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Abstract
The development of the contact surface between mixed liquids and the reduction of striation thickness and
filament diameters of the dispersed phase enable effective diffusive transport of components under stable
laminar flow conditions. Hydrodynamic focusing accomplishes this at the initial mixing stage by generating
viscous stresses tangential to the liquid–liquid interface and normal stresses associated with pressure. As
a result, the additive stream forms either an elongated filament (3D focusing) or a thin striation (2D
focusing). This work examines the influence of the physical properties of liquids and the focusing method
on the intermaterial surface area concentration in vertical flow systems, where gravitational segregation is
avoided. The Navier–Stokes equations were solved for the axisymmetric core–ring flow in a pipe and the
stratified symmetric flow in rectangular channels of different aspect ratios. The effects of differences in
liquid density and viscosity, as well as the axial pressure gradient, on the transverse size of the focused
stream and the contact surface concentration were determined for both upward and downward flow. In
addition, the influence of the rectangular channel geometry on the residence-time distribution of the additive
liquid was analysed.
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1. INTRODUCTION

The efficiency of mixing processes is governed by three
mechanisms: macroscopic convection, which determines the
residence-time distribution of fluid elements; microscopic con-
vection, which deforms fluid structures; and molecular diffu-
sion, which smooths concentration fluctuations. When liquid
solutions of high viscosity or prone to degradation under hy-
drodynamic stress are brought into contact, mixing is typically
carried out under laminar-flow conditions. In such systems it
is challenging to achieve both a narrow residence-time distri-
bution and a high mass-transfer rate across the liquid–liquid
interface. These limitations may significantly affect the mor-
phology of the liquid–liquid system, the chemical composition,
and the physical properties of the final product. The main
stage of laminar mixing can be enhanced by increasing the
overall mixing power (Zlokarnik, 2001), by inducing chaotic
advection (Aref, 1984; Ottino, 1989), or by improving energy
efficiency (Ottino et al., 1979; Rożeń and Kopytowski, 2021).
Crucially, at the dosing stage of the side stream into the
main flow, the diffusion path of solutes should be minimised
and the interfacial area rapidly developed. Moreover, the side
stream must be introduced in a manner that reduces the
residence-time spread of its elements within the system (Lu
et al., 2016). This requirement is particularly critical in sys-
tems where the reaction rate is faster than, or comparable
with, the molecular mixing rate, as in precipitation processes
(Karnik, 2008). The objectives of the initial mixing stage may

be achieved by reducing the size of the flow system (Hessel et
al., 2005), splitting the additive stream into multiple smaller
streams (Mansur et al., 2008), tailoring the geometry of the
dosing head (Gao et al., 2021; Rahbarshahlan et al., 2021;
Zhang et al., 2019), or employing hydrodynamic focusing
(Chiu et al., 2013; Knight et al., 1998; Lee et al., 2006). Such
methods are widely used, though not exclusively, in the design
of micromixers and microreactors.

Hydrodynamic focusing shapes the additive into a thin layer or
filament enveloped by the main liquid stream. This occurs as a
result of tangential viscous stresses and normal stresses acting
on the interface. When the liquids form immiscible phases, the
final stage of focusing results in break-up of the additive into
droplets (Chen et al., 2015; Wu et al., 2017). Hydrodynamic
focusing serves not only to reduce the local segregation scale
or to generate emulsion microdroplets but also to enlarge
the interfacial area between liquids (Bothe et al., 2008; Gao
et al., 2021; Rożeń and Kopytowski, 2025). These processes
are closely interlinked and depend on the geometry of the
premixing head, the dosing rates of the streams, and the
viscosity and density of the phases (Minetti et al., 2020;
Shivhare et al., 2016; Tripathi et al., 2014). Since its potential
was first recognised by Knight et al. (1998), hydrodynamic
focusing has found increasing application in classical chemical
engineering (Jaffer and Wood, 1998), chemical microanalysis
(Golden et al., 2012), rheology (Dziubinski, 2012), medicine
(Weigl et al., 1999; Yamada et al., 2008), and biology (Knoška
et al., 2020).
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The stability of hydrodynamic focusing depends sensitively on
operating conditions and may be disrupted at the very inlet by
hydrodynamic instabilities. Key sources of instability include
viscosity and density contrasts and the presence of interfacial
tension (Joseph and Renardy, 1993). Mechanical vibrations
of the apparatus and fluctuations in dosing rate must also be
considered. A viscosity difference introduces a discontinuity
in the velocity gradient at the interface, which alone can
destabilise the flow (Bałdyga and Rożeń, 1994). Moreover,
the viscosity ratio of additive to focusing liquids can strongly
influence the focusing outcome (Rożeń and Kopytowski, 2025).
Flow-rate fluctuations can be mitigated using gear, screw, or
lobe pumps. In horizontal-flow systems, density differences
cause reorientation of the interface and thus destabilise the
flow or at least induce gravitational segregation (Heravi et
al., 2023; Yamaguchi et al., 2006). A vertical configuration
of the premixing system with gravitational dosing facilitates
flow stability but simultaneously affects focusing performance
(Giorello et al., 2020; Minetti et al., 2022). Specifically, it
alters the thickness or radius of the additive stream relative
to the values obtained for negligible density differences. When
designing a hydrodynamic focusing process, it is also necessary
to define whether the goal is maximum reduction of the
stream’s transverse dimension – so that solutes can readily
diffuse and react (Karnik et al., 2008) – or rather uniform
mixing of the additive across the cross-section of the main
stream, which requires a narrow residence-time distribution
and high interfacial area concentration in the outlet stream.

Only a limited number of studies have addressed vertical-
flow micromixers, and most have focused on the geometry
of streams of different densities. Stiles and Fletcher (2003;
2004) provided exact analytical and numerical solutions for
the vertical flow of two liquids with different densities and
viscosities in a rectangular microchannel. Giorello et al. (2020)
proposed a model for vertical two-liquid flow in a micro-
slit (Hele–Shaw flow). However, this simple model does not
account for velocity gradients at the interface and therefore
cannot accurately predict the interfacial area concentration in
the product. Moreover, these works do not include residence-
time distribution calculations.

The purpose of this study is to investigate the generation of
interfacial area between liquids differing in density and vis-
cosity in two fundamental types of vertical focusing systems,
without simplifications to the flow description. The first sys-
tem produces core – annular flow in a circular channel, with
the additive forming a filament along the axis of symmetry.
The second system produces symmetric flow in a rectangular
channel, where the additive forms a layer along one longitudi-
nal plane of symmetry. Accurate modelling of both focusing
and focused streams makes it possible to determine the influ-
ence of density and viscosity differences on the transverse size
of the additive stream (filament diameter or layer thickness)
and on the interfacial area concentration per unit product
volume. In addition, the influence of channel aspect ratio
on the residence-time distribution is examined. Calculations

are performed for a wide range of axial pressure gradients to
identify conditions under which density differences affect or
even prevent hydrodynamic focusing.

2. MODELLING OF FLOWS CREATED BY
HYDRODYNAMIC FOCUSING

2.1. Axisymmetric core-annular flow

The process in which a liquid stream containing reagents,
droplets, polymer particles, or living cells is shaped into a
slender filament as it enters the main flow is known as three-
dimensional (3D) hydrodynamic focusing. This operation is
achieved by surrounding the additive with the main stream
so that the additive forms the central core of the flow. The
cross-sectional area of this core, and to some extent its shape,
can be adjusted by varying the flow-rate ratio of the focusing
and focused streams (Chiu et al., 2013; Huyke et al., 2020;
Kennedy et al., 2011; Lu et al., 2014; Minetti et al., 2022). An
ideally axisymmetric focused stream is most readily obtained
by injecting the additive centrally into the main liquid through
a nozzle, as illustrated in Fig. 1. The main stream, of density
ȷ1 and viscosity —1, flows through a channel of radius R. The
additive, of density ȷ2 and viscosity —2, is introduced along
the axis and, as a result of focusing, forms a filament of
radius rs. The volumetric flow rates are Q1 for the focusing
stream and Q2 for the focused stream.

Figure 1. Hydrodynamic focusing in axisymmetric core–annular
flow.

The analysis presented below is restricted to a stable, fully
developed laminar flow regime downstream of the injection
region. In this regime, hydrodynamic focusing is preserved,
and no interfacial instabilities are observed.
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Once the flow is stabilised downstream of the injection point,
the velocity vectors of both liquids have only axial components:
v1 for the main stream and v2 for the additive. With vertical
orientation, the Navier–Stokes equations reduce to:
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The plus sign in the gravitational term corresponds to down-
ward flow, while the minus sign denotes upward flow, as the
orientation of the z-axis coincides with the flow direction. The
velocity profile in axisymmetric flow must satisfy the following
boundary conditions:

a) no-slip at the channel wall

v1|r=R = 0 (3)

b) velocity continuity at the liquid–liquid interface

v1|r=rs
= v2|r=rs

(4)

c) continuity of shear stress across the liquid–liquid interface
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d) zero velocity gradient at the axis of symmetry
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= 0 (6)

Because the liquid–liquid interface is aligned with the flow
direction and the velocity field is purely axial, capillary forces
act in the transverse direction and do not contribute to the
axial stress balance at the interface. Consequently, interfacial
tension does not appear explicitly in the boundary condition
for the axial component of the stress in Eq. (5).

The solution of Eqs. (1)–(6) can be expressed as:
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By integrating the velocity profiles in (7) and (8), the volu-
metric flow rates of the two streams are obtained as:
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The concentration of interfacial area in the mixture volume
produced by the focusing system is defined as:

aV =
2ırsvs
Q1 + Q2

(11)

where vs = v1(rs) is the velocity at the interface.

In the fully developed laminar flow considered here, transverse
velocity components vanish, and axial velocity gradients are
negligible. Momentum transfer between adjacent fluid layers
is therefore governed by viscous diffusion, and nonlinear con-
vective terms in the momentum equations are absent. As a
result, the Reynolds number does not influence the shape of
the axial velocity profiles described by Eqs. (7)–(10).

Analysis of Eqs. (9) and (10) indicates that the ratio r/R
depends on four dimensionless parameters:

• the volumetric flow-rate ratio:

F = Q1/Q2 (12)

• the density ratio ȷ2=ȷ1, the viscosity ratio —2=—1, and the
ratio of the actual pressure gradient to the hydrostatic
gradient:

P =

„
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With the ratio rs=R known, the ratio of the interfacial velocity
to the mean channel velocity, vs=v , can be calculated, along
with the product of the interfacial area concentration and the
hydraulic diameter (Eq. (14)).

aV dh =
2ırsvs
ıR2v

2R = 4
rs
R

· vs
v

(14)

Because of the nonlinear nature of Eqs. (9) and (10), the
Levenberg–Marquardt method was used to determine the
ratio of the additive filament radius to the channel radius
(Press et al., 1992). Calculations were carried out for liquids
differing in density and either equal or different viscosities, at
a volumetric ratio F = 10.

The applicability of the present model is therefore limited to
conditions for which hydrodynamic focusing remains stable, i.e.
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Reynolds numbers of order 10 or lower (Cubaud and Notaro,
2014) and capillary numbers sufficiently large (at least 0.1 or
higher) to suppress interfacial destabilisation, as reported in
the literature (Cubaud and Mason, 2008). Outside this range,
flow instabilities may develop, and the assumptions underlying
the present analysis become invalid. The Reynolds number,
necessary to determine the flow regime, can be defined using
the method proposed by Metzner and Reed (1955), which is
based on the use of the laminar flow resistance law for flow
through a channel

Re =
32
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” · ȷ v
2

dh
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The plus sign in (15) denotes downward flow, while the minus
sign denotes upward flow. The average liquid density and
velocity are calculated as follows:

ȷ =
F + ȷ2=ȷ1
F + 1

ȷ1 (16)

v =
Q1 + Q2

A
(17)

where A is the cross-sectional area of the channel. On the
other hand, the capillary numbers for each liquid can be
defined using the work of Cubaud and Mason (2008).

Introducing modified pressure

p̃ = p ∓ ȷgz (18)

into Eq. (15) allows relating the Reynolds number to the
Euler number
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where L is the channel length. On the other hand, introducing
a new dimensionless parameter
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allows relating the Reynolds number to the Froude number
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Expressing the operating conditions in terms of Reynolds,
Euler, and Froude numbers allows the present results to be
transferred from micro- and laboratory-scale systems to larger
continuous flow devices, provided that dynamic similarity is
maintained. Beyond micro- and millimetre-scale systems, hy-
drodynamic focusing in axisymmetric configurations can also
be of practical relevance for centimetre-scale continuous-flow
reactors and contactors. In particular, it is advantageous in ap-
plications where the additive stream is chemically aggressive,
highly viscous, or prone to deposition on solid surfaces. In such

cases, the main stream acts as a hydrodynamic barrier, shield-
ing the channel walls from direct contact with the additive,
stabilising the position of the focused core. This protective
effect provides an additional motivation for implementing
hydrodynamic focusing in larger-scale flow devices.

The parameter ", defined by Eq. (20), is always positive, with
smaller values obtained when pressure losses due to viscous
resistance are minimised. Changes in " directly reflect varia-
tions in the actual pressure gradient relative to the hydrostatic
gradient. The minimum " occurs when any further adjustment
of the pressure gradient (an increase in downward flow or a
decrease in upward flow) prevents maintaining the prescribed
volumetric flow-rate ratio F.

The resulting values of rs=R and aV dh are shown in Figs. 2
and 3 as functions of the parameter ". Analysis of the these
results indicates that, irrespective of whether the focusing
flow is directed downward or upward, both the radius of the
additive stream and the interfacial area concentration vary
with decreasing ". These variations are negligible for "≫ 1
but become pronounced once " < 1. From a design perspec-
tive, these results provide direct guidelines for selecting the
flow direction and the axial pressure gradient relative to the
hydrostatic gradient to maximise interfacial area development
for given density and viscosity contrasts.

For downward flow (Figs. 2a–c and 3a–c), when the additive
is denser than the focusing liquid (ȷ2 > ȷ1), reducing "
narrows the additive filament and increases the interfacial
velocity. Consequently, the interfacial area concentration rises.
The closer the system is to the minimum " that still allows
the prescribed flow-rate ratio to be maintained, the greater
the interfacial area development. It should be emphasised
that this limiting " grows with the additive-to-main-stream
density ratio. The viscosity ratio has only a minor influence
on the limiting ", yet, with other parameters unchanged, a
higher viscosity yields a noticeable increase in interfacial area
concentration.

For downward flow with a lighter additive (ȷ2 < ȷ1), a reduc-
tion in " expands the additive stream radius because the mean
velocity of the focused liquid decreases. In this case, whether
the interfacial area concentration increases or decreases de-
pends on the viscosity ratio. If —2 < —1, the concentration
rises as " decreases (Fig. 3a), whereas for —2 ≥ —1, it falls
with decreasing " (Figs. 3b–c).

For upward flow (Figs. 2d–f and 3d–f), the density ratio has
the opposite effect on the additive radius and interfacial area
compared with downward flow. Nevertheless, the general
shape of the "-dependence curves is similar to that obtained
for downward flow. Importantly, however, the direction of flow
influences the minimum " values. As shown in Tables 1–3, the
greater the density ratio exceeds unity, the smaller the "min

values for upward flow compared with the downward case.
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Figure 2. Effect of the density and viscosity ratio on the relative radius of the additive stream in vertical core–annular flow (F = 10):
(a) downward flow, —2=—1 = 0:1 ; (b) downward flow, —2=—1 = 1; (c) downward flow, —2=—1 = 10; (d) upward flow,
—2=—1 = 0.1; (e) upward flow, —2=—1 = 1; (f) upward flow, —2=—1 = 10.
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Figure 3. Effect of the density and viscosity ratio on the dimensionless interfacial area concentration in vertical core–annular flow
(F = 10): (a) downward flow, —2=—1 = 0:1; (b) downward flow, —2=—1 = 1; (c) downward flow, —2=—1 = 10; (d) upward flow,
—2=—1 = 0:1; (e) upward flow, —2=—1 = 1; (f) upward flow, —2=—1 = 10.
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Table 1. Limiting values of parameter " for core-annular flow; F = 10, —2=—1 = 0:1.

ȷ2=ȷ1 1.1 1.2 1.3 1.4 1.5 2
Downward flow

"min 0.00850 0.01685 0.02506 0.03312 0.04103 0.07865

Upward flow
ȷ1=ȷ2 1.1 1.2 1.3 1.4 1.5 2

"min 0.00786 0.01452 0.02022 0.02517 0.02949 0.04494

Table 2. Limiting values of parameter " for core-annular flow; F = 10, —2=—1 = 1.

ȷ2=ȷ1 1.1 1.2 1.3 1.4 1.5 2
Downward flow

"min 0.00789 0.01565 0.02326 0.03074 0.03809 0.07301

Upward flow
ȷ1=ȷ2 1.1 1.2 1.3 1.4 1.5 2

"min 0.00730 0.01348 0.01878 0.02336 0.02738 0.04172

Table 3. Limiting values of parameter " for core-annular flow; F = 10, —2=—1 = 10.

ȷ2/ȷ1 1.1 1.2 1.3 1.4 1.5 2
Downward flow

"min 0.00772 0.01530 0.02274 0.03006 0.03725 0.07139

Upward flow
ȷ1/ȷ2 1.1 1.2 1.3 1.4 1.5 2

"min 0.00714 0.01318 0.01836 0.02284 0.02677 0.04080

2.2. Symmetric stratified flow

The process in which an additive stream is formed into a flat
layer at a defined position and orientation within the channel
cross-section is known as two-dimensional (2D) hydrodynamic
focusing. This configuration can be achieved, for instance, by
splitting the main flow into two side streams that confine the
additive from opposite sides, thereby flattening and narrowing
it within a rectangular channel (Fig. 4). The thickness of
the additive layer and the degree of flow symmetry can be
controlled by adjusting the dosing rates of the individual
streams entering the focusing head (Giorello et al., 2020; Lee
et al., 2006; Tripathi et al., 2014). After the flow stabilises
downstream of the focusing region, both liquids exhibit purely
axial velocity components (v1 and v2). The Navier–Stokes
equations describing this configuration then take the form:
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The plus sign in the gravitational term corresponds to down-
ward flow, while the minus sign denotes upward flow, since
the z-axis is aligned with the flow direction. The velocity
distribution in symmetric flow through a channel of width w
and height h, with a central additive stream of thickness ws ,
must satisfy the following boundary conditions:

• no-slip at the channel walls

v1|x=±w=2 = v1|y=±h=2 = v2|y=±h=2 = 0 (24)

Figure 4. Two-dimensional hydrodynamic focusing: symmetric
stratified flow in a rectangular channel.

• velocity continuity at the liquid–liquid interface

v1|x=±ws=2
= v2|x=±ws=2

(25)

• continuity of shear stress across the liquid–liquid interface
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• zero velocity gradient along the channel mid-plane
(yz-plane)
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x=0

= 0 (27)

• zero velocity gradient along the central plane (xz-plane)
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The concentration of interfacial area in the mixture volume
produced by the focusing system is defined as:

aV =
2hv s

Q1 + Q2
(29)

where

v s =
2

h

h=2Z
0

v1(ws=2; y)dy (30)

represents the average interfacial velocity across the chan-
nel height.

Inspection of Eqs. (22)–(30) indicates that the ratio of the
additive layer thickness to the channel width, ws=w , depends
on five dimensionless parameters. Four of these, F, P, ȷ2=ȷ1
and —2=—1, were already defined in the previous section. The
fifth is the aspect ratio of the channel cross-section:

¸ = h=w (31)

With ws=w determined, the ratio of the mean interfacial ve-
locity to the mean channel velocity, v s=v , can be calculated.
This, in turn, allows the product of the interfacial area concen-
tration and the channel hydraulic diameter to be expressed as:

aV dh =
2hv s
whv

· 2wh

w + h
=

4¸

¸+ 1
· v s
v

(32)

The system of Eqs. (22)–(28), required to evaluate the
additive layer thickness and interfacial area concentration, was
solved using the FlexPDE 8.0 package. This software employs
the finite element method with automatic unstructured mesh
generation to handle partial differential equation systems
(PDE Solutions Inc., 2025). The computational mesh is
composed of triangular cells, within which cubic interpolation
of solution variables is employed. The program estimates the
relative uncertainty in the solution variables and compares
this to an accuracy tolerance. If any mesh cell exceeds the
tolerance, that cell is split, and the solution is recomputed.
The mesh can be gridded more densely by the user. Tables 4
and 5 present the mesh independence test results for the
upward flow of liquids with varying density and viscosity.
The results indicate that when the number of mesh cells
exceeds 5 700, the root-mean-square average of the error
estimate over all cells (RMS error) remains below 0.01%. In
subsequent calculations, meshes of this density were used.

Table 4. Effect of the number of grid cells on the width of the
additive layer and interfacial surface concentration in the
upward flow: h=w = 1, F = 10, ȷ2=ȷ1 = 0:9,
—2=—1 = 0:1, " = 0:05.

Number
of cells

912 1486 5712 22216

ws=w 0.051963 0.051963 0.051963 0.051963

aV dh 3.165954 3.165952 3.165953 3.165953

RMS error [%] 0.0295 0.0128 0.00305 0.00076

Table 5. Effect of the number of grid cells on the width of the
additive layer and interfacial surface concentration in the
upward flow: h=w = 1, F = 10, ȷ2=ȷ1 = 1:1,
—2=—1 = 10, " = 0:05.

Number
of cells

948 1472 5712 22394

ws=w 0.117821 0.117821 0.117821 0.117821

aV dh 1.570690 1.570689 1.570689 1.570689

RMS error [%] 0.00317 0.00198 0.000415 0.000076

To verify the correctness of the numerical calculations, their
results were compared with experimental data available in
the literature, including the experimental results reported by
Giorello et al. (2020) in Fig. 5a. The results of this comparison,
presented in Tables 6 and 7, indicate that the additive layer
width predicted by the numerical model show good agreement
with the experimental measurements.

Table 6. Comparison of the modelled additive layer width (this
work) with the experimental results (Giorello et al.,
2020) in the downward flow: h=w = 0:058333,
ȷ2=ȷ1 = 0:79, —2=—1 = 1:18.

F 1.870 2.565 4.066 9.850

Re 0.9738 0.8735 0.7753 0.6876
√
Fr 0.09837 0.08908 0.07986 0.07060

Experiment
ws=w

0.551 0.510 0.451 0.370

Model ws=w 0.5530 0.5095 0.4508 0.3537

Table 7. Comparison of the modelled additive layer width (this
work) with the experimental results (Giorello et al.,
2020) in the downward flow: h=w = 0:058333,
ȷ2=ȷ1 = 1:15, —2=—1 = 1:4.

F 1.618 2.219 2.731 4.137 8.597

Re 0.4202 0.3802 0.3628 0.3426 0.3333
√
Fr 0.04059 0.03638 0.03426 0.03114 0.02800

Experiment
ws=w

0.232 0.171 0.151 0.111 0.081

Model ws=w 0.2277 0.1723 0.1433 0.0992 0.0528
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Subsequent modelling was carried out for various channel aspect
ratios and liquids differing in density and with either equal or
unequal viscosities, at a volumetric flow-rate ratio F = 10.

Figure 5 shows six representative velocity profiles in a square
channel (w = h) for different density and viscosity ratios of
the contacting liquids. The profiles were computed for upward
flow with an axial pressure gradient close to the hydrostatic
value (" = 0:05). When the additive is both lighter and less
viscous than the main stream (ȷ2 < ȷ1, —2 < —1), the velocity
of the additive filament – and thus the interfacial velocity –
is at its maximum (Fig. 5a). Equalising the additive viscosity
with that of the focusing liquid lowers the centreline velocity
(Fig. 5b). Further increasing the additive viscosity beyond
that of the main stream produces a local depression in the
velocity profile at the channel centre (Fig. 5c). Such a local
minimum also appears whenever the additive is denser than
the main stream (ȷ2 > ȷ1). The depression is most evident
when the additive viscosity differs markedly – either lower or
higher – from that of the focusing liquid (Figs. 5d and 5f).
When the two viscosities are equal, the velocity profile remains
relatively uniform at the channel centre (Fig. 5e).

The channel aspect ratio (h=w) is an additional factor that
shapes the outcome of 2D focusing. Its effect on additive layer
thickness is particularly evident at low " across all vertical-
flow cases (Fig. 6). A higher viscosity ratio amplifies this
influence and extends it to regimes where gravitational effects
are negligible ("≫ 1). As with core–annular flow, when the
additive is denser (lighter) than the main stream, the layer
is thinner (thicker) in downward flow than in upward flow.
Conversely, when the additive is lighter (denser), the thinner
(thicker) layer appears in upward rather than downward flow.
This contrast becomes more pronounced as " approaches its
minimum permissible value, below which the prescribed volu-
metric flow-rate ratio cannot be sustained. For upward flow
(Figs. 6d–f), the effect of the density ratio on the normalised
additive layer thickness is reversed relative to downward flow,
while the overall shape of the ws=w versus " curves remains
similar to that obtained for downward flow.

The most distinctive feature separating 2D from 3D hydrody-
namic focusing is the extent of interfacial area development,
which in 2D can be two to three times greater (Fig. 7) than in
3D focusing (Fig. 3). Moreover, the viscosity ratio influences
the interfacial area concentration in a different and stronger
way under 2D focusing. First, the effect is generally more
pronounced than in 3D systems. Second, lowering the additive
viscosity relative to the main stream markedly enhances the
interfacial area concentration, even when " > 0:1. Third, irre-
spective of the viscosity ratio, if the additive is denser (lighter)
than the focusing liquid, the interfacial area concentration is
higher (lower) in downward flow than in upward flow. Con-
versely, if the additive is lighter (denser), the concentration is
higher (lower) in upward flow. As in core–annular flow, when "
approaches its minimum threshold values, the interfacial area
concentration rapidly tends towards extremes. The steepest

increase with decreasing " occurs for downward flow with
ȷ2 > ȷ1 or for upward flow with ȷ2 < ȷ1.

The influence of channel geometry and liquid density dif-
ferences extends beyond changes in additive layer thickness
and interfacial area concentration. The cross-sectional aspect
ratio, h=w , also governs another key feature of 2D focusing
flows – the residence time distribution (RTD) of the fluid
elements. When product quality depends on process dura-
tion, for example the extent of reaction between the additive
stream substrate and that in the focusing stream, it is de-
sirable to minimise the spread of residence times of additive
stream elements. To this end, RTD density functions E were
calculated for two channel aspect ratios, w=h = 0:1 and 10.

The dimensionless RTD density functions for both liquids
were estimated using:

Ei („) ∼=
1

∆„Qi

X
j

Qi ;j ; i = 1; 2 (33)

The dimensionless residence time „ was defined as the ratio
of the mean velocity of the i-th liquid in the channel to its
local velocity:

„ =
v i
vi

(34)

The summation of the partial volumetric flow rates Qi;j was
carried out over computational grid elements for which the
mean velocity satisfied:

„ − 1

2
∆„ 6

v i
v i ;j

< „ − 1

2
∆„ (35)

where ∆„ denotes the time step used in the calculations.

The computed RTDs for downward flow of liquids with differ-
ent densities and viscosities are shown in Fig. 8. For h=w = 10,
the RTD of the main stream closely resembles that of lami-
nar single-liquid channel flow: a sharp rise to a maximum at
„ ≈ 0:5, followed by a gradual decline towards zero before
„ ≈ 3 (Figs. 8a, 8c). Reducing the aspect ratio to 0.1 broad-
ens the distribution at short residence times, most notably
when the additive is denser than the main stream. The most
striking differences, however, appear in the RTD of the addi-
tive stream. With h=w = 10, the E function exhibits a narrow
peak around „ ≈ 1 (Figs. 8b, 8d), indicative of a very tight
residence-time distribution characteristic of plug-like flow. By
contrast, when the channel width greatly exceeds its height
(h=w = 0:1), hydrodynamic focusing effectively occurs under
Hele–Shaw flow conditions. This results in substantial flatten-
ing and broadening of the RTD over „ ≈ 0:5–1.5, irrespective
of the density ratio of the two liquids.

An additional consequence of Hele–Shaw flow focusing is a
drastic reduction in interfacial area concentration. This key
parameter for mass transfer decreases from aV = 5:29=dh to
0:39=dh for ȷ2=ȷ1 = 0:9, and from aV = 5:54=dh to 0:64=dh
for ȷ2=ȷ1 = 1:1, when the aspect ratio w=h is reduced by
two orders of magnitude from 10 to 0.1.
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Figure 5. Velocity profiles in upward stratified flow under 2D hydrodynamic focusing (F = 10) for different density and viscosity ratios:
(a) ȷ2=ȷ1 = 0:9 and —2=—1 = 0:1, (b) ȷ2=ȷ1 = 0:9 and —2=—1 = 1, (c) ȷ2=ȷ1 = 0:9 and —2=—1 = 10, (d) ȷ2=ȷ1 = 1:1 and
—2=—1 = 0:1, (e) ȷ2=ȷ1 = 1:1 and —2=—1 = 1, (f) ȷ2=ȷ1 = 1:1 and —2=—1 = 10.
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Figure 6. Influence of density ratio, viscosity ratio, and channel aspect ratio on the normalised thickness of the additive layer in vertical
stratified flow (F = 10): (a) downward flow, —2=—1 = 0:1; (b) downward flow, —2=—1 = 1; (c) downward flow, —2=—1 = 10;
(d) upward flow, —2=—1 = 0:1; (e) upward flow, —2=—1 = 1; (f) upward flow, —2=—1 = 10.
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Figure 7. Influence of density ratio, viscosity ratio, and channel aspect ratio on the normalised interfacial area concentration in vertical
stratified flow (F = 10): (a) downward flow, —2=—1 = 0:1; (b) downward flow, —2=—1 = 1; (c) downward flow, —2=—1 = 10;
(d) upward flow, —2=—1 = 0:1; (e) upward flow, —2=—1 = 1; (f) upward flow, —2=—1 = 10.
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Figure 8. Influence of channel aspect ratio and density ratio on the residence-time distribution (RTD) function in vertical stratified
downward flow (F = 10, —2=—1 = 0:1, " = 0:1): (a) focusing stream, ȷ2=ȷ1 = 0:9; (b) additive stream, ȷ2=ȷ1 = 0:9;
(c) focusing stream, ȷ2=ȷ1 = 1:1; (d) additive stream, ȷ2=ȷ1 = 1:1.

3. CONCLUSIONS

This work has demonstrated how hydrodynamic focusing in
vertical channels governs the geometry of the additive stream
and the development of liquid–liquid interfacial area. Two
canonical system configurations were examined: axisymmetric
core–annular flow in a circular channel (3D focusing) and sym-
metric stratified flow in a rectangular channel (2D focusing).

In the case of 3D focusing, analytical solutions of the Navier–
Stokes equations showed that the radius of the additive fila-
ment and the extent of interfacial development are strongly
influenced by density differences between the contacting liq-
uids, particularly when the axial pressure gradient approaches
the hydrostatic pressure gradient. Viscosity ratio played a sec-
ondary role, modifying but not dominating the final outcome.

Numerical simulations of 2D focusing flow revealed that the
additive layer thickness and interfacial area concentration
depend not only on density and viscosity contrasts but also
on the channel aspect ratio. These effects were especially
pronounced under near-hydrostatic pressure gradients. Com-
pared with the core–annular case, 2D focusing consistently
produced a higher degree of interfacial area development,
highlighting its potential as a more effective method for
enhancing mass transfer. The analysis of residence-time
distributions further demonstrated that appropriate aspect
ratios are required to minimise dispersion of the additive
stream, thereby improving mixing uniformity.

The conclusions drawn in this study are restricted to stable,
fully developed laminar focusing regimes, for which hydro-
dynamic instabilities do not arise and the flow assumptions
underlying the analytical and numerical models remain valid.
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Within this regime, the results provide quantitative bench-
marks for how liquid properties and channel geometry deter-
mine the outcome of hydrodynamic focusing.

From an application viewpoint, the results indicate that verti-
cal hydrodynamic focusing can be effective in continuous flow
systems in generation of intermaterial surface area, provided
that precise and uniform dosing of both streams is ensured
and that the pressure gradient is carefully controlled relative
to the hydrostatic pressure contribution.

Although the present study was restricted to the overall out-
come of 2D and 3D focusing under different operating condi-
tions, without attempting to resolve the detailed dynamics of
the focusing process, the results provide clear benchmarks for
how liquid properties and channel geometry determine the
outcome of hydrodynamic focusing. Extending the analysis
beyond the stable laminar flow requires a dedicated stability-
focused investigation to identify the onset and nature of
interfacial instabilities. Such an analysis constitutes a neces-
sary next step before the present framework can be applied
to unstable or transitional flow conditions.

The findings of this study thus provide a useful basis for more
advanced CFD investigations of liquid–liquid systems differing
in density and viscosity under vertical flow conditions.
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SYMBOLS

A channel cross-sectional area, m2

aV interfacial area concentration, 1/m
dh hydraulic diameter, 1/m
E residence time distribution function
Eu Euler number
F ratio of volumetric flow rates
Fr Froude number
g gravitational acceleration, m/s2

h channel height, m
L channel length, m
P pressure modulus defined by Eq. (14)
p pressure, Pa
p̃ modified pressure, Pa
Qi total volumetric flow rate of the i-th liquid, m3/s
Qi ;j volumetric flow rate of the i-th liquid in the j-th grid cell,

m3/s
R channel radius, m
Re Reynolds number
r radial coordinate, m

rs radius of the focused stream, m
w channel width, m
ws width of the focused stream, m
vi axial velocity of the i-th liquid, m/s
vi ;j axial velocity of the i-th liquid in j-th grid cell, m/s
vs liquid velocity at the liquid-liquid interface, m/s
xy; z cartesian coordinates, m

Greek symbols

¸ channel aspect ratio
" dimensionless parameter
„ dimensionless residence time
— liquid viscosity, kg/(m·s)
ȷ liquid density, kg/m3

Subscripts

1 focusing liquid (main stream)
2 focused liquid (additive stream)
min minimum value

Special symbols
− mean
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