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Abstract: In the paper, the mathematical model of coupled electromagnetic and thermal 
phenomena in the pulse transformer taking into account the magnetic hysteresis is 
presented. For the mapping of magnetic hysteresis, Jiles-Atherton model is applied. In 
order to solve field equations, the finite element method (FEM), “step-by-step” proce-
dure and Newton-Raphson algorithm are used. Software elaborated on this basis is used 
for analysis of hysteresis loss in the core. Selected results of investigations are shown. 
Key words: hysteresis loss, pulse transformer, coupled electromagnetic-thermal pheno-
mena, Jiles-Atherton model 

 
 
 

1. Introduction 
 
 To analyze the operating conditions of a pulse transformer thoroughly, a mathematical 
model taking into account all phenomena which are essential to describe its behavior is 
needed. Among other things, an accurate representation of the phenomenon of magnetic 
hysteresis as well as the calculation of power losses in the core connected therewith present 
many problems. Usually the phenomenon of magnetic hysteresis is omitted during the field 
analysis of electromagnetic converters, and the magnetic properties of a ferromagnetic 
material are described by means of a unique magnetization curve. Such a simplification can 
not be applied when the hysteresis loss in the core is determined. The influence of the 
temperature of sub-assemblies of the converter on the course of transient phenomena is rarely 
taken into consideration [1]. 
 In the paper, a field model taking into account the influence of magnetic hysteresis and 
temperature on the course of transient electromagnetic phenomena has been proposed to 
analyze a pulse transformer operating at high frequency. The Jiles-Atherton model has been 
applied to represent the hysteresis. The equations describing the electromagnetic and thermal 
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fields were solved together using FEM. The elaborated algorithm and software for the analysis 
of the coupled phenomena in a pulse transformer was used to determine hysteresis loss. 

 
2. Jiles-Atherton hysteresis model 

 In the Jiles-Atherton model [2, 10], it is assumed that the magnetization M of a material is 
caused by the factors representing reversible processes Mrev and irreversible processes Mirr 
occurring during the magnetization of the core 

  rrirev MMM +=  (1) 

in the above equation, the irreversible processes occurring in the course of magnetization are 
described by a differential equation 
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where ,ddsgn tH=δ  Man is a non-hysteresis magnetization curve  
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 In the above relations, k and α are the factors depending on material parameters, a is the 
shape factor, and the saturation magnetization is denoted by Msat. 
 In the model, it is assumed that the reversible processes inside a material are described by 
the equation 

  ,)( irranrev MMcM −=  (4) 

where c is the factor depending on the type of material. 
 By substituting (4) into (1) and then differentiating the achieved expression it is obtained 
as follows 
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 When modeling the voltage-excited magnetic field, it is necessary to calculate the mag-
netic field strength intensity on the basis of magnetic flux density. In FEM algorithm magnetic 
flux density is determined using vector magnetic potential. Then, instead of the derivative of 
M with respect to the field intensity (5), its derivative with respect to the magnetic induction is 
determined by the following expression: 
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where μ 0 is air permeability, effective induction ee HB 0μ=  and induction B = Be ! :0"M + 

+ :M.  
 In order to solve equations (5) and (6), i.e., to determine the magnetization M, numerical 
methods of solving differential equations, for example the difference methods or the Runge-
Kutta method can be used. 

 
 

3. Hysteresis loss determination algorithm 
 
 On account of the coupling of electromagnetic and heat effects in a pulse transformer it is 
to analyze these effects jointly [6]. In the paper, an axial symmetry transformer was analyzed. 
The cylindrical coordinate system r, z, $ (Fig. 1) was used to describe the coupled. The 
equation of electromagnetic field written in this system has the form [5] 
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here l = 2πr, ϕ = 2πrA$ , where A$  is the auxiliary magnetic potential, J = J(r, z) is the current 
density in the $ – direction and JM = JM (r, z) is the current density of the magnetization M, γ is 
the conductivity. 
 

Fig. 1. Pulse transformer 1 – ferrite core, 
2 – primary winding, 3 – secondary winding 

 
 The equation (7) should be solved simultaneously with the equations of electric circuits 
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where u is the vector of supply voltages, i is the vector of loop currents, R is the matrix of 
loop resistances, L is the matrix of inductances, Ψ  is the flux linkage vector calculated on the 
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basis of field distribution, Lz, Ez are the inductance and elastance matrixes of the supply 
system, respectively. 
 The heat effects are described by means of the equation [1, 11] 
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where p is density of power losses, ϑ  is the temperature, kr, kz are heat conductivities, g is the 
material density, cW is  the specific heat. 
 The solution of the equation (9) is uniquely determined by the boundary conditions of 
second and third kind on the external surfaces of windings and core [8]. It was assumed that 
the heat flux q penetrating through the external surface is proportional to the temperature 
difference between this surface and the environment, i.e., q = k (∂ϑ  /∂n) = cp(ϑ ot – ϑ ), 
where cp is the equivalent coefficient of giving up the heat. 
 The density of power losses p in the equation (9) is determined on the basis of the time and 
spatial distribution of the current density j from the relation 
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 The equations (7), (8), (9) are coupled by the conductivity γ (ϑ ) and permeability : (B, 
ϑ ) of materials as well as the density of power losses p. For this reason they should be solved 
simultaneously. To solve these equations, the method of finite elements and the method „step-
by-step” were used [7, 3]. As a result of the discretization of space and time a system of 
nonlinear algebraic equations is obtained from the field equation 

  ( ) ,~Δ
)1(Δ

Δ 1

1
1

T ⎥⎦
⎤

⎢⎣
⎡

+−
+−=⎥⎦

⎤
⎢⎣
⎡

⎥⎦
⎤

⎢⎣
⎡

−−
−

−

−
−

nn

nn
n
nn

t
t

t ψu
φKG

i
φ

ZN
NM θ  (11) 

  ( ) ( ) ,ΔΔ 1
11

−
−− +=+ nwnwnn tt ϑϑϑϑ AYAG  (12) 

where: 

  
( ) ( )

( ) ,ΔΔ~

,ΔΔ,)1(Δ

11
1

1
T

1

11

−−
−

−−

−−

+−−=

++=−+=

cnnznn

zznn

ttφ

ttt

uiLNψ

LERZKGSM
 

n denotes the number of time-step, Δ t is the time-step length, φ is the vector of nodal poten-
tials, NT  is the matrix that transforms the potentials φ into the flux linkages with the windings, 
G is the matrix of conductances of elementary rings formed by mesh, S is the stiffness matrix, 
K is the matrix consisting of diagonally placed sub-matrixes whose elements equal the ratio of 
the cross-section area of the fibre assigned to a given node to the cross-section area of the wire 
in this node, ucn – 1 is the vector of the voltage on the capacitances at the n – 1 time step Gh n   is 
the matrix of heat conductivity, AW is the matrix of heat capacities, Y is the vector of the nodal 
heat, θn is the vector with elements dependent on the magnetization M. 
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 In order to formulate equation (6) of the discrete model of electromagnetic phenomena it 
has been assumed that the magnetic properties of a ferromagnetic material are described by 
the equation H = B/:0 – M, whereas the magnetization M is determined on the basis of 
magnetic induction from the inverse Jiles-Atherton model [4, 9]. In order to solve the system 
of non-linear coupled equations (11) and (12), the block relaxation method and the Newton-
Raphson algorithm were used. 
 The hysteresis power loss in the core is determined by the following expression 
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where lr is the number of the finite elements digitizing the core, f is the frequency, Vi is the 
volume of the i-th element in which the density of energy being lost during one magnetization 
cycle 

  ( ),
21

1
1

∑
=

−
−

−
+

=
nt

n

nn
nn

hi BBHHw  (14) 

where Bn, Bn – 1, Hn, Hn – 1 are the magnetic flux density and intensity, respectively, in the i-th 
element obtained for the n-th and (n – 1)-th time step, and tn is the number of time steps 
within one magnetization period of the core. 
 
 

4. Calculation results 
 
 On the basis of the presented algorithm of solving the equations of the discrete model, the 
software to simulate and visualize transient electromagnetic and heat phenomena in a pulse 
transformer, taking into account magnetic hysteresis, has been elaborated. This software was 
used to analyze hysteresis loss. A considered pulse transformer ETD 44 type is shown in Fig. 2.  
 

Fig. 2. Pulse transformer 
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 The core was made from ferrite F867. In order to take into account the influence of the 
temperature on magnetic properties of ferrite F867, the hysteresis loops family was determi-
ned. The selected results of measurements are shown in Fig. 3. The parameters required in the 
Jiles-Atherton model for a few temperatures were determined on the basis of the measured 
hysteresis loops. The parameters of the Jiles-Atherton model for these temperatures were 
estimated by minimizing the error described by equation  
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where N is the number of measuring points, Bj meas and Bj sim are respectively measured and cal-
culated magnetic flux densities.  
 In Figure 3, the loops of the hysteresis obtained from the Jiles-Atherton model are also 
shown. A considerable agreement between results of measurements and calculations was 
obtained. For the purpose of determining magnetic properties of the core for any temperature, 
a linear approximation was used.  
 

 

Fig. 3. Measured and modelled hysteresis loops for (a) 30°C and (b) 90°C 
 
 A work of the transformer has been analyzed at different shapes of the course and the fre-
quency of supply voltage. During the simulations, the ratio of voltage amplitude to frequency 
was constant. The initial instant of connecting supply voltage was selected so that the steady 
state could be obtained as soon as possible. Therefore the duration of calculations has been 
shortened considerably. Exemplary hysteresis loops obtained as a result of the calculations are 
shown in Fig. 4. They present the relationships B(H) determined at the point P of the middle 
column of the core (Fig. 2) at the nominal load of the transformer supplied with pulse and 
sinusoidal voltage with a frequency of 100 kHz as well as pulse voltage with a frequency of 
200 kHz.  
 It was assumed that the transformer was supplied with rectangular voltage pulses of nega-
tive and positive polarization. In order to obtain the constant value of rectified voltage at the 
system output was achieved by modulating the pulse width in the range of 5 to 45%.  
 The influence of frequency on hysteresis losses at pulse and sinusoidal supply was exa-
mined. The selected results are shown in Fig. 5. 
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Fig. 4. Hysteresis loops determined for: a) sinusoidal supply voltage ( f = 100 kHz, C8.56 o=ϑ ), 
b) impulse supply voltage ( f = 100 kHz, C5.60 o=ϑ ), c) impulse supply voltage ( f = 200 kHz, 

C.1.53 o=ϑ ) 
 

Fig. 5. Relative hysteresis loss in the core 
with respect to frequency 

 
 It follows from them that in the examined range of pulse supply, the losses increase 
slightly with an increase in frequency at the beginning, and then they decrease quickly. The 
hysteresis losses have a maximal value when the pulse-duty factor is equal to 45%. From the 
performed analysis, it results that the pulse-duty factor ki needed to obtain the set voltage 
value at the transformer output decreases with an increase in frequency (Fig. 6). For this 
reason, the current in the windings, and so also the magnetic field intensity in the core, 
increases to a more and more little value with an increase in frequency. The effect was that the 
hysteresis loop and also hysteresis losses decrease with an increase in frequency and the 
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decreasing pulse-duty factor. But for a frequency less than 65 kHz, after the pulse-duty factor 
has achieved the boundary value of 45% (Fig. 6), the losses in the core decrease because of the 
frequency decreases with a slight increase of the surface area of hysteresis loop.  

 

Fig. 6. PWM factor frequency characteristics 

 
 

5. Conclusions 
 
 In the paper, the field model of a pulse transformer taking into account the influence of 
magnetic hysteresis on the course of coupled electromagnetic and heat phenomena have been 
presented. The Jiles-Atherton model was used to represent hysteresis. The elaborated algo-
rithm and software for the analysis of coupled electromagnetic and heat phenomena, taking 
into account magnetic hysteresis, were used among other things, to examine the influence of 
the course shape and frequency of supply voltage on the hysteresis losses of a transformer. In 
the authors’ opinion, the elaborated software can be useful for designing pulse transformers 
and the analysis of hysteresis power losses.  
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