected to a drag force of steel during 
the floating process, and the magnitude of the drag force is related 
to the floating velocity of inclusions. Due to the accelerating 
effect of buoyancy of molten steel, the floating velocity of inclu-
sions increases continuously. When the drag force increases to 
the level equal to that of the buoyancy, the acceleration velocity 
of inclusions becomes zero and the floating velocity remains 
unchanged. According to different states of the steel, and based 
on the size of Re, the inclusion flow can be divided into three 
categories: low Re flow, intermediate flow, and high Re flow. 
In low Re flow, the drag force of the molten steel is Stokes [18] 
drag force, as shown in Eq. (1), which can also be referred to as 
the viscous resistance of spherical inclusions during the settling 
process. The drag force coefficient for the high Re flow is almost 
constant [19], and the drag force can be calculated from Eq. (2). 
The drag force coefficient for the intermediate flow can be 
expressed in many forms. Based on related empirical formulae, 
the Schiller [18] drag force expression with an error within 5% 
as shown in Eq. (3) is selected.

 Fd = 6πμRv	 (1)

where μ represents the steel viscosity, Pa∙s; v is the floating 
velocity of inclusions, m/s; R denotes the inclusion radius, m; 
and Fd corresponds to the viscous resistance, N.

According to Eq. (1), the viscous resistance on inclusions is 
closely related to their velocity. The greater the movement speed 
of inclusions, the greater the viscous resistance, and vice versa. 
When the sum of gravity, buoyancy, and viscous resistance of 
inclusions reaches 0, the inclusion velocity does not change and 
the movement speed at this point is called the terminal velocity 
of inclusions.

 
2 20.22d MF v R  	 (2)

where ρM is the steel density, kg/m3.
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where ρI represents the inclusion density, kg/m3; C(Z*) repre-
sents the viscosity correction coefficient, which is calculated 
by weight the surface area (the specific calculation formula is 
shown in Eq. (13)).

The inclusions reaching the terminal velocity are in the 
equilibrium state of multiple forces:

 
21

2d M D b gF V AC F F    	 (5)

where Cd represents the drag force coefficient; A represents 
the surface area of spherical inclusions, m2; Fg is the gravity of 
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spherical inclusions, N; Fb is the steel buoyancy experienced by 
spherical inclusions, N.

Based on the above equations, the floating terminal velocity 
of inclusions under different flow conditions can be deduced, 
as shown in TABLE 1. The inclusion floating terminal velocity 
varies greatly under different flow regimes due to different drag 
force coefficients. Especially in the intermediate flow state, the 
floating velocity of inclusions is closely relevant to Re. From 
Eq. (4), it can be known that the inclusion size has a decisive 
effect on the Re when the liquid phase and the inclusion type are 
constant. It has been demonstrated in previous research that the 
size of most inclusions in die steel after rare earth treatment is 
less than 10 μm. Hence, the inclusion with a diameter of 10 μm 
is chosen as the study object for subsequent calculations.

In our model, the melting process of die steel with the ad-
dition of RE in a steel mill in Chinese is analyzed, and the main 
parameters are listed in TABLE 2.

By substituting the data in TABLE 2 into Eq. (4), it is de-
termined that the flow Re of rare earth inclusions is always less 
than 1. Therefore, the flow state of the refining process of rare 
earth die steel is a low Re flow, and the drag force of molten steel 
belongs to the Stokes drag force. The floating terminal velocity 
can be calculated by:

 

  22
9
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 



  	 (6)

2.2.2. Physical model of floating inclusions near MSSI

When the inclusions float to MSSI, the inclusions will 
interact with the interface. Inclusions are subjected to different 
forces such as gravity, buoyancy, viscous resistance, additional 
mass force, and interfacial tension. Furthermore, when the inclu-
sions cross the interface, two different phases of molten steel and 
solid slag are involved, and there are dramatic transient changes 
in the motion of the inclusions. The physical parameters such 
as viscosity and density of the surrounding fluid are different at 
each moment, and the forces on the inclusions are closely related 
to these physical parameters.

Here, a parameter Z is introduced which is related to the 
inclusions position, and a dimensionless variable Z* is defined 
to characterize the relative position of the inclusion (Z* = Z/R)
[22]. When the inclusion just contacts but does not interact 
with the interface, Z* = 0; when the inclusion interacts with the 
interface, 0 ≤ Z* ≤ 2; when the inclusion leaves the liquid phase 
and enters the slag phase completely, Z* > 2. The three processes 
are illustrated as Fig. 1.

When the inclusion starts to contact with the interface, the 
force situation of the inclusion changes, it is no longer only af-
fected by the action of molten steel, the force is more complex. 
The force analysis of inclusion at MSSI is shown in Fig. 2, and 
the force acting on the inclusion is discussed by mathematical 
model.

Table 1
Floating terminal velocity of inclusions at different flow states

Flow state Reynolds number Re Drag force coefficient Cd
Calculation formula for floating 

terminal velocity [19]

Low Reynolds number motion Re < 1
24
Re
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High Reynolds number motion Re > 500 0.44
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L
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Table 2
Physical parameters of molten steel and refining slag in rare earth die steel in a steel mill in China

Physical parameters Value
Molten steel density 6500 kg/m3

Molten steel viscosity 0.0052 Pa∙s
Slag density 2500 kg/m3

Slag viscosity 0.2004 Pa∙s
Inclusion density 3990 kg/m3

Molten steel-slag interface tension 1.384 N/m
Inclusion-molten steel interface tension 1.586 N/m

Inclusion-slag interface tension 0.44 N/m
Wettability of the three phases θIMS 0.782

Gravitational acceleration 9.8 m/s2
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(1)	 Driving force of inclusion floating (difference between 
buoyancy and gravity) [23]

 
  34

3drv f IF gR     	 (7)

Where Fdrv represents the driving force on the inclusion, N; 
ρf and ρI represent the densities of the fluid and inclusion, re-
spectively, kg/m3.

Because the inclusion at this time has been immersed 
in the steel phase and slag phase, it can be simplified as a single 
mixed phase. At this point, the density of the mixed fluid is re-
corded as ρf, and its value is closely related to the location of the  
inclusion.

 ρf = ρs · A(Z*)	 (8)

where ρs is the slag density, kg/m3; A(Z*) is buoyancy variation 
coefficient.

According to the inclusion position, the submerged volume 
ratio of the inclusion between the molten steel and slag phases 
can be calculated, and thus the proportion of buoyancy in the two 
phases can be obtained. The following three equations are the sub-
merged volume ratios of the inclusion in the molten steel and slag 
phases for Z* > 2, 0 ≤ Z* ≤ 2, and Z* < 0 respectively, by which 
the proportion of buoyancy in the two phases can be obtained.
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Thus, the driving force of inclusion movement at the inter-
face can be described by Eq. (10):
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Obviously, the position of inclusions relative to MSSI has 
a significant effect on the driving force.

(2)	 Drag force of fluid
The drag force of fluid on an inclusion is related to the 

relative velocity of the fluid. From the discussion in Section 1, 
when a RE inclusion crosses MSSI, the drag force of the molten 
steel belongs to the Stokes drag force [18]:

  *6d sF C Z Rv   	 (11)

In this crossing process, the inclusion is immersed in both 
the molten steel phase and the slag phase, and the drag force is 
represented by integrating the fluid friction resistance on the 
surface of the spherical inclusion, which represents the viscous 
effect with respect to the surface area. Then, the expression for 
characteristic viscosity can be defined as:

  *
s C Z    	 (12)

where C(Z*) can be calculated by:
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The above three equations are the viscosity coefficient 
expressions for Z* > 2, 0 ≤ Z* ≤ 2, and Z* < 0, respectively, and 
their values are determined by the size of the surface area of the 
inclusion immersed in the two phases. Herein, μM and μs are the 
dynamic viscosity coefficients of molten steel phase and slag 
phase respectively, Pa·s.

(3)	A dditional mass force
Due to the viscous effect around the inclusion, when the 

inclusion accelerates or decelerates, the fluid attached to the 
inclusion enhances the inertia of movement, thus reducing the 
acceleration velocity of the inclusion. This force is the additional 
mass force exerted by the fluid on the inclusion. Notably, the 
inclusion is subjected to additional mass force only if the ac-
celeration is not zero [24]:

 
 3 *2

3M sF R A Z       	 (14)

where α is the acceleration velocity of the inclusion, m/s2.

Fig. 1.

Fig. 2.
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α is calculated by the following equation:

 

2 2 *
*

2 *2
d Z d Zg g
dt dt

       	 (15)

where α* is the dimensionless acceleration velocity during the 
inclusion motion, and t * is the dimensionless time.

t * can be obtained by:

 
* Rt t

g
   	 (16)

(4)	 Interface resistance
When an inclusion crosses MSSI, it will be hindered by 

the interface resistance due to the interfacial energy barrier. 
The interface resistance is divided into two cases according to the 
initial velocity when the inclusion contacts with the interface. The 
first case occurs when the inclusion has a relatively low initial 
velocity. In this case, Re < 1, and the steel film can be exhausted 
in a short time, so it can be assumed that the liquid film did not 
form. Thus, inclusions can directly contact with the slag phase, 
which leads to the changes of MSSI, the inclusion-steel interface, 
and the inclusion-slag interface at the same time. The second case 
is that the initial momentum of the inclusion is high, generally 
Re > 1. In this case, due to the large speed of inclusion, its inertia 
force is greater than the viscous force. In addition, because the 
solid inclusion is easily wetted by molten steel, it is difficult to 
form liquid film at MSSI during the separation process. Based 
on the above analysis, our proposed model does not consider the 
influence of liquid film on the interface resistance.

The expression for the interface resistance without liquid 
film is:

 
r

r
dEF
dZ

  	 (17)

where Fr is the interface resistance on the inclusion, N; Er is the 
interfacial energy, J.

The interfacial energy change consists of three parts as 
follows:
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where σMS, σSI, and σIM are the interfacial tension coefficients of 
the steel-slag interface, inclusion-slag interface, and inclusion-
steel interface respectively, N/m.

The interface resistance can be determined by [25]:
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Herein,

  * * 1 cos IMSB Z Z     	 (20)

where θIMS represents the wetting angle formed between the 
three phases, B(Z*) is the interfacial tension variation coefficient.
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According to Eqs. (17)-(21), the wetting angle θIMS has 
a big effect on the process of inclusion passing through MSSI 
without liquid film. If θIMS < 0, then in the two phases, the slag 
phase has better inclusion wettability than the molten steel phase; 
if θIMS > 0, then the slag phase has poorer inclusion wettability 
than the molten steel phase. Therefore, in the absence of liquid 
film, the wettability between the three phases plays a very sig-
nificant role in the process of the inclusion passing through the  
interface.

3. Mathematical model of inclusion motion

The process of the inclusion passing through MSSI can be 
divided into two distinct stages. The first stage of momentum 
accumulation before the inclusion comes into contact with 
MSSI and the second stage when the inclusion continues to rise 
after coming into contact with MSSI. The mathematical mod-
els of the above two stages are analyzed and discussed in the  
following.

3.1. Mathematical model of inclusion floating  
in molten steel

The floating movement of inclusion in molten steel is the 
momentum accumulation stage before it passes through MSSI, 
that is, the initial stage. This stage determines the initial physi-
cal quantity of the inclusion as it passes through the interface. 
According to previous analysis, the forces exerted on inclusion 
in molten steel phase include buoyancy, gravity, drag force, and 
additional mass force. From Newton’s second law, the following 
equation can be obtained:

 
34

3I drv d m I IF F F F R         	 (22)

where FI is the resultant force on the inclusion, N.
According to Eq. (11), the drag force of the inclusion is 

related to its flow state. The inclusion in low Re flow, interme-
diate flow, and high Re flow is subject to different drag forces, 
which affects its upward movement. The flow state of low Re 
flow will be discussed in detail below.

According to Eqs (10), (11), and (14), the expressions for 
driving force, drag force, and additional mass force on inclusion 
in the molten steel can be obtained. Substituting these expres-
sions into Eq. (22) yields:
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The relationship between velocity and acceleration velo
city is given by:

 t t dtv v dt    	 (24)

where vt and vt–dt are the inclusion velocities at t and t–dt re-
spectively, m/s.

Substituting Eq. (23) into Eq. (24) yields:
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Thus, the inclusion displacement can be obtained by sum-
ming the cumulative number of inclusion movement in each dt 
moment:

 2
t t dtv v

S dt
   	 (26)

3.2. Mathematical model of inclusion passing  
through MSSI

Based on the previous analyses of the interfacial resistance 
when the inclusion pass through MSSI, it can be known that the 
resultant force acting on the inclusion is significantly different 
in the presence and absence of a liquid film. In the following, 
we take the resultant force model without liquid film hypothesis 
as an example for analysis. According to Newton’s second law, 
the resultant force of inclusion passing through MSSI is given by:
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Substituting Eqs. (10), (11), (14), and (19) into Eq. (27) and 
transforming them into dimensionless variables yield:
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where
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When the initial position and initial velocity of the inclusion are 
determined, Eq. (28) can be solved to obtain the inclusion dis-
placement at a certain moment in the precess of the inclusion 

passing through MSSI. It should be noted that the applicability 
of this equation is strictly limited to conditions where Re < 1.

4. Influencing factors for inclusion passing  
through MSSI

Based on numerical simulation [26], water modelling exper-
iments [27], and in-situ observations [28], a series of new insights 
into the influences of various physical properties on the inclusion 
removal process have been developed. In general, the physical 
properties of steel constituents are relatively stable and do not 
change much during refining and continuous casting, so they 
have little influence on the inclusion removal process. By con-
trast, the physical properties of inclusion and slag have a signifi-
cant effect on the removal of inclusion. Hence, in this section, 
we will focus on investigating the influences of physical param-
eters of inclusion and slag on inclusion passing through MSSI.

4.1. Influences of physical parameters on inclusions 
passing through MSSI

The motion model of inclusions near MSSI derived from the 
above analysis shows that the physical parameters of inclusions 
have a big impact on the removal of inclusions. On the one hand, 
the size of inclusions affects the flow state of inclusions in molten 
steel, and then affects the floating terminal velocity of inclusions. 
On the other hand, the size of inclusions also affects the motion 
process when it crosses MSSI, as indicated by Eq. (22).

Fig. 3 shows the influences of inclusion size on inclusion 
displacement. The RE inclusions with diameters of 1, 5, and 
10 μm are selected and substituted into our proposed model. 
It can be seen from Fig. 3 that after the inclusion is in contact 
with the molten steel-slag interface, it constantly breaks through 
the interface and moves towards the slag phase (When the 
migration displacement reaches 2R, it indicates that the inclu-
sions have completely entered the slag phase.). After reaching 
the position of 1.82R, the inclusions stabilize and finally stay 
at this position. According to the analysis results, the three rare 
earth inclusions with different diameters finally stay at the same 

Fig. 3.
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position, indicating that smaller rare earth inclusions (less than 
10 μm in diameter) do not have a significant impact on their 
maximum displacement through MSSI. However, the size of 
inclusion affects their time of breaking through MSSI; the bigger 
the size, the longer the time.

In this study, the density of rare earth inclusions was se-
lected as 3990 kg/m3. To elucidate the influences of inclusion 
density on the maximum displacement of inclusion crossing 
MSSI, two groups of rare earth inclusion density under differ-
ent slag systems produced by the same steel mill are chosen for 
comparison, and the results are shown in Fig. 4.

Fig. 4.

In the calculations, three different inclusions with densities 
of 3000, 3990, and 5000 kg/m3 are involved, and the inclusions 
have a diameter of 10 μm. Seen from Fig. 4, the maximum dis-
placement of inclusions at MSSI remains unchanged although the 
density of inclusions increases from 3000 to 5000 kg/m3, indicat-
ing that the inclusion density had no significant influence on its 
maximum displacement. In fact, no matter in slag, molten steel, 
or MSSI, when the inclusion density is larger, the driving force 
will be smaller, and the corresponding maximum displacement 
of inclusions should be smaller. In the calculations process, for 
inclusions with a diameter less than 10 μm, although the density 
of inclusions varies greatly, due to its relatively small size, the 
driving force to disrupt the equilibrium state of the inclusions at 
MSSI is insufficient. Therefore, the influence of inclusion density 
on its maximum displacement is small and can be ignored.

4.2. Influences of physical parameters of slag on inclusions 
passing through MSSI

The physical parameters of slag also have a big impact on 
the removal of inclusions at the interface, which can be adjusted 
by adjusting the characteristics of slag, mainly changing the vis-
cosity and surface tension coefficient slag. During the production 
process of die steel, the composition of slag changed with the 
melting process, and the interfacial tension between slag and 
molten steel changes with the composition of slag. As shown in 
Eq. (19), the interface resistance of inclusions is related to the 
molten steel-slag interfacial tension σMS.

The slag system selected in this study is a rare earth slag 
system with composition of (CaF2-Al2O3-CaO-MgO-Ce2O3), 
and the given range of molten steel-slag interfacial tension σMS 
is 1.332~1.433 N/m. In order to analyze the influencing rules of 
MSSI tension on the displacement of inclusions, a comparative 
analysis was also conducted on two sets of rare earth inclusion 
MSSI under different slag systems. 1.33, 1.38, and 1.43 N/m were 
selected for numerical simulation calculations, and Fig. 5 shows 
the calculation results (the diameter of inclusions is 10 μm). 
Seen from Fig. 5, when the interfacial tension is changed, the 
inclusion motion behavior does not change, and the inclusions 
do not enter the slag layer completely. However, as MSSI tension 
increases from 1.33 to 1.43 N/m, the final stable displacement 
of inclusions presents an obviously decreasing trend.

Fig. 5.

Next, we will discuss the influence of slag density on the 
displacement and breakthrough time of inclusions. Still select 
inclusions with a diameter of 10 μm for calculation. When other 
slag parameters are fixed, the slag is assigned with different 
densities of 2000, 2500, and 3000 kg/m3 respectively for numeri-
cal simulation calculations, and the obtained curves are almost 
the same as those in Fig. 4. Hence, the relationship between 
displacement and time of inclusions at the interface basically 
remains unchanged, and the slag density has little influence on 
the movement behavior of inclusions at the interface.

5. Conclusions

In this work, the movement behavior of RE inclusions in 
die steel under RE slag system at MSSI was analyzed by math-
ematical model.
(1)	 The floating movement of RE inclusions in molten steel 

belongs to Stokes flow. The Re affects the terminal floating 
velocity during the floating process, and the terminal float-
ing velocity determines the initial velocity of the inclusions 
passing through MSSI.

(2)	 The size of inclusion affects the time it takes to break 
through MSSI, and the two are positively correlated. The 
influence of the size and density of the inclusion on its 
maximum displacement through MSSI is not significant.
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(3)	 The MSSI tension significantly affects the removal of inclu-
sion at the interface; the larger the tension, the smaller the 
displacement of inclusion passing through the interface, and 
the more difficult of its passing through the interface. In 
addition, the effect of slag density on the inclusion passing 
through the interface is not obvious.
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