
Archives of Control Sciences
Volume 24(LX), 2014
No. 4, pages 515–543

Adaptive sliding mode formation control of multiple
underwater robots

BIKRAMADITYA DAS, BIDYADHAR SUBUDHI and BIBHUTI BHUSAN PATI

This paper proposes a new adaptive sliding mode control scheme for achieving coordi-
nated motion control of a group of autonomous underwater vehicles with variable added mass.
The control law considers the communication constraints in the acoustic medium. A common
reference frame for velocity is assigned to a virtual leader dynamically. The performances of
the proposed adaptive SMC were compared with that of a passivity based controller. To save
the time and traveling distance for reaching the FRP by the follower AUVs, a sliding mode
controller is proposed in this paper that drives the state trajectory of the AUV into a switching
surface in the state space. It is observed from the obtained results that the proposed SMC pro-
vides improved performance in terms of accurately tracking the desired trajectory within less
time compared to the passivity based controller. A communication consensus is designed ensur-
ing the transfer of information among the AUVs so that they move collectively as a group. The
stability of the overall closed-loop systems are analysed using Lyapunov theory and simulation
results confirmed the robustness and efficiency of proposed controller.
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1. Introduction

An AUV is a submersible undersea vehicle which is equipped with power supply
and is controlled by an on board computer and performing an assigned task such as tra-
jectory tracking, path following, navigation etc.. AUVs are compact and low-drag profile
crafts powered by underwater DC power thrust [1]. AUVs can be equipped with sensors
in order to measure temperature, salinity, pollutant concentration fields, and magnetic
vector fields of underwater environment. A team of AUVs in formation is operated for
achieving tasks such as mapping, exploration, monitoring of marine environments, data
collection for oceanographic missions and autonomous navigation information [2]. For-
mation Control of AUVs is difficult because of hydrodynamic effects and challenging
due to uncertainty in AUV dynamics and communication constraints in the acoustic
medium [3].
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In underwater communication, acoustic modem has a low data rate, long propaga-
tion delay due to the slow speed of sound (1500 m/s), the low link quality caused by
multipath signal propagation and time variability of the medium. It is quite challenging
that design of controller to cover the waypoints between the AUVs in a large uncertain
oceanographic region using underwater communication constraints [4]. A topology of
information exchange between AUVs is described by a graph theory is very much useful
for solving these types of nonlinear unconstrained problems [5]. It is also necessary that
all the vehicles in the group to move collectively along a desired path [6]. The control
design for trajectory tracking and path following in the presence of modeling parametric
uncertainty is a great concern for participating AUVs to put into a formation [7].

Distributed coordination architecture for multi-robot formation control has been pro-
posed in [8]. Nonlinear formation control of marine craft is described by Fossen et al.
[9]. Adaptive design for reference velocity recovery in motion coordination is given in
[10]. Arcak et al. proposed passivity as a design tool for group coordination in a syn-
chronized path [11], [12]. Passivity-based techniques and consensus tracking theories
are brought together to yield a distributed control strategy proposed by Wang et al. [13].
Sliding mode being a robust controller is chosen to be a suitable candidate for formation
control applied with same communication constraints and trajectory. Design of sliding
mode controller for a class of second-order under actuated systems is provided by [14].
Trajectory tracking control has been developed and explains the nonlinear horizontal
motion dynamics of AUVs [15]. Coordinated path-following control of multiple under
actuated autonomous vehicles in the presence of communication failures is proposed by
Ghabcheloo et al. [16].

The present work focuses in the development of control algorithm for coordinated
motion of a team of AUVs along a desired path in presence of full communications.
This objective is achieved by execution control law and following the reference trajec-
tory. A reference trajectory is considered as the dynamic path and the other participating
AUVs are assigned to follow the task of the leader using various controller techniques.
The motivation behind the formation control owing to the communication constraint i.e.
the common velocity signal must be available to all following AUVs that make use of
this information. To compare the efficacy of the proposed controller its performances are
compared with that of passivity based controller. The stability of the proposed control
system is ensured while achieving simultaneous tracking of positions and heading angle
based on Lyapunov stability.To develop a SMC with an adaptive mechanism we use Lya-
punov stability criteria considering the mass variation of AUV for successful formation
control in which coefficient of variable added mass is estimated adaptively [17]. The
variable added mass is actually the force and moment on the AUV except the real mass
of the moving fluid attached to the AUV. Mass variation means the extra load added or
removed from AUV at a particular instant of time while accomplishing the cooperative
motion using formation. A communication consensus is used for coordination of AUVs
by allocating positions and velocities for the desired trajectories [18]. The objectives of
this paper are as follows.
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• Development of an adaptive SMC for co-operative formation of AUVs in presence
of variable mass at a certain instant of time based on unchanged communication
strategies.

• To compare the performance of the SMC controller having same initial condi-
tions and communication strategies with that of a passivity based controller using
various trajectory paths.

The paper is organized as follows. Section 2 gives the modeling of AUV. Section 3
formulates the trajectory tracking problem. Section 4 describes the communication con-
sensus based on tracking control used for formation of AUVs. A detailed description
about the design of controller approach is described in Section 5. Section 6 verifies the
performance of controller through MATLAB simulation. Section 7 presents the conclu-
sion of this paper.

2. AUV modeling

The AUV model in inertial frame can be expressed by the following nonlinear equa-
tion [4]

Mη(ηi)η̈i +Cη(ηi, η̇i)η̇i +Dη(ηi, η̇i)η̇i +g(ηi) = τ̄i (1)

η̇i = R(ψi)vi. (2)

Figure 1: Inertial and body fixed frames of an AUV model.

A schematic representation of an AUV in inertia and body reference frames is shown
in Fig. 1 [3]. Mη(ηi) is the inertia matrix including added mass is represented as

Mη(ηi) = RT (ψi)MR(ψi). (3)
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Cη(ηi, η̇i) denotes the matrix of Coriolis and centripetal terms including added mass
given by

Cη(ηi, η̇i) = [C(v)−MR−1(ψi)Ṙ(ψi)]R−1(ψi). (4)

Hydrodynamics damping matrix Dη(ηi, η̇i) can be expressed as

Dη(ηi, η̇i) = D(v)R−1(ψi). (5)

ηi = [xi,yi,zi,ϕi,θi,ψi]
T describes the position and orientation of the vehicle with respect

to the inertial or earth fixed reference frame. vi = [ui,υi,wi, pi,qi,ri]
T is the translational

and rotational velocities of the vehicle with respect to the body-fixed reference frame.
τ̄i = [Xi,Yi,Zi,Ki,Mi,Ni]

T is the control input vector in horizontal plane. g(ηi) denotes
the vector of gravitational forces and moments, τ̄i is the vector of force and moments
acting on the AUV in the body fixed frame. τ̄i is given by

τ̄i = R(ψi)τi. (6)

R(ψi) denotes the velocity transformation matrix between vehicle and earth fixed frame.
The rotation matrix of the AUV can be expressed as

R(ψi) =

 cos(ψi) −sin(ψi) 0
sin(ψi) cos(ψi) 0

0 0 1

 (7)

Assumption 3 Referring to equations (3-5), we assume the following properties in the
AUV dynamics [2]

• Mη(ηi) is symmetric positive stable for any number of AUV, i = 1,2, . . . ,N

λmin(Mi)∥x∥2
2 ¬ xT Mη(ηi)x¬ λmax(Mi)∥x∥2

2 ,∀x ̸= 0. (8)

• Ṁη(ηi)−2Cη(ηi, η̇i) is a skew ei → 0 symmetric and which is can be termed as

xT
(

1
2

Ṁη(ηi)−2Cη(ηi, η̇i)

)
x = 0, ∀x ∈ ℜ3. (9)

• The damping matrix Dη(ηi, η̇i) is positive such that

xT Dη(ηi, η̇i)x > 0, ∀x ̸= 0. (10)

• Embedding a load will not only change the mass matrix, but it will also induce
torques as the gravity and buoyancy centers will not coincide anymore and hence
g will change. But as it is considered for three DOF of motion along (x,y) axis,
hence g(ηi) = 0.

• Centre of mass and centre of buoyancy coincide with each other and other terms
such as roll motions and hydrodynamic terms of higher order are assumed to be
negligible.
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3. Problem statement

Consider N number of similar AUVs deployed for a task to be achieved through a
cooperative motion plan i = 1,2, . . . ,N . Let the AUVs accomplish the cooperative mo-
tion using formation. We choose a Leader-Follower formation topology in which one
of the AUV is chosen as the leader and the rest are considered as the follower. It is as-
sumed that the common velocity and position signals must be available to all the AUVs
in all above mentioned references. Formation Control of single networked AUVs is dif-
ficult and challenging due to uncertainty in its dynamics and communication constraints
in the acoustic medium. This problem can be overcome by introducing communication
consensus for both formation and tracking as shown in Fig. 2 [13].

Figure 2: Formation Control of multiple AUVs using communication constraints.

The problem statement is as follows. The error surface for each AUV is used to
provide its dynamics from a feedback signal to the error vector η̇0,i−v0,i(t) for passivity
based controller [13]. The proposed SMC applied to the systematic control design having
switching surface η̇i(θi)− η̇r(θi) in the state space by maintaining the trajectory on the
same surface with and without variable added mass. All follower AUVs grasping a mass
variation at a certain instant of time will be in the desired formation and consensus with
the virtual leader, when the position vector of each AUV is synchronized. The neighbor
AUVs i and j exchange their information through a common communication consensus
algorithm by accessing the synchronization error θi −θ j. The formulation for the AUVs
in desired formation configuration in two dimensional space is

lim
t→∞

|η̇0,i − v0,i(θi)|= 0, ∀i ∈ (1,2, . . . ,N) (11)

lim
t→∞

|η̇i(θi)− η̇r(θi)|= 0, ∀i ∈ (1,2, . . . ,N) (12)

lim
t→∞

∣∣θi −θ j
∣∣= 0, ∀i ∈ (1,2, . . . ,N) (13)

where ηr represents the reference path for the group of AUVs and v0,i is the velocity of
the ith vehicle for tracking the desired leader path. θi is the consensus tracking algorithm
as discussed in section 4.
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4. Communication consensus

A bidirectional information flow exist between the leader and follower AUVs de-
scribed by graph theory . Here all followers track the virtual leader in the absence of ve-
locity measurements. The synchronization error can be exchanged between the AUVs,
considering one of the vertices to be the positive end of the edge k. So the incidence
matrix D(g) is defined

pik =

{
+1 if ith AUV is the positive end of k
−1 if ith AUV is the negative end of k

(14)

The associated adjacency matrix associated with graph theory is A = [ai j] ∈ RN×N . Two
members, i and j are neighbor AUVs if they can access the synchronization error θi−θ j.
Consensus tracking means consensus or full communication with the virtual leader, the
details has been described by Cao et.al [22]. The objective of consensus tracking is that a
group of followers tracks a dynamic leader with exchange of information. The objective
of θi is to track the leader in presence of consensus tracking represented as,

lim
t→∞

∣∣θi −θ j
∣∣= 0, ∀i, j ∈ (1,2, . . . ,N) (15)

So the distributed consensus tracking algorithm for θ̇i may be defined as [22]

θ̇i =−γ ∑
j∈Ni(t)

ai j(θi −θ j)−βcsgn

 ∑
j∈Ni(t)

ai j(θi −θ j)

 (16)

N̄i ⊆ {0,1, . . . ,n} denotes the neighbor set of follower i in the team consisting of the
n followers and the virtual leader. Considering the case of a switching network topol-
ogy by assuming that j ∈ Ni(t), i = 1,2, . . . ,n, j = 0,1, . . . ,n, if

∣∣θi −θ j
∣∣ < R at time t

and j /∈ Ni(t), where R denotes the communication sensing radius of the AUV [21]. ai j,
i = 1,2, . . . ,n, j = 0,1, . . . ,n, are positive constants, γ is a nonnegative constant, βc is a
positive constant, and sgn[·] is the signum function. As undirected graph is connected,
so at least one value of ai0 is nonzero. ai0 is a positive constant if the virtual leader’s po-
sition is available to follower i. Here θ0 is updated to force the speed along the reference
trajectory path, θ̇0 to follow a speed assignment v0 assuming θ̇0 < u, and u is a posi-
tive constant. Then the Lyapunov candidate function is given by V may not be smooth
but regular. Here differential inclusions and non-smooth analysis is used to analyze the
stability [22].

θ̇i∈a.e.−K

γ ∑
j∈Ni(t)

ai j(θi −θ j)+βcsgn

 ∑
j∈Ni(t)

ai j(θi −θ j)

 (17)
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where a.e. denotes "almost everywhere." and K[·] is the differential inclusion [22] and
the generalized derivative of V is given by

V ¬−γθ̃T [χ̂(t)]2θ̃− (βc −u)
∥∥∥χ̂(t)θ̃

∥∥∥ . (18)

θ̃ is the column stack vector of θ̃i, i= 1,2, . . . ,n, with θ̃i = θi−θ0, χ̂(t) = [m̂i j(t)]∈ℜn×n

is defined as [22]

m̂i j(t) =


−ai j,

0,

∑k∈N̄i(t) aik,

j ∈ N̄i(t), j ̸= i
j /∈ N̄i(t), j ̸= i
j = i

(19)

χ̂(t) is symmetric positive definite at each time instant under the condition of the the-
orem. Because βc > u, it then follows that the generalized derivative of V is negative
definite and

∥∥∥θ̃(t)
∥∥∥ → 0 as t → ∞ [22]. Therefore, we can get that θi(t) → θ0(t) as

t → ∞.

5. Controller design

In this section, systematic design procedures for achieving solution to control objec-
tives for formation control are formulated with the help of communication consensus as
described in the previous section.

5.1. Passively based controller

In order to compare the effectiveness of the proposed adaptive SMC controller, we
first design a passivity based controller [13] for achieving formation of a group of AUVs.
The structure of the passivity controller is as shown in Fig. 3. Each AUV is intended to
follow the following trajectory given by [13]

ηd ,i(θi) = η0,i(θi)+R((ψi(θi))li. (20)

Differentiating both sides of (20) with respect to time gives

η̇d,i(θi) = η̇0,i(θi)+ ḟi (21)

η̈d,i(θi) = η̈0,i(θi)+ f̈i (22)

where the desired path for ith AUV is given by ηd,i(θi) = [xd,i(θi),yd,i(θi),ψd,i(θi)]
T .

A formation reference point (FRP) is designed with a set of designation vectors
fi = R((ψi(θi))li, li ∈ ℜ3 for ith AUV, i = 1,2, . . . ,N. We define the η0,i(θi) =
[x0,i(θi),y0,i(θi),ψ0,i(θi)]

T as the FRP for ith AUV. R(ψ(θi)) is the rotation matrix, is
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Figure 3: Formation control using passivity based controller.

the angle of tangent vector in the inertial frame and θi is the communication tracking
algorithm as described in Section 4.

The desired heading ψi(θi) can be calculated as the angle of the tangent vector in the
inertial frame.

ψi(θi) = arctan
(

y′0,i(θi)

x′0,i(θi)

)
(23)

where x′0,i(θi) and y′0,i(θi) represent the partial derivative of x0,i(θi) and y0,i(θi) respec-
tively.

R(ψi(θi)) =

 cos(ψi(θi)) −sin(ψi(θi)) 0
sin(ψi(θi)) cos(ψi(θi)) 0

0 0 1

 . (24)

The idea behind the passivity based design is to derive an internal feedback control law
for each AUV to provide its dynamics from an external feedback signal αi to the error
vector (η̇0,i − v0,i), where v0,i is the velocity of the AUV [13]. This means

lim
t→∞

|η̇0,i − v0,i(t)|= 0, ∀i ∈ (1,2, . . . ,N) (25)

αi =−
p

∑
k=1

likφk(zk), ∀i ∈ (1,2, . . . ,N) (26)

where zk is the coordination error between ith and jth AUV connected by communication
link lik at each node k and ϕk(·) is the feed forward non-negative non-linear function as
described in the section 4. The error vector is defined as

ei = η̇0,i − v0,i. (27)

Differentiating (27) gives
η̈0,i = ėi + v̇0,i. (28)

Substituting the expression for η̈d,i(θi) from (22) in equation (1) one can obtain

Mη(ηi)(η̈0,i(θi)+ f̈i)+Cη(ηi, η̇i)(η̇0,i(θi)+ ḟi)+Dη(ηi, η̇i)(η̇0,i(θi)+ ḟi)+g(ηi) = τ̄i.
(29)
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Substituting (28) in (29), we have

Mη(ηi)(ėi + v̇0,i + f̈i)+Cη(ηi, η̇i)(ei + v0,i + ḟi)+Dη(ηi, η̇i)(ei + v0,i + ḟi)+g(ηi) = τ̄i.
(30)

The control input τ̄i can be generated so that the error ei converges to zero.

τ̄i = (Cη(ηi, η̇i)+Dη(ηi, η̇i))(v0,i+ ḟi)+Mη(ηi)(v̇0,i+ f̈i)+g(ηi)−Kdi(η̇0,i−v0,i)+αi.
(31)

Kdi is the positive control gain matrix. The positive definite used in passivity control are
radially unbounded storage function [13]. The positive definiteness of passivity based
control approach is given as

τ̄i = (Cη(ηi, η̇i)+Dη(ηi, η̇i))(v0,i+ ḟi)+Mη(ηi)(v̇0,i+ f̈i)+g(ηi)−Kdi(η̇0,i−v0,i)+αi.
(32)

So according to the definition of passivity based control [11] and [14], it can be observed
that passivity can be achieved through αi and ei. This means that the follower AUVs will
have to reach the FRP to follow the trajectory which is very much time consuming.

5.2. Sliding mode based formation control

The control objective is to find a nonlinear control law that makes the AUV asymp-
totically tracking a desired trajectory. SMC method applied to the systematic control
design for the reduction of the system order. The measure of tracking through SMC is
represented as [15], as shown in Fig. 4 [17]

s = ˙̃ηi +ϒη̃i (33)

where ηi(θi) = [xi(θi),yi(θi),ψi(θi)]
T for ith AUV, i = 1,2, . . . ,N. η̃i(θi) = ηi(θi)−ηd

is the earth fixed reference error, ϒl is a diagonal positive design matrix. The virtual
reference trajectory in Earth-fixed coordinates are defined as

η̇r(θi) = η̇d −ϒlη̃i(θi). (34)

Figure 4: Formation control using SMC based controller.

Defining sliding surface s as

s = ˙̃ηi(θi)+ϒlη̃i(θi) = η̇i(θi)− η̇r(θi). (35)
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Equation (35) can be rewritten as

η̈i(θi) = ṡ+ η̈r(θi). (36)

It is assumed that the reference trajectory ηr is smooth and bounded by ηd , η̇d , η̈d .
Substituting the expression for η̈i(θi) from (36) in equation (1), we have

Mη(ηi)ṡ =−(Cη(ηi, η̇i)+Dη(ηi, η̇i))s−Mη(ηi)η̈r(θi)−Cη(ηi, η̇i)η̇r(θi)
(37)

−Dη(ηi, η̇i)η̇r(θi)+ τi −g(ηi).

Equation (37) can be rewritten as

Mη(ηi)ṡ=−Cη(ηi, η̇i)s−Dη(ηi, η̇i)s+[τi−Mv̇r(θi)−C(v)vr(θi)−Dη(v)vr(θi)−g(ηi)]
(38)

where vr(θi) = η̇r(θi)R−1(ψi(θi)). Let ṡ = 0

τeqv = Mv̇r(θi)+C(v)vr(θi)+D(v)vr(θi)+g(ηi)+Cη(ηi, η̇i)s+Dη(ηi, η̇i)s. (39)

Total control input is given by
τ = τeqv + τsw. (40)

τsw is the switching control part of SMC input. Using SMC s → 0 in finite time and also
with desired convergence rate, the dynamics of the sliding mode is required to have the
following form.

ṡ = ws−Ksgn(s) (41)

where w ∈ diag(wi), K ∈ diag(ki), wi > 0, ki > 0 for i ∈ (1,2, . . . ,N). So substituting (41)
in (38) we have

τsw =−Mη(ηi)(ws+Ksgn(s)) (42)

τ = Mv̇r(θi)+C(v)vr(θi)+D(v)vr(θi)+g(ηi)+Cη(ηi, η̇i)s+Dη(ηi, η̇i)s
(43)

−Mη(ηi)(ws+Ksgn(s)).

So the control law for SMC is given by (43).The control law of SMC given in (43) is
uniformly globally stable [15]. Considering the Lyapunov candidate function as [19]

V̇ =−sT ws− sT Ksgn(s)¬ 0 (44)

where w and K are positive matrix and chosen such that it avoids anti-jamming and high
frequency chattering. M is a positive matrix, Mη(ηi) is invertible. So the control for the
SMC is stable if and only if, it satisfies

ṡi =−wis−Kisgn(si), si ∈ s and si(t0) ̸= 0. (45)

Solution of the above equation satisfying the condition si(t) = 0 is

si(t) = [|si(t0)|+w−1
i ki]e−wi(t−t0)−w−1

i ki. (46)

Sliding model will be reached at time period

t  t0 − ln
[

ki/(ki +wi |si(t0)|)
wi

]
. (47)
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5.3. Adaptive sliding mode controller

It is difficult to obtain the position, velocity and to compute the control input for
cooperative formation of AUVs grasping payload mass variation. An adaptive SMC may
be designed to hold the system trajectory on the sliding surface and the chattering-free
implementation as shown in Fig. 5. The variable added load (variable mass) to the mass
matrix of AUV is

M̃ = M+ |δM| (48)

where M̃ denotes the modified global mass matrix and |δM| is the added mass matrix at
a certain instant of time to AUV.

|δM|=

 δM11 0 0
0 δM22 0
0 0 δM33

 (49)

The modified inertia matrix is given as

M̃η(ηi) = M̃R−1(ψi) = (M+ |δM|)R−1(ψi). (50)

The modified Coriolis matrix is given as

C̃η(ηi, η̇i) =Cη(ηi, η̇i)−PL (51)

where PL = |δM|R−1(ψi)Ṙ(ψi)R−1(ψi). The hydrodynamics damping and lift matrix
will be unaffected by variable added mass matrix and can be expressed as (10). To move
the desired path by the follower with the effect of variable added mass after a certain
instant of time

M̃η(ηi)η̈i +C̃η(ηi, η̇i)η̇i +Dη(ηi, η̇i)η̇i +g(ηi) = τi. (52)

Figure 5: Formation control using adaptive SMC based controller with variable added
mass.
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Substituting the expression for η̈i(θi) from (36) in equation (52), we have

M̃η(ηi)(ṡ+ η̈r(θi))+C̃η(ηi, η̇i)(s+ η̇r(θi))+Dη(ηi, η̇i)(s+ η̇r(θi))+g(ηi) = τi. (53)

The control input τi is designed as follows in order to follow the reference on setting
ṡ = 0

−[Cη(ηi, η̇i)s+Dη(ηi, η̇i)s]+PLs−|δM|R−1(ψi)η̈r(θi)+PLη̇r(θi)
(54)

−[Mη(ηi)η̈r(θi)+Cη(ηi, η̇i)η̇r(θi)+Dη(ηi, η̇i)η̇r(θi)+g(ηi)]+ τi = 0.

For body fixed reference, (54) can be rewritten as

τi −|δM|R−1(ψi)η̈r(θi)+PLη̇r(θi)+PLs = Mv̇r +C(v)vr +D(v)vr +g(ηi)
(55)

+[Cη(ηi, η̇i)s+Dη(ηi, η̇i)s].

To guarantee that sliding mode s tends to zero in finite time and also with desired con-
vergence rate, the dynamics of the sliding mode is required to have the following form
[17]

ṡ = ws−Ksat
(

s
ϕ

)
(56)

φ > 0 is the width of the boundary and sat
(

s
ϕ

)
is defined as

sat
(

s
φ

)
=

 1
∣∣∣ s

φ

∣∣∣¬ 1

sgn
(

s
φ

) ∣∣∣ s
φ

∣∣∣ 1
(57)

K is the reaching condition for the sliding mode. The chattering phenomenon can be
minimized by replacing the discontinuous control law term sgn(s) as sat(s) function
around the switching surface [17].

τsw =−M̃(ηi)[ws+Ksat
(

s
φ

)
]. (58)

Thus, after plugging in (58) into (55), one can obtain

τi −|δM|R−1(ψi)η̈r(θi)+ |δM| [ws+Ksat(
s
φ
)]+PLη̇r(θi)+PLs

(59)
= [Mv̇r +C(v)vr +D(v)vr +g(ηi)−M[ws+Ksat(

s
φ
)]]+ [Cη(ηi, η̇i)s+Dη(ηi, η̇i)s].

As it is considered as for three DOF of motion along (x,y) axis, hence it can be assumed
that g(ηi) = 0.
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Theorem 1 The control law (59) of an adaptive SMC must satisfy the Lyapunov stability
criteria and tuning law ˙̂δ is globally uniformly ultimately bounded [17].

Assumption 2 The dynamics equation (52) of AUV is affected by variable mass provides
the following properties [2]. For any number of i ∈ (1,2, . . . ,N) AUV

λmin(M̃i)∥x∥2
2 ¬ xT M̃η(ηi)x¬ λmax(M̃i)∥x∥2

2 ,∀x ̸= 0 (60)

xT
(

1
2

˙̃Mη(ηi)−2C̃η(ηi, η̇i)

)
x = 0, ∀x ∈ ℜ3. (61)

We can define the Lyapunov candidate function as

η̈i =−M̃−1
η (ηi)(Cη(ηi, η̇i)+Dη(ηi, η̇i)) η̇i

(62)
+M̃−1

η (ηi)
(
|δM|R−1(ψi)Ṙ(ψi)R−1(ψi)

)
η̇i + M̃−1

η (ηi)τ.

Define b = M̃−1
η (ηi) and |δM|= δ

η̈i = f (ηi, η̇i)+δh(ηi, η̇i)+bτ (63)

where
f (ηi, η̇i) =−M̃−1

η (ηi)(Cη(ηi, η̇i)+Dη(ηi, η̇i)) η̇i (64)

h(ηi, η̇i) = M̃−1
η (ηi)

(
R−1(ψi)Ṙ(ψi)R−1(ψi)

)
η̇i. (65)

On setting ṡ = 0 and adding control term we have final adaptive sliding control law

τ = b̂−1[− f̂ (ηi, η̇i)− δ̂ĥ(ηi, η̇i)+ η̈r −Ksat(s)]. (66)

We choose a Lyapunov candidate function as

V (t) =
1
2

s2 +
1
2

γ(δ− δ̂)2 (67)

where γ ∈ ℜ represents positive adaptive gain constant and δ̇ = 0 since |δM| is a constant
mass parameter.

V̇ (t) = sṡ− γδ̃ ˙̂δ (68)

where δ̃ = δ− δ̂, s · sgn(s) = |s| and putting the value of ṡ

V̇ (t) = s(η̈− η̈r)− γδ̃ ˙̂δ. (69)

Substituting expression for from equation (63) into (69) yields

V̇ (t) = s[ f (ηi, η̇i)− f̂ (ηi, η̇i)+(1−bb̂−1) f̂ (ηi, η̇i)+(1−bb̂−1)δ̂ĥ(ηi, η̇i)
(70)

−(1−bb̂−1)η̈r +δh(ηi, η̇i)− δ̂ĥ(ηi, η̇i)]−bb̂−1K |s|− γδ̃ ˙̂δ.
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Assumption 3 The nonlinear function h(ηi, η̇i) and f (ηi, η̇i) are estimated and the esti-
mation error is assumed to be bounded by positive known function given by (71)∣∣h(ηi, η̇i)− ĥ(ηi, η̇i)

∣∣¬ H(ηi, η̇i)
(71)∣∣ f (ηi, η̇i)− f̂ (ηi, η̇i)

∣∣¬ F(ηi, η̇i)

V̇ (t)¬ s[ f (ηi, η̇i)− f̂ (ηi, η̇i)+(1−bb̂−1) f̂ (ηi, η̇i)+(1−bb̂−1)δ̂ĥ(ηi, η̇i)
(72)

−(1−bb̂−1)η̈r +δH(ηi, η̇i)]−bb̂−1K |s|− γθ̃ ˙̂θ+ δ̃ĥ(ηi, η̇i)s

K should be chosen to satisfy the sliding condition

1
2

d
dt

s2 ¬−α |s| (73)

K  (b−1b̂−1)F(ηi, η̇i)+αb−1b̂
(74)

+(b−1b̂−1)( f̂ (ηi, η̇i)+ δ̂ĥ(ηi, η̇i)− η̈r)+b−1b̂δmaxH(ηi, η̇i).

Let b−1b̂ = β
K  β(F(ηi, η̇i)+α+δmaxH)+(β−1)(|û|). (75)

It is clear from equation (72) that V̇ (t) is negative definite by choosing the following
tuning rule

−γl δ̃
˙̂δ+ δ̃ĥ(ηi, η̇i)s = 0 (76)

˙̂δ =
ĥ(ηi, η̇i)s

γl
. (77)

Thus the variable added mass can be estimated adaptively using the tuning law obtained
in equation (77).

6. Results and discussion

6.1. Simulation setup

The effectiveness of the proposed SMC algorithm, a simulation setup is prepared
with the AUV parameters in two dimensional spaces. The identical AUVs provide the
waypoints by different error vector presented in section 4 and 5. Parameters required for
simulation are the experimental data [20] and are shown in Tab. 1.

Position estimation may be defined by tracking error e(x) and e(y) for passivity con-
trol and s(x) and s(y) for SMC control. The proposed controller based on the SMC design
grasping payload mass variation is validated by simulation performed using MATLAB.
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Table 6: AUV hydrodynamic parameters [20]

Parameters Values Parameters Values

Mass 2234.5 kg Length 4.215 m

Xu̇ -141.9 kg Xuu -35.4 kg/m

Yv̇ -1715.4 kg Yvv -667.5 kg/m

Nṙ -1349 kg·m2/rad Nrr -310

Nvv 433.8 kg Xvr 1715.4 kg/rad

Yur 103.4 kg/rad Nur -1427 kg·m/rad

Yuv -346.76 kg/m Nuv -686.08 kg

Figure 6: Exemplary diagram of formation of AUVs in MATLAB / Simulink environ-
ment.

The parameters of communication topology are used in [22]. An exemplary diagram of
formation of AUVs in MATLAB/Simulink environment is as shown in Fig. 6.

ai j =

{
1 if AUV j in=s neighbour of AUV i
0

(78)



530 B. DAS, B. SUBUDHI, B.B. PATI

where i = 1,2,3 and the control gains are chosen as γ = 1, β = 1.5 and θ0(0) = 0. The
proposed tracking algorithm of the virtual leader is given by

θ̇0 =
4√(

∂x0
∂θ0

)2
+
(

∂y0
∂θ0

)2
(79)

ψ0(θ0) = arctan
(

y′0(θ0)

x′0(θ0)

)
. (80)

Figure 7: Formation path following virtual leader using (a) Passivity Controller (b) SMC.

Fig. 7 (a) shows that the passivity control approach to follow individual path after
reaching FRP for each AUV through communication topology. The formation control
using SMC following the virtual leader using same communication issue is as shown in
Fig. 7 (b). The positive control gain matrix is simulated with Kdi = diag[2,1,1] and the
set of designation vectors are taken as l1 = [0,100,0]T , l2 = [0,0,0]T and l3 = [0,150,0]T

[13]. The simulation parameters used in SMC are K = diag[0.001,0.001,0.001], w =
diag[0.001,0.002,0.008], Λ = diag[1,1,1]. The initial positions of the three AUVs for
the desired circular path are given by η1(0) = [50,−50,0]T , η2(0) = [0,0,0]T , η3(0) =
[20,−50,0]T . The desired circular path of the virtual leader is chosen as

x0(θ0) = 100sin
(

2π
625

θ0

)
(81)

y0(θ0) = 100cos
(

2π
625

θ0

)
. (82)

The desired sinusoidal path of a virtual leader is given by

x0(θ0) = θ0 (83)

y0(θ0) = 100cos
(

2π
625

θ0

)
. (84)
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The initial positions are given η1(0) = [0,200,0]T , η2(0) = [0,0,0]T , η3(0) =
[0,100,π/4]T and used for simulation of the three AUVs. The desired speed of AUVs
for both the trajectory is v1(0) = v2(0) = v2(0) = [1,0,0]T . Simulation results to illus-
trate the interaction between virtual leader and three AUVs using proposed techniques
are shown.

Figure 8: Formation of circular path of three AUVs following virtual leader using Pas-
sivity Controller.

Figure 9: Tracking error of three AUVs following virtual leader using Passivity Con-
troller for circular path.

Fig. 8 and Fig. 10 display the formation of three AUVs under circular and sinusoidal
trajectory (81), (82), (83) and (84) using the passivity based control respectively. It can
be observed that each AUV follows the desired trajectory by reaching its FRP and able
to track the virtual reference leader due to the presence of communication link θ but
unable to converge with desired trajectory.

Fig. 9 and Fig. 11 show the error generated due to positions of cooperatively coordi-
nating AUVs. The tracking errors of the position x and y for follower AUV 2 converges
to zero as shown in Fig. 11. Fig. 12 and Fig. 14 are represented as the SMC based tra-
jectories of the AUVs using (81), (82), (83) and (84). Here each AUV track the virtual
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Figure 10: Formation of sinusoidal path of three AUVs following virtual leader using
Passivity Controller.

Figure 11: Tracking error of three AUVs following virtual leader using Passivity Con-
troller for sinusoidal path.

Figure 12: Formation of circular path of three AUVs following virtual leader using SMC.
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Figure 13: Tracking error of three AUVs following virtual leader using SMC for circular
path.

Figure 14: Formation of sinusoidal path of three AUVs following virtual leader using
SMC for sinusoidal path.

Figure 15: Tracking error of three AUVs following virtual leader using SMC.
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Table 7: Comparison of various controller techniques for tracking with respect to time
using various reference trajectories

Controller Reference Trajectory Name of AUV Time (s)

Passivity
based
controller

AUV1 ∼= 370
Circular AUV2 ∼= 500

AUV3 ≫ 800
AUV1 > 1800

Sinusoidal AUV2 ∼= 10
AUV3 ≫ 1800

SMC

AUV1 ∼= 230
Circular AUV2 ∼= 100

AUV3 ∼= 430
AUV1 ∼= 900

Sinusoidal AUV2 ∼= 5
AUV3 ∼= 820

reference leader due to the law of SMC and presence of communication link. Fig. 13
and Fig. 15 show the tracking error generated due to x and y coordinates for coopera-
tively coordinating AUVs. Comparison of passivity and SMC controller techniques for
tracking various reference trajectories with respect to time is represented in Tab. 2.

But interesting results are obtained when a comparison is made between the pro-
posed techniques for the same trajectory. Comparing Fig. 8 and Fig. 12, it is observed
that tracking of virtual leader using SMC with same tracking consensus is better because
of no designation vectors are used. It can also be outlined that all AUVs converge to
the same virtual trajectory as shown in Fig. 13. Again comparing Fig. 10 and Fig. 14,
it is seen that the trajectories of AUVs using SMC are better in terms of cooperative
formation. Fig. 9, Fig. 11, Fig. 13 and Fig. 15 show that the time required for completely
tracking virtual leader and tracking error converging to zero is less in SMC than passivity
based controller. A comparison is made with same trajectory shape and initial conditions
as given in Tab. 2.

The desired formation of the AUV is to have variation of the extra variable mass
with a constant speed. In this research, the load varies 20 kg, 30 kg and 50 kg from AUV
1, AUV 2, and AUV 3 for circular path and 50 kg, 30 kg and 20 kg from AUV 1, AUV
2, and AUV 3 for sinusoidal path a particular instant of time respectively. Simulation
results of trajectory path of the adaptive SMC for circular and sinusoidal paths are as
shown in Fig.16 and 18.

Fig. 16 and Fig. 18 are the trajectory path of the formation control of the AUVs using
adaptive SMC. Here for circular trajectory after 450 seconds and for sinusoidal trajectory
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Figure 16: Formation of circular path of three AUVs following virtual leader using adap-
tive SMC.

Figure 17: Tracking error of three AUVs following virtual leader using adaptive SMC
for circular path.

Figure 18: Formation of sinusoidal path of three AUVs following virtual leader using
adaptive SMC.
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Figure 19: Tracking error of three AUVs following virtual leader using adaptive SMC
for sinusoidal path.

Figure 20: Euler angle of three AUVs for circular path using SMC.

Figure 21: Rudder angle of three AUVs for circular path using SMC.
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Figure 22: Thrust of three AUVs for circular path using SMC.

Figure 23: Euler angle of three AUVs for circular path using adaptive SMC.

Figure 24: Rudder angle of three AUVs for circular path using adaptive SMC.
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Figure 25: Thrust of three AUVs for circular path using adaptive SMC.

after 1200 seconds the load is getting varied. A small deflection can be observed but
after some time period all the AUVs start to follow the same trajectories. Similarly the
tracking error generated due to x and y coordinates converges to zero for cooperatively
coordinating AUVs as shown in Fig. 17 and Fig. 19.

Fig. 20 to Fig. 31 show that the chattering of adaptive SMC with payload mass
variation can be eliminated in comparison with SMC. Euler angles for the formation
control of circular and sinusoidal are as shown in the Fig. 20, Fig. 23 and Fig. 26, Fig.
29 respectively. The control input to the SMC controller such as rudder angle and thrust
are as shown in Fig. 21, Fig. 27 and Fig. 22, Fig. 28 respectively. Fig. 26 shows the
robustness of the proposed SMC i.e. even under parameter uncertainty.

Figure 26: Euler angle of three AUVs for sinusoidal path using SMC.

The chattering function in yaw control in terms of Euler angle, rudder angle and
thrust can be eliminated using adaptive SMC with payload mass variation in comparison
with SMC. The rudder angle and thrust of the adaptive SMC controller for both the case
of circular and sinusoidal path are as shown in Fig. 24, Fig. 25 and Fig. 30, Fig. 31. The
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Figure 27: Rudder angle of three AUVs for sinusoidal path using SMC.

Figure 28: Thrust of three AUVs for sinusoidal path using SMC.

Figure 29: Euler angle of three AUVs for sinusoidal path using adaptive SMC.

controller serving the payload mass variation was similar to that of SMC with a change
in rudder angle and thrust at the time of variation.
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Figure 30: Rudder angle of three AUVs for sinusoidal path using adaptive SMC.

Figure 31: Thrust of three AUVs for sinusoidal path using adaptive SMC.

Figure 32: Estimated variable added mass for sinusoidal path using adaptive SMC.
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It can be observed from Fig. 32, the added or subtracted mass is almost estimated
from AUVs in sinusoidal trajectory case.

7. Conclusion

In this paper we presented development of a new adaptive controller using sliding
mode controller and Lyapunov theory for achieving formation control of AUVs under
communication constraints. Two controllers are compared for formation of AUV trajec-
tories under communication constraint to make all of them track the virtual leader in
cooperative manner. Comparing the SMC and passivity, it is found that the former per-
forms better based on time consumption and communication based tracking for same
path. Again simulation results demonstrate that the system having adaptive SMC has
strong robustness against payload mass variation by eliminating chattering phenomenon.
From the obtained results it is confirmed that proposed ASMC outperforms the passivity
based controller.
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