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A new 4-D hyperchaotic Lü system with a curve
equilibrium, its bifurcation analysis, multistability,
circuit simulation and synchronization via integral

sliding mode control

Sundarapandian VAIDYANATHANo , Fareh HANNACHIo , Irene M. MOROZo ,
Mohamad Afendee MOHAMEDo , Aceng SAMBASo and R. BULLIBABU

In this research work, we first obtain a new 3-D chaotic Lü system by modifying the
dynamics of the classical Lü chaotic system (2002). Next, by introducing a state feedback to the
new 3-D modified Lü chaotic system, we obtain a new 4-D hyperchaotic Lü system with a curve
equilibrium. We carry out a detailed bifurcation analysis of the new 4-D hyperchaotic system with
a curve equilibrium and describe the bifurcation transition diagrams and Lyapunov exponents
diagrams. We also derive new multistability results of the new 4-D hyperchaotic Lü system with
a curve equilibrium. For engineering applications, we provide an electronic circuit simulation of
the proposed hyperchaotic Lü system using MultiSim 14.0. As a control application, we derive
new results for the complete synchronization for a pair of new hyperchaotic Lü systems taken as
the master and slave systems. We have used integral sliding mode control for the derivation of
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the synchronizing control law for the complete synchronization design for the new hyperchaotic
Lü system. MATLAB simulations are provided to illustrate the main results of this research
work.

Key words: chaos, chaotic systems, curve equilibrium, bifurcation, multistability, circuit design,
synchronization, sliding mode control

1. Introduction

Nonlinear dynamical systems with at least two positive Lyapunov exponents
are referred to as hyperchaotic systems in the control literature [1]. Chaotic
dynamical systems have several applications like quantum systems [2, 3], mem-
ristors [4, 5], encryption [6, 7], fuzzy systems [8, 9], neural networks [10, 11],
robotics [12], etc.

In the chaos-related literature, significant interest has been made in the con-
struction of hyperchaotic systems with infinitely many equilibrium points [13].
Chen and Yang [14] presented a new hyperchaotic Lorenz system with a curve
of equilibrium points. Vaidyanathan et al. [15] described modeling and FPGA
implementation of a 5D hyperchaotic weather fluctuation model with a line of
equilibrium points. In addition, significant attention has been made by scien-
tists in designing chaotic or hyperchaotic systems with curves of equilibrium
points such as line equilibrium [16, 17], circle equilibrium [18], capsule-shaped
equilibrium [19], parabolic equilibrium [20], etc.

In this research work, we first introduce a new 3-D chaotic Lü system by
modifying the dynamics of a classical Lü chaotic system ( [21], 2002). Next,
by introducing a state feedback to the new 3-D modified Lü chaotic system, we
derive a new 4-D hyperchaotic Lü system with a curve equilibrium.

We present a detailed stability analysis and bifurcation analysis of the new
4-D hyperchaotic Lü system with curve equilibrium and describe bifurcation
transition diagrams and Lyapunov exponents diagrams. Bifurcation analysis of
hyperchaotic systems helps in understanding the various qualitative properties
of dynamical systems [22, 23]. Multistability of chaotic or hyperchaotic systems
refers to the coexistence of chaotic or hyperchaotic attractors for the same values
of the system parameters, but for varying initial states of the systems [24, 25].
We also derive new multistability results of the new 4-D hyperchaotic Lü system
with a curve equilibrium.

For engineering applications, we provide an electronic circuit simulation
of the proposed hyperchaotic Lü system using MultiSim. Circuit designs of
chaotic and hyperchaotic systems are very useful for real-world applications of
the hyperchaotic systems [26–28].
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Sliding mode control (SMC) is a popular nonlinear control technique featuring
excellent properties of accuracy, robustness, and easy tuning and implementation
[29,30]. The goal of designing a sliding mode control (SMC) is to drive the system
states onto a particular surface in the state space, named sliding surface. Once
the sliding surface is reached, SMC keeps the states on the close neighbourhood
of the sliding surface. Sliding mode control has many applications in control of
chaotic systems [31].

In this research work, we derive new results for the synchronization of a
pair of new hyperchaotic Lü systems taken as the master and slave systems.
We use integral sliding mode control for the derivation of the synchronizing
control law for the complete synchronization design for the new hyperchaotic
Lü system. Synchronization of hyperchaotic systems has important applications
in engineering applications such as secure communications [32, 33]. MATLAB
simulations are provided to illustrate the main results of this research work.

2. A new 4-D hyperchaotic Lü system with a curve equilibrium

In 2002, Lü and Chen [21] found a 3-D chaotic system with a two-scroll
chaotic attractor and having the following dynamics:

¤𝑥 = 𝑎(𝑦 − 𝑥),
¤𝑦 = 𝑐𝑦 − 𝑥𝑧,
¤𝑧 = 𝑥𝑦 − 𝑏𝑧.

(1)

Here, 𝑋 = (𝑥, 𝑦, 𝑧) is the 3-D state and 𝑎, 𝑏, 𝑐 are positive constants for the Lü
system (1).

Lü and Chen showed that the 3-D system (1) is chaotic and exhibits a two-
scroll attractor for the values of the constants:

𝑎 = 36, 𝑏 = 3, 𝑐 = 20. (2)

For 𝑋 (0) = (0.4, 0.2, 0.4) and the constant values as in (2), the Lyapunov
exponents of the 3-D Lü system (1) were computed for 𝑇 = 1𝐸4 seconds as
𝐿1 = 1.3435, 𝐿2 = 0 and 𝐿3 = −20.2807.

This shows that the 3-D system derived by Lü and Chen [1] is a chaotic
and dissipative system. In this research work, we modify the Lü system (1) by
subtracting a linear term in the second differential equation as follows:

¤𝑥 = 𝑎(𝑦 − 𝑥),
¤𝑦 = 𝑐𝑦 − 𝑝𝑥 − 𝑥𝑧,
¤𝑧 = 𝑥𝑦 − 𝑏𝑧.

(3)
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Also, we take the values of parameters as follows:

𝑎 = 53, 𝑏 = 12, 𝑐 = 32, 𝑝 = 2. (4)

For 𝑋 (0) = (0.4, 0.2, 0.4) and the constant values as in (4), the Lyapunov
exponents of the new 3-D system (3) were computed for 𝑇 = 1𝐸4 seconds as
𝐿1 = 2.0126, 𝐿2 = 0 and 𝐿3 = −35.0126. This shows that the new 3-D system
(3) is chaotic and dissipative.

Since the maximal Lyapunov exponent (MLE) of the new 3-D system (3) is
higher than the MLE of the Lü system (1), the new chaotic system (3) has more
complexity than the Lü system (1).

Since the new chaotic system (3) remains invariant under the coordinates map
(𝑥, 𝑦, 𝑧) ↦→ (−𝑥,−𝑦, 𝑧), we deduce that the new 3-D system (3) also has rotation
symmetry about the 𝑧-axis.

The equilibrium points of the new chaotic system (3) are obtained by solving
the equations:

𝑎(𝑦 − 𝑥) = 0, (5a)
𝑐𝑦 − 𝑝𝑥 − 𝑥𝑧 = 0, (5b)

𝑥𝑦 − 𝑏𝑧 = 0. (5c)

From (5a), we get 𝑦 = 𝑥. Substituting this into (5c), we get

𝑧 =
𝑥2

𝑏
. (6)

Also, (5b) can be simplified as follows:

(𝑐 − 𝑝)𝑥 − 𝑥
3

𝑏
= 0 or 𝑥

[
(𝑐 − 𝑝) − 𝑥

2

𝑏

]
= 0. (7)

Thus, there are three roots for 𝑥, viz.

𝑥 = 0 or 𝑥 = ±
√︁
𝑏(𝑐 − 𝑝). (8)

Thus, the new chaotic system (3) has three real equilibrium points (when
𝑐 > 𝑝):

𝑃1 =


0
0
0

 , 𝑃2 =


√︁
𝑏(𝑐 − 𝑝)√︁
𝑏(𝑐 − 𝑝)
𝑐 − 𝑝

 , 𝑃3 =


−
√︁
𝑏(𝑐 − 𝑝)

−
√︁
𝑏(𝑐 − 𝑝)
𝑐 − 𝑝

 . (9)
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For the chaotic case (𝑎, 𝑏, 𝑐, 𝑝) = (53, 12, 32, 2), the equilibria of the new
chaotic system (3) are obtained as follows:

𝑃1 =


0
0
0

 , 𝑃2 =


18.9737
18.9737

30

 , 𝑃3 =


−18.9737
−18.9737

30

 . (10)

The eigenvalues of the Jacobian matrix of the system (3) at 𝑃1 are obtained
as −12, −51.7341 and 30.7341, which shows that 𝑃1 is an unstable saddle point
equilibrium of the system (3). The eigenvalues of the Jacobian matrix of the sys-
tem (3) at 𝑃2 are found as −40.8707 and 3.9353± 30.3017𝑖, which shows that 𝑃2
is an unstable, saddle-focus point equilibrium of the system (3). The eigenvalues
of the Jacobian matrix of the system (3) at 𝑃3 are obtained as −40.8707 and
3.9353 ± 30.3017𝑖, which shows that 𝑃3 is also an unstable, saddle-focus point
equilibrium of the system (3).

MATLAB plots of the new chaotic system (3) for the initial state (0.4, 0.2, 0.4)
and the parameter set (𝑎, 𝑏, 𝑐, 𝑝) = (53, 12, 32, 2) are depicted in Figures 1 and 2.

Figure 1: (𝑥, 𝑦) plot of the new chaotic system (3) for 𝑋 (0) = (0.4, 0.2, 0.4) and
(𝑎, 𝑏, 𝑐, 𝑝) = (53, 12, 32, 2).

The new chaotic system (3) exhibits a two-scroll chaotic attractor as it is a
modified version of the Lü chaotic system (1).

In this research work, we design a new 4-D hyperchaotic system with a curve
equilibrium by introducing a feedback control into the 3-D chaotic system (3).
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Figure 2: (𝑦, 𝑧) plot of the new chaotic system (3) for 𝑋 (0) = (0.4, 0.2, 0.4) and
(𝑎, 𝑏, 𝑐, 𝑝) = (53, 12, 32, 2)

By introducing a feedback control into the 3-D chaotic dynamics (3), we
propose a new 4-D system described as follows:

¤𝑥 = 𝑎(𝑦 − 𝑥),
¤𝑦 = 𝑐𝑦 − 𝑝𝑥 − 𝑥𝑧 + 𝑤,
¤𝑧 = 𝑥𝑦 − 𝑏𝑧,

¤𝑤 = (𝑐 − 𝑝)𝑥 − 𝑥
3

𝑏
+ 𝑤.

(11)

In the system (11), 𝑎, 𝑏, 𝑐, 𝑝 are positive bifurcation parameters. We denote
𝑋 = (𝑥, 𝑦, 𝑧, 𝑤) to represent the 4-D state of the new 4-D system (11).

In this work, we shall show that the new 4-D system (11) is hyperchaotic for
the constant values chosen as

𝑎 = 74, 𝑏 = 18, 𝑐 = 40, 𝑝 = 3. (12)

For 𝑋 (0) = (0.4, 0.2, 0.4, 0.2) and the parameter values as in (12), the Lya-
punov exponents of the new 4-D system (11) were computed for𝑇 = 1𝐸4 seconds
as follows:

𝐿1 = 2.2537, 𝐿2 = 0.2140, 𝐿3 = 0, 𝐿4 = −53.4656. (13)
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From (13), we conclude that the 4-D system (11) is a hyperchaotic system
with the maximal Lyapunov exponent (MLE) obtained by 𝐿max = 2.2537, which
is greater than the MLE (𝐿max = 2.0126) of the 3-D chaotic system (3) and the
MLE (𝐿max = 1.3435) of the 3-D Lü chaotic system (1).

Thus, the 4-D hyperchaotic system (11) with two positive Lyapunov exponents
exhibits more complexity than the 3-D chaotic systems given by the dynamics
(1) and (3).

Also, the Kaplan dimension of the 4-D hyperchaotic system (11) is found as
follows:

𝐷𝐾 = 3 + 1
|𝐿4 |

(𝐿1 + 𝐿2 + 𝐿3) = 3.0462. (14)

The divergence of the flow of the new 4-D hyperchaotic system (11) is calcu-
lated as follows:

∇ · ( ¤𝑥, ¤𝑦, ¤𝑧, ¤𝑤) = −𝑎 + 𝑐 − 𝑏 + 1 < 0 (15)

for contracting flows. For the hyperchaotic case (12), the divergence of the flow
of (11) is found as

∇ · ( ¤𝑥, ¤𝑦, ¤𝑧, ¤𝑤) = −74 + 40 − 18 + 1 = −51 < 0, (16)

which is strongly contracting.
In contrast, for the Lü system (1), the divergence of the flow for the chaotic

case (𝑎, 𝑏, 𝑐) = (36, 3, 20) is obtained as

∇ · ( ¤𝑥, ¤𝑦, ¤𝑧, ¤𝑤) = −𝑎 + 𝑐 − 𝑏 = −36 + 20 − 3 = −19, (17)

which is contracting.
Also, for the new chaotic system (3), the divergence of the flow for the chaotic

case (𝑎, 𝑏, 𝑐, 𝑝) = (53, 12, 32, 2) is obtained as

∇ · ( ¤𝑥, ¤𝑦, ¤𝑧, ¤𝑤) = −𝑎 + 𝑐 − 𝑏 = −53 + 32 − 12 = −33, (18)

which is contracting.
Next, we calculate the equilibrium points of the 4-D hyperchaotic system (11)

by solving the following equations:

𝑎(𝑦 − 𝑥) = 0, (19a)

𝑐𝑦 − 𝑝𝑥 − 𝑥𝑧 + 𝑤 = 0, (19b)

𝑥𝑦 − 𝑏𝑧 = 0, (19c)

(𝑐 − 𝑝)𝑥 − 𝑥
3

𝑏
+ 𝑤 = 0. (19d)
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From (19a), we get
𝑦 = 𝑥. (20)

Substituting 𝑦 = 𝑥 from (20) in Eq. (19c), we get

𝑧 =
𝑥2

𝑏
. (21)

Substituting from (20) and (21) into (19b), we get

𝑤 = (𝑝 − 𝑐)𝑥 + 𝑥
3

𝑏
. (22)

which satisfies Eq. (19d).
Thus, we conclude that the new 4-D hyperchaotic system (11) has a curve of

equilibrium points given by

𝑆 =

{
𝑋 ∈ R4 : 𝑦 = 𝑥, 𝑧 =

𝑥2

𝑏
, 𝑤 = (𝑝 − 𝑐)𝑥 + 𝑥

3

𝑏
, where 𝑥 ∈ R

}
. (23)

Hence, we deduce that the new 4-D hyperchaotic system (11) has hidden
attractors.

MATLAB simulations are provided in Figures 3 to 6 for the 4-D hyperchaotic
system (11) when 𝑋 (0) = (0.4, 0.2, 0.4, 0.2) and (𝑎, 𝑏, 𝑐, 𝑝) = (74, 18, 40, 3).

Figure 3: (𝑥, 𝑦) plot of the new hyperchaotic system (11) for 𝑋 (0) = (0.4, 0.2, 0.4, 0.2)
and (𝑎, 𝑏, 𝑐, 𝑝) = (74, 18, 40, 3)
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Figure 4: (𝑦, 𝑧) plot of the new hyperchaotic system (11) for 𝑋 (0) = (0.4, 0.2, 0.4, 0.2)
and (𝑎, 𝑏, 𝑐, 𝑝) = (74, 18, 40, 3)

Figure 5: (𝑧, 𝑤) plot of the new hyperchaotic system (11) for 𝑋 (0) = (0.4, 0.2, 0.4, 0.2)
and (𝑎, 𝑏, 𝑐, 𝑝) = (74, 18, 40, 3)
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Figure 6: (𝑥, 𝑤) plot of the new hyperchaotic system (11) for 𝑋 (0) = (0.4, 0.2, 0.4, 0.2)
and (𝑎, 𝑏, 𝑐, 𝑝) = (74, 18, 40, 3)

3. Bifurcation transition diagrams for the new hyperchaotic system

Figure 7 shows the bifurcation transition diagrams as 𝑐 varies for the chaotic
system (3) when (a) 𝑝 = 0 [Lü system (1)] and (b) 𝑝 = 2 for the parameter values
(𝑎, 𝑏, 𝑝) = (36, 3, 2). Trajectories diverge to infinity when 𝑐 ≈ 35.31. Llibre et
al [34] investigated the Poincaré sphere at infinity for a closely related 3D system.
The two bifurcation transition plots are very similar for 𝑐 > 19.27, but differ in
the location and extent of the periodic windows for 𝑐 < 19.27. The upper plot
loses stability to a steady state when 𝑐 ≈ 12.56, while that occurs for 𝑐 ≈ 13.47
when 𝑝 is included.

Figure 8 shows the bifurcation transition diagram as 𝑐 varies for the 4-D system
(11) with the parameter choice (𝑎, 𝑏, 𝑝) = (36, 3, 2). There are again regions of
chaotic behavior, separated by periodic windows, with a loss of stability to steady
states when 𝑐 ≈ 16.61.

Finally, Figure 9 shows the corresponding bifurcation transition diagram for
𝑐 for the 4D system (11) with the chosen set of parameter values (𝑎, 𝑏, 𝑝) =

(74, 18, 3). The number of periodic windows has diminished in Figure 9, with a
loss of stability to steady states when 𝑐 ≈ 28.82.

We investigated a 4D nonlinear extension to the Lü system [21] in a manner in
which the new fourth variable is defined by a cubic curve of equilibrium states in
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(a)

(b)

Figure 7: The bifurcation transition plot of the state 𝑥max as 𝑐 varies between (a) 12.58 ≈ 𝑐 ≈ 35.31
for the Lü system (1) (b) 13.49 ≈ 𝑐 ≈ 35.31 for the modified Lü system (3) with (𝑎, 𝑏, 𝑝) =

(36, 3, 2). The solution diverges for 𝑐 ≈ 23.57, when 𝑥max ≈ 1164.972

Figure 8: The bifurcation transition plot of the state 𝑥max as 𝑐 varies between 15.94 < 𝑐 < 33.79
for the 4D system (11) with the parameter values (𝑎, 𝑏, 𝑝) = (36, 3, 2)
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Figure 9: The bifurcation transition plot of the state 𝑥max as 𝑐 varies between 27.31 ≈ 𝑐 ≈ 68.53
for the 4D system (11) with the parameter values (𝑎, 𝑏, 𝑝) = (74, 18, 3)

terms of the 𝑥-variable. The other two variables have equilibria, defined explicitly
in terms of 𝑥.

Bifurcation transition plots as the parameter 𝑐 varies show large regions of
chaotic dynamics and periodic windows. We compared these plots with plots for
the original Lü system (1) and its extension (3) which include an additional linear
term −𝑝𝑥 in the equation for the evolution of 𝑦. The bifurcation transition plots
are very similar for 𝑐 > 19.27, but differ in the extent of periodic windows for
smaller values of 𝑐. All four bifurcation transition plots show the divergence of
the variable 𝑥max for larger values of 𝑐.

4. Dynamic analysis of the new hyperchaotic system with a curve equilibrium

In this section, we have investigated the dynamics of the 4-D system (11) under
different parameters by means of the bifurcation diagram with the Lyapunov
exponents spectrum. In the hyperchaotic case, the parameter values are fixed as
(𝑎, 𝑏, 𝑐, 𝑝) = (74, 18, 40, 3).

Figures 10, 11, 12 and 13 show the bifurcation plots and Lyapunov expo-
nents spectrum of the 4-D system (11) with respect to the parameters 𝑎, 𝑏, 𝑐, 𝑝
respectively.
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Explicitly, we will show that when 𝑎 ∈ [70, 80], 𝑏 ∈ [15, 25], 𝑐 ∈ [35, 40]
or 𝑝 ∈ [0, 10], the behaviors of the 4-D system (11) are either hyperchaotic or
chaotic.

4.1. Varying the parameter 𝑎

Figure 10 shows the Lyapunov exponents spectrum and the bifurcation di-
agram of the new 4-D system (11) with respect to parameter 𝑎, when 𝑎

(a)

(b)

Figure 10: (a) Bifurcation diagram and (b) LE spectrum of the 4-D dynamics (11)
for 𝑎 ∈ [70, 80], 𝑏 = 18, 𝑐 = 40 and 𝑝 = 3
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varies in the range [70, 80]. We fix the values of the parameters 𝑏, 𝑐 and 𝑝

as (𝑏, 𝑐, 𝑝) = (18, 40, 3).
We can identify the dynamic behavior of the 4-D system (11) when the

parameter 𝑎 varies in the range [70, 80].
In Figure 10, it can be seen that the 4-D system (11) exhibits hyperchaotic

behavior when 𝑎 ∈ [70, 74.70], where 𝐿1 > 0, 𝐿2 > 0, 𝐿3 = 0 and 𝐿4 < 0.
It can also be noted that system (8) exhibits chaotic behavior when 𝑎 ∈

[74.70, 80], where 𝐿1 > 0, 𝐿2 = 0, 𝐿3 < 0 and 𝐿4 < 0. The behaviors and Lya-
punov exponents of the new 4D system (11) for different values of the parameter
𝑎 are summarized in Table 1.

Table 1: Summary Table for behaviors and Lyapunov exponents of the new 4D system (11) for
different values of parameter 𝑎, where (𝑏, 𝑐, 𝑝) = (18, 40, 3)

Behavior Parameter
𝑎

LEs
𝐿1 𝐿2 𝐿3 𝐿4

75 2.612 0 −0.08327 −54.53
75.80 2.819 0 −0.2647 55.35
77.50 3.109 0 −0.5478 −57.06

Chaotic 78.86 3.2620 0 −0.7248 −58.39
70 1.3480 0.3269 0 −48.65

70.50 1.2790 0.5459 0 −49.32
79.30 3.30 0 −0.7759 −58.82

80 3.3480 0 −0.8551 −59.49

71.60 1.3480 0.7972 0 −50.74
72 1.3510 0.8674 0 −51.22

72.40 1.3720 0.9167 0 −51.69
Hyperchaotic 72.80 1.4360 0.9059 0 −52.14

73.70 2.1090 0.3364 0 −53.14
73.90 2.2130 0.2454 0 −53.36

4.2. Varying the parameter 𝑏

Figure 11 shows the Lyapunov exponents spectrum and the bifurcation di-
agram of the new 4-D system (11) with respect to parameter 𝑏, when 𝑏

varies in the range [15, 25]. We fix the values the parameters 𝑎, 𝑐 and 𝑝 as
(𝑎, 𝑐, 𝑝) = (74, 40, 3).
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(a)

(b)

Figure 11: (a) Bifurcation diagram and (b) LE spectrum of the 4-D dynamics (11)
for 𝑏 ∈ [15, 25], 𝑎 = 74, 𝑐 = 40 and 𝑝 = 3

In Figure 11, it can be seen that the 4-D system (11) exhibits hyperchaotic
behavior when 𝑏 ∈ [15, 25], where 𝐿1 > 0, 𝐿2 > 0, 𝐿3 = 0 and 𝐿4 < 0.

The behaviors and Lyapunov exponents of the new system (11) for different
values of the parameter 𝑏 are summarized in Table 2.
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Table 2: Summary Table for behaviors and Lyapunov exponents of the new 4D system (11) for
different values of parameter 𝑏, where (𝑎, 𝑐, 𝑝) = (74, 40, 3)

Behavior Parameter
𝑏

LEs
𝐿1 𝐿2 𝐿3 𝐿4

15 2.2775 0.0192 −0.1453 −50.65
15.28 2.750 0.01988 −0.1273 −50.92
15.60 2.7070 0.02719 −0.0953 -51.24

16 2.6560 0.03747 −0.04748 −51.64
17 2.4860 0.1097 0 -52.59

17.80 2.3070 0.1911 0 −53.30
Hyperchaotic 18.20 2.2120 0.2248 0 −53.63

18.60 2.1070 0.2589 0 −53.96
20 1.5860 0.4996 0 −55.88
21 1.1860 0.6428 0 −55.83
23 0.8022 0.5142 0 −57.31
24 0.6927 0.3537 0 −58.04
25 0.5223 0.1634 0 −58.68

4.3. Varying the parameter 𝑐

Figure 12 shows the Lyapunov exponents spectrum and the bifurcation
diagram of the new 4-D system (11) with respect to parameter 𝑐, when 𝑐

varies in the range [35, 40]. We fix the values the parameters 𝑎, 𝑏 and 𝑝 as
(𝑎, 𝑏, 𝑝) = (74, 18, 3).

(a)
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(b)

Figure 12: (a) Bifurcation diagram and (b) LE spectrum of the 4-D dynamics (11)
for 𝑐 ∈ [35, 40], 𝑎 = 74, 𝑏 = 18 and 𝑝 = 3

In Figure 12, it can be seen that the 4-D system (11) exhibits a chaotic behavior
when 𝑐 ∈ [35, 39.6], where 𝐿1 > 0, 𝐿2 = 0, 𝐿3 < 0 and 𝐿4 < 0.

In Figure 12, it can also be seen that the 4-D system (11) exhibits a chaotic
behavior when 𝑐 ∈ (39.6, 40], where 𝐿1 > 0, 𝐿2 > 0, 𝐿3 = 0 and 𝐿4 < 0.

The behaviors and Lyapunov exponents of the new system (11) for different
values of parameter 𝑐 are summarized in Table 3.

Table 3: Summary Table for behaviors and Lyapunov exponents of the new 4D system (11)
for different values of parameter 𝑐, where (𝑎, 𝑏, 𝑝) = (74, 18, 3)

Behavior Parameter
𝑐

LEs
𝐿1 𝐿2 𝐿3 𝐿4

35 2.674 0 −1.1070 −57.56
36 2.7450 0 −0.9389 56.80

Chaotic
37 2.7980 0 −0.7489 −56.05
38 2.7760 0 −0.5270 −55.25
39 2.1646 0 −0.2442 −54.40

39.50 2.4990 0 −0.04612 −53.95
39.62 2.4490 0.01569 0 −53.84

Hyperchaotic
39.80 2.363. 0.1071 0 −53.67
39.90 2.3140 0.1552 0 −53.57
39.94 2.2550 0.1804 0 −53.52
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4.4. Varying the parameter 𝑝

Figure 13 shows the Lyapunov exponents spectrum and the bifurcation di-
agram of the new 4-D system (11) with respect to parameter 𝑝, when 𝑝

varies in the range [0, 10]. We fix the values the parameters 𝑎, 𝑏 and 𝑐 as
(𝑎, 𝑏, 𝑐) = (74, 18, 40).

(a)

(b)

Figure 13: (a) Bifurcation diagram and (b) LE spectrum of the 4-D dynamics (11)
for 𝑝 ∈ [0, 10], 𝑎 = 74, 𝑏 = 18 and 𝑐 = 40

In Figure 12, it can be seen that the 4-D system (11) exhibits chaotic behavior
when 𝑐 ∈ [35, 39.6], where 𝐿1 > 0, 𝐿2 = 0, 𝐿3 < 0 and 𝐿4 < 0.
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In Figure 12, it can also be seen that the 4-D system (11) exhibits chaotic
behavior when 𝑐 ∈ (39.6, 40], where 𝐿1 > 0, 𝐿2 > 0, 𝐿3 = 0 and 𝐿4 < 0.

The behaviors and Lyapunov exponents of the new system (11) for different
values of the parameter 𝑝 are summarized in Table 4.

Table 4: Summary Table for behaviors and Lyapunov exponents of the new 4D system (11) for
different values of parameter 𝑝, where (𝑎, 𝑏, 𝑐) = (74, 18, 40)

Behavior Parameter
𝑝

LEs
𝐿1 𝐿2 𝐿3 𝐿4

5 2.370 0 −0.02549 −53.34
6 2.3890 0 −0.1203 53.27

Chaotic
7 2.3710 0 −0.2020 −53.17
8 2.3450 0 −0.2754 −53.07
9 2.2980 0 −0.3436 −52.95
10 2.2360 0 −0.40 −52.83

0.20 1.8920 0.6383 0 −5353
0.50 1.9550 0.5804 0 −53.53

1 2.031 0.5095 0 −53.54
Hyperchaotic 2 2.1480 0.3620 0 −53.51

2.60 2.2360 0.2564 0 −53.44
3.50 2.2920 0.1510 0 −53.44

4 2.3220 0.08866 0 −53.41

5. Multistability and coexisting attractors for the new 4-D hyperchaotic system

A defining characteristic of integer-order chaotic systems is their capacity to
display multistability, where several attractors exist simultaneously for a given
set of parameters. This behavior holds considerable importance for both the
study and practical use of chaotic systems. The presence of multiple attractors
provides a deeper understanding of the intricate and varied dynamics of these
systems, which in turn allows the creation of systems with customizable and
varied dynamic characteristics.

The system (11) remains invariant under the transformation of coordinates

𝑆 : (𝑥, 𝑦, 𝑧, 𝑤) −→ (−𝑥,−𝑦, 𝑧,−𝑤). (24)

Thus, any projection of the attractor has rotational symmetry in the 𝑧-axis.
We shall show that the 4-D system (11) exhibits coexisting hyperchaotic

attractors.
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Let 𝑋1 and 𝑋2 be two different initial conditions for the new 4-D system (11),
where:

𝑋1 = (0.4, 0.2, 0.4, 0.2) (Blue color), (25)

𝑋2 = (−0.4,−0.2, 0.4,−0.2) (Red color). (26)

Figure 14 demonstrates the coexistence of two hyperchaotic attractors for
the 4-D system (11) with different initial values where 𝑎 = 74, 𝑏 = 18, 𝑐 =

40, 𝑝 = 3 and initial states 𝑋1 = (0.4, 0.2, 0.4, 0.2) (blue orbit) and 𝑋2 =

(−0.4,−0.2, 0.4,−0.2) (red orbit).

(a) (b)

Figure 14: Coexistence of two hyperchaotic attractors for the 4-D system (11) with different
initial values where 𝑎 = 22, 𝑏 = 2.2, 𝑐 = 29, 𝑝 = 1.5: The initial states are chosen as
𝑋1 = (0.4, 0.2, 0.4, 0.2) (blue orbit) and 𝑋2 = (−0.4,−0.2, 0.4,−0.2) (red orbit)

6. Circuit simulation of the new 4D hyperchaotic system
with a curve equilibrium

In this section, the new 4D chaotic system (11) is realized by the NI Multisim
14.2 platform. The electronic circuit design of the 4D hyperchaotic system (11)
is shown in Figure 15 in which TLO84ACD is selected as OPAMP and the
multipliers are of type AD633.
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Figure 15: Circuit design of the new 4D hyperchaotic system (27) with a curve equilibrium
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Using Kirchhoff’s electrical circuit laws, we derive the circuit model for the
rescaled 4D hyperchaotic system (8) as follows:

¤𝑦1 =
1

𝑅1𝐶1
𝑦2 −

1
𝑅2𝐶1

𝑦1 ,

¤𝑦2 =
1

𝑅3𝐶2
𝑦2 −

1
𝑅4𝐶2

𝑦1 +
1

10𝑅5𝐶2
𝑦1𝑦3 +

1
𝑅6𝐶2

𝑦4 ,

¤𝑦3 = − 1
𝑅7𝐶3

𝑦3 +
1

10𝑅8𝐶3
𝑦1𝑦2 ,

¤𝑦4 =
1

𝑅9𝐶4
𝑦1 −

1
100𝑅10𝐶4

𝑦1
3 + 1

𝑅11𝐶4
𝑦4 .

(27)

Here 𝑦1, 𝑦2, 𝑦3, 𝑦4 are the voltages across the capacitors,𝐶1, 𝐶2, 𝐶3, 𝐶4, respec-
tively.

The values of the components in the circuit are selected as follows:

𝐶1 = 𝐶2 = 𝐶3 = 𝐶4 = 1 nF, (28)
𝑅1 = 𝑅2 = 1.35 kΩ, 𝑅3 = 2.5 kΩ, 𝑅4 = 33.33 kΩ, (29)
𝑅7 = 5.55 kΩ, 𝑅9 = 2.70 kΩ, 𝑅10 = 18 kΩ, 𝑅6 = 𝑅8 = 10 kΩ, (30)
𝑅6 = 𝑅11 = 𝑅12 = 𝑅13 = 𝑅14 = 𝑅15 = 𝑅16 = 𝑅17 = 100 kΩ. (31)

Multisim outputs of the circuit are via oscilloscope XSC1 are plotted in
Figures 16 to 19. Multisim outputs of the circuit are via Tektronix oscilloscope
are plotted in Figures 20 to 23.

Figure 16: (𝑥, 𝑦) plot of the new hyperchaotic system (27) via oscilloscope XSC1
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Figure 17: (𝑦, 𝑧) plot of the new hyperchaotic system (27) via oscilloscope XSC1

Figure 18: (𝑧, 𝑤) plot of the new hyperchaotic system (27) via oscilloscope XSC1

Figure 19: (𝑥, 𝑤) plot of the new hyperchaotic system (27) via oscilloscope XSC1
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Figure 20: (𝑥, 𝑦) plot of the new hyperchaotic system (27) via Tektronix oscilloscope

Figure 21: (𝑦, 𝑧) plot of the new hyperchaotic system (27) via Tektronix oscilloscope

Figure 22: (𝑧, 𝑤) plot of the new hyperchaotic system (27) via Tektronix oscilloscope
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Figure 23: (𝑥, 𝑤) plot of the new hyperchaotic system (27) via Tektronix oscilloscope

7. Complete synchronization of the new hyperchaotic systems

To achieve complete synchronization of the new hyperchaotic system taken as
the transmitter and receiver systems, we shall employ the integral sliding mode
control (ISMC), which is a well-known technique in the control literature and it
has several applications in engineering [35].

The transmitter system is taken as the new hyperchaotic system with a curve
equilibrium which is given by the 4-D dynamics

¤𝑥1 = 𝑎(𝑦1 − 𝑥1),
¤𝑦1 = 𝑐𝑦1 − 𝑝𝑥1 − 𝑥1𝑧1 + 𝑤1 ,

¤𝑧1 = 𝑥1𝑦1 − 𝑏𝑧1 ,

¤𝑤1 = (𝑐 − 𝑝)𝑥1 −
1
𝑏
𝑥3

1 + 𝑤1 .

(32)

We denote the state of the transmitter system (32) as 𝑋1 = (𝑥1, 𝑦1, 𝑧1, 𝑤1).
The receiver system is taken as the new hyperchaotic system with a curve

equilibrium and equipped with integral sliding mode controls (ISMC), which is
given by the 4-D dynamics

¤𝑥2 = 𝑎(𝑦2 − 𝑥2) +𝑈𝑥 ,
¤𝑦2 = 𝑐𝑦2 − 𝑝𝑥2 − 𝑥2𝑧2 + 𝑤2 +𝑈𝑦 ,
¤𝑧2 = 𝑥2𝑦2 − 𝑏𝑧2 +𝑈𝑧 ,

¤𝑤2 = (𝑐 − 𝑝)𝑥2 −
1
𝑏
𝑥3

2 + 𝑤2 +𝑈𝑤 .

(33)
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We denote the state of the receiver system (33) as 𝑋2 = (𝑥2, 𝑦2, 𝑧2, 𝑤2).
Also, we denote 𝑈 = (𝑈𝑥 ,𝑈𝑦,𝑈𝑧,𝑈𝑤) as the integral sliding mode con-

troller (ISMC) to be designed to achieve complete synchronization between (32)
and (33).

We define the synchronization error as follows:


𝐸𝑥 = 𝑥2 − 𝑥1 ,

𝐸𝑦 = 𝑦2 − 𝑦1 ,

𝐸𝑧 = 𝑧2 − 𝑧1 ,
𝐸𝑤 = 𝑤2 − 𝑤1 .

. (34)

We obtain the error dynamics as given below:



¤𝐸𝑥 = 𝑎(𝐸𝑦 − 𝐸𝑥) +𝑈𝑥 ,
¤𝐸𝑦 = −𝑝𝐸𝑥 + 𝑐𝐸𝑦 + 𝐸𝑤 − 𝑥2𝑧2 + 𝑥1𝑧1 +𝑈𝑦 ,
¤𝐸𝑧 = −𝑏𝐸𝑧 + 𝑥2𝑦2 − 𝑥1𝑦1 +𝑈𝑧 ,

¤𝐸𝑤 = (𝑐 − 𝑝)𝐸𝑥 + 𝐸𝑤 − 1
𝑏

(
𝑥3

2 − 𝑥
3
1

)
+𝑈𝑤 .

(35)

In the IMSC design, an integral sliding surface is assigned with every syn-
chronization error variable as follows:

𝑆𝑥 = 𝐸𝑥 + 𝜇𝑥
𝑡∫

0

𝐸𝑥 (𝜏)d𝜏,

𝑆𝑦 = 𝐸𝑦 + 𝜇𝑦
𝑡∫

0

𝐸𝑦 (𝜏)d𝜏,

𝑆𝑧 = 𝐸𝑧 + 𝜇𝑧
𝑡∫

0

𝐸𝑧 (𝜏)d𝜏,

𝑆𝑤 = 𝐸𝑤 + 𝜇𝑤
𝑡∫

0

𝐸𝑤 (𝜏)d𝜏.

(36)
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A simple calculation results in the following dynamics:

¤𝑆𝑥 = ¤𝐸𝑥 + 𝜇𝑥𝐸𝑥 ,
¤𝑆𝑦 = ¤𝐸𝑦 + 𝜇𝑦𝐸𝑦 ,
¤𝑆𝑧 = ¤𝐸𝑧 + 𝜇𝑧𝐸𝑧 ,
¤𝑆𝑤 = ¤𝐸𝑤 + 𝜇𝑤𝐸𝑤 .

(37)

We consider the integral sliding mode controls defined as follows:

𝑈𝑥 = −𝑎(𝐸𝑦 − 𝐸𝑥) − 𝜇𝑥𝐸𝑥 − 𝛼𝑥 sgn(𝑆𝑥) − 𝑘𝑥𝑆𝑥
𝑈𝑦 = 𝑝𝐸𝑥 − 𝑐𝐸𝑦 − 𝐸𝑤 + 𝑥2𝑧2 − 𝑥1𝑧1 − 𝜇𝑦𝐸𝑦

− 𝛼𝑦 sgn(𝑆𝑦) − 𝑘𝑦𝑆𝑦
𝑈𝑧 = 𝑏𝐸𝑧 − 𝑥2𝑦2 + 𝑥1𝑦1 − 𝜇𝑧𝐸𝑧 − 𝛼𝑧 sgn(𝑆𝑧) − 𝑘𝑧𝑆𝑧

𝑈𝑤 = −(𝑐 − 𝑝)𝐸𝑥 − 𝐸𝑤 + 1
𝑏

(
𝑥3

2 − 𝑥
3
1

)
− 𝜇𝑤𝐸𝑤

− 𝛼𝑤 sgn(𝑆𝑤) − 𝑘𝑤𝑆𝑤 .

. (38)

In Eq. (38), 𝛼𝑖, 𝜇𝑖, 𝑘𝑖, (𝑖 = 1, 2, 3, 4) are taken as positive constants.
From (35) and (38), we simplify the closed-loop error dynamics as follows:

¤𝐸𝑥 = −𝜇𝑥𝐸𝑥 − 𝛼𝑥 sgn(𝑆𝑥) − 𝑘𝑥𝑆𝑥 ,
¤𝐸𝑦 = −𝜇𝑦𝐸𝑦 − 𝛼𝑦 sgn(𝑆𝑦) − 𝑘𝑦𝑆𝑦 ,
¤𝐸𝑧 = −𝜇𝑧𝐸𝑧 − 𝛼𝑧 sgn(𝑆𝑧) − 𝑘𝑧𝑆𝑧 ,
¤𝐸𝑤 = −𝜇𝑤𝐸𝑤 − 𝛼𝑤 sgn(𝑆𝑤) − 𝑘𝑤𝑆𝑤 .

(39)

The main ISMC result for the synchronization of master-slave hyperchaotic
systems (32) and (33) can be stated as follows.

Theorem 1. The integral sliding mode control (ISMC) law defined by Eq. (38)
achieves global hyperchaos synchronization between the transmitter system (32)
and the receiver system (33) for all values of the initial states 𝑋1(0), 𝑋2(0) ∈ R4,
where 𝛼𝑖, 𝜇𝑖, 𝑘𝑖, (𝑖 = 1, 2, 3, 4) are taken as positive constants.

Proof. We use Lyapunov stability theory to prove this result.
We take the Lyapunov function defined by

𝑉 (𝑆𝑥 , 𝑆𝑦, 𝑆𝑧, 𝑆𝑤) =
1
2

(
𝑆2
𝑥 + 𝑆2

𝑦 + 𝑆2
𝑧 + 𝑆2

𝑤

)
. (40)

It is clear that 𝑉 takes only non-negative values. Furthermore, 𝑉 = 0 if and
only if 𝑆𝑥 = 𝑆𝑦 = 𝑆𝑧 = 𝑆𝑤 = 0.
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Hence, 𝑉 is a quadratic and strictly positive definite function on R4.
A direct calculation shows that

¤𝑉 = 𝑆𝑥 (−𝛼𝑥 sgn(𝑆𝑥) − 𝑘𝑥𝑆𝑥) + 𝑆𝑦 (−𝛼𝑦 sgn(𝑆𝑦) − 𝑘𝑦𝑆𝑦)
+ 𝑆𝑧 (−𝛼𝑧 sgn(𝑆𝑧) − 𝑘𝑧𝑆𝑧) + 𝑆𝑤 (−𝛼𝑤 sgn(𝑆𝑤) − 𝑘𝑤𝑆𝑤). (41)

Simplifying (41), we get

¤𝑉 = −𝛼𝑥 |𝑆𝑥 | − 𝑘𝑥𝑆2
𝑥 − 𝛼𝑦 |𝑆𝑦 | − 𝑘𝑦𝑆2

𝑦 − 𝛼𝑧 |𝑆𝑧 | − 𝑘𝑧𝑆2
𝑧 − 𝛼𝑤 |𝑆𝑤 | − 𝑘𝑤𝑆2

𝑤 . (42)

Thus, ¤𝑉 is a strictly negative definite function defined on R4.
Using Lyapunov stability theory, we deduce that 𝑆𝑥 (𝑡) → 0, 𝑆𝑦 (𝑡) → 0,

𝑆𝑧 (𝑡) → 0 and 𝑆𝑤 (𝑡) → 0 as 𝑡 → ∞.
Hence, it follows that 𝐸𝑥 (𝑡) → 0, 𝐸𝑦 (𝑡) → 0, 𝐸𝑧 (𝑡) → 0 and 𝐸𝑤 (𝑡) → 0 as

𝑡 → ∞.
This completes the proof. 2

For MATLAB simulations, we take the parameter values as in the hyperchaotic
case, viz.

𝑎 = 74, 𝑏 = 18, 𝑐 = 40, 𝑝 = 3. (43)

We take the values of ISMC parameters as follows:

𝛼𝑥 = 0.4, 𝛼𝑦 = 0.4, 𝛼𝑧 = 0.4, 𝛼𝑤 = 0.4, 𝜇𝑥 = 5, 𝜇𝑦 = 5, (44)

𝜇𝑧 = 5, 𝜇𝑤 = 5, 𝑘𝑥 = 10, 𝑘𝑦 = 10, 𝑘𝑧 = 10, 𝑘𝑤 = 10. (45)

The initial state of the transmitter system (32) is taken as follows:

𝑥1(0) = 0.5, 𝑦1(0) = 5.9, 𝑧1(0) = 3.8, 𝑤1(0) = 6.4. (46)

The initial state of the receiver system (33) is taken as follows:

𝑥2(0) = 4.1, 𝑦2(0) = 2.7, 𝑧2(0) = 5.9, 𝑤2(0) = 0.5. (47)

Figure 24 shows the time-plot of the synchronization error between the trans-
mitter system (32) and the receiver system (33).

8. Conclusions

The main contribution of this research work is the mathematical modeling
of a new hyperchaotic Lü chaotic system with a curve equilibrium. We obtained
this new hyperchaotic system by first modeling a new 3-D chaotic Lü system by
modifying the dynamics of the classical Lü chaotic system (2002) and then by
introducing a state feedback to the new 3-D modified Lü chaotic system to obtain
a new 4-D hyperchaotic Lü system with a curve equilibrium. We presented a
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Figure 24: Time-plot of the synchronization error between the transmitter
system (32.) and the receiver system (33)

detailed bifurcation analysis of the new 4-D hyperchaotic Lü system with a curve
equilibrium and described the bifurcation transition diagrams and Lyapunov
exponents diagrams. We also derived new multistability results of the new 4-D
hyperchaotic Lü system with a curve equilibrium. For engineering applications,
we provided an electronic circuit simulation of the proposed hyperchaotic Lü
system using MultiSim 14.0. As a control application, we present new results for
complete synchronization for a pair of new hyperchaotic Lü systems taken as the
master and slave systems. We use integral sliding mode control (ISMC) to achieve
complete synchronization for transmitter and receiver hyperchaotic Lü systems.
MATLAB simulations illustrate all the main results of this research work.
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