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On the transformation of FOTF system to fractional
order LTI model
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This article addresses modeling systems using fractional order derivatives, highlighting
three basic approaches: differential equations, operator methods, and state space representations.
Each approach carries different advantages and limitations in the context of time invariant linear
systems (LTI) of fractional order. The focus of the article is on Fractional Order Transfer
Functions, which represent a special subject of interest because they offer practical utility
with available simulation libraries (e.g., CRONE, FOMCON, NiNteger) and approximation
techniques (e.g., Oustaloup, CFE, Thiele, Pad¢).

This paper describes a transition between fractional order transfer functions (FOTF) and
pseudo-rational representations of such systems. While the existing literature contains the basics
of fractional differential equations and operator theory, it often omits explicit formulas for
conversion between different representations. The paper fills a significant gap by proposing a
novel algorithm for converting FOTF models to fractional LTI representations. Unlike previous
works that implicitly assume such transitions exist, this paper provides formulas for coefficient
transformations and demonstrates its effectiveness by minimizing the degree of the system.

Key words: fractional order system, fractional order transfer function, FOTF, fractional order
LTI system, model transformation.

1. Introduction

The article considers an aspect of modeling systems using fractional order
derivatives. This issue, as in classical control theory, has three basic branches
of research: the use of differential equations, operator methods, and using state-
space representations. Each of the above approaches has certain advantages and
disadvantages. This article focuses on the transition between the fractional or-
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der transfer function (FOTF) model and the pseudo-rational description of the
fractional order linear time-invariant (fractional order LTI) model.

Considerations on ordinary fractional differential equations can be found, for
example, in [12], in the context of the properties of the fractional differential
operators see [4,22]. It is noteworthy that this type of approach, although usually
quite complicated, allows to consider the widest range of problems. The second
approach applied to describe real models is the use of fractional continuous-time
linear systems, which are studied in many textbooks [9, 10]. The convenience of
this approach is the existence of some analogues with classical matrix systems. Itis
worth mentioning such properties as controllability or observability of fractional
systems, which are convenient to analyze in matrix form [11,26,28].

The final approach is the use of fractional order transfer function (FOTF),
which is analyzed in textbooks such as [21]. The use of this kind of systems is
very convenient due to the existence of a number of simulation packages/libraries
in this area: CRONE, NiNteger (Non-integer), FOTF (Fractional Order Transfer
Fuction), FOMCOM [13]. In addition, there is a whole range of approximation
methods for transforming FOTF to a classical transfer function like: Oustaloup
method [20], Refined Oustaloup method [29], CFE (Continued Fraction Expan-
sion) [14], Thiele continued fraction (aka Matsuda method) [7,15,16], M-SBL [3],
Carlson method, [2], Chareff method [14], Padé method [6, 7].

This article presents an issue related to the transition algorithms between the
FOTF model and fractional order LTI. This matter is not analyzed in detail in
the literature. Some publications basically just accept that the transition between
systems exists and do not analyze the question of what specific formula can be
applied to such transformation of coefficients. For example [9] presenting single-
input single-output (SISO) linear fractional systems with the proper transfer
function, however does not indicate from where to obtain the coefficients of
operator s%, this is due to the fact that the existence of these coefficients is
obvious and is not necessary in the considerations.

Algorithms we are familiar with in this area include an approach from Petras’
book [21], which uses formulas proposed by [17]. In addition, the [6] provides
a transition algorithm for transfer functions with powers in the form of decimal
fractions. The novelty of the article is the idea of a new transformation between
systems and the proof that the proposal minimizes the global order of fractional
order LTI.

The arrangement of the article is as follows. Different representations of
systems with fractional derivatives are presented in Section 2. Then the transition
algorithms proposed by [17] and [6] are pointed out in Section 3. Finally, the new
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proposal is indicated along with a proof of optimality provided in Section 4. The
article was accompanied by examples.

2. Models for fractional order systems

Fractional order differential equation can represent some specific dynamic
processes [9,21,22]. Consider the following form

Yy (1) + an—1 Dy (1) + ...+ agD; 0y (1)
= b DP"u(t) + by DPu(t) + ..+ boDPu(r), (1)

n-1

where u(t) denotes the input and y(#) stands for the output of the system. The
non-integer order derivative operator can be formulated as:

o _ (47
DI = ( dta), 2)

where ¢ and ¢ denote the limits of the operation (usually ¢ = 0), while @ € R*
refers to the order of the derivative (@ € R™ indicates the order of integration).
There is diversity in defining the operator (2). The most popular is the
Riemann-Liouville definition, in control theory the Caputo definition is most
often used, while for numerical purposes Grunwald-Letnikov is applied [13]. The
Riemann—Liouville fractional derivative of order « is defined as

RL na 1 n—a—1
LD = o g / (-7~ (o), @

where n = max(0, [a]). While the Caputo fractional derivative, might be pre-
sented as

1 l d"
DY f(t) = Toi—a) /(f - T)n_w_lﬁf(T)dT- 4)

It is worth noting that the above definitions are not equivalent, and the system
designer, when deciding which definition to use, changes the interpretation of
system (1).

Example 1. Let f(t) = t> + 1 and a = 0.5, it is easy to show that

RLD2 £(r) = 8f7 ¥ \/i_ 5)
SDEf(1) = 3 ( (6)
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Example 1 shows that even for the simplest functions, definitions can obtain
different values. There is the following relationship between (3) and (4) [1]:

RLDyf() = EDFF(r) + Z —r(e) (7)

a+1)

Let’s also present the form of the Laplace transform for these two fractional
derivative definitions. The Laplace transform of Riemann-Liouville fractional
differential operator of order « is given by [24]

n—1
LD F()) = sF(s)+ ) " EEDER I £ (1)],c0 m—1<a <n (8)
k=0
where ®L]? is the Riemann-Liouville integral.
On the other hand, the Laplace transform of Caputo Fractional differential

operator of order « is given by [24]

n—1
LEDIF(1)} = s“F(s) + Z SRRy n—l<a<n 9)
k=0

Caputo fractional derivative handles initial conditions more appropriately and
is simpler (cf. (7)), so it is more convenient to use in modeling. In most practical
applications, this definition is most often implemented. However, the choice of
Caputo’s fractional derivative is arbitrary and does not necessarily provide the
best representation of the physical systems.

In literature, FOTF is most denoted as:

Zm bjsPi
G(s) = T (10)
i=0 4iS™
where a;, b, are real constant coefficients withi € {0,1...,n},j € {0,1...,m},

while the powers «;, 8, can be arranged in some chosen natural order 0 < ag <
) <...<a,and0< By <B1 <...<PBn

Considering the fact that CD? = 1, the transfer function (10) (a9 = 0 and
Bo = 0) can be described by the formula

Z bjS'Bf+b0

(11)

where ag and b are free terms.
Most of the transfer functions considered in research have free terms, as well
as the static gain of the system k = 20 so this form is more convenient. Despite

this fact, the majority of authors prefer the notation (10) (see, e.g., [3]).
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Sometimes, for the analytical purposes, it may be valuable to transform the
(10) system into a fractional continuous-time linear system [9]:

m o bi(s7) +b
G(s) = 2
2y a@i(sY) +do
Occasionally an additional condition is imposed: the coefficient a; = 1, while a;
for i € {0, .., — 1}. Furthermore, the orders of the numerator and denominator
satisfy the following relations with regard to the system (10): m >> m and
i >> n. Most often, system (12) is treated as known and no formal transition
from (10) to (12) is provided.
There are authors who refer to (12) as the pseudo-rational transfer function
formula [8] and arrange it in the following expression

G(1) = 2 B_j (ﬂ)‘.i +f;0,
2y ai(D)+do

(12)

(13)

where s7 = A.
The pseudo-rational description of the fractional order linear time-invariant
model can be formulated by a state-space equation

d”x(t)

dt”
y(t) = Cx(t) + Du(t).

oD]s(t) = = Ax(t)+Bu(t), 0<y<l,

(14)

An exemplary realization of the matrix A, B, C, D indicating a connection to the
transfer function (12) can be described as [9] (assuming that 7 = + 1)

000...0 —a bo 0
100...0 -a b 0
A=[010...0 =a |, B=|b|, c"=|0, D=bh; (15

000 ... 1 —dz bi_q 1
State-space representation is related to formula (12) by the following expression:
G(s)=C [Izs” — A]"' B+ D. (16)
System (14) can be extended to a multi-order fractional system [11]
oD]'x1 (1) A A ..o Al [xi(®]  [Bi
0D)*x,(1) Axr Ax ... Ag| [x2(2) B;
. =1 . . . N R (17)

oDZ"xn(t) Anl A ... Aunl [xn(2) B,
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x1(1)
Yy =[C G ... G 72(1) (18)
(1)
Whereas the corresponding transfer function is given by the formula: [26]:
sMI—A;p —Ap ... “Ayp B
G)=[C1 G ... G A sm:_Azz _éz” Bf . (19)
“Aw —An ... "= Al |B,

3. Ecxisting system transformations

The purpose of the article is to propose a formal transition from (10) to (12).
The section will first present the transformation methods known in the literature.
A novel solution will be presented in the next section.

For the purpose of algorithms, recall the necessary definitions.

Definition 1. [6] Any (12) can be written as

- bo+D1sP + ...+ bysPr
G(S): o+t O187" + + O5S

T 3 o = 9 (20)
ao + bm+1sﬁm+1 +...+ bn‘1+ﬁsﬁ’h+ﬁ

with the following change in the notation: E,- = bifor1 <i<m, En‘m = a; for

m+l<i<m+iandB;=Bifor1 <i<m, By = form+1<i<m+i.

Assume for simplicity that the power coefficients in (12) can be written as
decimal fractions.

Remark 1. [6] Since the power coefficients are positive decimal fractions the EI
take the form

~ ~ N
ﬂl""’ﬂm+n€ E’ (21)

where k denotes the maximum number of decimal places, k and is the minimum
value satisfying the condition Vi6m+n,8i10k e N.

Definition 2. [6] The Least Common Multiple (LCM) for decimal fractions is
defined as follows
LCM(105B1, . .., 108 Byan)

LCMflO(El’---’Em+n) = =
10%

(22)
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Definition 3. [6] Any (20) can be written as
bo+ b1 (s + ...+ bi(s7)Pi
ao + Ei+l (S)A/)ﬁprl +...+ Zm+n(5?)'ém+n .

Theorem 1. [6] Any system (10) (presented in the form (20)) with decimal
coefficients, can be transformed to (12) presented in the form (23)) by using

G(s) =

(23)

ming T oa_ B =~ T_B
§=——LF 107, fi=———LCM;p(B)-10°=LLeN, (24
LCM#10(B) ming Y
min = llgl}’ll-{ln(gl’ e ’Eh cee ,Em+n),
p (25)
LCMy10(B) = LCMs10(B1, -5 Bis- - > Bman)-
The proof can be found in [6].
Example 2. Let
1 + 536
Gex(8) = —————7, 26
() 1+ 512 4 404 (26)
using Theorem 1, it can be written
oo minﬁ ' 10_7; _ min(3.6,1.2,0.4) 107! = i 27
LCM 10(B) LCM(3.6~1(;,51.2«10,0.4-10) 90
s Bi 3.6 s B 12 s B3 04
IB]:B—AI:T:324, ﬁzzﬁ—,\z:Tzlog, ﬂ3:B—/\3:T:36, (28)
Y 5 LA Y 5%
3 11324
~ I+ (s%
Goxls) = (™) 29)

1+ (59)108 4 (550)36
The idea of the above algorithm was to generalize the LCM of coeflicients
to decimal fractions, it turned out that this approach generates large powers of
coefficients f;, which resulted from the need to ensure their value as natural
numbers in each case.
Let’s assume slightly broader, following [17], the power coefficients in (12)
are rational numbers.

Remark 2. Since the power coefficients are rational numbers, the ,E, take the
form
5o

,Bi_d~eQ, ug e N, dEL_eN/{O}, ief{l,...,m+n}, (30)
Bi
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where the corresponding coefficients ug are the numerators and dﬁ are the

denominators derived from the ,E, coefficients. Therefore, the transfer function
(23) can then also be presented in the following form

<
l

uz

“5
bo+b1(s7) B + ...+ bi(s7) %
u/}vi+] u[;’m+n

ap + Ei+1 (S?) Bis +...+ Zm+n(s7) “Bnsn

|’_‘

Q|

G(s) =

€19

The most common approach presented in the literature is transformation:

Theorem 2. [17,21] Any system (10) (presented in the form (20)) with rational
coefficients, can be transformed to (12) (presented in the form (23)) by using

o 3 = Bi - LCM(d _b N 32

7_LCM(dﬁi)’ ﬁl_ﬁl (ﬂi)_?e . ( )

The article [17], which demonstrates the original method, does not present a

formal proof of the algorithm; only a reference to elementary properties of algebra
appears. In addition, the authors present a slightly different approach than the one
presented in this article. In [17], the authors define the so-called fractional order
polynomial, which includes all coefficients of the numerator and denominator.
For the system (20), it could take a form

P(s) = bo + bisP .+ basP 4 Fl;mﬂsﬁ’““ oot Dt (33)

which indicates some differences in formal aspects while it does not change the
grounds of consideration.

Now let’s try to consider the transfer function from Example 2 using Theo-
rem 2.

Example 3. Transfer function (26) can be represented as follows

18

1+s5
Gex(s) = 6“ ; (34)
1+ 55 +s5
using Theorem 2, it can be written
1 1 1

S = = = — . 35
7T LCM(d;) LCM(5.5.5) 5 33)

3 18 Y 6 3 2
P VR T SRR SR

Y 3 Y o3 Y o3
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hence

1+ (s5)18

1+ (s5)6 + (s5)2

Gex(s) = (37)

The integer powers in Example 3 are smaller than those in Example 2, which
will make the study of the system easier because it has a lower order. The issue
addressed next is an attempt to answer the question of whether these powers can
be reduced even further.

4. Main result

The section will present a new approach to transformation between the studied
systems. For this purpose, some additional definitions will be provided.

The Least Common Multiple (LCM/y) and the Greatest Common Divisor
(GCDy) for fraction numbers are mathematical issues less known than their
equivalents for integers. LCM y and GCD ; formulations can be found in literature
[23,25], but they can rarely mention in standard mathematics textbooks. Notable
properties can also be observed in mathematical forums such as [27]. Therefore,
it was decided to present their definitions here.

Definition4. [23,25] The Least Common Multiple (LCM) for fractional numbers
is defined as follows

Py o _ uﬁl uﬁmﬂl
LCM; (B1. ... Busn) = LCM |22, .. Lo
dE dz
1 ﬁm+n
_ LCM(”EN'"’”EW") %)
GCD(dz.....d; )

Note fractions should be in reduced form.

Definition 5. [23, 25] The Greatest Common Divisor (GCD) for fractional
numbers is defined as follows

2 7 — uﬁl uﬁmm
GCDf(ﬁh cee ’ﬁm+n) - GCDf d_, ey d—
El Em+n
_ GCD(”EI""’M,EW") 39)
LCM(d~1 e dﬁ~m+n)

Below, a certain lemma will be presented and proven, which will be needed
for further consideration.
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Lemma 1. If there is at least one coefficient ,E, < 1 in the set {El, . ,Emm}
then the _ _

GCD¢(Bi1, ..., Bmn) <1, (40)

(this is only a necessary condition).

Proof. Note that the numerator and denominator belong to the following intervals
(due to elementary algebra):

GCD(uz,....u; )e (1,min(ugl, . ,ugmm)) 41)

LCM(d~l,...,dEm+n)e(max(d~1,...,dﬂ~m+n), [ d/;i) (42)

i€l,....m+n

Let there be a fixed order of all elements of the denominator and elements

of the numerator, which can be written as dz 7 < dz 7 < ... dﬁmm < ug <
uﬁZ g e < uﬁ 1+1n then mln(uﬁ ’ uEn+n) = uﬁ max(dﬂ dﬁm+n) = dﬁm+n
sody < ug therefore the 1ntervals (1, ug ) and (d H,e 1oomin A, ) overlap

and it is not known whether their quotlent is less, or greater than 1.

But if we would exchange places at least two elements, e.g., dz < dﬁz <
. < < dﬂ L Sug < ... < ug then the intervals (1 ug ) <
- e d ) therefore the quotient (39) is less than 1. The 51tuat10n
of this krnd of arrangement will occur if at least one value of the numerator is
less than the denominator, so one factor ,B, less than 1 is enough, which ends the
proof.
It should be emphasized that Lemma 1 is only a necessary condition; the fact
that the result of GCDy is less than 1 does not mean that at least one factor is

less than 1. Consider the following example.

.....

Example 4. GCD s calculations (all fractions in reduced form):

2 33 77\ GCD(22,33,77) 11
_ LA 8
Geb f(rs 20° 10) LCM(15,20,10) _ 60 “43)
22 33 77\ GCD(22,33,77) 11
D = L 44
Ge f(s 10’ 10) LCM(5,10,10) _ 10 “44)

From a practical point of view, in most cases, usually fractions reduce each
other in some way, and do not contain prime factorization arranged similarly as in
example (44). Our observations indicate that the situation when fractions whose
GCDy is greater than 1 is rather exceptional.

This can be checked as follows. Let S denote the set of all fractions defined
{x/y: 1 <x <N, 1<y< N}, while let S, denote set of all unique fractions
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from S, obtained using the formula GCD ¢(x1/y1,x2/y2), x1/y1 € S, x2/y2 € S.
In addition, S represents all fractions from the set S, that are greater than 1. The
cardinality of the sets has been denoted as |S,|, | S| respectively. The frequency
of GCD  fractions greater than 1 is examined in Table 1.

Table 1: Results of a study on the frequency of GCD ; greater than 1 for two fractions from the
set S

N 50 60 70 80 90 100 150
[S1] 773 1101 1493 1965 2479 2633 6857
M 16028 26303 40862 62936 88498 109951 | 394130

[S11/18ul | 4.82281% | 4.18583% | 3.65376% | 3.12222% | 2.80119% | 2.3947% | 1.73978%

It is worth noting that the cardinality of the set |S| is described by sequence
A015614 in the OEIS [19].

Remark 3. [5] Linearity of GCD. For all positive integers |, m, and n
GCD(l-m,l-n)=1-GCD(m,n). (45)

Using the above definitions and remarks, in this article we propose a more
different form of transformation.

Theorem 3. Any system (10) (presented in the form (20)) with rational coeffi-
cients, can be transformed to (12) (presented in the form (23)) by using

7 =GCDs(B) € RY, pi=—Pi by (46)
GCDs(B) 7
where _ _ _ _
GCD¢(B) =GCDs(B1,---5Pis- - Bmn)- (47)
Fractions El should be in reduced form.

Proof. The possibility of establishing (23) from (20) is elementary

— i N\B - SO
i ()" =By (s0CPP) T < P (48)
Now let us prove that 4; € N is
N ‘5. MU ) g )
GCDf(,B) GCD(”,El""’”Emm) dlgi

N N
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The first factor is natural because GCD(uEI, e ”EmM) 1s a divisor of each Uz

while the second factor is natural because LC M (al~1 s, d Emm) is a multiple of
each dﬁi'
Consider the following example.

Example 5. Using the transfer function (34) from Example 3, it can be written
using Theorem 3:

~ 18 6 2\ 2
¥y=GCDs(B) =GCDy (g,g,g) =z (50)
~ 18 = 6
p=—P 59 g P _5_5
GCDs(B) 5 GCDs(B) 2
_ R (51)
s B3 _5_4
3—— = — 5 — b
GCDs(B) %
thus -
Gurls) = — %) (52)

1+ (s5)3 + (s9)!

The transition from system (10) with rational coefficients to (12) can be
implemented in infinitely many ways. However, from a practical point of view,
it is best to make the coefficient § € R* as large as possible and the coefficients
Bi € N as small as possible. This is due to the need for the degree of the analyzed
system to be as small as possible. Note that in Example 5 the degree cannot
be reduced any further, because the lowest B; coefficient is 1. However, it is
not always possible to present such a formula (12) that at least one of the beta
coefficients will be 1. The limitation that all coefficients should belong to the
domain of natural numbers must be kept in mind. This problem will be analyzed
in more detail below.

The following theorem is true.

Theorem 4. Let the set I denote the set of admissible coefficients vy of the system
(12) shown in the form (23) (y € I' C R*) and let for each i € {1,2,...,m +n}
the corresponding B; denote the sets of admissible values of the coefficients [3;
(Bi € B; C N).

It is true that the sets I" and B; have the constraints sup(I") = ¥ and for any i
inf(B;) = B;, with 9, B; given by the formulas (46) derived from Theorem 3.

Proof. Notice that the coefficients § and 3; are related to each other

5= const- L _F, (53)
const
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where const denotes any arbitrary constant and fractions B; are in reduced form.
Therefore, when the coefficient § is largest then the corresponding f; is
smallest — so only one condition (smallest or largest) needs to be checked.
The coefficients 3; are smallest when they cannot be reduced - which means
that it is enough to check whether the

GCD(B1, B, - -+ Bmen) = 1. (54)
Rewrite the formula using (49), then it is

GCD(...,Bi,...)

LCM(dy,....d;

ug, Bonen)

GCD(”EN cee ”Emm) dﬁi

=GCD|.. | (55)

Then using the unique prime factorizations of the integers [18]
a=[]r"" (56)
J

where p; are consecutive prime numbers and e (a) the power factor at p;.
Then there is

Hpjj(uﬁz) Hpjlin(ej(dﬁl) ..... ej(d,[;’m+n))
J J
GCD|..., max(ej(uﬁl),..,,ej(uﬁmm)) ' ej(dEi) s s B
j Lp;
J J
using the linearity of GCD (Remark 3)
min(e;(dz ),...,e ~(d~m+n)) e ~(u~i)
[p, o I, p;”
-GCD|...,——————, ..., (58)
max(e_,-(uﬁl) ..... e_,-(uEmm)) ej(d~i)
J pj Hj pj
using GCD’s properties, it is possible to write
min(ej(dgl) ..... ef(dﬁmm)) max(ej(ulgl),...,ej(ugmm))
it L =1 (59
max(e_,-(ugl) ..... ejug, ) min(e_,'(dgl) ..... ej(dg,..) =
iPj iPj

which completes the proof.
The following properties follow directly from the above theorem.

Remark 4. The form of the system resulting from Theorem 3 has the smallest
possible coefficients ; and the largest possible y. Thus, in this sense, it is the
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most optimal representation of the system (10) and transfer function of the form
(12) with lower order cannot be found.

Remark S. The smallest possible order after the transformation of transfer func-
tion (10) to form (12) has the order of the numerator

’h::gm,max:. max (El,'-"ﬁia-"’gm)7 (60)
ie{l,....m}
and the denominator
ﬁ:ﬁn,max: - max (Em+l’~-~,gz‘,--~agm+n)- (61)
ie{m+1,...,n}

.....

The property follows directly from Lemma 1.
In many practical systems transformations (cf. [9]), it is required that the

coefficient y € (0, 1] regardless of the value of the ; coeflicients. To add this
constraint, Theorem 3 must be expanded to the following form.

Theorem 5. Any system (10) (presented in the form (20)) with rational coeffi-
cients, can be transformed to (12) (presented in the form (23)) by using

. _BlGCDB)] B )
GCD(B) ¥y

GCDy(B)
[GCD/(B)]

where the symbol [ | indicates the ceiling, in addition all fractions ,E, should be
in reduced form.

€ (0,1], N, (62)

v =

Proof. The possibility of establishing (23) from (20) is elementary

Bi[GeppB)]
X GCD¢(B) GCDf(B) N
F[)','(S?)ﬁi = Ei s [GCDf(ﬁ)-l = Eisﬂi. (63)
Similarly, as in the proof of Theorem 3
4= B:[GCD(B)]
GCD¢(pB)

ug. LCM(d~l, ey dﬁm+n) |_GCD (ﬁ)] N (64

GCD(Mﬁl’ e Mﬁmﬂt) dﬁz -

N

N N
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In addition, since any fraction of type [Z—] where a = N/{0} belongs to (0, 1] then

v € (0,1].
There is an analogue of the Theorem 4 but that for y € (0, 1]

Theorem 6. Let the set I" denote the set of admissible coefficients vy of the system
(12) shown in the form (23) (y € I' c (0,1]) and and let B; be defined as in
Theorem 4.

It is true that the sets I' and B; have the constraints sup(I") = ¥ and for any i
inf(B;) = B, with 9, B given by the formulas (62) derived from Theorem 5.

Proof. Let’s consider two cases, extending the proof of Theorem 4.
Note that if ¥ < 1, the problem reduces to the situation in 4. This is because

if GCD (B) < 1 then [GCD ()] = 1 therefore § = [ggg—f%] =GCD;(f) €
’ f

(0, 1], i.e., the transformation described by formula (62) goes into (46). Thus,
optimality is assured by Theorem 4.

Meanwhile, if ¢ > 1, the coefficient should be modified so that it falls within
the interval (0, 1]. Thus, this problem can be described as follows — having an
v > 1, by what natural number should it be divided to make % < 1. Since the
coefficients ﬁi must remain natural, it is, also, that a € N/{0}. The next step is to

select a so that y = %f(ﬁ) ais as large as possible and falls within the interval
(0, 1]. It is obvious that if [Z] < 1 then also Talti ]+ < 1 for any i € N/{0}, while
# > 1, so the smallest natural number providing the largest possible % <1
GCD s (B)

[GCD;(B)]
Now let’s extend the consideration of systems (10) (in the form (20)) to those

that have real coefficients El eR.

is [a], hence y = — which completes the proof.

Theorem 7. Not all systems with real coefficients can be transformed from the
form (10) to (12).

Proof. The proof follows dlrectly from the properties of numbers. To find
the natural coefficients of £, it is required that all the coefficients of ﬁl are
commensurable, because only then can their ratio be represented as a rational
number. _ _

Formally, it can be rephrased as follows. Let 3; and ; be incommensurable
then referring to (53) can be written

ﬁz 7 Bi
ﬁ/ 7 Bi

therefore 3; and 3 ; cannot simultaneously be natural numbers.

(65)
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From the above considerations, certain properties follow.

Remark 7. System (10) with real coefficients can be transformed to (12) if and
only if all B; coefficients are commensurable.

Assume that the power coeflicients in (12) are real and all commensurable.

Remark 8. Since the power coefficients are positive reals and they are commen-
surable, all B; take the form

El’---’gm+n:E'Fla---,g’kvm+nEI['Q (66)

where [ set of all irrationals, ¢ € Lirrational constant, and k; is the corresponding

coefficient such that k; = %

Definition 6. Any (20) with real commensurable coefficients in form (66), can be

rewritten as L .
bo+bisC1 + ...+ bist

ao + bip1SCKH 4 L Dy s€Kmn

G(s) = (67)

The equivalent of Theorem 3, for real numbers, can be presented as follows.

Theorem 8. Any system (10) (presented in the form (67)) with real commensu-
rable coefficients in the form (66), can be transformed to (12) (presented in the
form (23)) by using

__ ki _kc_Bi (68)
GCD (k) ¥ ¥ ’

$7=GCDs(k)-ceR', B

where
GCDf(D :GCDf(El,...,E-,...,me), (69)

fractions k; should be in reduced form.

The proof is almost identical to the proof of Theorem 3, which is why it was
omitted.
As an analogue, Theorem 5 for the real numbers can be written as follows.

Theorem 9. Any system (10) (presented in the form (67)) with real commensu-

rable coefficients in the form (66), can be transformed to (12) (presented in the

form (23)) by using

. GCD¢(kx)-c A

Y = ! — € (O’ 1]’ ﬁi =
[GCD (k) - €|

fractions k; should be in reduced form.

K [GCDy(®) €] &-T_pBi
cco,m 7 7Y
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The proof was omitted due to similarity with the proof of Theorem 5.
Let’s consider an example illustrating how the Theorem 8 and Theorem 9
work.

Example 6. Let there be a system given by the formula

l+s%‘/7
G = , 71
for which
18 6 2 2
GCD =GCD¢|—,=,=| ==, 72
(k) f(5 5 5) 5 (72)
then according to Theorem 8 and (68) one can write
_ 2
?:GCDJ-(D-C:E-\E>1, (73)
_ ﬁﬁ
A K1 3
= == =9, 74
Bi GCD;® ¢ 2v7 (74)
~ 6
2V7
A K2 3
= — = :3, 75
B2 GCD;® ¢ 2v7 (75)
[ A (76)
3_GCDf(E)-E_§ﬁ_ ’

which gives the final form of the transformed system

o
Gerls) = —— ) W
L4+ (s75 )P +(s75)!

On the other hand, according to Theorem 9 and equation (70),

— 2. 2.
5= GCDf(@'i: - V7 =3 \ﬁ:ﬁ<1, (78)
[Geps® el f2.v7) 23
. F-[GeDp® -7 Bvi2
ﬁl - GCDf(;(.) .C - %\/7 B 18’ (79)
~ L 6 )
ﬂAZ:Kz {GCDf(E) C-| _ 5\/7 — 6, (80)

.~ 2
GCD;(x) - ¢ 2v7
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- [GCDp(k)-¢]  3VT-2

B3 = — =2 81)
GCDf(D - C 5\/7
is calculated, which gives the final form of the transformed system
Vi
1 =)\18
Genls) = — 27 (82)

1+ (s9)6+ (s¥)2

For Theorems 8 and 9, it is possible to formulate analogous Theorems to 4
and 6.

Theorem 10. Let the set I denote the set of admissible coefficients vy of the system
(12) shown in the form (67) (y € I' C R*) and let for each i € {1,2,...,m +n}
the corresponding B; denote the sets of admissible values of the coefficients [;
(Bi € Bi C N).

It is true that the sets I" and B; have the constraints sup(I") = ¥ and for any i
inf(B;) = B, with 9, B; given by the formulas (68) derived from Theorem 8.

Theorem 11. Let the set I" denote the set of admissible coefficients vy of the
system (12) shown in the form (67) (y € I' C (0, 1]) and let B; be defined as in
Theorem 10.

It is true that the sets I' and B; have the constraints sup(I") = ¥ and for any i
inf(B;) = B, with 9, B given by the formulas (70) derived from Theorem 9.

Proof. It is enough to note that in (68) and (70) in the coefficient ¥ there is a
constant ¢ therefore it can be written

Ki

(83)

= const - C -

v Bi =const-c- —
const const - ¢

Thus, the reasoning of the proofs of Theorems 4 and 6 can be repeated for k; € Q.

5. Conclusion

The paper explores existing algorithms that allow transformations of FOTF
systems (10) to Fractional Continuous-Time Linear Systems (12). The research
succeeded in obtaining new transformations between these systems, focusing on
situations when the coeflicients are fractions, and real numbers. In addition, it
was possible to prove that the indicated methods are the best due to the possible
generated order of the system (12). In addition, it was shown if the coefficients of
the system’s powers do not commensurate, it cannot be transformed to the form
(12). All results are summarized in Table 2.
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Table 2: Summary of properties of the obtained transformations between systems

Optimal lowest
Algorithm trgtfséfléu(fc. Range ¥ tranliligrm. . Pie NA
in range ¥)
Theorem 1 from [6] Finite decimal (0,1] (24) No
Theorem 2 from [17] Rational (0,1] (32) No
Theorem 3 Rational R* (46) yes (Theorem 4)
Theorem 5 Rational (0,1] (62) yes (Theorem 6)
Theorem 8 Real commensurable R* (68) yes (Theorem 10)
Theorem 9 Real commensurable (0,1] (70) yes (Theorem 11)
don’t exist (Remark 7) | Real incommensurable - - -
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