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Abstract. The positivity of time-varying continuous-time linear systems and electrical circuits are addressed. Necessary and sufficient
conditions for the positivity of the systems and electrical circuits are established. It is shown that there exists a large class of positive
electrical circuits with time-varying parameters. Examples of positive electrical circuits are presented.
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1. Introduction

A dynamical system is called positive if its trajectory starting
from any nonnegative initial state remains forever in the pos-
itive orthant for all nonnegative inputs. An overview of state
of the art in positive theory is given in the monographs [1,
2]. Variety of models having positive behavior can be found
in engineering, economics, social sciences, biology and medi-
cine, etc..

The Lyapunov, Bohl and Perron exponents and stability
of time-varying discrete-time linear systems have been inves-
tigated in [3—8]. The positivity and stability of fractional time
varying discrete-time linear systems have been addressed in
[9-13] and the stability of continuous-time linear systems with
delays in [14]. The fractional positive linear systems have been
analyzed in [15-20]. The positive electrical circuits and their
reachability have been considered in [21] and the controlla-
bility and observability in [22]. The stability and stabilization
of positive fractional linear systems by state-feedbacks have
been analyzed in [19]. The normal positive electrical circuits
has been introduced in [23].

In this paper positivity of time-varying continuous-time
linear systems and electrical systems is addressed.

The paper is organized as follows. In Sec. 2 the solution
to the time-varying linear systems and their properties are re-
called. Necessary and sufficient conditions for the positivity of
time-varying continuous-time linear systems are established in
Sec. 3. The positive electrical circuits with time-varying para-
meter are addressed in Sec. 4. Concluding remarks are given
in Sec. 5.

The following notation is used: #& — the set of real num-
bers, ™™ — the set of n X m real matrices, §R’ix ™ _ the set
of n X m matrices with nonnegative entries and i’} = %ﬁﬁ“,
M,, — the set of n x n Metzler matrices (real matrices with
nonnegative oft-diagonal entries), I,, — the n X n identity ma-
trix, 7' — denotes the transposition of matrix (vector).

*e-mail: kaczorek @isep.pw.edu.pl

2. Preliminaries

Consider the matrix linear differential equation with time-
varying coefficients [24, 25]

dX

where X = X (t) € R"*" and A(t) € R"*" with entries a;;
being continuous-time functions of time ¢ € [0, +00).
To solve Eq. (1) the Picard method is used

% = A(t)Xy—1 for

and X}, is the k-th iteration of solution for differential Eq. (2).
From (2) we obtain

E=1,2,.. 2)

t
X, =1, + /A(T)Xk,l(T)d'r, 3)
to

where X (to) = L.
Using (3) for £ =1,2,... and
t t T
QﬁU(A) =1, +/A(T)d7+ /A(T) /A(ﬁ)dﬁ(r)dr + ..
to to to

“)

we can write the solution of (1) in the form
X(t) = 9, (4)Xo (5)

and X = X (¢o) is the initial condition.

It is easy to show [24] that
04, (4) = 20 (A, (4 o
for to <t; <te€l0,+00).

Lemma 1. If the matrix A(t) € R"*™ satisfy the condition
A(t1)A(t2) = A(t2)A(t1)

7
for t1,t2 € [to,t] € [0, +00) 0

837



www.czasopisma.pan.pl P N www.journals.pan.pl

N
T. Kaczorek
then 3. Positive time-varying continuous-time
t .
[ A(r)dr linear systems
Qf,(4) = e . €)) . . -
0 Consider the time-varying linear system
Proof is given in [24]. (1) = AD)a(t) + Btu(t), (18a)
Lemma 2. If A} = A;(¢) € R"™ and Ap = As(t) € R**",
t € [0, +00), then y(t) = C()x(t) + D(t)u(?), (18b)
" At : where z(t) € R”, u(t) € R™, y(t) € RP are the state, in-
2y (A1 + A2) = O, (A1), (A4), ©) put and output vectors and A(t) € R™*™, B(t) € R"*™,
where C(t) € RP*™, D(t) € RP*™ are real matrices with en-
A=At) = [Qio (A1)]_1A29§0 (Ar). (10) tries depending continuously on time and det A(t) # 0 for
t €[0,+00).
Proof. Let
. . Definition 1. The system (18) is called positive if z(¢) € R",
X =X(t)=0,(A1), Y=Y(t)= (4 + A42). (11 y(t) € R, t € [0,+00) for any initial conditions zy € R’}

Differentiating Y = X Z we obtain
dy dX dz
= Z +

- = X =
dt dt dt
and taking into account that
ay ax
A+ A — = A X
’n = (A1 + A2)Y and 7 1
we have
dz
(A1 4+ A)X Z = AIXZ+Xd—
or 07
A X7 = Xd_ (12)
Solving (12) we obtain
az
— =X"1'AX7Z 13
7 2 (13)
and
Z =) (X TAX). (14)

This completes the proof.

Lemma 3. Let A € R™*"™ be a matrix with constant entries

independent of time ¢. If A(t) = A then
Qf (A) = ett7to), (15)

Now let us consider the time-varying system described by the

equation
z(t) = A(t)x + B(t)u,

where © = z(t) € R", u = u(t) € R are the state and input
vectors and A(t) € R™*™, B(t) € R™*™ are matrices with
entries depending continuously on time ¢ € [0, +00).

(16)

Lemma 4. The solution of Eq. (16) with given initial condi-
tion xg = x(tp) € R™ and input u(t) € RN™ has the form

x = (A)x(to) + /K(t, 7)B(T)u(r)dr (17a)
where
K(t,m) =, (A)[QF, (4)]~ (17b)

Proof is given in [25].

838

and all inputs u(t) € 7, t € [0,400).
Theorem 1. Let A(t) € R"*", t € [0, +00). Then

t
Qﬁo (A)=1I,+ /A(T)dT
to

t T

+/A(T)/A(ﬁ)dﬁ(f)d7+... € R

to to

19)

for t >t
if and only if A(t) € My, t € [0,400).

Proof. Necessity. From (19) it follows that Qf (A) €
for small value of ¢ > ¢y only if A(t) € M,.

nxXn
L

Sufficiency. Let choose constant A > 0 such that

>
A2 max lau(®)],

(20)

where a;;(t) is the i-th i = 1,2, . ).
In this case if A(t) € M, then A( )+ I € R for t €
[0, +00). Taking into account that A(t) = [A(t )+I A =TI\
and Lemmas 2, 3 for A;(t) = —I, A and As(t) = A(t) + I\
we obtain

,n diagonal entry of A(t

Qio (4) = Qio(_ln)‘)ﬂio (Z)
= ¢ ATl (Ay) € R
for te€0,4+00)

21

since
Qf, (—InA) = e~ 2710
and A = [Q) (—L,\)] " Ax(t)Q} (—I,\)
= Ay(t) e R
for te€0,+00)

(22)

if A(t) € M,,. This completes the proof.

Theorem 2. The time-varying linear system (18) is positive
if and only if

A(t) € My, B(t) e R,
C(t) e §R”X” D(t) € REX™, (23)
€ [0, +00).
Bull. Pol. Ac.: Tech. 63(4) 2015
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Proof. Sufficiency. By Lemma 4 the solution of Eq. (18a) is
given by (17a) and if z(t) € R, t € [0, +o00) if A(t) € M,
and B(t) € R}™ for t € [0, 400) since form Theorem 1 we
have Qf (A) € RT™", K(t,7) € R*" and by assumption
x(to) € N, u(t) € NI, t € [0, +00).

From Eq. (18a) we have y(t) € R, t € [0,+00) since
C(t) € R, D(t) € RE*™ and z(t) € R, u(t) € R,
t €[0,+00).

Necessity. Let u(t) = 0 for ¢t € [0, +00) and z(ty) = e; (i-
th column of I,,). The trajectory does not leave the orthant
R only if &(t) = A(t)e; € R what implies a;; > 0 for
i # jand A(t) € M, t € [0,+00). From the same reason
for x(tg) = 0 we have @(t) = B(t)u(t) € R’} what im-
plies B(t) € R}*™ for t € [0,+00) since u(t) € RN can
be arbitrary. From (18b) for u(t) = 0, t € [0, +00) we have
y(to) = C(t)z(to) € R and C(t) € RE*", t € [0,400)
since x(tp) € RN can be arbitrary. In a similar way as-
suming x(to) = 0 we obtain y(to) = D(t)u(to) € R% and
D(t) € RE*™ since u(tg) € R is arbitrary.

Example 1. Consider the positive time-varying continuous-
time linear system (18a) with the matrices

-1 2 0
At)y=1 0 —e* 0 ,
1 et —et
(24)
1.1 +sint
B(t) = et
1.2 + cost

The system described by (18a) with the matrices (21) is pos-
itive since A(t) € M3 and B(t) € R3 for ¢ € [0, +00).

4. Positive time-varying linear electrical
circuits

Example 2. Consider the time-varying electrical circuit shown
in Fig. 1 with given nonzero resistances R(t), Ra(t), R3(t)
inductances L;(t), Lo(t) depending on time ¢, and source
voltages e (t), ea(t).

R,(t) (V) Rz(t)iz(t)
L{t)% Rﬁ)% Lz(t)%
() ()
_/ _/
e, (V) e,(t)

Fig. 1. Electrical circuit

Bull. Pol. Ac.: Tech. 63(4) 2015

Using Kirchhoft’s laws, we can write the equation

el(t) = |:R1 (t) + %t(t)} il(t) —+ Ll(t) dz;it)
+R3(8)[ir (t) — i2(t)],
' (25)
ex(t) = | Rato) + 20 ia(0) + La() 2
+R3(t)[ia(t) — i1 ()],
which can be written in the form
d il(t) o il(t) 61(t)
7 [ in(t) = A1) it + B(t) es(t) 1, (26a)
where
Ri(t)+Rs(t)+a* Rs(t)
B Li(t) Li(t)
At)= :
Rs(t) Ro(t)+Rs(t)+b*
Lo(t) a Lo(t)
1
0
By=| B0
0
Lo(t)
(26b)
where
. dLi(t) . dLs(t)
= and b* = T
From (26b) it follows that for Ry(t) > 0, Ra(t) > 0,
Rg(t) > 0, Ll(t) > 0, Lg(t) > (0 and el(t) >0, 62(t) > (2)

for t € [0,400) the matrix A(t) € M, and B(t) € RY*
for ¢t € [0, +00). Therefore, the electrical circuit is a positive
time-varying system.

Example 3. Consider the time-varying electrical circuit shown
in Fig. 2 with given nonzero resistances Ry (t), Ra(t), Rs(t),
inductance L(t) > 0, capacitance C'(t) > 0 and source volt-
age e(t) > 0 for t € [0, +00).

Fig. 2. Electrical circuit

It is shown that the electrical circuit is a positive time-
varying linear system if and only if Ry(t) = 0 for ¢ €
[0, +00).
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Using Kirchhoff’s laws, we can write the equation From (28b) it follows that A(t) € M, if and only if
du(t)  dC(t) Ri(t) =0 for t € [0, +00). Therefore, the electrical circuit is
e(t) = Ri(t) |i(t) + C(t) —— + ——u(t) a positive time-varying system if and only if R(¢) = 0 for
dt dt
t € [0, +00).
du(t) dC(t) Now let us consider the electrical circuit shown in
+1Rs5(t) [C(t> dt + dt u(t)| + ul), Fig. 3 with given positive resistances Ry(t), k = 0,1,...,n,
(27) inductances L;(t), ¢ = 2,4,...,n9, capacitances C;(t),
du(t) dC(t) 7 = 1,3,...,n1 depending on time ¢ and source voltages
e(t) = Ra(t) {Z(t) +C(t) It + ar U(t)} e1(t),ea(t), ...,en(t). We shall show that this electrical cir-
cuit is a positive and asymptotically stable time-varying linear
di(t) dL(t) . . system.
L ot 24
+L{1) dt dt it) + Ra(£)ilt), Using Kirchhoff’s law we can write the equations
which can be written in the form dun (t
o T i o (1) = R0k () 220
i i
— = A(t) + B(t)e(t), (28a)
dt [ u(t) ] [ u(t) + [Rk(ﬁ)dC;t(t) + 1] wp (1) (292)
where for k=1,3,...,n1,
-1
0 c*C(t) di
A(t) = - 210)
0 L(t) Ri()C(t) ex(t) +ew(t) = Li(t)—
dLi(t)] .
dC(t) + |:Rk (t) + ﬂ} in(t) + ur(t) (290)
—Ry(t) - *7 - dt
for k=24,...,n9
dL(t) dC(t) o
—Ri(t) - Ra(t) — dt —Ru (1) dt which can be written in the form
i dL(t 1 d | u(t) A | v
=\ — = A(t B(t)e(t 30
Ri(t) Bt + Bat) + =3 _ Ri(t) dt [ i(t) (t) i) + B(t)e(t), (30a)
_ c*L(t) L(t) c*L(t)  where
LdC(t)
Ri(t) “a M(i 228
- - u i
: C) SCI auy=| | am=|
1 Rs(t) : :
0 *C t 1 * Un, t Z"rLQ t
B(t) _ ¢ ( ) _ C L(t) ’ ( ) ( ) (30b)
L) Ri(HC(t) 1 1 ex(t)
cC(t 63(t)
(28b) e(t) = , : (n =n1 +ny)
where
¢ = [Ru(t) + Rs(1)] en(t)
Iny Riny() R,(® \/ R, Rg4(1) le
v —Q—J \/\/\, : < - \/ \/\/\—P— v
lg I>
Co ()= 1 1 Cs0== Y,
nq nq C3(t) U3(t) C1(t) >u1(t) 5( )
éan(t) L,(® Lz(t)g L(t)
RO ] R
an(t)g RS(t)§
- — ()
NC! ~ 7 0
CAQ) e, (1)
() - (<)
N _/

Fig. 3. Positive and stable electrical circuit
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and
A(t) = dlag[fal (t)v —as (t)a y —ln, (t)v
70,2(t), —ay4 (t)v ; T0ngy (t)]a
Rit) dcgt(t) 1
ag(t) = R0 for k=1,3,...,n1,
}axt)+-dlgft)
ap(t) = TG for k=2,4,...,ns,
| Bu(t
B(t) = Bot) |
[ ! 00 0]
Ri(t)Ci (1)
! 0 0 0
R3(t)Cs(t)
Bi(t) = ,
L 0 0 0
L R, (¢)Cn, () |
— 1 -
Lg(t) Lg(t) 0 0
L 0 L 0
Ly(t) Ly(t)
By(t) =
1 0 0 1
L L, (t) Ly (1)

(30c)

The electrical circuit is positive time-varying linear system
since all diagonal entries of the matrix A(t) are negative func-

tions of ¢ € [0,+00) and the matrix B(t¢) has nonnegative

dLy(t dC (¢
entries for ¢ € [0, +-00) if % >0 and %() > 0. The

solution of Eq. (29a) can be found using Lemma 1.

5. Concluding remarks

The positivity of time-varying continuous-time linear systems
and electrical circuits have been addressed. Necessary and
sufficient conditions for the positivity of the system and elec-
trical circuits have been established. It has been shown that
there exists a large class of positive electrical circuits with
time-varying parameters. The considerations have been illus-

Bull. Pol. Ac.: Tech. 63(4) 2015

trated by positive electrical circuits. The consideration can be
extended to fractional time-varying electrical circuits.
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